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Abstract

In this study, the tunable algorithm of cluster-cluster aggregation developed
by Filippov et al. 2000 for generating fractal aggregates formed by monodis-
perse spherical primary particles®“® is extended to polydisperse primary
particles. This new algorithm, termed FracVAL® is developed by using
an innovative aggregation strategy.®“? The algorithm is able to preserve the
prescribed fractal dimension (D;)*“* and prefactor (k;)®"“* for each aggre-
gate, regardless of its size, with negligible error for lognormally distributed
primary particles with the geometric standard deviation oy, 4., being as large
as 3. In contrast, for polydisperse primary particles the direct use of Filip-
pov et al. 2000 method, as is done by Skorupski et al. 2014, does not ensure
the preservation of Dy and ky for individual aggregates and it is necessary
to generate a large number of aggregates to achieve the prescribed Dy and
k¢ on an ensemble basis. The performance of FracVAL is evaluated for ag-
gregates consisting of 500 and 1000"*“* monomers and for fractal dimension
variation over the entire range of D between 1 and 3 and k; between 0.1 and
2.7RC5 - Agoregates consisting of 500 monomers™ ! are generated on aver-
age in less than 2.4 minutes on a common laptop, illustrating the efficiency

of the proposed algorithm.
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Program Summary
Program Title: FracVAL
Catalogue identifier:
Program summary URL:
Program obtainable from:
Licensing provisions: GNU General Public License
No. of lines in distributed program, including test data, etc.: 2,120
No. of bytes in distributed program, including test data, etc.: 139,264
Distribution format: Z1P
Programming language: Fortran 90
Computer: PC
Operating system: Windows and Linux
RAM: 1.0 Gb
Classification:
Nature of problem.:
Generation of fractal-like aggregates, consisting of point-touching, polydisperse
primary particles
Solution method:
Hierarchical cluster-cluster random aggregation
Additional comments including Restrictions and Unusual features:
Possible combinations of fractal dimension and prefactor depend on monomers
polydispersity
Running time: Depends on the number of monomers and fractal parameters for
each polydispersity level
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1. Introduction

Fractal-like aggregates formed by nearly spherical primary particles are
frequently encountered in many applications, such as in colloidal or aerosol
systems, combustion systems, and flame synthesis of functional nanoparti-
cles. Such particles have some remarkable and unique characteristics, e.g.
large surface area and porous geometry, implying that they have high ab-
sorption capacity, good catalyst performance, fast dissolution, light-weight,
and require relatively little solid material to occupy large space [1]. These
particles are generated by aggregation processes which can be theoretically
classified into two categories, particle-cluster [2, 3, 4, 5, 6] (PC) and cluster-
cluster (CC) aggregation. A complete review of different algorithms focused
on these aggregation mechanisms is found in [7]. Additionally, optimized®-©
version of these algorithms can be found in more recent studies [8, 9, 10].

Under the idea of fixing the fractal dimension, Thouy and Jullien [11]
introduced the first tunable CC aggregation algorithm. Subsequently, sev-
eral studies are conducted to propose different tunable algorithms for fractal
aggregate generation [12, 13, 14, 15, 16], though most of these studies pre-
served only the fractal dimension. One remarkable exception is the algorithm
developed by Filippov et al. [13], which is able to preserve both the fractal
dimension and the prefactor, paving the way to investigate the individual
effect of Dy and ks on the morphology and physical properties of fractal
aggregates [17, 18, 19]. Some distinct features of tunable algorithms can be
highlighted: (1) they allow systematic studies of the individual effects of ei-
ther Dy or ky on the physical properties of fractal aggregates; (2) a large
number of aggregates can be generated numerically with a considerably low
computational time; and (3) they allow the generation of fractal aggregates
with prescribed Dy and ky over a wide range irrespective of the physical
aggregation mechanism.

Almost all the existing tunable algorithms developed in the literature rely
on the assumption of monodisperse primary particles. One exception is the
code developed by Skorupski et al. [20], which is based on the method of Fil-
ippov et al.®-C5 [13] and can be used to generate fractal aggregates formed by
polydisperse spherical primary particles. However, the direct application of
the Filippov et al.®-5 [13] algorithm to generate fractal aggregates formed
by polydisperse primary particles, as conducted by Skorupski et al. [20],
encounters the difficulty that the resultant individual aggrgates do not pre-
serve the prescribed fractal dimension. It is important to overcome this issue



38

39

40

4

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

and to develop a tunable algorithm to efficiently generate fractal aggregates
formed by polydisperse primary particles, which can then be used to fill some
existing gaps with regard to the effect of primary particle polydispersity on
morphological properties, such as the center of mass, inertia moment, radius
of gyration of sub-clusters being aggregated and consequently on the result-
ing structures [21, 22], as well as various physical and optical properties.

Since practical colloid or aerosol aggregates consist of polydisperse pri-
mary particles, various studies have been conducted in order to assess its
influence on their morphological characterization [23, 24, 25, 21, 22|, and
the physical or chemical properties of such particles, such as kinetics of co-
agulation and sintering or coalescence, light scattering, mobility and set-
tling [26, 27, 28, 29, 30, 31, 32, 33, 22, 34, 35]. In 2012 Eggersdorfer and
Pratsinis [21] found found a dependency between aggregates morphology and
monomers polydispersity.*"“? Based on the above mentioned studies™“°, it
is important to develop efficient tunable algorithms to generate fractal ag-
gregates formed by polydisperse PP with known D; and ky.

In this study, an improved hierarchical tunable algorithm of CC aggrega-
tion is developed based on the algorithm of Filippov et al. [13] to generate
numerically fractal aggregates formed by polydisperse PPs.

