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Abstract. A wide range of machine learning problems involve handling
graph-structured data. Existing machine learning approaches for graphs,
however, often imply computing expensive graph similarity measures,
preprocessing input graphs, or explicitly ordering graph nodes. In this
work, we present a novel and simple convolutional neural network archi-
tecture for supervised learning on graphs that is provably invariant to
node permutation. The proposed architecture operates directly on arbi-
trary graphs and performs no node sorting. It also uses a simple multi-
layer perceptron for prediction as opposed to conventional convolution
layers commonly used in other deep learning approaches for graphs. De-
spite its simplicity, our architecture is competitive with state-of-the-art
graph kernels and existing graph neural networks on benchmark graph
classification data sets. Our approach clearly outperforms other deep
learning algorithms for graphs on multiple multiclass classification tasks.
We also evaluate our approach on a real-world original application in ma-
terials science, on which we achieve extremely reasonable results.

Keywords: Graph neural networks · Graph convolution · Graph classi-
fication.

1 Introduction

Many real-world data present an inherent structure and can be modelled as se-
quences, graphs, or hypergraphs. Machine learning applications involving such
structured data include natural language processing [8], modelling of DNA and
RNA sequences [28], molecular property prediction [12], and link prediction in
citation and social graphs [2]. Graph-structured data in particular are very com-
mon in practice and are at the heart of this work.

We distinguish two main classification problems on graphs: node classifica-
tion and graph classification. In this work, we consider the problem of graph
classification, that is, given a set G = {Gi}mi=1 of arbitrary graphs Gi and their
respective labels {yi}mi=1, where yi ∈ {1, . . . , C} and C ≥ 2 is the number of
? Supported by the Emergence@INC-2018 program of the French National Center for
Scientific Research (CNRS).
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classes, we aim at finding a mapping fθ(G) : G → {1, . . . , C}, where θ denotes
the parameters to optimize.

A variety of graph kernels [16,26,25] have been proposed in the literature to
tackle the aforementioned classification problem. The idea is to define similar-
ity measures (i.e. kernels) on graphs that can then be used by classical kernel
methods—such as support vector machines (SVMs)—to perform classification.

The advent of deep learning approaches in the past decades and their spec-
tacular success on a variety of tasks, such as image processing, have led to the
emergence of multiple deep architectures for graphs. Graph convolutional net-
works in particular extend convolutional neural networks (CNNs), traditionally
defined for regular grids, to graphs by trying to generalize the concepts of “con-
volution” and “pooling” to graph-structured data. Despite their efficiency, deep
learning approaches for graphs usually have very elaborate architectures that
render the interpretation of the proposed models difficult [35].

In this paper, we present a novel and simple graph convolutional network for
graph classification that is inspired by the work of [21] on semi-supervised node
classification. Our architecture supports input graphs of varying sizes and struc-
tures represented as adjacency and node feature matrices, and can be applied
directly to any graph classification task (e.g. bioinformatics and social graphs)
as illustrated in our experiments. We are motivated in particular by a chal-
lenging application in materials science, which consists in assessing the stability
of new chemical compounds in order to store hydrogen efficiently. This tedious
task is traditionally tackled through expensive DFT (density functional theory)
calculations [22].

Our contributions in this work are multifold:

– We propose a novel end-to-end graph convolutional network for graph clas-
sification that is able to process arbitrary graphs directly without any pre-
processing;

– The architecture of our Simple Permutation-Invariant Graph Convolutional
Network (SPI-GCN) is simple in that (i) no node sorting is required and (ii)
the new graph features extracted after the graph convolution are fed to a
simple multilayer perceptron (MLP) to perform classification;

– SPI-GCN is invariant to node permutation—i.e. graph isomorphism (GI),
which guarantees that the same output is returned for equivalent graphs;

– We demonstrate through numerical experiments on benchmark graph data
sets that SPI-GCN is competitive with state-of-the-art approaches. It also
clearly outperforms similar deep learning methods on multiclass classification
problems;

– We also test SPI-GCN on a rich original data set gathered and managed by
the ICMPE3 and dedicated to the generation of new stable crystal structures;

– Our PyTorch implementation of SPI-GCN and the data sets are publicly
available at https://github.com/asmaatamna/SPI-GCN.

This paper is organized as follows. Section 2 discusses the related work. We
introduce some graph theory concepts and notations in Section 3. In Section 4, we
3 East Paris Institute of Chemistry and Materials Science, France.
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introduce our graph convolutional network, SPI-GCN. Our experimental results
are presented in Section 5. Finally, a discussion and concluding remarks are
provided in Section 6.

2 Related Work

There are two main supervised machine learning approaches for graph-structured
data: graph kernels and graph neural networks.

