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9 We have investigated the spatiotemporal properties of solitons generated on the shallow water
10 surface over a background of a large-scale mode in a hydrodynamic resonator when it is forced near
11 the second frequency mode. We have used the space-time diagrams to highlight the spatiotemporal
12 dynamics of nonlinear fields for two solitons colliding in a resonator and compared them to those
13 of solitons occurring in an unbounded system. A state diagram of experimentally observed modes
14 for different values of the excitation parameters has been obtained. In particular, we have evidenced
15 period doubling and the multistability of nonlinear waves excited in the resonator. For a theoretical
16 description of these experimental results, we have developed a phenomenological model, which
17 leads to amplitude and phase equations of a soliton propagating over the background of a harmonic
18 wave. To reproduce experimental results on the multistability, we have supplemented our analysis
19 with a numerical simulation of a modified system of Boussinesq equations for shallow water, taking
20 into account the dissipation effect © 2006 American Institute of Physics. [DOL: 10.1063/1.2204968]
21

22 |. INTRODUCTION

23 Solitons observed in many systems such as the shallow
24 water channel in nonlinear electrical lines or in protein
25 chains, exhibit astonishing stability properties, the investiga-
26 tion of which remains a very active research area.” The
27 excitation of solitons on the surface of shallow water and
28 their dynamics have been addressed mostly for infinitely ex-
29 tended systerns.l’2 In an unbounded medium, solitons arising
30 from an initial perturbation propagate in opposite directions
31 and diverge in a finite time, hence their interaction can be
32 neglected. Therefore, the main attention of the researchers
33 was focused on the behavior of the solitons propagating in
34 one direction. Experimentally, such solitons were excited by
35 a single displacement of a piston pushing the liquid in the
36 horizontal direction®* or by producing an initial elevation in
37 the level of liquid in a finite 1regi0n.5’6 The dynamics of such
38 solitons is described by the well-known Korteweg-de Vries
39 (KdV) equation that is derived under the assumption of wave
40 propagation in one direction. Feng7 investigated traveling
41 solitary wave solutions in the Boussinesq equations, which
42 describe counterpropagating waves, but he presented only
43 waves propagating in one direction. Besides the generation
44 of a soliton or a sequence of solitons of surface waves from
45 initial pertulrbations,8 individual properties of interaction
46 have been investigated thoroughly, namely, the interaction of
47 two solitons, the reflection of a soliton at a vertical Wall,3’9 an
48 uneven bottom,10 and so on. It was found, in particular, that
49 the soliton amplitude at the instant of reflection at the wall
50 increases more than twice, and the reflected soliton lags be-
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hind the time calculated under the assumption of the constant 51
velocity of soliton propagation.9 When two solitons interact, 52
similar effects are observed: the time lag and the amplitude 53
of surface displacement larger than the sum of the individual 54
soliton amplitudes. It is worthy of notice that the majority of 55
experiments agree well with basic assumptions of the 56
theory;”_14 specifically, solitons come from one infinity, in- 57
teract with a wall or with each other, and go to the opposite 58
inﬁnity.15 However, solitons can be excited, not only in sys- 59
tems of infinite length, but in resonators too. One expects 60
that the spatiotemporal dynamics of solitons will be different 61
in resonators, where the interaction of nonlinear waves 62
propagating in opposite directions can no longer be ne- 63
glected. Experimental works on surface wave solitons in 64
resonators are rather scanty. The parametric excitation of 65
nonlinear waves, including soliton-like pulses, was described 66
in Refs. 16 and 17 for experiments in a 60 cm long cuvette, 67
performing horizontal oscillations. That work was published 68
38 years ago, when the properties of solitons and even the 69
term <soliton>> itself were not known to the broad public. 70
The authors of Refs. 16 and 17 called the observed waves 71
<resonant oscillations>>, as they were excited near the first 72
resonant frequency of the tank. They studied the time series 73
of free surface displacements at several points of a resonator 74
and did not present any information about the spatiotemporal 75
dynamics of the perturbations. This work has stimulated 76
a large number of theoretical and numerical studies on 77
solitons, most of which were concerned with asymptotic 78
methods applied to the Korteveg-de Vries equation, with 79
forcing near the fundamental® " or half the fundamental 80
frequency.21 Modes of the parametric excitation of one or 81
several nonpropagating oscillating solitons were described in 82

© 2006 American Institute of Physics


http://dx.doi.org/10.1063/1.2204968
http://dx.doi.org/10.1063/1.2204968
http://dx.doi.org/10.1063/1.2204968

PROOI1:2COPY 036605PHF

Ezersky et al.

83 Ref. 22, where it was found that the displacement amplitude
84 of the free surface in such nonlinear waves is close to the
85 classical soliton, with the fields decreasing exponentially at
86 large distances. Soliton excitation in wave resonators has
87 been performed in systems whose physical nature is abso-
88 lutely different from that of surface waves, but that, never-
89 theless, possess similar dispersive and nonlinear characteris-
90 tics as surface waves on shallow water. For instance, solitons
91 of electromagnetic waves were observed on a section of an
92 LC line excited by sinusoidal Voltage,23 and solitons of trans-
93 verse waves were observed in a rubber strip at parametric
94 excitation by a harmonic external force.”
95 When solitons are excited in resonators, we face prob-
96 lems that are quite different from those in spatially infinite
97 systems, because of the multiple interactions of solitons
98 propagating in a resonator, as well as the interaction between
99 solitons and resonator modes. In this paper, we have inves-
100 tigated these phenomena excited near the second resonant
101 frequency of a hydrodynamic resonator of a larger length.
102 We have determined a state diagram of different excited
103 modes. We have used the space-time diagrams technique that
104 allows for a better visualization of spatiotemporal properties
105 of wave phenomena and a better comparison between experi-
106 mental and numerical results. In particular, we have thor-
107 oughly characterized the soliton collision by measuring resi-
108 dence time and merging length. We have evidenced the
109 existence of soliton bound state generation. In order to repro-
110 duce some states observed in experiments, we have solved
111 numerically the Boussinesq equations with dissipation terms.
112 The paper is organized as follows. The experimental pro-
113 cedure on soliton excitation in a water wave resonator is
114 described in Sec. II. Results are presented in Sec. III, where,
115 in particular, a state diagram is presented in the space of the
116 excitation parameters (amplitude and frequency). In Sec. IV
117 we compare some of our experimental results with those ob-
118 tained in experiments on soliton reflection from a vertical
119 wall carried out by Maxworthy.3 We introduce a simplified
120 model for the amplitude and phase of the soliton interacting
121 with the monochromatic wave. The section ends with the
122 presentation of a numerical solution of a modified system of
123 the Boussinesq equations for shallow water waves. In Sec. V
124 we draw some concluding remarks.