2. Theoretical background

2.1. Primary particle size distribution

The nearly spherical primary particles constituting fractal aggregates,
such as soot, fumed silica and titania, encountered in practice are always
polydisperse and the primary particle size distribution (PPSD) can be com-
monly described by either the normal or lognormal probability density func-
tions [36, 37]. Nevertheless, the normal distribution is not practical because
for large standard deviations of the distribution it can lead to negative PP
radii. Eq. (1) presents the lognormal probability density function of PP radii,

N 1 (M)~ Il )
f[ff‘p] B ln[O'pvgeo]\/%Tp o [ 2 ( ln[o—pvgeo] ) ] , (1)

where f[r,)dr, is the probability of finding a particle with a radius between 7,
and rp+dry, 7p geo a0d 0y, geo correspond to the geometric mean and geometric

standard deviation, respectively. Please note that for a population of N
R2.C1

monomers these values are given by the following equations,

4
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Lm0 (20)

(1 1
log Jpgeo \/Zz 1 0og TZ)N Og(rpgeo)) (2b)

It can be checked that for monodisperse primary particles the RHS of
Eq. (2b) becomes zero and therefore o, e = 1. 12C1 Although the level of
PP polydispersity is often fairly low with 0,4, < 1.3, highly polydisperse
primary particles can be encountered. For example, for flame generated
soot aggregates, the geometric standard derivation o, 4., can be as high as
Opgeo = 2.1 [36, 37, 38, 39], depending on the residence time, fuel type, and
flame conditions.

log (Tp,geO) =

2.2. Characterization of fractal aggregates

The mass of a fractal aggregate (m,) follows the fractal scaling law. For
an aggregate consisting of point-touch polydisperse spherical PPs [21],

%—M<R)m, 3)

mp T'p,geo

where 1, is the average PP mass, i.e., m,/m, = N, is the number of PP
in the aggregate. The exponent D; and the proportionality constant Ay
in Eq. (3) are the fractal dimension and prefactor, respectively. For frac-
tal aggregates consisting of monodisperse monomers (0, 4., = 1) generated
through diffusion-limited cluster aggregation (DLCA), it has been well es-
tablished that Dy ~ 1.78 and k; ~ 1.40 [7, 40]. However, Eggersdorfer and
Pratsinis [21] showed a dependency of both D and k¢ on PP polydispersity.
In fact, for aggregates formed in the same molecular regime they found that
both Dy and k¢ decrease with increasing PP polydispersity. They obtained
D; = 1.68 and ky = 0.98 for 0}, geo = 2.0, and Dy = 1.48 and ky = 0.77 for
Op,geo = 3.0. The ranges of these parameters are used for the generation and
analysis of fractal aggregates of the present work. Finally, 7, is the radius of
gyration of the aggregate calculated using the expression proposed by [22],

R’ :m—Zmp, [(Ri — Ro)*+712,], (4)

i=1
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where r,; and m,; are respectively the PP radius and mass of the ¢th spher-
ical primary particle, which is located at a distance R; from the origin of a
fixed coordinate system. The term rg; is the radius of gyration of the ith
PP, ie., r2; = (3/5)r};. R.is the center of mass of the aggregate evaluated
as,

1 N
RC = m—a ; mp,iRi. (5)

It can be easily shown that Egs. (4) and (5) degrade to those for monodisperse
primary particles given in Filippov et al. [13] when all the primary particles
have the same mass.

3. Formulation of the improved tunable algorithm

3.1. Main equations

Consider two clusters (aggregates) with mass m; and msy and radius of
gyration Ry and Ry, which have the same prescribed Dy and k; and are to
be aggregated to form a larger aggregate with mass m = m; + ms and radius
of gyration R, and to preserve both D; and k. To this end, it can be shown
that the distance between the mass centers of the two clusters I' satisfies the
following equation,

mQRg =m (mlRfﬂ + mQRf]Q) + I2myms, (6)

The consequence and advantage of using Eq. (6), as it will be demonstrated
later, are that it ensures the preservation of both D; and k*® during each
step of the aggregation process for each individual aggregate generated. The
derivation of this equation is provided in Appendix A. In the special case of
two aggregates consisting of N; and Ny monodisperse PPs (N = N; + Ns),
Eq. (6) is reduced to,

N?R? = N (N1R}, + N2 R?,) + N1 N, (7)

which is identical to the relationship derived by Filippov et al. [13], i.e., the
derived Eq. (6) is the generalized form of Eq. (7) for aggregates consisting of
polydisperse PPs. Eq. (6) represents an original contribution of the present
study and forms one of the main relations of the present tunable algorithm.



120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

3.2. FracVAL: A tunable cluster-cluster aggregation algorithm

The FracVAL (fractal aggregate generation algorithm developed in Val-
paraiso) algorithm is programmed in a hierarchical manner, i.e., only ag-
gregation between sub-clusters with approximately the same number of pri-
mary particles is allowed [11]. The algorithm consists of four main steps
corresponding to the flow chart shown in Fig. 6 and it is described as follows.

Step 1: The fractal dimension D (between 1 and 3) and the fractal pref-
actor ky (a positive value, typically on the order of unity) of aggregates to
be generated are prescribed, which will be preserved during the entire fractal
aggregate generation process. In addition, the primary particle radius distri-
bution and the aggregate size N (the number of primary particles contained
in the aggregate) are also required. The PPSD is assumed lognormal and
characterized by the geometric mean and standard standard deviation, i.e.,
Tp.geo ANd 0p geo. To obtain a total of IV radii from this lognormal distribu-
tion given by Eq. (1), a pseudo-random number generator is used [41]. To
avoid extremely large and extremely small values of PP radius, which are
unrealistic, the selection of PP radii is constrained to the following range
["p.ge0/ T geor TpgeoTp geo), Which contains 95.5% of the radii.

Step 2: A particle-cluster aggregation algorithm is first used to obtain a
total of I, sub-clusters (smaller aggregates) consisting of approximately the
same number of primary particles (N,;,), where » 1, Nsup = N. This criterion
is introduced in order to mimic the hierarchical aggregation of particles that
possess the self-similarity of fractal aggregates [42]. In the present work Ny,
is selected depending on N. For N€[50,500], each sub-cluster™“® consists of
Ngwp = 0.1N and under the lower limit (N< 50 ) a constant Ny, = 5 is
employed. On the other hand, above the upper limit (N> 500) a constant
Ny = 50 isB1C5 used. This type of particle-cluster aggregation algorithms
has been found to experience some difficulties for retaining exactly the fractal
parameters and therefore small Ny, are recommended in the literature in
order to avoid effects in the final aggregates [13, 20]. In this context, a
sensitivity analysis is included in the Appendix C. The main conclusion of
this analysis is that for Ny, < 0.15N there is not effect on the morphology
of final aggregates. Additionally, an variation of £20% of Dy or ks for the
initial sub-clusters is expected to have a relatively small effect on the density-
density correlation function of the final aggregates.®!-C4

