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Abstract 

A zero-dimensional homogenous Population Balance Model (PBM) based on the evaluation of 

the volume-averaged coalescence and breakup rates is here adopted for the first time to fit the model 

parameter values through experiments carried out on a water-oil emulsion. The method accounts for 

the spatial inhomogeneities in mixing, namely for the probability density function of the turbulent 

kinetic energy dissipation in the apparatus, but avoids the use of coupling the PBM with 

computational fluid dynamics (CFD) or compartmentalization, thus ensuring fast computational 

time. In order to demonstrate the advantage of the proposed model over traditional ones based on the 

volume-averaged turbulent kinetic energy dissipation rate, the operating conditions were varied, 

including the mixing rate, the disperse phase fraction as well as considering inverse emulsions (water 

in oil and oil in water). The new model was found to be more generalizable to different operating 

conditions. 
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1 Introduction 

Turbulent liquid-liquid dispersions are commonly present in chemical, nuclear, pharmaceutical 

and mining industries. Indeed, many unit operations involve the contact of two immiscible liquid 

phases, where one of the phases is dispersed in the form of droplets in the second one. In some 

applications, liquid-liquid emulsions, as well as gas-liquid dispersions, may involve mass transfer 

between the phases. In this case, turbulent flows are generally preferred as they provide a significant 

enhancement of the mass transfer rates. This is due to two distinct effects: the formation of smaller 

droplets, which give rise to a higher interfacial area between the two phases, and the continuous 

arrival of “fresh” eddies at the droplet surface, which increases the mass transfer coefficient. 

In the industrial practice, the estimation of the droplet Sauter mean diameter at equilibrium is 

usually carried out by using empirical correlations, both in stirred tank reactors [1–3], and in 

extraction columns [4]. However, these correlations generally present the drawbacks of being valid 

only for similar geometrical and hydrodynamic conditions. Moreover, they are not appropriate to 

predict the transient behavior of this property. 

Population balance equations (PBE) represent a step further in the prediction of the droplet size 

distribution (DSD) [5]. These equations were particularly useful for determining some relevant 

macroscopic properties as the interfacial area [6,7]. PBE requires the formulation of source terms to 

estimate breakage and coalescence frequencies. However, due to complex and multiscale phenomena 

involved, all the coalescence [8,9] and breakage [9–14] kernels proposed so far, involve empirical 

parameters that require numerical fitting on experimental data. It is important to highlight that most 

of these kernels are based on Kolmogorov’s isotropic turbulence theory [15,16], which relates the 

flow characteristics to the turbulent kinetic energy dissipation rate, ε, in a liquid-liquid contactor. 
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(1.1) Since the Kolmogorov’s theory is valid for high Reynolds number flows, the coalescence and 

breakage kernels may be applied in cases of fully developed turbulent flows.   

Coulaloglou and Tavlarides [9] proposed kernels for droplet coalescence and breakage and 

identified a set of parameters for a liquid-liquid emulsion in a stirred tank. To this end, they 

considered a uniform value (i.e., a volume-averaged value) of the turbulent dissipation rate when 

performing parameter identification from experimental data. Using this model, other studies 

followed, and various numerical values were provided for these parameters [17,18]. Amokrane et al. 

[6], and Becker et al. [19] showed that these estimated parameters could not be generalized from one 

device to another for systems with the same chemical components, indicating the possible necessity 

to better account for the hydrodynamics of the device in the kernel expression. 

The assumption of uniform turbulence is indeed a rough approximation, as evidenced by 

experimental and simulation fluid flow investigations, which highlighted that the dissipation rate is 

several orders of magnitude higher near the impeller than in the recirculation zone [20–22]. 

Therefore, proper simulation of dispersed liquid-liquid flow would require two-way coupled CFD-

PBE simulation. However, this method requires a very large computational time. In order to 

minimize the CPU costs, PBE solution methods based on calculating the moments of the DSD were 

developed [23,24]. The use of such two-way coupling may be useful for validation, but it remains 

limited to investigating particularly short process times, as the computation time may remain 

significant, hindering its use for simulating long time emulsification processes. 

To address this issue, Alopaeus et al. [25] and Konno et al. [26] implemented a multiblock model 

to perform parameter identification. This method consisted in dividing the stirred tank reactor into 

subdomains where a uniform value of the turbulent kinetic energy dissipation rate  is evaluated from 

a detailed CFD simulation. Although such compartmental models allowed a better representation of 

the turbulence in the reactor compared to a single volume-averaged value, the knowledge of 

additional terms representing the droplet fluxes among the subdomains is needed and retrieving this 

information from CFD simulations can be not trivial.  