Graph kernels [16,25] define a similarity measure on graphs thereby allow-
ing the application of kernel machines, such as SVMs, to graph classification.
To measure the similarity between two graphs, most graph kernels proceed by
decomposing each graph into substructures, e.g. subtrees [39], graphlets [40], or
shortest paths [45,3], then comparing these substrucutres pairwise. Graph de-
composition can be very expensive for large graphs, and research has focused on
designing tractable kernels. An effective class of graph kernels are the Weisfeiler-
Lehman (WL) kernels [39] that implement a feature extraction mechanism based
on the WL algorithm [47] for graph isomorphism test; the proposed kernels, how-
ever, only support discrete features. In [48], a general framework is presented
where a deep neural network is used to learn latent representations of the sub-
structures used by different graph kernels, as a way to leverage the dependencies
between substructures. Recent works on graph kernels [23,29] discuss the bene-
fit of comparing more global graph substructures. Graph kernels have been the
state-of-the-art in graph classification; their main drawback, however, is their
computational inefficiency. In particular, the training complexity of graph ker-
nels is at least quadratic in the number of graphs [39].

Graph neural networks were first introduced in [15,36]. The so-called Graph
Neural Network (GNN) presented in [36] is a recurrent architecture that learns
latent node representations for each node using its neighbors’ information un-
til a fixed point is reached. More recent deep learning approaches for graphs
aim at generalizing conventional CNNs from regular grids to irregular graph do-
mains; they are commonly referred to as graph convolutional networks (GCNs)
and are usually classified into two categories in the literature: spectral GCNs,
rooted in graph signal processing and where the graph convolution is defined as
a function of the graph’s Laplacian matrix, and spatial GCNs where the graph
convolution consists in collecting local information from a node’s neighborhood.
A pioneering spectral approach is presented in [6], then extended in [17] by the
introduction of a graph estimation procedure. In [43], a graph attention network
(GAT) model for node classification is proposed with a convolution operator
that implicitly assigns different weights to neighboring nodes. A related recent
work is presented in [41], where the proposed spatial GCN also assigns different
weights to neighboring nodes by exploiting edge features as a way to collect more
refined structural information. [10] presents a spectral approach where localized
convolution filters are defined as Chebyshev polynomials of the diagonal eigen-
values matrix associated to the graph’s Laplacian, thereby reducing the O(n2)
cost of spectral convolutions on graphs. [21] introduces a first-order approxima-



4 Atamna et al.

tion of the Chebyshev filter presented in [10] for node classification on large-scale
graphs. This approach bridges the gap between spectral and spacial approaches,
since the convolutions are performed in the spacial domain while being rooted in
the spectral domain. The authors show that the convolved node representations
computed by their approach can be interpreted as the graph coloring returned
by the 1-dimensional WL algorithm [47]. A related node classification approach
that is invariant to graph isomorphism is presented in [1]. [12] introduces a graph
convolution approach for graph-level classification that generalizes molecular fin-
gerprint design through the use of a differentiable neural network. The approach,
however, does not scale to graphs with wide node degree distributions due to the
use of node degree-specific trainable weight matrices. A popular deep learning
approach for graphs, Patchy-san, is presented in [31]. The authors define of
a spatial graph convolution operator that extracts normalized local “patches”
(neighborhood representations) of the graph which are then sorted and fed to
a 1-dimensional traditional convolution layer to perform graph-level classifica-
tion. The method, however, requires the definition of a node ordering, as well as
running the WL algorithm, in a preprocessing step. The normalization of the ex-
tracted parches, on the other hand, implies sorting the nodes again and using the
external graph software Nauty [27]. A related GCN that is invariant to node
permutation has been recently presented in [50]. The convolution operator is
closely related to the first-order approximation of the Chebyshev filter presented
in [21], and the authors introduce a SortPooling operator that sorts the con-
volved nodes, which are then fed to a 1-dimensional classical convolution layer
for graph-level classification. Graph neural networks have been largely applied
in chemistry as well. In [13], the authors unify existing graph neural networks for
supervised learning on molecules under a common message passing framework.
Following this framework, [37] introduces a new graph convolutional architec-
ture that extends the work in [21,12] to link prediction and node classification
for large-scale relational multigraphs.

Our approach extends the approximate Chebyshev filter of [21] to graph-
level classification by introducing a sum-pooling operator to obtain graph-level
representations. Our approach is also related to [50] in that we adopt the same
graph convolution operator inspired by the one in [21]. Unlike [50], however, our
approach does not require the definition of any node ordering, yet it retains the
permutation-invariance property as demonstrated in Section 4, and we only use
a simple MLP to perform classification. Our work is also related to [41,1] that
use summing-based pooling operators and, hence, are also invariant to node per-
mutation. Both approaches, however, are memory-consuming (in [41], a weight
matrix is generated for each edge while [1] requires storing power series of the
adjacency matrix) and, consequently, do not scale to very large graphs.