Step 3: In this step, the sub-clusters generated in Step 2 are organized
into pairs that are able to aggregate to form a larger cluster. This “ability to
aggregate” is defined according to the criterion R,z 1 + Rmaz2 = 12, where

7
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Riaz,i corresponds to the furthest distance of a PP to the center of mass of
the ith aggregate (i = 1,2) and I'j5 is the distance between the centers of
mass of the two sub-clusters to be aggregated and calculated as,

1
Pia = e (2R = Ry + maRE)] )

where mq, ma, Ry and Ry are the masses and radii of gyration of the two
sub-clusters being aggregated. Additionally, m = m; + my and R, are the
corresponding parameters for the resulting larger aggregate. The radii of
gyration R, Ry, and R, are calculated from the scaling law,

n; 1/Dy
Rgi = Tpgeo <kz_f) 9)

where n; is the number of monomers of the ith aggregate (here for both
the sub-clusters and the resultant larger aggregate) and Dy and kj are the
prescribed fractal parameters.

Step 4: This is the main part of the algorithm. In this step, the two
sub-clusters belonging to the same pair determined in Step 3 are aggregated
to form a larger aggregate. It is based on the idea that there are two sub-
clusters, from here onwards they will be called sub-cluster Al (containing
N; monomers) and sub-cluster A2 (containing No monomers), that can be
aggregated in many different ways, each of these ways associates a distance
between the center of mass of aggregates Al and A2, but there is only one
distance (represented by I'1s in Eq. (8)) that ensures the preservation of
both D; and k;. Therefore, knowing this distance, our goal only consists
in finding one of the possible paths to combine the clusters by keeping the
distance between them fixed. "> To better describe this step, it is divided
into 6 sub-steps as shown in Fig. 6.

e Sub-step a: Select a pair of sub-clusters Al and A2%?“% from the
pairs determined in Step 3.

e Sub-step b: Create a binary matrix a;;. Let d;; and d;, be respectively
the distance from the center of monomer i (in A1, 7 =1,2,....N;) and j
(in A2, j =1, 2,..., N3) to the center of mass of A1 and A2, respectively.
Assign a;; = 1 when:



186

187

188

189

191

192

193

194

195

196

197

198

199

200

201

202

203

CM,

Al OO % orpj A2

Monomer j

Figure 1: Sub-clusters Al and A2 selected to be aggregated.

The restriction defined by Eq. (10) is fulfilled, this restriction ensures
that both monomers are close enough to be in point-touching,

Dji 4+ Djo > T'1a, (10)
where Dil,—l— = dil + Tpis Dil,— = dil — Tpi, ng}_;. = djg + Tpj and
Dj,_ = djo — 1p;. Additionally, there is a lower limit defined by 3

possible cases described as follows,

— Case 1: When the spheres of radius D;;  and Dj , can be inter-
sected (see Fig. 2), this means that |D;; y — Djo 4| < T'po.
The two following cases are associated with the intersection of the
spheres with radius D;; — and Djs .

— Case 2: When the sphere of radius D;; 4 is too big containing
the sphere of radius Djs 1, i.e. when (D;;+ — Djo ) > 'ty with
an®5 upper limit D - <T'y9+ Djs 4.

— Case 3: Analogously, when the sphere of radius Dj, 1 is too big
containing the sphere of radius Dj; 4, i.e. when (Djo 4 — Dy 4) >
'y with an upper limit Dj, — < T'yo + Dy 4.

Please note that Case 2 and Case 3 are theoretically and mathemat-
ically possible, and they are considered in FracVAL. Please see the
Appendix D for a further explanation of Cases 2 and 3.#-¢! However,



204 Case 1 is considered the most common one, and therefore it is used to

205 explain the subsequent steps of the algorithm.
206 These restrictions ensure that ith monomer belonging to Al is able to
207 aggregate with the jth monomer belonging to A2; otherwise, assign

a;; = 0. For the pair Al and A2, I'y; is evaluated using Eq. (8).

Figure 2: Example of intersection between the spheres of radius D;; 4+ and Djs 1 can be

intersected.
208
200 e Sub-step c: Loop over the elements of the binary matrix a;;. If a;; = 0,
210 continue the loop. If a;; = 1, assign the ith primary particle in Al as
o1 sl and the the jth primary particle in A2 as s2.
212
213 The goal of Step 4 is to aggregate the sub-clusters Al and A2. Specif-
214 ically, the algorithm needs to find the locations of the mass centers of
215 A1l and A2 and the proper orientations of A1 and A2 upon aggregation
216 to satisfy the following restrictions:
217 First, the distance between the centers of mass of A1 and A2 is I';5 given
218 by™-C Eq. (8). Secondly, the selected primary particle candidates sl
219 (belonging to A1) and s2 (belonging to A2) are in point-touch. Thirdly,
220 there is no overlapping between any primary particles in A1l and A2.
21 The above mentioned 3 restriction will be satisfied progressively by 3
2 stages described as follows,?!-C2
23 — Stage 1: To satisfy restriction 1 we retain the center of mass of A1
224 (referenced as CM1 = (Xen1, Yem1, Zem,1)) fixed while the center
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of mass of A2 (referenced as CM2 = (X, 2, Yem.2, Zem,2)) is placed
at a distance I';5 from CM1. This displacement is made along the
unitary direction defined by CM1 and the center of sl. At this
point we already fulfil restriction 1. This is shown in Fig. 3.R-¢2

Figure 3: Displacement of A2 to fulfill restriction (1).

— Stage 2: Next, we will rotate Al and A2 in the following manner

to fulfill restrictions 2 and 3. Firstly, Al is rotated, to this end
we calculate the distances dg; and dge from monomers sl and s2
to CM1 and CM2, respectively, and place the monomer sl at a
tangential point defined by the interception of two of the following
spheres as illustrated in Fig. 4.81-C2

D§1,+ = (X - AXcrrL,l)2 + (Y - ch,l)2 + (Z - Zcm,1)2a (113)

D§2,+ = (X - Xcm,2)2 + (Y - }/;m,2)2 + (Z - Zcm,2)27 (11b)

This random point can be determined analytically by considering
the following procedure (Here the reader may go directly to Stage
3 without loss of continuity). As shown in Fig. 5, the sphere-sphere

11



Figure 4: Location of monomer sl given by the intersection of spheres given by Eq. (11a)
and Eq. (11b).