125 [l. EXPERIMENTAL SETUP

126 The experiment was carried out in a water tank of length
127 L=10 m and width D=0.5 m, with a liquid depth H
128 =0.26 m. Hence, the ratio u=H/L=0.026<< <1 lies in the
129 allowed range of the shallow water approximation.2 Surface
130 waves were excited by a wavemaker (Fig. 1), which consists
131 of a flat plate driven into a periodic motion by an electric
132 motor. The plate rotated around the point O, (Fig. 1), the
133 amplitude of its horizontal displacement, depends on depth;
134 that is why we have used the average value of this amplitude,
135 defined as
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FIG. 1. Experimental setup: 1 — wave maker, O; — the rotation axis of a flat
plate; 2 — movable resistive sensor; 3 — stationary resistive sensor.

1 H
dex = EJ a(z)dz.

0

Displacement of the free surface was measured by two
resistance-wire wave gauges (Fig. 1). One of them was
moved at distances up to 5.6 m in the central part of the tank,
while the second one was fixed at the wall reflecting the
surface waves. The hydrodynamic resonator has eigenmodes
with frequencies given in Ref. 25:

) B —
Ja= _\"gkntanhz(an) >
2

where g is the gravity acceleration and k,=nw/L,n
=1,2,3,.... For shallow water k,H << <1 and the frequency
becomes f, =k, \s"gH . The frequency of the wavemaker in the
experiment was chosen to be close to that of the mode whose
wavelength was equal to the resonator length A=L, ie.,
n=2 and fzzL‘I\e"gh, which gives for our resonator dimen-
sions f,=0.1645 Hz. At this frequency, standing harmonic
surface waves of maximal amplitude were excited in the
resonator at a very small amplitude of external forcing.
When the external force frequency was detuned by a small
value from f,, the amplitude of the standing waves in the
resonator decreased. We measured the mismatch from exact
resonance Of,=f.,—f> at which ;he amplitude of oscillations
in the resonator decreased by v2 times. We have found that
this mode had a rather high Q factor (defined as Q=f,/f,
=50) induced by the dissipation in the system. The value
Q=50 means that the mode oscillations at frequency f, damp
e=2.71...times over 50 periods, or approximately during
5 min. The hydrodynamic resonator has two main control
parameters: the average excitation amplitude a., and the ex-
citation frequency f., (or the detuning parameter Jf>).

lll. RESULTS
A. Space-time diagrams

Signals from the two sensors were used to construct
space-time diagrams. We registered the time series at 56
points by moving the sensor along the channel and, simulta-
neously, registered the signal from the stationary sensor for
each of these points. The signal from the stationary sensor
was used as a reference signal, and phase averaging was
made. This procedure of constructing space-time diagrams is
valid for regimes that are strictly periodic in time. If the
regime has no time period, many sensors may be needed
from which signals must be registered simultaneously.
Space-time diagrams obtained in an experiment depend sig-
nificantly on the control parameters a., and Jf,.
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FIG. 2. Space-time diagrams and time series from stationary sensor: (a), (aa) a,=2.3 cm, f.,=0.151 Hz, Q7 =(f.,—f2)/f,=—0.087; (b), (bb) a,,=8.2 cm,
fx=0.158 Hz, 07'=-0.045; (c), (cc) ae,=8.2 cm, f.,=0.170 Hz, 0~'=0.028; (d), (dd) a.,=8.2 cm, f.,=0.177 Hz, 0~'=0.07.

179 Typical diagrams for different parameters of external
180 forcing, as well as the time series obtained by means of the
181 stationary sensor located at the wall, are given in Fig. 2. It is
182 clear from these diagrams that, for a small amplitude of the
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external forcing, standing surface waves are excited in the
resonator [Fig. 2(a)], which correspond to the time series
(aa). For larger amplitudes, propagating pulses arise in the
system [Figs. 2(b)-2(d)] and the time series are seen in (bb)—
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FIG. 3. Partitioning of the (f,,,a.y) plane into regions with different regimes
of generation of nonlinear waves. Numbers 1, 2, 3, 4 mean the number of
impulses generated on the background of the time period of harmonic wave.
Regions isolated by the dashed curves correspond to the parameters under
which generation regimes (generation of 3 or 2, 2 or 1, 1 or 0 impulses)
depend on the initial conditions.