3 Some Graph Concepts

We follow the graph theory framework to formally define the graph-structured
data that we handle in this paper and to introduce some graph-related concepts.
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A graph G is a pair (V,E) of a set V = {v1, . . . , vn} of vertices (or nodes)
vi, and a set E ⊆ V × V of edges (vi, vj). In practice, a graph G is often
represented by an adjacency matrix A ∈ Rn×n modelling the edges of the graph,
where n = |V | is the number of vertices, and such that aij = 1 if there is an edge
between nodes vi and vj ((vi, vj) ∈ E) and aij = 0 otherwise. Edges can be either
oriented, and we say that the graph is directed, or non-oriented, in which case we
say that the graph is undirected. Note that the adjacency matrix of undirected
graphs is symmetric. In an undirected graph, we say that two vertices vi and
vj are neighbors if there exists and edge (vi, vj) ∈ E, and we denote N(i) the
neighborhood of vi, i.e. the set of the indices of all neighbors of vi. The number
of neighbors, |N(i)|, of a node vi is called the degree of vi. In directed graphs,
similar notions of indegree and outdegree exist. Finally, edges of the form (vi, vi),
i.e. edges between a node and itself, are referred to as self-loops.

We assume that a graph G is characterized by a node feature matrix X ∈
Rn×d, with d being the number of node features, in addition to its adjacency
matrix A.4 Each row xi ∈ Rd of X contains the feature representation of a node
vi, where d is the dimension of the feature space. Since we only consider node
features in this paper (as opposed to edge features for instance), we will refer to
the node feature matrix X simply as the feature matrix in the rest of this paper.

We now introduce the notion of graph isomorphism in Definition 1.

Definition 1 (Graph Isomorphism). Two graphs G1 = (V1, E1) and G2 =
(V2, E2) are isomorphic if there exists a bijection g : V1 → V2 such that every
edge (u, v) is in E1 if and only if the edge (g(u), g(v)) is in E2.

Informally, Definition 1 states that two graphs are isomorphic if there exists a
vertex permutation such that when applied to one graph, we recover the vertex
and edge sets of the other graph. That is, two graphs are isomorphic if they have
the same structure independently of the vertex indexing.

The problem of determining whether two graphs are isomorphic is called
the graph isomorphism (GI) problem and is an important one in graph and
complexity theory. It is known to be in the class NP and has been largely studied
since the 1970’s [33]. The notion of graph isomorphism is also directly related
to the important notion of invariance to node permutation, as we discuss in the
next section.

4 Simple Permutation-Invariant Graph Convolutional
Network (SPI-GCN)

SPI-GCN’s architecture mainly consists of the following sequential modules:

1) A graph convolution module that encodes local graph structure and node
features in a substructure feature matrix whose rows represent the nodes of
the graph;

4 We assume without loss of generality that node features are real-valued. Our archi-
tecture, however, can handle both real-valued and discrete-valued node features.



6 Atamna et al.

2) A sum-pooling layer that transforms the substructure feature matrix com-
puted previously into a single feature vector representation of the input graph
by summing its rows;

3) A prediction module consisting of dense layers that reads the vector repre-
sentation of the graph and outputs predictions.

Figure 1 summarizes the general architecture of SPI-GCN.
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x4
<latexit sha1_base64="7KyQMCZR6oZIorha1eANMvLfMR4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Ae2oWy2m3bpZhN2J9IS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb+d++4lrI2L1gNOE+xEdKhEKRtFKjz3kE8wms36tX664VXcBsk68nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJLPSr3U8ISyMR3yrqWKRtz42eLiGbmwyoCEsbalkCzU3xMZjYyZRoHtjCiOzKo3F//zuimGN34mVJIiV2y5KEwlwZjM3ycDoTlDObWEMi3srYSNqKYMbUglG4K3+vI6aV1VPbfq3dcq9VoeRxHO4BwuwYNrqMMdNKAJDBQ8wyu8OcZ5cd6dj2VrwclnTuEPnM8f0siQ9A==</latexit><latexit sha1_base64="7KyQMCZR6oZIorha1eANMvLfMR4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Ae2oWy2m3bpZhN2J9IS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb+d++4lrI2L1gNOE+xEdKhEKRtFKjz3kE8wms36tX664VXcBsk68nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJLPSr3U8ISyMR3yrqWKRtz42eLiGbmwyoCEsbalkCzU3xMZjYyZRoHtjCiOzKo3F//zuimGN34mVJIiV2y5KEwlwZjM3ycDoTlDObWEMi3srYSNqKYMbUglG4K3+vI6aV1VPbfq3dcq9VoeRxHO4BwuwYNrqMMdNKAJDBQ8wyu8OcZ5cd6dj2VrwclnTuEPnM8f0siQ9A==</latexit><latexit sha1_base64="7KyQMCZR6oZIorha1eANMvLfMR4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Ae2oWy2m3bpZhN2J9IS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb+d++4lrI2L1gNOE+xEdKhEKRtFKjz3kE8wms36tX664VXcBsk68nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJLPSr3U8ISyMR3yrqWKRtz42eLiGbmwyoCEsbalkCzU3xMZjYyZRoHtjCiOzKo3F//zuimGN34mVJIiV2y5KEwlwZjM3ycDoTlDObWEMi3srYSNqKYMbUglG4K3+vI6aV1VPbfq3dcq9VoeRxHO4BwuwYNrqMMdNKAJDBQ8wyu8OcZ5cd6dj2VrwclnTuEPnM8f0siQ9A==</latexit><latexit sha1_base64="7KyQMCZR6oZIorha1eANMvLfMR4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Ae2oWy2m3bpZhN2J9IS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb+d++4lrI2L1gNOE+xEdKhEKRtFKjz3kE8wms36tX664VXcBsk68nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJLPSr3U8ISyMR3yrqWKRtz42eLiGbmwyoCEsbalkCzU3xMZjYyZRoHtjCiOzKo3F//zuimGN34mVJIiV2y5KEwlwZjM3ycDoTlDObWEMi3srYSNqKYMbUglG4K3+vI6aV1VPbfq3dcq9VoeRxHO4BwuwYNrqMMdNKAJDBQ8wyu8OcZ5cd6dj2VrwclnTuEPnM8f0siQ9A==</latexit>