Alternatively, Buffo et al. [27] proposed an original and simplified method to account for the 

turbulence inhomogeneity for such systems. This method is based on the use of the probability 
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density function (pdf) of the turbulent dissipation rate, , in the liquid-liquid contactor to solve the 

PBE. The authors showed that this pdf of  can be obtained from single- or multi-phase CFD 

simulations and a good agreement with fully detailed 3D CFD-PBE simulations can be obtained, 

especially when the mixing timescale is shorter than the characteristic coalescence and breakage 

timescales and the global volume fraction of the disperse phase is low. With this method the spatial 

dimensionality of the problem will remain 0D, while the dependence on  is properly accounted for 

and should be appropriate for kernel parameter identification. 

The aim of this work is to apply the method formulated by Buffo et al. [27] for predicting the 

behavior of a real liquid-liquid contactor, for which experimental measurements are performed. By 

using this methodology, new parameters of the coalescence and breakup models are identified for 

the investigated system, which would enable transferring of these to different operating conditions, 

equipment size and contactor technologies. Various new emulsification experiments were performed 

in a lab-scale stirred-tank reactor considering a system composed of distilled water and an organic 

phase, i.e. Isane 175, working under different stirring rates and using different disperse phase 

concentrations, to evaluate the behavior of the emulsion in time. More importantly, both the direct 

and the reverse emulsions were realized, to ensure that the model is accounting correctly for the 

physical-chemical emulsion properties without need for new parameter fitting. Full 3D CFD 

simulations of the experimental set were done to assess the pdf of  achieved for each power input. 

The kernel parameters were identified using this method, and were compared to the parameters 

determined considering a uniform turbulent kinetic energy dissipation rate, ε, thus highlighting the 

relevance of such volume-averaged kernels for the simulation of liquid-liquid contactors. 

2 Population Balance Modelling  

 

The PBE is, in general, an integro-differential equation describing the evolution in time of the 

number density function (NDF). For non-uniform domains, i.e. when strong spatial gradients of the 

NDF are present, PBE can be stated as follows [28]: 
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𝜕𝑛 𝒙, 𝝋, 𝑡
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𝜕𝑥
𝜕

𝜕𝑥
𝐷

𝜕𝑛 𝒙, 𝝋, 𝑡
𝜕𝑥

𝜕
𝜕𝜑

𝑛 𝒙, 𝝋, 𝑡 𝜑 𝑠 𝒙, 𝝋, 𝑡 .   (1) 

The reader should note that x and t are usually referred to as external coordinates, while the 

properties of the disperse phase considered in the generic vector 𝝋 as internal coordinates of the 

PBE. In this work, since the property of interest is only the interfacial surface, a number density 

function whose only internal coordinate is the droplet volume (𝝋 𝑣  is considered. For this simpler 

case, the net introduction of droplets in the system due to breakage and coalescence can be expressed 

as: 

𝑠 𝒙, 𝑣, 𝑡 𝑝 𝑣 𝛽 𝑣|𝑣 𝛤 𝒙, 𝑣 𝑛 𝑣 , 𝑡 𝑑𝑣 𝛤 𝒙, 𝑣 𝑛 𝑣, 𝑡

1
2

𝑄 𝒙, 𝑣 𝑣 , 𝑣 𝑛 𝑣 𝑣 , 𝑡 𝑛 𝑣 , 𝑡 𝑑𝑣

 𝑛 𝑣, 𝑡 𝑄 𝒙, 𝑣, 𝑣 𝑛 𝑣 , 𝑡 . 

   2

As previously mentioned, the most accurate method for assessing the dispersion behavior consists 

in considering the spatial distribution of the NDF and evaluating the velocity of the dispersion 〈𝑢 〉, 

using a coupled 3D CFD-PBM model. In this method mass, momentum and population balances 

need to be solved in each cell of the discretized domain, determining the temporal and spatial 

distribution of the NDF and of the flow characteristics. The knowledge of these quantities is of 

fundamental importance since the coalescence and breakage rates strongly depend on the fluid 

dynamics of the system. However, such coupled methods are not appropriate when the aim of the 

simulation is the identification of kernel parameters, since an optimization procedure implemented 

in this method is highly time-consuming [29].  

As previously mentioned, the method proposed by Buffo et al. [27] can be used for this purpose. 

The computation of volume-averaged kernels through the probability density function of the 

turbulent dissipation rate appears to be a convenient compromise between computation time and 

accuracy. For a detailed derivation of the method, the reader can refer to the original work [27]. Here 
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the main governing equations are reported. (1.2) A homogeneous number density function is assumed 

in the contactor, defined as: 

𝑛 𝑣, 𝑡
1
𝑉

𝑛 𝒙, 𝑣, 𝑡 𝑑𝒙 3

this assumption leads to the following population balance equation (growth term is considered null 

since no mass transfer takes place between immiscible phases): 