230 intersection corresponds to a circle that can be parametrized by
210 the equation (12),R1¢2
M) = ¢+ peos[)i’ + psin[g]f’, v e[0,2r]  (12)
(a) Sphere-sphere intersection (b) Parametrized circle

Zoom

(2

r(w)=c+pcos(y)i +psin(y)j’

Figure 5: Sphere-sphere intersection and circle parametrization.

21 where ¢ and p are the coordinates of the geometric center and
242 the radius of this circle, respectively. Additionally, i and j" are

12
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: Step 2: . .
Step 1: Sub-clusters Step 3: BREIN Step 4: )
Parameters (0) Generate pairs Aggregate pairs

‘ Step 4 details
Step a: Step b: Step c:
Select a pair Matrix of Select a pair Finish Step 4
Al-A2 candidates s1-s2

NO
Step d:
Aggregation Overlapping?
process
YES
Step e:
Rotation

Figure 6: Flow chart of FracVAL cluster cluster aggregation algorithm.

unit vectors perpendicular between them and belonging to the
plane where the circle is embedded. All of this parameters can
be determined analytically as explained in Appendix B. Finally,
the vector 7] brings™“® the coordinates of a point belonging to
this circle with orientation 1. Therefore, the work of this step is
reduced to just find a random angle ¢ € [0, 27]. Subsequently, the
orientation of each other PP belonging to Al is updated based in
the rotation of s1 by using the Euler-Rodriguez model [43].

Stage 3: The location of s2 is determined by finding a random
point in the interception of the two spheres,?!-¢?

(ra +752)° = (X = Xa)? + (Y =Ya)’ +(Z - Za)?, (13a)

d?z = (X - Xcm,2)2 + (Y - ch,2)2 + (Z - Zcm,2)2> (13b)

where Eq. (13a) ensures that both candidates sl and s2 will be
in one point touch and Eq. (13b) ensures that candidate s2 will
retain their relative distance to the center of mass of aggregate

13



257 A2 and therefore restrictions 1 and 2 mentioned above will be
fulfilled. This is illustrated in Fig. 7.2 One point in the in-

Al

Figure 7: Intersection of spheres given by Eq. (13a) and Eq. (13b).

250 tersection of these two spheres is found using the same procedure
260 described by equation (12). Subsequently the whole aggregate A2
261 is rotated based in the rotation of s2 by using the Euler-Rodriguez
262 model [43]. At this point, restrictions 1 and 2 are ensured. Re-
263 striction 3 is not necessarily ensured, so the algorithms continue
264 with sub-step d to check it.?1-C?

265 e Sub-step d: Eventually, in the current orientation of A1 and A2 over-
266 lapping between PP exists. In this case the orientation of A2 is modified
267 by random rotation by using the Euler-Rodriguez formula [43] and us-
268 ing the solution of the intersection of spheres given by Eq. (13a) and
269 Eq. (13b), i.e. monomer s2 is rotated around monomer sl.

270 In case that overlapping still exists (following a maximum number of
on iteration defined by the user), the algorithm return to sub-step ¢ and
212 it picks another pair of monomers sl and s2. Finally at this point,
273 restrictions 1, 2 and 3 are ensured.

14
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4. Validation

4.1. Primary particle size distribution

Figure 8 shows the histogram of primary particle radii for an aggregate
consisting of N = 1024 primary particles sampled from a lognormal distri-
bution with o, 4o = 2.0 and 7y, e, = 15.0 nm. It is evident that the specified
PPSD iss well preserved. When the Kolmogorov-Smirnov goodness-of-fit test
(D) is applied, a value of D = 0.03 is obtained. A significance of o = 0.01
corresponds to a critical value of Ch—g9; = 0.05. Since D < Cy—g01, the ra-
dius of the primary particles of the aggregate effectively satisfies the specified
lognormal size distribution.

0.12 I I
- 0 PP radii ]
T mmmee lognormal fit |
L v \3 7
> 0.08— f AN |
L ‘ b
§ L) Iy Mogeo :_ 1250nm N
g i |
0.04— ]
0.00L L mﬂﬂ—ﬂz’jﬂﬁﬂ—ﬂmﬁ

70 10 20 30 40 50 60

r, (nm)

Figure 8: Histogram of radii of primary paticles in an aggregate of N = 1024 sampled
from a lognormal PPSD with 0}, geo = 2.0 and 7, geo = 15.0 nm showing the preservation
of the specified distribution.

4.2. Density-density correlation function

It is expected that the spatial distribution of the mass of an aggre-
gate should follow a specific behavior to be considered as fractal [44]. The
density-density correlation function is usually examined to test if the gen-
erated aggregates possess the expected fractal behavior in addition to the
scaling law [45, 13]. For the particular case of aggregates formed by'**“°
polydisperse primary particles, Bushell and Amal [24] suggested to use the
partial distance distribution function, which unfortunately is not practical
when dealing with lognormally distributed primary particles, this because
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there are too many different radii to obtain a partial distribution function
as proposed in the mentioned reference. Therefore, we developed a new al-
ternative to evaluate it. Let f(r) be the density-density correlation function
evaluated at a distance r from the mass center of the aggregate. This value
is calculated in an iterative manner for radius in the range r € [Rnin, Rmaz),
where Ryin = 7 geo/10 and Ry,p = 0R,, i.e., § times the radius of gyration
of the aggregate. Normally, a value of = 3.5 is considered sufficiently large.
At the kth iteration, radius r is discretized as follows,

T(k) - Rmin(Rmaz/Rmin)k/(nit_l)‘ (14>

where k € [1, (ny; —1)], with n;; being a total number of discretized radii con-
sidered. For a given k, a “copy” of the aggregate is generated and displaced
at a distance r®) from the mass center of the original aggregate in a random
direction (i.e., a random point in a sphere). Then the volume of intersection

of both aggregates Vzg? is analytically determined based on the concept of
spherical cap [46]. Hence, this process is repeated until a total of n,,. ori-
entations is evaluated. Finally, the density-density correlation function is
calculated by averaging the volumes of intersection over all orientations and

dividing by the total volume of the aggregate V,,

1 (k)
v
f(/r(k)> — [Nor Z‘;or nt 7

(15)

4.2.1. Aggregates formed by monodisperse PP

In Fig. 9 samples of the generated aggregates consisting of monodisperse
primary particles are shown. These aggregates are generated for three dif-
ferent fractal dimensions of Dy = 1.40, 1.79, and 2.40 and four aggregate
sizes of N = 20, 50, 500, and 1024. It is evident that a larger fractal dimen-
sion leads to a more compact structure. As a way to validate our algorithm,
the density-density correlation function f(r) is calculated as described above
considering a total of n,, = 300 orientations for each case.