x5
<latexit sha1_base64="DYNqDAZMOdPHBzoCDSMrT04IkTU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPBi8cK9gPbUDbbSbt0swm7E2kJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdzvzWE2gjYvWAkwT8iA2UCAVnaKXHLsIYs/G0d9UrV9yqOwddJV5OKiRHvVf+6vZjnkagkEtmTMdzE/QzplFwCdNSNzWQMD5iA+hYqlgExs/mF0/pmVX6NIy1LYV0rv6eyFhkzCQKbGfEcGiWvZn4n9dJMbzxM6GSFEHxxaIwlRRjOnuf9oUGjnJiCeNa2FspHzLNONqQSjYEb/nlVdK8qHpu1bu/rNQu8ziK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cD5/ANRMkPU=</latexit><latexit sha1_base64="DYNqDAZMOdPHBzoCDSMrT04IkTU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPBi8cK9gPbUDbbSbt0swm7E2kJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdzvzWE2gjYvWAkwT8iA2UCAVnaKXHLsIYs/G0d9UrV9yqOwddJV5OKiRHvVf+6vZjnkagkEtmTMdzE/QzplFwCdNSNzWQMD5iA+hYqlgExs/mF0/pmVX6NIy1LYV0rv6eyFhkzCQKbGfEcGiWvZn4n9dJMbzxM6GSFEHxxaIwlRRjOnuf9oUGjnJiCeNa2FspHzLNONqQSjYEb/nlVdK8qHpu1bu/rNQu8ziK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cD5/ANRMkPU=</latexit><latexit sha1_base64="DYNqDAZMOdPHBzoCDSMrT04IkTU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPBi8cK9gPbUDbbSbt0swm7E2kJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdzvzWE2gjYvWAkwT8iA2UCAVnaKXHLsIYs/G0d9UrV9yqOwddJV5OKiRHvVf+6vZjnkagkEtmTMdzE/QzplFwCdNSNzWQMD5iA+hYqlgExs/mF0/pmVX6NIy1LYV0rv6eyFhkzCQKbGfEcGiWvZn4n9dJMbzxM6GSFEHxxaIwlRRjOnuf9oUGjnJiCeNa2FspHzLNONqQSjYEb/nlVdK8qHpu1bu/rNQu8ziK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cD5/ANRMkPU=</latexit><latexit sha1_base64="DYNqDAZMOdPHBzoCDSMrT04IkTU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPBi8cK9gPbUDbbSbt0swm7E2kJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdzvzWE2gjYvWAkwT8iA2UCAVnaKXHLsIYs/G0d9UrV9yqOwddJV5OKiRHvVf+6vZjnkagkEtmTMdzE/QzplFwCdNSNzWQMD5iA+hYqlgExs/mF0/pmVX6NIy1LYV0rv6eyFhkzCQKbGfEcGiWvZn4n9dJMbzxM6GSFEHxxaIwlRRjOnuf9oUGjnJiCeNa2FspHzLNONqQSjYEb/nlVdK8qHpu1bu/rNQu8ziK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cD5/ANRMkPU=</latexit>