𝜕𝑛 𝑣, 𝑡
𝜕𝑡

𝛤 𝑣′ 𝛽 𝑣|𝑣 𝑛 𝑣 , 𝑡 𝑑𝑣 𝛤 𝑣 𝑛 𝑣, 𝑡
1
2

𝑄 𝑣, 𝑣 𝑛 𝑣 𝑣 , 𝑡 𝑛 𝑣 , 𝑡 𝑑𝑣

 𝑛 𝑣, 𝑡 𝑄 𝑣, 𝑣 𝑛 𝑣 , 𝑡                                                                                        4  

where the volume-averaged breakage and coalescence kernels, 𝛤 𝑣  and 𝑄 𝑣, 𝑣  respectively, can 

be evaluated in the following way: 

𝛤 𝑣
1
𝑉

𝛤 𝒙, 𝑣 𝑑𝒙
 

𝛤 𝜀, 𝑣 𝑓 𝜀 𝑑𝜀,   5

𝑄 𝑣, 𝑣
1
𝑉

𝑄 𝒙, 𝑣, 𝑣 𝑑𝒙
 

𝑄 𝜀, 𝑣, 𝑣 𝑓 𝜀 𝑑𝜀.   6  

where 𝑓 𝜀  is the turbulent kinetic energy dissipation rate distribution in the system, to be evaluating 

through a detailed CFD simulation. 

The reader should note that this 0D model presents the advantage of accounting for the turbulent 

non-uniformities, and the influence that these have on the breakage and coalescence rates in a 0-

dimensional frame, with significant reduction of the computational time, compared to fully coupled 

CFD-PBM simulations.  However, it is worth remarking that this method is applicable only when 

the NDF is spatially uniform, namely in dilute systems at low volume fractions of the disperse phase 

and at high stirring rates [27]. 

Moreover, it is important to mention that the most widely adopted approach in the literature 

considers instead a volume-averaged turbulent kinetic energy dissipation rate, 𝜀,̅ as done by 

Coulaloglou and Tavlarides [9] to determine the parameters of their model. The reader should note 

that this method, unlike the 0D method using the pdf of 𝜀 adopted in this work, does not account for 

turbulent inhomogeneities in the apparatus. This means that, for example, experiments performed in 
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different vessels, characterized by completely different flow and turbulent fields and giving rise to 

very different DSDs, but resulting in the same volume-averaged turbulent dissipation rates, would 

result in identical predicted DSD evolutions. 

 

2.1 Breakage and Coalescence kernels 

 

Many models for breakage and coalescence kernels have been proposed in literature [30,31]. The 

Coulaloglou and Tavlarides kernels [9] remain the most widely used due to their simplicity and 

fundamental basis. Amokrane et al. [6] showed that Coulaloglou and Tavlarides kernels allow quite 

good fits to experimental data on emulsions performed in stirred tank reactors and pulsed columns, 

though with a need to refit the parameters when changing the apparatus or the emulsion itself (which 

is usually the case for other kernels too). For this reason, Coulaloglou and Tavlarides models are 

considered in this work. 

In developing the breakage model, Coulaloglou and Tavlarides assumed the flow to be turbulent, 

and turbulence to be locally isotropic. The authors expressed (d), the breakage frequency of a 

droplet of diameter d, as follows: 

𝛤 𝑑
1
𝑡

𝑁 𝑑
𝑁 𝑑

  10

The fraction of breaking droplets depends on the surface energy of the droplets and the kinetic 

energy of the eddies in the turbulent flow: 

𝑁 𝑑
𝑁 𝑑

𝑒
 ,

, 𝑒𝑥𝑝
𝐶 𝜎

𝜌 𝜀 𝑑
 

11

 
It is important to remark that this model does not consider the viscous forces that oppose droplet 

rupture, namely when the viscosity of the disperse phase is low, as in the case of water and Isane 

175.  

The authors considered that the droplet breakage time, can be obtained by considering the relative 

motion of two lumps of fluid in the turbulent flow. Assuming the dimension of droplets to be in the 

inertial subrange, the breakage time is: 
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𝑡 𝑐 𝜀 𝑑  

 

12

Including the damping effect due to disperse phase fraction on the turbulent dissipation rate, 

𝜀 , the breakage frequency reads: 

𝛤 𝑑
𝐶 𝜀

1 𝜙
𝑑 𝑒𝑥𝑝

𝐶 𝜎 1 𝜙

𝜌 𝜀 𝑑
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This breakage kernel contains two parameters, 𝐶  and 𝐶  that have to be determined through 

fitting to experimental data. It is important to remark that when the disperse phase volume fraction 

is low the damping effect is negligible. 

To complete the breakage rate calculations, a daughter size distribution function is needed. (2.1) 

In literature, many functions were proposed for estimating the daughter size probability from a 

breakage event [30]. In this work, the normal distribution proposed by Valentas [32], and employed 

by Coulaloglou and Tavlarides was considered. This function, giving a higher probability for the 

formation of two equi-sized daughter droplets, is consistent with previous experimental observations 

[29]. 