187 (dd). The pulses are visualized as bright strips in the space-
188 time diagrams. The pulse propagation velocity given by the
189 slope of the strips was close to the velocity of surface waves
190 on shallow water in our experimental conditions. If we rep-
191 resent a standing wave as a superposition of two traveling
192 waves propagating in opposite directions, pulses propagate
193 synchronously with each of these waves. The number of
194 pulses (from 1 to 4 in most of our experiments) registered by
195 a sensor is different at different points of the resonator, and it
196 coincides with the number of pulses for each traveling wave
197 only in the center of the resonator and near its side bound-
198 aries. The number of pulses depends on the excitation fre-
199 quency and on the amplitude. For a frequency lower than the
200 resonance frequency of the mode, three pulses are excited on
201 the wave period. Two intersecting triples of such tracks are
202 illustrated in Fig. 2(b). For the excitation frequency higher
203 than the resonance frequency, only one pulse arises, hence,
204 two intersecting tracks only are seen in Fig. 2(d).

205 In Fig. 3 we have represented the t wave states of quali-
206 tatively different dynamics in the plane of parameters
207 (fox,aey). The labels 1, 2, 3, or 4 in the regions of the state
208 diagram indicate the number of pulses excited on the wave
209 period. When the amplitude is large enough, there exists a
210 small region where four pulses can be excited. For the con-
211 trol parameters within the zones marked by a dashed line,
212 multistability is observed, i.e., different regimes may occur at
213 the same values of frequency and wavemaker oscillation am-
214 plitude, but under different initial conditions. For example,
215 the excitation of two [Fig. 4(a)] or three [Fig. 4(b)] pulses, or
216 the alternate generation of two or three pulses on a period
217 [Fig. 4(c)]) occur in zones 2-3. The regime in Fig. 4(c) cor-
218 responds to period doubling: nonlinear waves excited in the
219 system have a period twice as large as the period of wave-
220 maker oscillations.
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FIG. 4. Multistability observed at a,,=9.4 cm, f.,=0.165 Hz (region 2-3 in
Fig. 3).

B. Extraction of solitons

A detailed analysis of the experimental data revealed
that, within a definite interval of control parameters, charac-
teristics of the pulses excited in the resonator are close to
those of solitons. To verify this statement, we have assumed
that pulses in the resonator are excited against the back-
ground of a harmonic wave. The problem is how to separate
pulses and harmonic oscillations. Obviously, this cannot be
done by linear filters, as the repetition rate of pulses is equal
exactly to the frequency of harmonic oscillations. Conse-
quently, we determined the position of pulse maxima [Fig.
5(a)], and then the resulting data were replaced in the inter-
val 7+ 7, by the linear dependence of the free surface dis-
placement on time. In this fashion we were able to separate
the pulses. Further, all the harmonics with the frequency
larger than the excitation frequency were separated from the
obtained signal by filtering. The resulting signal as well as
the initial time series are depicted in Fig. 5(b). Figure 5(c)
illustrates separately the harmonic mode of the resonator and
the sequence of pulses. Apparently, the results of filtering
depend significantly on the way we choose 7; and 7,. Differ-
ent trials for quantities 7; and 7, showed that, with a reason-
able choice of these parameters (7,<<7/6, where T is the
period of external force), the scatter in the characteristics of
harmonic oscillations and pulses is insignificant. Following
this algorithm the time series were processed by the
LabView 4.1 software. It was revealed that the shape of
the pulses is close to classical solitons: A=A cosh™2(¢/ )
(A, stands for the amplitude of the soliton), everywhere ex-
cept in regions where the field amplitude is small, for in-
stance, in the oscillating tails of solitons (Fig. 6). The pulse
duration 7, defined at the level A/A;=cosh™(1)/0.4199, as a
function of the pulse amplitude, is plotted in Fig. 7. We
found that the pulse duration decreases with the increasing
amplitude of the pulse, A,. Pulses observed in the experiment
are localized in a finite region of space and their character-
istics are close to those of the theoretical soliton; therefore
we have called them solitons.
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0
10 15 V. ¥
50 o
t[s]
100 7(t,x) = 7(x = V1) + 7y sin(wt — kx — @) + 7,(x + V1) 284
200 .
. [mm] + 7 sin(of + kx — @), (3) 285
100 | where w,k are the frequency and wavenumber of harmonic 286
C) waves, 7, is the wave amplitude, and ¢, is the phase shift 287
7 between the soliton and the harmonic wave [Fig. 5(c)]. Near 288
o 4 — . _ . .
e mv P \1:-[,5']20 the reflecting gndwall (x=0), where the stationary sensor is 289
50 located, the displacement of the free surface can be repre- 290
N . . ) sented in the form 201
FIG. 5. Extraction of solitons and harmonic wave from the time series: (a)
initial time series and series with solitons cut off on the interval 7, +7,; (b) n=2nsin(wt — @,) + 27,(1). 292
harmonic wave and “harmonic wave+soliton;” (c) a sequence of solitons
and harmonic wave. The phase shift of soliton and harmonic wave ¢, This relation allows for a comparison of our experimental 293

=A7, w, where 0=27f,.. results with analytical theory for the soliton-harmonics inter- 294

action developed in Ref. 23 and, in particular, for measuring 295
the phase shift ¢,. The results of the measuring phase shift ¢, 296

259 C. Properties of the observed solitons are presented in Fig. 8. For a small amplitude of external 297
force, the phase shift was close to zero. As the amplitude 298

260 The extraction of solitons and a harmonic wave from a  jpcreased, the phase shift increased up to 40° —60°. The am- 299
261 time series 3110W§ one to compare the.properties of nonlinear  plitude of the soliton depended on the frequency and ampli- 300
262 waves observed in the experiment with the welli-known 8O- tude of the wavemaker. For the same amplitude of external 301
263 lutions of th? Korteweg-de Vries (KdV) equation (2) that  forcing, the soliton amplitude and phase depended on the 302
264 governs the displacement of free surface of shallow water: frequency of the external force. By measuring the time at 303
an . an . 3V, a7 . 1 - &7 o W Whi.Ch the soliton amplitude reaches its maximum at different 304