z1
1

<latexit sha1_base64="97n8mG1Hs3zx+H7wDyNu72fJHIg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Ac0tWy2m3bpZhN2J2IN/RtePCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G1zO//cC1EbG6w0nCexEdKhEKRtFKvo/8EbOn6b3X9/rlilt15yCrxMtJBXI0+uUvfxCzNOIKmaTGdD03wV5GNQom+bTkp4YnlI3pkHctVTTippfNb56SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjVy4RKUuSKLRaFqSQYk1kAZCA0ZygnllCmhb2VsBHVlKGNqWRD8JZfXiWti6rnVr3bWqVey+Mowgmcwjl4cAl1uIEGNIFBAs/wCm9O6rw4787HorXg5DPH8AfO5w/8pZGW</latexit><latexit sha1_base64="97n8mG1Hs3zx+H7wDyNu72fJHIg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Ac0tWy2m3bpZhN2J2IN/RtePCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G1zO//cC1EbG6w0nCexEdKhEKRtFKvo/8EbOn6b3X9/rlilt15yCrxMtJBXI0+uUvfxCzNOIKmaTGdD03wV5GNQom+bTkp4YnlI3pkHctVTTippfNb56SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjVy4RKUuSKLRaFqSQYk1kAZCA0ZygnllCmhb2VsBHVlKGNqWRD8JZfXiWti6rnVr3bWqVey+Mowgmcwjl4cAl1uIEGNIFBAs/wCm9O6rw4787HorXg5DPH8AfO5w/8pZGW</latexit><latexit sha1_base64="97n8mG1Hs3zx+H7wDyNu72fJHIg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Ac0tWy2m3bpZhN2J2IN/RtePCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G1zO//cC1EbG6w0nCexEdKhEKRtFKvo/8EbOn6b3X9/rlilt15yCrxMtJBXI0+uUvfxCzNOIKmaTGdD03wV5GNQom+bTkp4YnlI3pkHctVTTippfNb56SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjVy4RKUuSKLRaFqSQYk1kAZCA0ZygnllCmhb2VsBHVlKGNqWRD8JZfXiWti6rnVr3bWqVey+Mowgmcwjl4cAl1uIEGNIFBAs/wCm9O6rw4787HorXg5DPH8AfO5w/8pZGW</latexit><latexit sha1_base64="97n8mG1Hs3zx+H7wDyNu72fJHIg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Ac0tWy2m3bpZhN2J2IN/RtePCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G1zO//cC1EbG6w0nCexEdKhEKRtFKvo/8EbOn6b3X9/rlilt15yCrxMtJBXI0+uUvfxCzNOIKmaTGdD03wV5GNQom+bTkp4YnlI3pkHctVTTippfNb56SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjVy4RKUuSKLRaFqSQYk1kAZCA0ZygnllCmhb2VsBHVlKGNqWRD8JZfXiWti6rnVr3bWqVey+Mowgmcwjl4cAl1uIEGNIFBAs/wCm9O6rw4787HorXg5DPH8AfO5w/8pZGW</latexit>

z1
2

<latexit sha1_base64="d/Rr1TvMe/pkEFhoTHU+K/JFkOA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6LHgxWMF+wFNLZvtpl262YTdiVhD/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuDaiFjd4SThvYgOlQgFo2gl30f+iNnT9N7rV/ulsltx5yCrxMtJGXI0+qUvfxCzNOIKmaTGdD03wV5GNQom+bTop4YnlI3pkHctVTTippfNb56Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjVy4RKUuSKLRaFqSQYk1kAZCA0ZygnllCmhb2VsBHVlKGNqWhD8JZfXiWtasVzK95trVyv5XEU4BTO4AI8uIQ63EADmsAggWd4hTcndV6cd+dj0brm5DMn8AfO5w/+KZGX</latexit><latexit sha1_base64="d/Rr1TvMe/pkEFhoTHU+K/JFkOA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6LHgxWMF+wFNLZvtpl262YTdiVhD/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuDaiFjd4SThvYgOlQgFo2gl30f+iNnT9N7rV/ulsltx5yCrxMtJGXI0+qUvfxCzNOIKmaTGdD03wV5GNQom+bTop4YnlI3pkHctVTTippfNb56Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjVy4RKUuSKLRaFqSQYk1kAZCA0ZygnllCmhb2VsBHVlKGNqWhD8JZfXiWtasVzK95trVyv5XEU4BTO4AI8uIQ63EADmsAggWd4hTcndV6cd+dj0brm5DMn8AfO5w/+KZGX</latexit><latexit sha1_base64="d/Rr1TvMe/pkEFhoTHU+K/JFkOA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6LHgxWMF+wFNLZvtpl262YTdiVhD/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuDaiFjd4SThvYgOlQgFo2gl30f+iNnT9N7rV/ulsltx5yCrxMtJGXI0+qUvfxCzNOIKmaTGdD03wV5GNQom+bTop4YnlI3pkHctVTTippfNb56Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjVy4RKUuSKLRaFqSQYk1kAZCA0ZygnllCmhb2VsBHVlKGNqWhD8JZfXiWtasVzK95trVyv5XEU4BTO4AI8uIQ63EADmsAggWd4hTcndV6cd+dj0brm5DMn8AfO5w/+KZGX</latexit><latexit sha1_base64="d/Rr1TvMe/pkEFhoTHU+K/JFkOA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6LHgxWMF+wFNLZvtpl262YTdiVhD/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuDaiFjd4SThvYgOlQgFo2gl30f+iNnT9N7rV/ulsltx5yCrxMtJGXI0+qUvfxCzNOIKmaTGdD03wV5GNQom+bTop4YnlI3pkHctVTTippfNb56Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjVy4RKUuSKLRaFqSQYk1kAZCA0ZygnllCmhb2VsBHVlKGNqWhD8JZfXiWtasVzK95trVyv5XEU4BTO4AI8uIQ63EADmsAggWd4hTcndV6cd+dj0brm5DMn8AfO5w/+KZGX</latexit>