The coalescence kernel proposed by Coulaloglou and Tavlarides expresses the coalescence 

frequency as the product of a collision frequency, ℎ, and a coalescence efficiency, 𝜆. The collision 

frequency is modeled assuming the droplet collisions to be analogous to molecule collisions in an 

ideal gas [33]:  

ℎ 𝑣, 𝑣  𝐶 𝜀 / 𝑣 𝑣′ 𝑣 𝑣
/

 14

Derivation of the coalescence efficiency is based on the film drainage theory of Shinnar and 

Church [34]:  

𝜆 𝑣, 𝑣 exp
𝐶 µ 𝜌 𝜀

𝜎
𝑣 𝑣′

𝑣 𝑣′
 

15

Final expression of the coalescence kernel is: 
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𝑄 𝑣, 𝑣 𝐶 𝜀 / 𝑣 𝑣′ 𝑣 𝑣
/

exp
𝐶 µ 𝜌 𝜀

𝜎
𝑣 𝑣′

𝑣 𝑣′
 16

As for the breakage kernel, two parameters, 𝐶  and 𝐶  have to be determined. 

2.2 Numerical solution of PBE 

 

As analytical solution for population balance equation is possible only for few simple cases 

[35,36], there are various numerical methods to solve PBE. Among these, class methods [37–39] and 

quadrature-based method of moments [23,24] have great importance. 

Kumar and Ramkrishna [39] proposed the fixed pivot technique to solve the PBE involving 

breakage and coalescence. They integrated the PBE (Eq. 4) in each interval of the discretization, [vi, 

vi+1], to obtain a set of ordinary differential equations expressing the variation of the droplet number 

in each interval: 

𝑑𝑁 𝑡
𝑑𝑡

1
1
2

𝛿 , 𝜂
,

𝑄 , 𝑁 𝑡 𝑁 𝑡 𝛤 𝑁 𝑡  

𝑁 𝑡 𝑄 , 𝑁 𝑡 𝑚 , 𝛤 𝑁 𝑡  
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where: 

𝜂

𝑝 𝑣
𝑝 𝑝 𝑝 𝑣 𝑝

𝑣 𝑝
𝑝 𝑝 𝑝 𝑣 𝑝
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and: 

𝑚 ,
𝑝 𝑣
𝑝 𝑝

𝛽 𝑣, 𝑝 𝑑𝑣
𝑣 𝑝
𝑝 𝑝

𝛽 𝑣, 𝑝 𝑑𝑣 
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The Fixed Pivot method was implemented in a Matlab routine. The set of ordinary differential 

equations were solved using the ode15s function. The parameter identification was carried out using 

the pattern-search function (Global optimization toolbox of Matlab). (1.1) The optimization took 

approximately 15 minutes on an Intel Xeon dual-core machine (3.20 GHz) with 64GB of RAM. 
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Instead, to reproduce the evolution in time of the Sauter mean diameters for an emulsification 

experiment, once the parameters had been identified and the probability density function of ε had 

been implemented, the Matlab simulation took approximately 1 minute. 

3 Materials and methods 

3.1 Materials 

 

Distilled water and Isane 175, provided by TOTAL, were used to prepare the emulsions. Isane 

175 is a mixture of aliphatic and aromatic compounds with a number of carbon atoms between C12-

C14. The physical properties of the liquids are given in Table 1.  

No surfactant was used to stabilize the emulsion, therefore the surface tension is quite high, and 

coalescence may not be neglected even at low volume fractions. Both oil-in-water, at 1-2% volume 

fraction of Isane hold-up, and water-in-oil, at 1% volume fraction of water hold-up, dispersions were 

considered. 

The emulsification experiments were performed in  a 1-L stirred tank reactor. The tank diameter, 

T, is 120 mm, and its height, H, 120 mm. It is equipped with 4 baffles disposed symmetrically with 

respect to the reactor axis, with a width of 15 mm (0.08T) and a thickness of 5 mm. A 3-blade Mixel 

TT impeller has been employed (impeller diameter, D = 60 mm), located at 40 mm from the bottom 

of the reactor (H/3) characterized by a power number of Np = 0.81 for high Reynolds numbers [40].  

The power number is a dimensionless coefficient which is dependent on the power introduced in 

the reactor, the fluid properties, the operating conditions and the geometrical constraints as follows: 

𝑁
𝑃

𝜌𝑁 𝐷
 20

In case of a baffled reactor in which a turbulent flow is involved, the power number depends only 

on the geometry of the reactor, and not on the Reynolds number. 