The calculated density-density correlation functions f(r) for different ag-
gregate sizes from N = 20 up to N = 1024 generated using FracVALR!©?
and using the algorithm developed by Skorupski et al. [20] are compared in
Fig. 10. It is noticed that these aggregates are generated from monodisperse
primary particles.

The density-density correlation function f(r) corresponds to the spatial
mass distribution of the aggregate, and it is supposed to exhibit a slope of
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Figure 9: Selected aggregates generated by FracVAL with monodisperse PP (o geo = 1.0)
for Dy = 2.40, ky = 0.80 (top row), Dy = 1.79, ky = 1.40 (middle row), and Dy = 1.40,
ks =1.80 (bottom row).

D¢ —d, where d is the Euclidean dimension of space (d = 3), for sufficiently
large aggregates. However, due to the natural cut-off of fractal aggregates
of finite size this behavior can be expected only in a limited range of r [44].
As can be seen in Fig. 10, the agreement in f(r) for aggregates generated
from both algorithms is very good, especially for large N. In addition, the
expected slope of the decay of f(r) with r for sufficiently large N, i.e., Dy —d,
is progressively displayed with increasing NV, consistent with the findings of
Filippov et al.R1-C5 [13]. As can be noted, the agreement of calculated f(r)
with the theoretical behaviour is progressively better for larger aggregates,
this is explained by the finite size effects on f(r), which imply that smaller
aggregates, namely N = 20, the f(r) function is predominated by the cut-off
function.®-5
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Figure 10: The density-density correlation functions of aggregates formed by monodis-
perse primary particles with Dy = 1.79, ky = 1.40. The solid lines correspond to the
aggregates generated by using™©® the algorithm of Skorupski et al. 2014 and symbols
are for aggregates generated by™!“® using FracVAL. d stands for the Euclidean dimension
of space d = 3.

4.2.2. Aggregates formed by polydisperse primary particles

In Fig. 11 samples of aggregates formed by lognormally distributed poly-
disperse primary particles with 0, e, = 2.0 using FracVAL®-®® are shown.
These aggregates are generated for D; = 2.60, k; = 0.25 (top row)"5,
Dy =168, ky = 0.98 (middle row), and D = 1.30, k; = 1.50"“ (bottom
row) and for four aggregate sizes of N = 20, 50, 500 and 1024.

Fig. 12(a) and Fig. 12(b) show the density-density correlation function
of fractal aggregates of N = 100 and 1024, respectively, generated using
FracVAL for polydispersity levels ranging from oy, 4, = 1.0 (monodisperse)
t0 0 geo = 3.0 (extremely polydisperse) and for different fractal properties as
shown in the figure legend. As can be seen, the expected power law behavior
becomes more evident, i.e., the linear decay of f(r) with r in the log-log scale
plot, especially for N = 1024. It is interesting to notice that the power law
behavior seems to extend over a larger range of r for o, 4, = 2. Moreover,
the slope of the calculated density-density correlation function is in good
agreement with the theoretical slope of (D;—d) for all the three combinations
of Dy and 0 geo, i.., Dy = 1.79 and 0y, 4eo = 1.0, Dy = 1.68 and 0y, 4o = 2.0,
and Dy = 1.48 for 0y 4, = 3.0. These values of D; correspond to those
of DLCA aggregates when considering different levels of primary particle
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Figure 11: Sample aggregates generated by FracVAL from polydisperse PPs™ % with
Op.geo = 2.0 and specified fractal parameters of Dy = 2.60, k; = 0.25 (top row), Dy = 1.68,
ks = 0.98 (middle row), and Dy = 1.30, k; = 1.50 (bottom row)R-¢5,

polydispersity [21]. As expected, the agreement is better for N = 1024
rather than N = 100, consistent with the results shown for monodisperse
primary particles in Fig. 10.

4.8. Preservation of prescribed fractal parameters

An important feature of tunable algorithms is to ensure each individual
aggregate generated accurately satisfies the scaling law expressed in Eq. (9),
regardless of its size. Specifically, each individual aggregate generated by
a tunable algorithm possesses the same Dy and k; as the prescribed values.
This requirement is naturally built into the algorithm through the application
of Eq. (9) during the generation.

To probe the preservation of fractal parameters (D and ky) on a global
sense, i.e., to examine an ensemble of aggregates of different sizes, plots of
log(N) — log(Ry/7pgeo) for different prescribed fractal dimension and pref-
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Figure 12: The calculated density-density correlation functions of aggregates consisting of
N = 100, N = 1024 primary particles of different levels of polydispersity. The imposed
fractal parameters are: Dy = 1.79, ky = 1.40 for op geo = 1.0, Dy = 1.68, ky = 0.98
for op geo = 2.0, and Dy = 1.48, ky = 0.77 for op geo = 3.0. d stands for the Euclidean
dimension of space with d = 3.

actor are presented in Fig. 13(a) and 13(b) for monodisperse (0p 40 = 1)
and polydisperse (0, 4e0 = 2) primary particles, respectively. The aggregate
size is varied non-uniformly from N = 20 to 1024. It is important to note
that each data point in Fig. 13 corresponds to 50 aggregates. As observed in
the figure, each condition for individual aggregates (characterized by Dy, ky,
N, and 0, 4,) accurately preserves the prescribed fractal parameters. The
solid lines represent the log-log fit of the data points and the corresponding
parameters are reported in the figure legend. It is evident that all the curves
display a linear variation of N with the normalized R, in the log-log plot
expected from the scaling law of Eq. (3).