z1
3

<latexit sha1_base64="ZOci6MJBvuNm6i2xFQDPzGQGr3s=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KokW9Fjw4rGC/YA2ls120i7dbMLuRKyhf8OLB0W8+me8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkbXU7/1ANqIWN3hOAE/YgMlQsEZWqnbRXjE7Gly7/UueqWyW3FnoMvEy0mZ5Kj3Sl/dfszTCBRyyYzpeG6CfsY0Ci5hUuymBhLGR2wAHUsVi8D42ezmCT21Sp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGV34mVJIiKD5fFKaSYkynAdC+0MBRji1hXAt7K+VDphlHG1PRhuAtvrxMmucVz614t9VyrZrHUSDH5IScEY9ckhq5IXXSIJwk5Jm8kjcndV6cd+dj3rri5DNH5A+czx//rZGY</latexit><latexit sha1_base64="ZOci6MJBvuNm6i2xFQDPzGQGr3s=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KokW9Fjw4rGC/YA2ls120i7dbMLuRKyhf8OLB0W8+me8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkbXU7/1ANqIWN3hOAE/YgMlQsEZWqnbRXjE7Gly7/UueqWyW3FnoMvEy0mZ5Kj3Sl/dfszTCBRyyYzpeG6CfsY0Ci5hUuymBhLGR2wAHUsVi8D42ezmCT21Sp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGV34mVJIiKD5fFKaSYkynAdC+0MBRji1hXAt7K+VDphlHG1PRhuAtvrxMmucVz614t9VyrZrHUSDH5IScEY9ckhq5IXXSIJwk5Jm8kjcndV6cd+dj3rri5DNH5A+czx//rZGY</latexit><latexit sha1_base64="ZOci6MJBvuNm6i2xFQDPzGQGr3s=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KokW9Fjw4rGC/YA2ls120i7dbMLuRKyhf8OLB0W8+me8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkbXU7/1ANqIWN3hOAE/YgMlQsEZWqnbRXjE7Gly7/UueqWyW3FnoMvEy0mZ5Kj3Sl/dfszTCBRyyYzpeG6CfsY0Ci5hUuymBhLGR2wAHUsVi8D42ezmCT21Sp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGV34mVJIiKD5fFKaSYkynAdC+0MBRji1hXAt7K+VDphlHG1PRhuAtvrxMmucVz614t9VyrZrHUSDH5IScEY9ckhq5IXXSIJwk5Jm8kjcndV6cd+dj3rri5DNH5A+czx//rZGY</latexit><latexit sha1_base64="ZOci6MJBvuNm6i2xFQDPzGQGr3s=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KokW9Fjw4rGC/YA2ls120i7dbMLuRKyhf8OLB0W8+me8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkbXU7/1ANqIWN3hOAE/YgMlQsEZWqnbRXjE7Gly7/UueqWyW3FnoMvEy0mZ5Kj3Sl/dfszTCBRyyYzpeG6CfsY0Ci5hUuymBhLGR2wAHUsVi8D42ezmCT21Sp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGV34mVJIiKD5fFKaSYkynAdC+0MBRji1hXAt7K+VDphlHG1PRhuAtvrxMmucVz614t9VyrZrHUSDH5IScEY9ckhq5IXXSIJwk5Jm8kjcndV6cd+dj3rri5DNH5A+czx//rZGY</latexit>