3.2 Experimental procedure 

 

The experiments were carried out at different impeller rotational speeds (600-700-800 rpm) and 

hold-ups (1-2%). Both oil-in-water and water-in-oil dispersions were considered.  
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The experimental protocol consisted in filling the reactor with the required amounts of Isane and 

water (according to the required hold-up), and starting to stir at the required agitation speed. To 

monitor the droplet size distribution in the reactor, an endoscopic photo-optical device was employed 

(SOPAT® system). For each experiment, after 10 minutes from the start of the stirring, a first set of 

images was acquired to determine the initial drop size distribution. Then, the acquisition was repeated 

at different instants to obtain the DSD time evolution. The determination of the droplet size 

distributions from the acquired images was performed through image-processing software provided 

by SOPAT® (Fig. 1). For each acquisition, which lasted 60 s, with 4 images captured per second, 

the consistency of the number of the detected particles was checked, with regard to statistical 

relevance of the DSD [41]. From the DSD, the droplet Sauter mean diameter was computed as 

follows: 

𝑑
𝑑 𝑛 𝑑 𝑑 𝑑

𝑑 𝑛 𝑑 𝑑 𝑑
 21

The Sauter mean diameter is expressed as the ratio between a term proportional to the total droplet 

volume (third moment of the distribution), which is constant, and a term proportional to the 

interfacial area (second moment of the droplet size distribution), which changes continuously as a 

result of droplet breakage and coalescence. Therefore, the higher the Sauter mean diameter, the lower 

will be the interfacial area between the two phases. This parameter is thus of great importance 

because it allows computation of the interfacial area, which is particularly useful when mass transfer 

occurs between the phases.  

3.3 CFD model 

The probability density function of the turbulent kinetic energy dissipation rate, ε, was obtained 

through CFD simulations using Ansys FLUENT®. Single phase simulations were run, assuming the 

effect of the dispersed diluted phase (1-2%) on the flow to be negligible.  

The full 3D stirred tank reactor was meshed using Ansys Meshing. The mesh is unstructured and 

constituted of approximatively 2,000,000 tetrahedral cells, with an average orthogonal quality of 

0.89 and a minimum of 0.25.  
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(3.1) In the simulations, the Multiple Reference Frame (MRF) technique was used to model the 

stirrer motion. The 3D stirred tank reactor was then divided into two cell zones: the first zone 

enclosing the fluid domain near the impeller, which directly experiences the stirrer motion (whose 

rotational speed is imposed as cell-zone condition); the second zone enclosing the remaining part of 

the fluid domain. At the interface between the two cell zones, the momentum fluxes are computed 

through appropriate mathematical transformation [42]. The MRF technique represents a good 

compromise between accuracy and computational costs, compared with other detailed methods such 

as the Sliding Mesh method [43].  

As far as the turbulence modeling is concerned, the RANS approach was used. In particular, the 

standard k-epsilon model with enhanced wall treatment function was employed.  

From preliminary steady–state CFD simulations, the convergence criteria, based on the absolute 

residual for each solved equation (set at 10-6), were not reached. Therefore, transient simulations 

were run to obtain the probability density function of the turbulent dissipation rate. These simulations 

were run until the volume-averaged value of the turbulent dissipation rate was constant. (1.2) This 

operation took approximately 5 hours on an Intel Xeon dual-core machine (3.20 GHz) with 64GB of 

RAM: this time is considerably lower than the one required to perform a CFD-PBE simulation of the 

stirred tank reactor. Indeed, a CFD-PBE simulation requires the solution of additional equations, 

whose number depends on the method adopted for the PBE solution. Therefore, the CFD-PBE 

simulation may take several days to fully reproduce an emulsification experiment.  

 The time was discretized through a second order implicit method. The time step was set between 

0.0002 s and 0.00025 s, according to the rotation speed of the moving cell zone. This time step 

allowed the convergence criteria to be reached in 15-20 iterations. Pressure, momentum, turbulent 

kinetic energy and turbulence dissipation rate were discretized through a second order upwind 

method. Pressure-velocity coupling was treated through the SIMPLE scheme. 

4 Results and discussions 

4.1 CFD simulation results 
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The probability density functions of the turbulent dissipation rate were determined through single-

phase CFD simulations, employing either water or Isane alone at different rotation speeds. As 

expressed in Sec. 3.3, the transient simulations were run until a constant value of the volume-

averaged turbulent dissipation rate was reached.  

The probability density functions obtained for each operating condition at different rotational 

speeds were compared (Fig. 2). As expected, for both phases, higher impeller rotational speeds lead 

to higher probability that a large number of fluid elements experiences higher values of the turbulent 

dissipation rate. Indeed, it can be seen for instance that while stirring at 600 rpm, the probability of 

high turbulent energy dissipations is relatively low.  

Also, the probability density functions obtained for water and the ones obtained for Isane are 

similar (Fig. 3). This is due to the fact that these products have quite similar viscosities, but differ in 

density, thus leading to similar dissipation of turbulent kinetic energy. Slight differences are present 

in the two functions at 600 rpm and 700 rpm, but at 800 rpm are almost identical. Both the functions 

obtained with water and those obtained with Isane will be used in parameter identification and model 

validation at the different conditions. 