As can be seen in Fig. 13(a) for all thee three sets of aggregates formed by
monodisperse primary particles, the fractal scaling law is very accurately pre-
served and the fractal dimension based on the slope of the linear fit deviates
from the prescribed value by less than only 1%. The same observations can
be made for aggregates formed polydisperse primary particles as shown in
Fig. 13(b). It is worth pointing out that these pairs of Dy and & are selected
to represent the most extreme values under which FracVAL is able to gen-
erate the fractal aggregates for the evaluated PP polydispersity (0, 4e0 = 2).
The results shown in Fig. 13 confirm that the ensemble of aggregates gener-
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of primary particle polydispersity as long as the fractal aggregates can be
generated by FracVAL.
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Figure 13: Preservation of fractal parameters for aggregates consisting of (a) monodisperse
(0p,geo = 1) and (b) polydisperse (0, geo = 2) primary particles for different combinations
of fractal parameters (D and k). Continuous lines represent the log-log fit of the points,
corresponding parameters are reported in the legend of the figures.

Once these aggregates are generated, numerical projections, like numer-
ical TEM images [46], could be generated in order to relate the projected
density-density correlation function as calculated by Nelson et al. [47] for nu-
merically generated aggregates in comparison with experimentally measured
ones. This feature will be available in a future version of FracVAL L¢3

5. Discussion

To demonstrate the advantage of FracVAL algorithm over the classical
Filippov et al. [13] one, Fig. 14 compares the plots of log(N) as a function
log(Ry/7pgeo) in log-log scale for aggregates generated using FracVAL and a
direct application of the Filippov et al. [13]%1“* algorithm for polydisperse
primary particles. The prescribed parameters are Dy = 1.68, ky = 0.98,
and 0, .o = 2.0 and for aggregate sizes from N = 20 to 1024. It is noticed
that in the Filippov et al. [13] method considered Eq. (7) instead of the
derived Eq. (6), which is used in FracVAL. Therefore, the effect of primary
particle polydispersity on aggregate center of mass and radius of gyration

21



407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424
425

426

427

is not taken into account in the formulation of Filippov et al.. [13].%-¢4 Tt
is also worth pointing out that the FLAGE algorithm recently developed
by Skorupski et al. [20] also made a direct application of the Filippov et
al. [13]%1¢4 method for aggregates formed polydisperse primary particles
and the results of Filippov et al. [13]R1“* shown in Fig. 14%"“* should be
identical to the results of FLAGE.

A total of 200 aggregates is generated using the method of Filippov et
al. [13] for each set of parameters (Dy, ks, N, and 0, 4c,). As can be seen,
when primary particles are polydisperse, the classical Filippov et al. [13] does
not preserve exactly the fractal parameters (D; and k) for each individual
aggregate, though the fractal parameters are preserved on an ensemble basis.
Therefore, a large population of aggregates should be generated if one uses the
Filippov et al. [13]"1* method or the FLAGE code to generate aggregates
formed by polydisperse primary particles. It is interesting to observe that the
scatter of log(R,/rpge0) at a given N becomes increasingly smaller and the
agreement between Filippov et al. [13] and FracVALR®® is improved with
increasing N. This agreement is employed in previous studies presented in
the literature [46, 32].
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Figure 14: Comparison of results by using Filippov et al. [13] method and FracVAL.
Aggregates consisting of Dy = 1.68 and ky = 0.98 and o0 geo = 2.0.

Finally, the computational performance of the FracVAL algorithm is eval-
uated. The computations are carried out using a laptop equipped with a 2.40
GHz CPU and 8 Gb of memory. The reported CPU times are averaged over
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a population of 100 aggregates for different combinations of Dy and &y within
the range of Dy = 1.0 — 3.0 and ky between 0.1 and 2.4. The computational
time is dependent on the number of monomers, the level of primary particle
polydispersity, and the combination of Dy and ky. Table 1 presents exam-
ples of average time required to generate an aggregate consisting of N = 500
for monomers polydispersity from o, 4, = 1.0 to 3.0. All examples of ag-
gregates consisting of 500 PPs"?“" are generated in less than 2.4 minutes.
Meanwhile aggregates consisting of 1000 PPs are generated in less than 14
minutes. Generation of aggregates formed by polydisperse PPs is generally
more time-consuming than those formed by monodisperse PPs.®2¢4 Tt is im-
portant to remark that the majority of times is in the order of the minimum
values reported in Table 1, while the maximum values are achieved only for
combinations of extremely different Dy and k; pairs and also these max-
imum times exhibit a much larger standard deviation than the minimum

o
values,RB2-¢4

Table 1: Assessment of the average computational time (in seconds) required by FracVAL.
Opgeo N = H00FZCT N = 1000824
1.00 1.1-70.1 5.3-84.682:C4
1.45 1.9-73.6 8.9-4(8R2.C4
2.00 3.9-145.8 28.2-791.1R2:C4
2.50 5.6-15.1 37.6-113.7-R2:¢4
3.00 7.0-94 38-74.6R2C4

6. Conclusions

A novel tunable cluster-cluster aggregation algorithm, FracVAL, is devel-
oped in this study to numerically generate fractal aggregates formed by poly-
disperse primary particles. The algorithm represents an improvement ™" of
the tunable cluster-cluster aggregation algorithm of Filippov et al. [13] for
generation of fractal aggregates formed by monodisperse primary particles.
The algorithm is validated by comparing the density-density correlation func-
tions of fractal aggregates generated by FracVAL and a literature method,
FLAGE [20], and excellent agreement is observed. The prescribed fractal
parameters Dy and ky are found accurately preserved for each individual ag-
gregate consisting of either monodisperse or polydisperse primary particles.
The fractal properties of an ensemble of aggregates of different sizes are also
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found to accurately preserve the prescribed Dy and ky with less than 1%
deviation for different combinations of Dy and ky, regardless of the degree of
primary particle polydispersity characterized by oy, 4eo up to 3.

Since the positions of the two aggregating primary particles and the mass
centers of the two aggregating clusters are found using analytical expressions
by using the intersection of two spheres and random parameters, FracVAL
is considerably computationally efficient for generating fractal aggregates for
different combinations of Dy, k¢, and 0, g, for oy, 4eo up to 3, taking in average
less than 2.4 minutes for N = 500 and 14 minutes for N = 1000 PPg**
on a regular laptop, as long as the pair of Dy and k; falls in the valid range
where it is possible to generate such fractal aggregates.