z1
4

<latexit sha1_base64="Xk5ALxcrb9HhQfFvi7dDuT7MXio=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mkoMeCF48V7Ac0tWy2k3bpZhN2J2IN/RtePCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxhfz/z2A2gjYnWHkwR6ERsqEQrO0Eq+j/CI2dP03uvX+uWKW3XnoKvEy0mF5Gj0y1/+IOZpBAq5ZMZ0PTfBXsY0Ci5hWvJTAwnjYzaErqWKRWB62fzmKT2zyoCGsbalkM7V3xMZi4yZRIHtjBiOzLI3E//zuimGV71MqCRFUHyxKEwlxZjOAqADoYGjnFjCuBb2VspHTDOONqaSDcFbfnmVtC6qnlv1bmuVei2Po0hOyCk5Jx65JHVyQxqkSThJyDN5JW9O6rw4787HorXg5DPH5A+czx8BQJGZ</latexit><latexit sha1_base64="Xk5ALxcrb9HhQfFvi7dDuT7MXio=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mkoMeCF48V7Ac0tWy2k3bpZhN2J2IN/RtePCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxhfz/z2A2gjYnWHkwR6ERsqEQrO0Eq+j/CI2dP03uvX+uWKW3XnoKvEy0mF5Gj0y1/+IOZpBAq5ZMZ0PTfBXsY0Ci5hWvJTAwnjYzaErqWKRWB62fzmKT2zyoCGsbalkM7V3xMZi4yZRIHtjBiOzLI3E//zuimGV71MqCRFUHyxKEwlxZjOAqADoYGjnFjCuBb2VspHTDOONqaSDcFbfnmVtC6qnlv1bmuVei2Po0hOyCk5Jx65JHVyQxqkSThJyDN5JW9O6rw4787HorXg5DPH5A+czx8BQJGZ</latexit><latexit sha1_base64="Xk5ALxcrb9HhQfFvi7dDuT7MXio=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mkoMeCF48V7Ac0tWy2k3bpZhN2J2IN/RtePCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxhfz/z2A2gjYnWHkwR6ERsqEQrO0Eq+j/CI2dP03uvX+uWKW3XnoKvEy0mF5Gj0y1/+IOZpBAq5ZMZ0PTfBXsY0Ci5hWvJTAwnjYzaErqWKRWB62fzmKT2zyoCGsbalkM7V3xMZi4yZRIHtjBiOzLI3E//zuimGV71MqCRFUHyxKEwlxZjOAqADoYGjnFjCuBb2VspHTDOONqaSDcFbfnmVtC6qnlv1bmuVei2Po0hOyCk5Jx65JHVyQxqkSThJyDN5JW9O6rw4787HorXg5DPH5A+czx8BQJGZ</latexit><latexit sha1_base64="Xk5ALxcrb9HhQfFvi7dDuT7MXio=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mkoMeCF48V7Ac0tWy2k3bpZhN2J2IN/RtePCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxhfz/z2A2gjYnWHkwR6ERsqEQrO0Eq+j/CI2dP03uvX+uWKW3XnoKvEy0mF5Gj0y1/+IOZpBAq5ZMZ0PTfBXsY0Ci5hWvJTAwnjYzaErqWKRWB62fzmKT2zyoCGsbalkM7V3xMZi4yZRIHtjBiOzLI3E//zuimGV71MqCRFUHyxKEwlxZjOAqADoYGjnFjCuBb2VspHTDOONqaSDcFbfnmVtC6qnlv1bmuVei2Po0hOyCk5Jx65JHVyQxqkSThJyDN5JW9O6rw4787HorXg5DPH5A+czx8BQJGZ</latexit>

z1
5

<latexit sha1_base64="CQQjZGCODS9qAyvtszU5a7pUUTs=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPBi8cK9gOaWjbbSbt0swm7E7GG/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYyup37rAbQRsbrDcQLdiA2UCAVnaCXfR3jE7Gly7/UueuWKW3VnoMvEy0mF5Kj3yl9+P+ZpBAq5ZMZ0PDfBbsY0Ci5hUvJTAwnjIzaAjqWKRWC62ezmCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGV91MqCRFUHy+KEwlxZhOA6B9oYGjHFvCuBb2VsqHTDOONqaSDcFbfHmZNM+qnlv1bs8rtfM8jiI5IsfklHjkktTIDamTBuEkIc/klbw5qfPivDsf89aCk88ckj9wPn8AAsSRmg==</latexit><latexit sha1_base64="CQQjZGCODS9qAyvtszU5a7pUUTs=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPBi8cK9gOaWjbbSbt0swm7E7GG/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYyup37rAbQRsbrDcQLdiA2UCAVnaCXfR3jE7Gly7/UueuWKW3VnoMvEy0mF5Kj3yl9+P+ZpBAq5ZMZ0PDfBbsY0Ci5hUvJTAwnjIzaAjqWKRWC62ezmCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGV91MqCRFUHy+KEwlxZhOA6B9oYGjHFvCuBb2VsqHTDOONqaSDcFbfHmZNM+qnlv1bs8rtfM8jiI5IsfklHjkktTIDamTBuEkIc/klbw5qfPivDsf89aCk88ckj9wPn8AAsSRmg==</latexit><latexit sha1_base64="CQQjZGCODS9qAyvtszU5a7pUUTs=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPBi8cK9gOaWjbbSbt0swm7E7GG/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYyup37rAbQRsbrDcQLdiA2UCAVnaCXfR3jE7Gly7/UueuWKW3VnoMvEy0mF5Kj3yl9+P+ZpBAq5ZMZ0PDfBbsY0Ci5hUvJTAwnjIzaAjqWKRWC62ezmCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGV91MqCRFUHy+KEwlxZhOA6B9oYGjHFvCuBb2VsqHTDOONqaSDcFbfHmZNM+qnlv1bs8rtfM8jiI5IsfklHjkktTIDamTBuEkIc/klbw5qfPivDsf89aCk88ckj9wPn8AAsSRmg==</latexit><latexit sha1_base64="CQQjZGCODS9qAyvtszU5a7pUUTs=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPBi8cK9gOaWjbbSbt0swm7E7GG/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYyup37rAbQRsbrDcQLdiA2UCAVnaCXfR3jE7Gly7/UueuWKW3VnoMvEy0mF5Kj3yl9+P+ZpBAq5ZMZ0PDfBbsY0Ci5hUvJTAwnjIzaAjqWKRWC62ezmCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGV91MqCRFUHy+KEwlxZhOA6B9oYGjHFvCuBb2VsqHTDOONqaSDcFbfHmZNM+qnlv1bs8rtfM8jiI5IsfklHjkktTIDamTBuEkIc/klbw5qfPivDsf89aCk88ckj9wPn8AAsSRmg==</latexit>