The volume average value of the turbulent dissipation rate in a stirred tank reactor can be 

computed as function of the power number (𝑁 ) and geometrical and operating conditions: 

𝜀̅
𝑃

𝑚
𝑁 𝑁 𝐷

𝑉
 26

According to Eq. (26), the volume-averaged value of the turbulent dissipation rate depends on the 

volume of fluid present in the reactor, but not on the properties of the liquid (i.e. viscosity and 

density), (4.1) provided that the power number (𝑁 ) of the impeller is constant. 

The final volume-averaged values of the turbulent dissipation rates reached in the CFD 

simulations were found to be very similar to the ones computed using Eq. (26) (see Tab. 2). (4.2) 

However, slightly different turbulent dissipation rates were predicted employing water or Isane. The 

small differences may be explained considering changes in the power number, which is proportional 

to the turbulent dissipation rate. Indeed, the power number of an impeller is constant for high 

Reynolds numbers (more than 105), but it varies at lower Reynolds numbers [44]. Since both Isane 
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and water continuous-phase experiments are characterized by Reynolds numbers lower than 105 

(Tab. 3), the predicted turbulent dissipation rates may differ. This supposition is also confirmed by 

the fact that, as the rotational speed of the impeller increases (and consequently the Reynolds 

number), the volume-averaged turbulent dissipation rates tend to the same values (Tab.2). 

Nevertheless, it is important to point out that the spatial distribution of the turbulent dissipation rate 

is far from being uniform in the reactor (Fig. 4). This property has high values in the proximity of 

the impeller, while it is lower in the recirculation zone. According to the division of the reactor in 

two different cell zones as reported in Sec. 3.3, the volume-averaged turbulent dissipation rate 

experienced by the fluid in the cell zone enclosing the impeller is 4-5 times the one experienced by 

the fluid in the rest of the reactor (Tab. 4).  

4.2 Oil in water emulsions 

 

As reported in Sec. 3.2, several emulsification experiments were performed changing the impeller 

rotational speed (600 to 800 rpm), the hold-up (1-2%) and inverting the continuous and disperse 

phases (Isane and water). 

The experiments performed with water as continuous phase and 1-2% Isane hold-up showed that 

higher impeller rotational speeds lead to the generation of smaller droplets (Fig. 5). This is due to the 

higher input energy fed to turbulent eddies which causes higher velocity and pressure fluctuations 

that lead to the droplet breakage. However, while the difference between the droplet sizes obtained 

with 600 and 700 rpm stirring rate is quite high, the difference between 700 and 800 rpm stirring rate 

is much lower, indicating a hydrodynamic equilibrium between breakup and coalescence. 

It is also interesting to point out that the higher the hold-up of the disperse phase, the bigger the 

Sauter mean diameter at the same impeller rotational speed. Indeed, higher Isane volume fraction 

increases the number of droplets present in the reactor, and therefore enhances the probability that 

two droplets collide and coalesce. 

4.3 Water in Isane emulsion 
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The second set of experiments was performed employing Isane as continuous phase and 1% water 

hold-up. As in the previous case, smaller droplets were formed when the agitation in the reactor was 

higher (Fig. 6).  

A comparison between the direct oil-in-water emulsion with the inverse emulsion is shown in 

Fig. 7. It can be seen that under the same stirring rate, water droplets were smaller than Isane droplets 

for stirring rates of 600 and 700 rpm. However, at 800 rpm stirring rate, both the direct and inverse 

emulsion led to similar droplet sizes of the disperse phase. 

4.4 Identification of parameter values 

 

The identification of the Coulaloglou and Tavlarides model parameters [9] was performed 

through the oil in water experiments at 600 rpm and 1-2 % volume fraction of Isane hold-up. The 

parameters were determined implementing the probability density functions of the turbulent 

dissipation rate obtained at 600 rpm and water as continuous phase. (2.1) The volume-averaged 

kernels were computed approximating the integrals of Eq. (5) and Eq. (6) by a classical numerical 

integration method: 

𝛤 𝑣 𝛤 𝜀, 𝑣 𝑓 𝜀 𝑑𝜀 𝛤 𝜀 , 𝑣 𝑓 𝜀 𝜀 𝜀   27

𝑄 𝑣, 𝑣 𝑄 𝜀, 𝑣, 𝑣 𝑓 𝜀 𝑑𝜀 𝑄 𝜀 , 𝑣, 𝑣′ 𝑓 𝜀 𝜀 𝜀  28  

 

where 𝛤 𝜀 , 𝑣  and 𝑄 𝜀 , 𝑣, 𝑣′  are the breakage and coalescence kernels evaluated for  𝜀 𝜀  and 

𝑓 𝜀   is the probability density value of 𝜀  extracted from the single-phase CFD simulation. Then, 

for the sake of comparison, these parameters were identified assuming a uniform value of the 

turbulent dissipation rate (0D PBE based on 𝜀 ̅from Eq. 26). 