Finally, it is demonstrated that the direct use of the tunable cluster-
cluster aggregation algorithm Filippov et al. [13] to generate aggregates
formed by polydisperse primary particles, such as implemented in the FLAGE
code, does not preserve the prescribed fractal properties (Dy and k) for in-
dividual aggregates, though it does so globally, i.e., the fractal properties of
an ensemble of aggregates recover the prescribed values. This observation
suggests that caution should be taken when a certain property of individual
aggregates formed by polydisperse primary particles generated by FLAGE is
investigated, since the fractal dimension or prefactor may be different from
the expected value. On the other hand, the algorithm developed in this study,
FracVAL, overcomes the drawback of the Filippov et al. [13]%:“* method and
the FLAGE code.
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Appendix A. Derivation of Eq.(6)

The resulting center of mass (R.) of an aggregate formed by the aggre-
gation of two clusters of N; and Ny PPs with mass m; and ms, respectively

is,

N Ny N
mhe = Z My F; = Z my,; R+ Zmp,kRk, (A.1)
i=1 j=1 k=1

where Ni + Ny

= N and m; + ms = m. Therefore,

mRC = mle -+ ngCQ. (A2>

Let’s I be the vector that stands for the distance between the center of
mass of the two sub-clusters,

F - RCQ - Rcl; (A3>

getting m; and msy from the relation m = my + my and replacing their
values in Eq. (A.2) we can obtain,

R — R, = ——2T, (A.4a)

R — R. = —T, (A.4b)

On the other hand, from the radius of gyration of the original aggregate
calculated from Eq. (4) we obtain,

m2R§ ZNllmpj [(Rj_Rc1+Rcl_R> —f—T’gpj}‘i‘ (A5>
S mpk [(Rr — Rea + Rea — Re)? + 72,
mZRE - Z] lmp] [(R]_R ) +Tgp]+

where the terms:

N
2 e

2(Rj — Ra) (R — )]

Zk; 1Mk [ +Tgpk+ (A.6)
(Rk - Rc )(Rc2 - Rc)] +

mi1(Re1 — Re)*> + ma(Rea — R.)?,

2m,j(R; — Re1)(Rey — R.) and Y12, 2my, 1 (Ry, —

623 Reo)(Re — R.) are both equal to zero.
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m23§ = Zjv:ll Mp,j [(Rj - Rcl)2 + 72 } + ml(Rcl - RC)Q—I—

g9,p5]

Zgil My k [(Rk — Rep)* + 1?2 } + ma(Res — R.)?,

g:p,k

(A7)

combining this result with Eq. (A.4a) and Eq. (A.4b) and introducing R
and R,y as the radius of gyration of both sub-clusters we get,

mQRg =m (mle1 + mQRf]Q) + T?myma, (A.8)
if we consider the particular case of aggregates consisting of monodisperse
PPs with mass m,, consequently m = Nm,, m; = Nym, and my = Nam,,
then Eq. (6) turns to,
N?R? = N (N1R}, + N2 R?,) + N1 N, (A.9)
which is equivalent to the relationship derived by Filippov et al. [13].

Appendix B. Sphere-sphere intersection

Lets consider two spheres in R with equations,

(z—21)+ (y— )+ (2 — 21)* =i, (B.1a)
(x —x9)° + (y — 12)* + (2 — 2)° = 13, (B.1b)

Lets d be the distance between the center of the two spheres. Based in
the law of cosines,

—r3 1} + d?
27’1(1 7
The intersection of these two spheres is a circle contained in the plane of

intersection. Lets p be the radius of this circle, then p = r; sin[«], considering
Eq. (B.2) and the identity sin?[a] + cos?[a] = 1 we obtain,

cos|a] = (B.2)

1

P~ 24

On the other hand, the plane of intersection is obtained by subtracting

Eq. (B.1a) and Eq. (B.1b) by considering A = 2(xs — 1), B = 2(y2 — y1),
C=2(z—=)and D= (r{ —r3) + (23 — 2%) + (45 — yi) + (5 — 1),

VA = (=13 413+ @) (B.3)
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Az + By+Cz=D. (B.4)

The equation of the line that connect the centers of the two spheres is,

r=x+t(r—31), y=y1+tlye —y1), 2=z +t(z— 21), (B.5)

The intersection of this line and the plane given by Eq. (B.4) bring us
the value of the constant ¢ as following,

L Axi+ By, +Cz — D (B.6)
A(xy — 22) + By — y2) + C(21 — 22) ‘
replacing in Eq. (B.5) we obtain the coordinates ¢ of the center of the
circle of intersection between the two spheres. Finally, with the coordinates
of the center ¢ and the radius p, the equation of the circle of intersection of
the two spheres can be parametrized as follows,

FY) = &+ peosyli + psinfv]f, ¥ € [0,2n] (B.7)

where ¢’ and j' are two perpendicular unit vectors belonging to the plane
given by Eq. (B.4).

Appendix C. Sensitivity analysis to initial sub-clusters morphol-
ogy and size

We intend to answer the following question: how important are the ini-
tial sub-clusters to the final aggregates generated with FracVAL? To this end
a sensitivity analysis of the density pair-correlation function f(r) is carried
out. For aggregates consisting of N = 100 monomers a sensitivity analysis
is developed for monodisperse (Fig. C.15(a) and Fig. C.15(b)) and poly-
disperse (Fig. C.15(c) and Fig. C.15(d)) primary particles. A total of 3
parameters are varied. In Fig. C.15(a) and Fig. C.15(c) the sensitivity of
the density pair-correlation function f(r) to the size of initial sub-clusters is
tested considering Ny, = 5, 10 and 15% (expressed in a percentage of N).
The other two parameters considered are the fractal dimension and prefactor
used for the generation of sub-clusters. The sensitivity of the density pair-
correlation function f(r) to Dy and k; with a variation of £ 20% is reported
in Fig. C.15(b) and Fig. C.15(d) for monodisperse and polydisperse PPs,
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respectively. Please note that in the latter cases only the fractal parameters
of the sub-clusters are variated meanwhile those corresponding to the final
aggregate remain constant (fixed to the original imposed Dy and ky). As
expected, for all cases consisting of monodisperse PPs there is no variation
for /7, geo < 2, because at this scale only intersection between equally sized
spheres is found. For larger ranges r /7, s, > 2 the overall behaviour of the
pair correlation function is not significantly affected by the three concerned
parameters except in the polydisperse PPs case when the fractal dimension of
the sub-cluster is strongly modified (& 20%). Nevertheless, the effect seems
limited to the domain of /7, 4, € [2, 8].