265 ot o T2l n PP positions of a sensor of free surface displacement, we have 305

determined the trajectory of soliton motion (Fig. 9). From 306
266 where V= \gTi is the velocity of surface waves of infinitely ~ these trajectories, we have measured the velocity of soliton 307
267 small amplitude in shallow water. The KdV equation has ~ motion on different sections of the trajectory, except in the 308
268 solutions in the form of a soliton’: region of the merging of two maxima. A linear fit of the data 309

34,
269 n(x = Vi) = Ascosh‘z( H'3 (x— VJ)),

07
2) \
270 (
Vv (1 A ) Ts[s] °° .
= +— .
271 ST T oH 05
272 Clearly, the duration of the soliton is proportional to A;l/z 0
273 (the solid line in Fig. 7); its velocity depends linearly on its 0,3 o
274 amplitude A,, and the soliton size decreases with an increase 68
275 of its amplitude. '
276 In order to measure the phase shift between the soliton 01
277 and background wave, we have assumed that nonlinear 0 ‘ ‘ ‘ ‘ ‘
278 waves excited in a resonator consist of two solitons propa- 0 20 40 60 80 100 120
279 gating toward each other, and each of them is propagating As[mm]

280 against the background of a harmonic wave. We have ne-

281 glected the 1nteraf:t10n of counterpropaga'ltlng waves and rep- FIG. 7. The soliton duration versus the soliton amplitude as obtained in
282 resented the nonlinear field of surface displacement as a su-  experiment (dots). The theoretical dependence 7,=(1/V,)V4H/3A,, where

283 perposition of four components: V,=V,(1+A,/2H) is also plotted for comparison (curve).
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FIG. 8. The soliton phase ¢, versus the external force frequency f.,. Data
for different external force amplitudes a., are marked by different symbols.

310 showed that the soliton has approximately constant velocity
311 V = f. L on all the sections. The solitons propagate synchro-
312 nously with the harmonic wave.

313 The space-time diagrams illustrate how in the central
314 part of the resonator solitons propagating in opposite direc-
315 tions collide and merge. The size L,, of the merging region
316 depends on the pulse amplitude, as is clearly seen in Fig. 10.
317 The larger is the pulse amplitude, the less extended is the
318 region of merging. The pulse interaction leads to a significant
319 change in their velocity.

320 IV. DISCUSSION OF RESULTS
321 A. Merging length and residence time

322 The method of characteristics has been used by
323 Maxworthy3 to investigate the soliton interaction with a wall;
324 we may compare our results on soliton interaction in resona-
325 tors with his results. Maxworthy showed that the collision of
326 two counterpropagating surface wave solitons of equal am-
327 plitude in an unbounded medium is equivalent to the reflec-
328 tion of one soliton from a vertical wall. Indeed, on reflection
329 from a vertical wall, the horizontal velocity of perturbations
330 is zero, and when two solitons of the same amplitude collide
331 there is a symmetry axis along which the horizontal velocity
332 is also zero. Maxworthy made a film in his experiment and
333 processed its individual shots—instantaneous snapshots of
334 surface elevation from which he constructed soliton trajecto-
335 ries. In our experiments we constructed an (X-T) diagram
336 using a time series of surface displacement measured at dif-
337 ferent points. These are, actually, diagram sections at a fixed
338 coordinate. Thus, the two problems are identical. By calcu-
339 lating the position of the maximum of surface displacement
340 for each section, one can construct a trajectory of soliton
341 motion. An example of such a trajectory is given in Fig. 9(a).
342 The arrows show the direction of soliton motion. The best
343 linear fit of the points is shown for different parts of the
344 trajectories. Velocities of the solitons are different in the four
345 parts. Our diagrams can also be used to determine a trajec-
346 tory like it was done by Maxworthy. Toward this end, one
347 must determine in the (X-T) diagram sections at fixed mo-
348 ments of time. Note that a trajectory will be different if one
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FIG. 9. Soliton trajectories in a resonator for a.,=8.2 cm, f,,=0.177 Hz.
Arrows indicate directions of soliton propagation. (a) Soliton trajectories
determined by snapshots; (b) soliton trajectories determined by time series;
¢ is the soliton lag.

first finds sections at a fixed time and then calculates the
position of the maximum along the coordinate [Fig. 9(b)]. In
the first case [Fig. 9(a)], there exists a length L,, that can be
referred to as the merging length. In the second case, there is
time 7, which is referred to as residence time [Fig. 9(b)]
during which the maximum stays at one point. The residence
time was determined for different amplitudes of colliding
solitons. For example, for the case depicted in Fig. 9(b), the
dimensionless residence time is T’=T\J'g7-l=2.9 for the di-
mensionless soliton amplitude e=A,;/H=0.28. These values
are in good agreement with the data obtained by Cooker et
al.’ from Maxworthy’s ﬁlm,3 as well as with the results of
numerical calculations also reported in Ref. 9. For instance,
numerical calculations’ give 7=3.2 for £=0.28, which al-
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FIG. 10. The merging length L,, versus the soliton amplitude A;.

363 most coincides with the data of Maxworthy’s film. For
364 smaller amplitudes of colliding solitons, the agreement of
365 our results with data of the works™ is worse. This is evi-
366 dently caused by the influence of monochromatic resonator
367 modes on the collision of small-amplitude solitons in our
368 experiments. Measurements at different amplitudes of exter-
369 nal force showed that the difference between soliton veloci-
370 ties before and after collision increases with increasing soli-
371 ton amplitude.