The identification was carried out through a Matlab routine employing a global optimization 

procedure (patternsearch function). For each experiment, the function to be optimized was the sum 
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of the square differences between the simulated Sauter mean diameters, computed with a certain set 

of parameters, and the values obtained experimentally. 

 A good fitting of the experimental data was reached with both methods (see Fig. 8). However, 

the two sets of identified parameters differ (Tab. 5). It can be seen that when a uniform turbulent 

dissipation rate, 𝜀,̅ is used, the identified breakage and coalescence parameters are respectively higher 

and lower than those obtained when employing the probability density function of ε. Indeed, this 

latter method accounts for the high values of the turbulent dissipation rate, which causes high 

breakage frequency, thus requiring lower values of the corresponding parameters. 

4.5 Validation of parameter values 

 

The two sets of identified parameters (using the pdf of 𝜀, and volume-averaged 𝜀)̅ in the selected 

experiments of Sec. 4.4 (at 600 rpm and using water as continuous phase, with different isane hold-

ups) were tested with the experiments performed at higher impeller rotation speeds (700-800 rpm) 

as well as when inverting the phases (water-in-oil emulsion). The objective is to evaluate the accuracy 

of the model in cases of different turbulent conditions and breakage and coalescence rates (being 

these latter function of densities and viscosities of continuous and disperse phases), and to determine 

which set of parameters is more adequate, thus to decide which method between the one based on 

the pdf of 𝜀 and the one using 𝜀 ̅is more generalizable to other apparatus or emulsification systems. 

The first simulations dealt with the fitting of the experimental data at 700-800 rpm and 1-2 % 

volume fraction of Isane hold-up. For the four experiments (Fig. 9), the droplet Sauter diameters 

predicted employing the parameters identified with the homogeneous model with the probability 

density functions of the turbulent dissipation rate, are very similar to the experimental ones. This is 

not the case for the model results obtained using the parameters identified assuming the turbulent 

dissipation rate to be uniform (traditional method). The error obtained with this method seems to 

increase when the turbulence and the hold-up are higher. Indeed, the better hydrodynamic description 

given by the new model allows the transposition of the parameters for different turbulent conditions. 

The second part of the parameter validation dealt with the experimental data obtained for the 

inverse emulsion, with water hold-up of 1%. As in the previous case, the parameters identified with 
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the new method along with the probability density functions of the turbulent dissipation rate gave 

better predictions than with the traditional method (Fig. 10). This demonstrates that the parameters 

obtained with the new model are generalizable to different hydrodynamic and chemical-physical 

conditions. 

5 Conclusion 

A 0D homogenous method that takes into account the non-uniformity of the turbulent kinetic 

energy dissipation rate, without employing a 3D description of the hydrodynamic (nor CFD-PBE 

coupling, or compartmentalization), was used for predicting the behavior of the Sauter mean diameter 

in a real liquid-liquid experiment. This method is based on the use of the probability density function 

of the dissipation rate ε into the population balance model, allowing the computation of a volume-

averaged kernel, rather than using a volume-averaged value of this property as usually done in 

traditional 0D methods. With this methodology it was possible to evaluate the model parameters for 

the droplet coalescence and breakage models to be used to reproduce the experimental data under a 

wide range of operating condition. 

The method (based on the pdf of 𝜀) appeared to be more accurate than the traditional method 

(based on 𝜀)̅. Indeed, the traditional 0D method represented a rough approximation of the real energy 

dissipation, due to the fact that this property is far from being uniform in the apparatus.  

 Parameters identification was performed using the experiments at 600 rpm and 1-2 % volume 

fraction of Isane in water, by employing both methods, through a global optimization algorithm. 

Later, the identified parameters for the two models were tested for new experimental data obtained 

at higher rotational speeds (700-800 rpm, 1-2 % volume fraction hold-up) as well as considering 

phase inversion (water-in-Isane, 1 % volume fraction hold-up). The model assuming a uniform 

turbulent dissipation rate failed to predict the Sauter mean diameters when the operating conditions 

were modified. The non-uniformity in the apparatus is indeed important and cannot be approximated 

through a uniform value of the turbulent dissipation energy. Instead, the model based on the 

computation of the volume-averaged kernel predicted the values of the Sauter diameter which fit 

accurately the experimental data, even when the hydrodynamic conditions were varied and when the 
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emulsion was inversed. This indicates that the obtained parameters would be more generalizable to 

different geometries of the system, stirring rates and disperse phase volume fraction. 
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Notation 

C1,C2   breakage kernel parameters 

C3,C4   coalescence kernel parameters 

d   droplet diameter (m) 

D   stirrer diameter (m) 

Dt   diffusivity of disperse phase (m2/s) 

f   probability density function  

h(v,v’)  collision frequency  

k   turbulent kinetic energy (m2/s2) 

mr   mass of fluid in the reactor (kg) 

n(v)   number density function (1/m6) 

N   droplet number 

Np   Power number 

Nr   rotational speed (tr/s) 

p   pivot of ith cell (m3) 