Appendix D. Further explanation of cases 2 and 3 of section 3.2

In the context of Section 3.2 in sub-step 4b we identified 3 possible cases of
aggregation of two sub-clusters Al and A2. The main part of the manuscript
is devoted to explain Case 1 for being considered as the most common case.
This appendix intends to provide a detailed explanation of Cases 2 and 3.

e Case 2: When the sphere of radius D;; ; is large to enclose the sphere
of radius Djs 4, i.e., when (Dj; 4 — Djo ) > I'1o with an upper limit
D;i— <T'i9+ Djs . Please see Fig. D.16.

e Case 3: Analogously, when the sphere of radius Dj, 4 is large to enclose
the sphere of radius Dj; 4, i.e., when (Djoy — Dj14) > I'12 with an
upper limit ng’, S P12 -+ Di17+.

In the context of sub-step 4c, there are three different scenarios for joining
the sub-cluster A1 and A2 by selecting the candidate primary particles sl
(belonging to A1) and s2 (belonging to A2). Therefore, we will be concerned
about the following spheres,

Sph.l: D%, = (X = Xen1)® + (Y = Y1) + (Z = Zoma)?,  (D.1a)

Sph2: DY _ = (X = Xem1)? + (Y = Yon1)> + (Z = Zem1)?,  (D.1b)
Sph.3: D%, = (X = Xema)? + (Y = You2)* +(Z = Zem2)?,  (D.1c)

Sphd: D% _ = (X — Xem)’ + (Y = Yon2)’ + (Z = Zemp2)®.  (D.1d)

The reason that many spheres appear is that the possible solutions, i.e.,
the intersections between sl and s2, correspond to the intersection of two
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Figure C.15: Sensitivity analysis of density-density correlation function for the initial sub-
clusters consisting of monodisperse (a and b) and polydisperse PPs (Figs. ¢ and d). Figs.
(a) and (c) illustrate the sensitivity of the initial sub-clusters size (Ngup), and Figures (b)
and (d) show the sensitivity to fractal parameters (Dy and k). All aggregates consist
of N = 100 monomers, fractal parameters Dy = 1.79 and k;y = 1.40 for monodisperse
(0p.geo =1) and Dy = 1.68 and ky = 0.98 for polydisperse PPs (0 geo = 2).

spherical shells. The spherical shell belonging to Al is determined by the
concentric spheres Sph.1 and Sph.2 and the spherical shell belonging to A2
is analogously determined by the spheres Sph.3 and Sph.4. The above men-
tioned 3 possible scenarios are described as follows,

e Please note that the intersection of spheres 2 and 4 is not possible and
therefore it does not lead to any possible solution.

e Scenario 1: When I'yy > |Dg 4+ — Dy 4| In this case (considered
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Figure D.16: Limiting candidate for Case 2 (D;; 4+ is large to enclose the sphere of radius
Djo +). This is analogous to Case 3.

the most common) we examine a random point in the spherical cap
belonging to Sph.1 generated by the intersection of spheres Sph.1 and
Sph.3 as illustrated in Fig. D.17(a). Once this point is selected, the
position of monomer sl is finally set by a displacement of the radius
of monomer sl (rg) in the unitary direction defined by CM1 and the
current position of s1 (vector pointing to s1). Additionally, the spheres
Sph.1 and Sph.4 can also intersect. In this case, the solution is found
in the spherical segment illustrated in Fig. D.17(b).

Any point in the spherical cap (Fig. D.17(a)) or spherical segment
(Fig. D.17(b)) can be a solution for finding a point contact between
sl and s2; however, this process of search may be very time consum-
ing. That is the reason why FracVAL offers the option of enabling or
disabling (by a binary value in the code) the search of random points
on these surfaces. The other option is simply to select the intersection
between the two larger spheres as described in section 3.2.

Scenario 2: When ' < Dsl,+ — Ds?,—i— and I['15 > Dsl,— — Dsgﬁ_. In this
case, we search a random point in the spherical cap belonging to Sph.2
generated by the intersection of Sph.2 and Sph.3. Once this point is
selected the position of sl is finally set by a displacement of r¢; in the
unitary direction defined by CM1 and the current position of sl (vector
pointing to s1). Please refer to the illustration of Fig. D.18(a), as can
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Figure D.17: (a) Spherical cap corresponding to Al, given by the intersection of Sph.1
and Sph.3. (b) Truncated spherical cap or spherical segment corresponding to A1, given
by the intersection of Sph.1 and Sph.3 and limited by Sph.4.

723 be seen, the solution of Scenario 1 is not possible because sphere Sph.1
724 (radius Dy +) is too big and therefore there is no intersection with
725 sphere Sph.3 (radius Dgs ). In this case, the position of monomer sl
726 is found in the spherical cap of sphere Sph.2 (radius Dy —) generated
721 by the intersection of spheres Sph.2 and Sph.3.

(b)

A2
— __ Spherical cap

Figure D.18: (a) Example of scenario 2. (b) Example of scenario 3.

728 e Scenario 3: When I'is < Dgo 1 — Dg1 4 and I''g > Dgy— — Dg 4. In
720 this case, we examine a random point in the spherical cap belonging
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732

733

734
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737

738

to Sph.2 generated by the intersection of Sph.2 and Sph.4. Once this
point is selected the position of sl is finally set by a displacement of
rs1 in the opposite unitary direction defined by CM1 and the current
position of s1 (vector pointing to s1). The solution of Scenario 1 is not
possible because sphere Sph.3 (of radius D, ) is large and therefore
there is no intersection with sphere Sph.1 (of radius Ds ). In this
case, the position of monomer sl is found in the spherical cap of sphere
Sph.2 (of radius Dy ) generated by the intersection of spheres Sph.2
and Sph.4 (please refer to Fig. D.18(b) for more details).
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