372 Maxworthy3 noted that the amplitude of a soliton re-
373 flected from a wall is slightly smaller than before reflection,
374 and attributed this difference to dissipation. When solitons
375 are excited in a resonator, in addition to dissipation, the soli-
376 ton interaction with a monochromatic mode occurs, and this
377 may lead to an increase in the soliton amplitude. Conse-
378 quently, for experiments in a resonator, we cannot state that
379 the soliton amplitude before an interaction must be larger
380 than after it. In addition to the effect of velocity change on a
381 soliton collision, we have revealed a small phase shift, soli-
382 ton lag ¢ caused by their interaction [Fig. 9(b)]. Such a time
383 lag when solitons were reflected at the wall was also reported
384 by Maxworthy.3

385 B. Analytical model of soliton generation

386 In this section we have compared the characteristics of
387 surface wave solitons measured in the experiment and the
388 results of semiphenomenological theory. A theoretical inves-
389 tigation of nonlinear fields excited by the harmonic force in a
390 resonator was developed for surface waves on shallow water
391 by Chester'” and for electromagnetic waves in LC lines by
392 Gorshkov ef al.,”> where perturbations propagating in reso-
393 nators were represented as a sum of monochromatic waves
394 and nonlinear perturbations. As the paper17 appeared before
395 intense investigations into solitons in different fields of sci-
396 ence, it did not contain any reference to solitons; however,
397 Gorshkov ef al.” postulated the existence of a soliton on the
398 background of a monochromatic wave. For a description of
399 solitons of electromagnetic waves Gorshkov et al. derived
400 equations for the amplitude and the phase of a soliton propa-
401 gating in a resonator against the background of a monochro-
402 matic wave. We have established analogous equations for
403 surface waves on shallow water, and they are written in the
404 form
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dE; 3w
ﬂEscos o, — aE, (4a)
dat 2 H
do,  kV,
& SplA = 3msin ] - A, (4b)
dt
Here, E; stands for soliton energy,
E,= f nedx = A2Ax, o« AY?,

Ax; is the width of the soliton, ¢; is the soliton phase that can
be understood as the dimensionless time between the maxi-
mum of the soliton and the zero of the monochromatic mode
[Fig. 5(c)], A=2m8f, is the frequency mismatch, and « is the
coefficient describing the exponential damping of the soliton.
The first equation in the system (4) is the equation of energy
balance. Changes in the soliton amplitude are due to energy
transfer from a harmonic wave [the first term in (4); its de-
tailed derivation can be found in the Appendix ] and to en-
ergy dissipation [the second term in (4a)]. It is worthy of
notice that the coefficient « describes a type of dissipation
that is independent of the scale of the perturbations. Such
dissipation, indeed, is observed in different systems such as
the ones considered in Refs. 26 and 27. However, in contrast
to other parameters entering the system (4), we did not de-
termine this parameter in our experiment, and in what fol-
lows we have chosen it from the requirement that the theo-
retically predicted parameters of solitons should be as close
as possible to the experimental data. The second equation in
(4) is a kinematic condition. The soliton velocity in the ref-
erence system moving with the velocity of the harmonic
wave (V,,,=w/k) depends on the soliton amplitude A; [the
first term in (4b)]. The harmonic wave transports the soliton
as a particle with corresponding velocity u=—\g/Hnysin ¢,
depending on its phase. As the soliton is superposed on the
background of the surface displacement of the harmonic
wave, the latter modifies the velocity of soli&n propagation
by AV,=\g(H-nesin ¢,)—VgH =~—(1/2)\g/ Hmysin ¢,. The
total contribution of these two effects (u+AV,) gives the
second term on the right side of Eq. (4b). Changes in the
phase are also conditioned by the mismatch between external
wave frequency and resonance frequency (the third term).
We should keep in mind that the system (4) was obtained for
a soliton and a monochromatic wave propagating in the same
direction. For a soliton and a wave propagating in opposite
directions the same equations are valid, as long as interaction
of counterpropagating perturbations is not taken into consid-
eration. Equations (4) may be obtained also from equations
describing soliton excitation by traveling perturbations. This
approach was developed, for example, by Sleath.”® The
qualitative analysis of solutions to the system (4) showed
that stable steady states for ¢, and amplitude A, satisfy the
relations”
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FIG. 11. The soliton phase ¢, versus the amplitude 7, of a harmonic wave

(dots), and the theoretical dependence (5a) for a=0.015 Hz (curve). FIG. 12. Soliton amplitude A versus amplitude 7, of a harmonic wave: the

dots connected by broken curves are for experimental data; solid curves are
for the theoretical dependence (5b). The thick curves correspond to mis-
match A=0.063 rad/s; the thin curves to A=0.075 rad/s.

2Ha
@, = arcos (Sa)
452 3wn, PR oA 1 24 . .
Nt i+ e(@n) = gulgee + V1 e = V7, (6a) 489
2Ha
453 Ag=—V2+2 1- 5b A oa ” A A A
\/— o\ <3w7)o> (50) i+ A+ o) g = G+ il — Vi, (6b) 490
454 Using the procedure of soliton amplitude and phase ex-

These equations (6) are written in dimensionless variables: 7 491
is the displacement of free surface 7=7/eH, hereinafter an 492
overcaret denotes dimensionless variables; i=u/eHw,,, 493
where u is the velocity taken at the bottom, 7 is the time 494
T=tw,; & is the coordinate along the resonator &=x/L; 495
T ; ) ) - pu=H/L; ¢ is the small parameter of asymptotic expansion 496
460 citation frequencies at which one soliton was observed in an introduced in Ref. 1. Note that for a constant depth shallow 497