P   pressure (Pa) 

Pw   dissipated power (W) 

Q(v,v’)  coalescence kernel (1/s) 

s(x,v,t)  PBE source term  (1/(m6∙s)) 

t   time (s) 

T   stirred tank diameter (m) 

u   velocity of the continuous phase (m/s) 
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v   droplet volume (m3) 

V   volume of fluid (m3) 

x   Cartesian space coordinates  

β   daughter size distribution function 

Γ   breakup kernel (1/s) 

λ   collision efficiency 

µ   viscosity (Pa∙s) 

µt   turbulent eddy viscosity (Pa∙s) 

ε   turbulent kinetic energy dissipation rate (m2/s3) 

ρ   density (kg/m3) 

σ   interfacial tension (N/m) 

φ   disperse phase internal coordinates 

ϕ   disperse phase fraction 
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Tables 

Table 1: properties of water and Isane employed in the emulsification experiments  

Product  \  property density (ρ, kg/m3) viscosity (µ, Pa.s) surface tension (N/m) 

water 997.8 0.001 
0.0383 

Isane 762 0.0012192 

 
 
 
 
 

Table 2: Averaged turbulent dissipation rates 𝜀 ̅(m2/s3) according to correlation (eq. 26) and by CFD 

simulations (water-isane,). 

Method \ stirring rate 𝜺 at 600 rpm 𝜺 at 700 rpm 𝜺 at 800 rpm 

Averaged 𝜀 ̅(using Eq. 26) 0.63 1.01 1.47 

CFD (using water as 

continuous phase) 
0.64 1.01 1.50 

CFD (using Isane as 

continuous phase) 
0.61 0.99 1.49 

 
 
 
 
 

(4.3) Table 3: Reynolds numbers for Isane continuous-phase experiments (first row) and water continuous-

phase experiments (second row) at different rotational speeds of the impeller. 

Phase \ Reynolds number 600 rpm 700 rpm 800 rpm 

Isane 22500 26500 30000 

Water 36000 42000 48000 
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Table 4: Volume-averaged turbulent dissipation rates 𝜀 ̅(m2/s3) in the recirculation zone, in the impeller zone 

and in the total volume  for water-phase CFD simulations. 

Stirring rate \ zone 
𝜺 in the impeller 

zone 

𝜺 in the recirculation 

zone 
𝜺 in the reactor 

600 rpm 2.17 0.51 0.64 

700 rpm 3.37 0.83 1.01 

800 rpm 5.19 1.21 1.51 

 
 
 
 
 
 
 
 

Table 5: Identified parameters for the Coulaloglou and Tavlarides kernel employing the pdf of ε or assuming 

a uniform value. 

 Breakup Coalescence 

 C1 C2 C3 C4 

pdf of ε 1.2010-3 7.1110-1 1.9510-2 2.051014 

uniform ε 7.8410-2 3.0610-1 3.7510-4 8.231018 
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Figures 

Fig. 6: Example of image treated through the SOPAT software. The half bottom image represents the 

photographed droplets. The half upper, the detected ones, enlightened by green circles. 

 

 

 

 

(2.2) Fig. 7: Probability density functions, f(ε) for water (left) and Isane (right) at different impeller rotational 

speeds (600-700-800rpm).  
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(2.3) Fig. 3: Comparison of the probability density functions for Isane and water at 600rpm (top-left), 

700rpm (top-right), 800rpm (bottom).  

 

 

 

 

Fig. 4: Space distributions of the turbulent dissipation rate, ε (m2/s3), at 600 rpm (left), 700rpm (center), 

800 rpm (right) according to water-phase CFD simulation.   
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Fig. 8: Time evolution of the droplet Sauter mean diameters for oil-in-water experiments at 1% (left) and 2% 

(right) volume fraction of Isane hold-up and 600rpm, 700rpm and 800rpm. 

 

  

 

 
 
 
 
 

Fig. 9: Time evolutions of the droplet Sauter mean diameters for the water-in-oil experiments at 1 % volume 

fraction of water hold-up and 600rpm, 700rpm and 800rpm. 
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Fig. 10: Time evolutions of droplet Sauter mean diameters for oil-in-water (empty) and water-in-oil (plain) 

experiments at 1% disperse phase hold-up and at 600rpm (red) 700rpm (blue) and 800rpm (black) rotational 

speeds  

  
 

 

 

 

Fig. 11: Parameters identification on oil in water experiments at 1% (circles) and 2% (rhombus) of Isane 

hold-up employing the pdf (blue) or assuming a uniform value (black) of ε. 
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Fig. 12: Parameters testing on oil-in-water experiments at 1-2 % of Isane hold-ups employing the pdf or 

assuming a uniform value of ε.  
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Fig. 13: Parameters testing on oil-in-water experiments at 1% volume fraction of water hold-up employing 

the pdf or assuming a uniform value of ε. 

 

 