461 experiment (Fl‘g' 11). The plot g versus frequency fe for = \aer the Boussinesq equations can be written in different 498
462 different amplitudes of excitation (Fig. 8) exhibits points systems:29 the depth-mean velocity basis, the bottom vari- 499

463 scattered over the plane. However, if we plot the same points ables basis, and the surface variable basis. In our paper, we 500
464 in new variables (77, ¢,), all points (Fig. 11) group in the  pave preferred the use of the bottom variables basis, which, 501
465 vicinity of the theoretical curve [Eq. (5a)]. The soliton am- in the long-wave approximation, is equivalent to the depth- 502
466 plitude A, versus the harmonic wave amplitude is plotted in .. velocity basis. We have supplemented the Boussinesq 503
467 Fig.. 12 for two differer}t ex.citation frequencies. For.the the- equation by phenomenological terms describing dissipation. 504
468 oretical curves.plotted in Figs. 11 and 12 by solid lines, the  ppo firet type of losses (terms with coefficient y,) is associ- 505
469 value of dampmg was chosen to be @=0.015 Hz. Tf}e plots  ated with viscous damping caused by shear stresses; the in- 506
470 show sufficiently good agreement between the experimental tensity of this damping increases in proportion to the square 507

471 data and theoretlcal.predlctlons. We have obseryed that the of the wavenumber. The second type (terms with coefficient 508
472 Yalue of the coefﬁcwnt.a taken for .the theoretical calcula- y) is related to losses in the boundary layer of the surface 509
473 tions correlates well with changes in the Q factor of the  ave a¢ the bottom. Losses of this type were discussed in 510

474 harmonic wave having frequerllcy f, on the resonance curve  Refq 26 and 27, where it was shown that they are caused by 511
475 width. Measurements gave 07 ~0.02. If we assume that the wave scattering at small-scale turbulence. In our experiment 512

4716 dampir.lg of the mode Wit.h freqpency fois the same as that of ¢, qyrbulence exists in a boundary layer at the bottom. 513
477 the.soh.ton, then calculations give the Q factor: Q~'~0.023, Measurements of velocity pulsations in the boundary layer 514
478 which is very close to the measured value. by means of a laser Doppler anemometer revealed a high 515
enough intensity of velocity pulsations at a distance of about 516
1 mm from the bottom. The corresponding value of Rey- 517
nolds number defined using the velocity in the wave near the 518
481 The KdV equation cannot reproduce all the spatiotempo- bottom is Re=1.6 10°, which lies in the range of a turbulent 519
482 ral properties of the nonlinear waves observed in the hydro- boundary layer for oscillating flows.”® The consideration of 520
483 dynamic resonator for different parameters of the external both kinds of dissipation is very important in our case, as the 521
484 forcing. For an explanation of our experimental results, we finite amplitude of nonlinear waves in a resonator depends 522
485 have made a numerical simulation of one-dimensional on the balance of energy supply to the system due to external 523

455 traction described in Sec. III B we have compared experi-
456 mental data and theoretical predictions. It follows from the
457 theoretical model that soliton phase does not depend on the
458 frequency mismatch. Therefore, we represent phase ¢, as a
459 function of the harmonic wave amplitude 7, for all the ex-

479 C. Numerical resolution of the modified Boussinesq
480 equations

486 Boussinesq equations describing the propagation of waves forcing and energy losses in the system. 524
487 on shallow water'” and to which we have added small For numerical calculations we used the following bound- 525
488 damping terms: ary conditions at =0 and é=1: 526
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. ‘;_Z(T,g: 0) i(7,E=0) = U, sin(2mft), (7a)
N ._ 1)=0, 1)=0. 7b
s gg mto V=0 ARE=D= 7

529 We have modeled the action of the wavemaker by a periodi-
530 cally varying horizontal velocity at one resonator end. Nu-
531 merical resolution of the system of equations (6) was made
532 with the implicit finite-difference scheme realized using the
533 MATLABS5.3 software:

1
77”+ 77] u’]'l+1 - u;l—l cu 777+1 - 777—1
534 2AT 2 A€ T 2AT
+eqf! Wi — Wiy lﬂ2’47+2 2uj + 2, — G
535 Y- 6 2A8
n+1 n+1 n+1
y77,+1 27 +7]’1—7 i+l
536 ! A§2 i
n+1 n-1 n n
u —u; 777+1 - 777—1 8u4“j+1 Ui
537 2AT 2 A& T2 A€
~ w? (u';:ll - 214;”1 + u;lfll ~ u;:ll - 2u;»'_1 + u;'_"ll)
538 4Ar A& A&
e
539 : A§2 J

540 Here f}=f(7,,£;). These equations were used in the inner
541 nodes of the spatial grid, and boundary conditions (7) were
542 written in difference form.

543 Let us consider results of numerical computations ob-
544 tained for different parameters. In the first series of experi-
545 ments we set the frequency independent damping to be equal
546 to zero (y=0) and investigated the dependence of the time
547 series and space-time diagrams on the amplitude and phase
548 of the forcing. Results for the zero initial conditions (7
549 =0,£)=0, 7(7=0, &) =0 are presented in Fig. 13. For a small
550 amplitude of external forcing U,=0.05 (the dimensional am-
551 plitude of wavemaker displacement is a;.,=0.325 cm),
552 standing waves are excited in the system. For a larger ampli-
553 tude Up=0.5 (ay,,=3.25 cm), the shape of the nonlinear
554 waves excited in the system depends on the ratio of the ex-
555 ternal forcing frequency f,, to the resonance frequency f5.
556 For f<l =0.95 f2 0.1563 Hz, three pulses are observed on the
557 perlod forf =0.98f,=0.1612 Hz we have two pulses, and
558 for f =1.02f,=0.1678 Hz, one pulse. These states are simi-
559 lar to those observed in the experiment for the corresponding
560 parameter values of external forcing (Fig. 3, where corre-
561 sponding dimensional parameters are indicated).

562 Both numerical computations and experiments have
563 demonstrated multistability and period doubling. The regime
564 of soliton generation depends on initial conditions. For ex-
565 ample, under zero initial conditions, one soliton is generated
566 on a wave period; whereas under the initial conditions cor-
567 responding to the generation of two solitons on a period,
568 given the same parameters of external forcing, the regime of
569 two-soliton generation proves to be stable. Alternating gen-
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eration of two or three pulses or one and two pulses is
observed in a definite space of the parameters, i.e., the re-
gime where period doubling occurs. Several pulses on a
wave period were also obtained in analytical calculations of
surface wave excitation in a cuvette'”” when waves were
excited by horizontal oscillations of the cuvette. Chester'’
and Ockendon et al.* sought solutions in the form of coun-
terpropagating waves traveling with constant velocity,
whereas our numerical calculation showed that wave veloc-
ity may be different on different sections of interaction.

In the second series of experiments, we have varied the
ratio of the coefficients of frequency-dependent and
frequency-independent dissipation. Under the assumption
that the dissipation is largely due to frequency-independent
losses, e.g., ¥,=107*, y=15 107, an oscillating tail compo-
nent appears on the intervals between solitons (Fig. 14; com-
pare with Fig. 5 for experimental data). This phenomenon
can be explained as follows: when the damping is propor-
tional to ~k?, energy losses at higher harmonics increase
with the number of harmonics, and high-frequency oscilla-
tions are suppressed. Consequently, the soliton changes
smoothly at the periphery. In the case of frequency-
independent damping, higher harmonics have a relatively
large amplitude and manifest themselves in the time series
obtained in numerical experiment.

It is likely that colliding solitons form oscillating tails by
a different mechanism. It was demonstrated in Ref. 31 that
the allowance for higher-order approximations in the Bouss-
inesq equation as compared to that used in Eq. (6) results in
appearance, on soliton collision, of a radiation field that
manifests itself as an oscillating tail. Calculations in Ref. 31
were done in the absence of viscosity and external force. We
have not yet investigated in numerical simulation the action
of viscous forces on an “oscillating tail” arising when higher-
order approximations are taken into account.

D. The difference between solitons observed
in experiment and < theoretical>> solitons

We are aware that the nonlinear waves we have investi-
gated in this paper may not satisfy the strict theoretical defi-
nition of solitons. It is more correct to refer to them as
“slowly varying solitary waves” because of the energy input
from the harmonic wave and energy dissipation, as it was
shown in Sec. III C, their speeds are not conserved through
their interaction.

Experiments revealed that solitons of surface waves are
excited in a hydrodynamic resonator against the background
of a harmonic mode. We focused special attention on the
case when one soliton is excited on a period of the harmonic
wave. This regime is realized at the external forcing frequen-
cies larger than the resonance frequency, which is clear from
the following considerations. At exact resonance, the period
of excited oscillations is 7,=L/V,,. It takes for the soliton to
propagate from one resonator end to the other with the ve-
locity V>V, the time T,=L/V <T,. Thus, a steady-state
regime of single soliton excitation can exist for frequencies
larger than the resonance frequency and cannot exist at fre-
quencies lower than the resonance one. At frequencies lower
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FIG. 13. Results of numerical modeling of the system of Egs. (6): (a) U,=0.05 for any frequency f..; (b) Uy=0.5, f.,=0.95; (c) Uy=0.5, f.,=0.98; (d)
U,=0.5, f.,=1.02. White horizontal lines mark the regions corresponding to the space-time diagrams constructed in the experiment (Fig. 2).

627 than the resonance frequency, bound states of solitons
628 are excited in a resonator in order to achieve the condition
629 V>V, for an individual soliton. The velocity of these bound
630 states differs from that of a single soliton, and they are ex-
631 cited under different conditions. This is exactly that we ob-
632 served in experiment.

633 Our experiment demonstrated that the velocity of soliton
634 propagation in the hydrodynamic resonator is a little smaller
635 than that estimated by the formula (2). For example, for the
636 regime illustrated in Fig. 9, soliton velocity lies in the inter-
637 val 167 cm/s <V, <173 cm/s. If we estimate V| by the for-
638 mula (2) for amplitude A;=8 cm, which corresponds to the
639 conditions of soliton excitation in the experiment for the data
640 given in Fig. 9, we obtain V,=184 cm/s fme velocity of
641 waves of infinitely small amplitude is Vy=vgH=160 cm/s).
642 How can we explain the discrepancy between the values of
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velocities obtained theoretically and in experiments? In our
opinion two effects should be taken into consideration. First,
the soliton is propagating on the background of a harmonic
wave. Second, a nonlinear periodic wave (cnoidal wave)
rather than a solitary wave is excited in the experiment.

Let us estimate, using the exact solution as a reference
one, the difference between the velocities of a soliton and a
cnoidal wave. The velocity of a cnoidal wave is known to
depend on the so-called elliptic parameter m and is de-
scribed by the formula’

1A, 1A(
Ven 1-——+
2H mH

3 E(m) )} ol -

2K(m)

where K(m),E(m) are complete elliptic functions of the first
and second kind. The parameter m (which depends upon the
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FIG. 14. Solitons with oscillating tails observed in numerical computations
for the following parameters: f,=1.05, V,=0.5, y=1.5X 1073, y,=107*

656 ratio of the amplitude to the width of the wave) is respon-
657 sible for the shape of the wave with m=0 corresponding to
658 the harmonic wave, and m=1 to the soliton. Using the for-
659 mula (8), one can estimate the elliptic parameters such that
660 for A;=8 cm and layer depth H=26 cm, the propagation ve-
661 locity should be V_,=170 cm/s instead of 184 cm/s, as is
662 given by (2). Estimates from experimental data show that the
663 elliptic parameter for these data is m=0.9996, and it differs a
664 little from 1. What are the characteristic features of waves
665 for m close to 1? Let us compare, for instance, cnoidal waves
666 for m=0.9996 and m=0.9999 (Fig. 15). The shapes of pulses
667 in these two cases are almost indistinguishable, whereas the
668 pulse repetition rates differ appreciably. As m— 1, the period
669 tends to infinity, and the propagation velocity differs from
670 the velocity of linear waves on shallow water by a finite
671 value described by the formula (2). For the characterization
672 of cnoidal waves we can introduce quantity n=7T/7,, where
673 7, is the duration of the pulse and T is the period of the
674 cnoidal waves. For the conditions of the experiment we have
675 n~10, which agrees well with the estimate of the elliptic
676 parameter m=0.9996. The estimates presented in this work
677 show that a sequence of solitons and a soliton riding on a
678 harmonic wave have smaller velocities than one soliton with-
679 out any background. The problem of the velocity of soliton
680 propagation in a resonator needs a further, more detailed in-
681 vestigation. For example, in the interval between solitons, we
682 observed an oscillating component that was not taken into
683 account in the calculations. The velocity of soliton bound
684 states is also an open problem. Although many theoretical
685 and numerical studies on hydrodynamic solitons have been
686 pelrformed,32 there is still a need for their detailed experimen-
687 tal investigation.

688 V. CONCLUSION

689 In this work we have investigated the spatiotemporal
690 properties of solitons excited by harmonic forcing on the
691 surface of a shallow water in a hydrodynamic resonator. We
692 have shown that solitons propagate synchronously with har-
693 monic waves. It was revealed that the solitons are tied up
694 with a definite phase of harmonic wave that depends on the
695 amplitude and frequency of external forcing. We have iso-
696 lated solitons generated on the background of a harmonic
697 wave and have analyzed their dynamics using space-time
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FIG. 15. The shape of cnoidal waves for the values of elliptic parameter
close to 1.

diagrams. We have evidenced that the duration of a soliton
and the merging length of colliding solitons decrease with
the amplitude. We found that there is a small change of ve-
locities of colliding solitons, which may be attributed to a
small dissipation of energy due to viscous damping and a
turbulent boundary layer. An analytical model of soliton gen-
eration based on the amplitude and phase equations was de-
veloped and it is consistent with the experimental results.
The numerical resolution of the Boussinesq equations with
small dissipation terms has provided results that were in
good agreement with our experimental data, in particular, for
some values of excitation amplitude and frequencies; we
have obtained bound states of solitons that require a detailed
investigation in the future.

ACKNOWELDGEMENTS

The authors are grateful to N. Abcha for his assistance
and E. Pelinovsky for interesting discussions. This work has
been partly accomplished during a PAST position of A.B.E.
at Le Havre University with support from the French Minis-
try of Research. O.Polukhina was supported by INTAS,
Project No. N 03-51-3728.

APPENDIX

Let us derive an equation describing changes in the am-
plitude of a soliton propagating against the background of a
harmonic wave. Toward this end, we consider a harmonic
wave with frequency () and wavenumber y propagating
against the background of a variable flow, the characteristic
length of which is much larger than the spatial period of the
wave. We assume that yH <1 and regard such a wave as a
quasiparticle possessing energy E. Variation of the wave am-
plitude is caused by energy transfer from a large-scale flow.
We estimate the changes in the wave energy E in the refer-
ence system moving with the velocity of the large-scale flow
in the adiabatic approximation,
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733 The frequency () depends on the velocity field u and the
734 surface displacement 7 in a large-scale flow according to

732 (A1)

735 O =uy+g(H+ )y (A2)
736 If we assume that the large-scale flow is also a wave on

737 shallow water with frequency w and wave number k, then we
738 have () < w, kh < yH < 1. For the short-wave frequency, the
739 relation (A2) reduces to

g Iy — 3 g —

740 (A3)

741 Then, from the expressions (Al) and (A2) and using the
742 shallow water condition (7/H < 1), we find the equation
1IE_ 100 _ 3 oy

= = . (A4)
E o Q ot 2H ot

743
744 Now assume that, instead of a short-wave harmonic
745 wave, we have a cnoidal wave consisting of a set of harmon-
746 ics. Since the right-hand side of the equation (A4) contains
747 neither the frequency nor the wavenumber of the short wave,
748 the equation (A4) is valid for each harmonic of the cnoidal
749 wave. Then, the cnoidal wave energy E.,=E;+E>+...,
750 where E,, is the energy of harmonic components, obeys the
751 same equation (A4). The same equation is obtained for the
752 soliton, which is the limiting case of a cnoidal wave. The
753 necessary condition for the energy additivity is that the soli-
754 ton size should be much smaller than the wavelength of the
755 large-scale wave. Changes in the soliton energy in the refer-
756 ence system moving with velocity w/k are described by

JE; 3 wny

—==-—FE cos ¢,. AS
757 g 2H O ® (A3
758 Here, E; is the soliton energy and ¢, is the phase intro-

759 duced in Sec. III C. The relation (A5) gives the first term in
760 Eq. (4a). For this equation to describe soliton evolution, it
761 must be supplemented with a term describing energy dissi-
762 pation [the second term on the right-hand side of (4)]. A
763 similar equation was derived by Gorshkov et al.® for elec-
764 tromagnetic wave solitons propagating in LC lines.
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