zL
1

<latexit sha1_base64="IS3DRhCW4bQJhP6fNG5D8nqWioQ=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJgY2ERwXxALoa9zVyyZG/v2J0T45G/YWOhiK1/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU391gNoI2J1h+MEuhEbKBEKztBKvo/wiNnT5P6m5/XKFbfqzkCXiZeTCslR75W//H7M0wgUcsmM6Xhugt2MaRRcwqTkpwYSxkdsAB1LFYvAdLPZzRN6YpU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MJRuCt/jyMmmeVT236t2eV2rneRxFckSOySnxyAWpkWtSJw3CSUKeySt5c1LnxXl3PuatBSefOSR/4Hz+ACXWkbE=</latexit><latexit sha1_base64="IS3DRhCW4bQJhP6fNG5D8nqWioQ=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJgY2ERwXxALoa9zVyyZG/v2J0T45G/YWOhiK1/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU391gNoI2J1h+MEuhEbKBEKztBKvo/wiNnT5P6m5/XKFbfqzkCXiZeTCslR75W//H7M0wgUcsmM6Xhugt2MaRRcwqTkpwYSxkdsAB1LFYvAdLPZzRN6YpU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MJRuCt/jyMmmeVT236t2eV2rneRxFckSOySnxyAWpkWtSJw3CSUKeySt5c1LnxXl3PuatBSefOSR/4Hz+ACXWkbE=</latexit><latexit sha1_base64="IS3DRhCW4bQJhP6fNG5D8nqWioQ=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJgY2ERwXxALoa9zVyyZG/v2J0T45G/YWOhiK1/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU391gNoI2J1h+MEuhEbKBEKztBKvo/wiNnT5P6m5/XKFbfqzkCXiZeTCslR75W//H7M0wgUcsmM6Xhugt2MaRRcwqTkpwYSxkdsAB1LFYvAdLPZzRN6YpU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MJRuCt/jyMmmeVT236t2eV2rneRxFckSOySnxyAWpkWtSJw3CSUKeySt5c1LnxXl3PuatBSefOSR/4Hz+ACXWkbE=</latexit><latexit sha1_base64="IS3DRhCW4bQJhP6fNG5D8nqWioQ=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJgY2ERwXxALoa9zVyyZG/v2J0T45G/YWOhiK1/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU391gNoI2J1h+MEuhEbKBEKztBKvo/wiNnT5P6m5/XKFbfqzkCXiZeTCslR75W//H7M0wgUcsmM6Xhugt2MaRRcwqTkpwYSxkdsAB1LFYvAdLPZzRN6YpU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MJRuCt/jyMmmeVT236t2eV2rneRxFckSOySnxyAWpkWtSJw3CSUKeySt5c1LnxXl3PuatBSefOSR/4Hz+ACXWkbE=</latexit>

zL
2

<latexit sha1_base64="YswmxNEIexobg+5lYBISQoYFmH0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjx4iGAekF3D7GQ2GTL7YKZXjEt+w4sHRbz6M978GyfJHjSxoKGo6qa7y0+k0Gjb31ZhbX1jc6u4XdrZ3ds/KB8etXWcKsZbLJax6vpUcyki3kKBkncTxWnoS97xx1czv/PAlRZxdIeThHshHUYiEIyikVwX+SNmT9P7m36tX67YVXsOskqcnFQgR7Nf/nIHMUtDHiGTVOueYyfoZVShYJJPS26qeULZmA55z9CIhlx72fzmKTkzyoAEsTIVIZmrvycyGmo9CX3TGVIc6WVvJv7n9VIMLr1MREmKPGKLRUEqCcZkFgAZCMUZyokhlClhbiVsRBVlaGIqmRCc5ZdXSbtWdeyqc1uvNOp5HEU4gVM4BwcuoAHX0IQWMEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8ASdakbI=</latexit><latexit sha1_base64="YswmxNEIexobg+5lYBISQoYFmH0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjx4iGAekF3D7GQ2GTL7YKZXjEt+w4sHRbz6M978GyfJHjSxoKGo6qa7y0+k0Gjb31ZhbX1jc6u4XdrZ3ds/KB8etXWcKsZbLJax6vpUcyki3kKBkncTxWnoS97xx1czv/PAlRZxdIeThHshHUYiEIyikVwX+SNmT9P7m36tX67YVXsOskqcnFQgR7Nf/nIHMUtDHiGTVOueYyfoZVShYJJPS26qeULZmA55z9CIhlx72fzmKTkzyoAEsTIVIZmrvycyGmo9CX3TGVIc6WVvJv7n9VIMLr1MREmKPGKLRUEqCcZkFgAZCMUZyokhlClhbiVsRBVlaGIqmRCc5ZdXSbtWdeyqc1uvNOp5HEU4gVM4BwcuoAHX0IQWMEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8ASdakbI=</latexit><latexit sha1_base64="YswmxNEIexobg+5lYBISQoYFmH0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjx4iGAekF3D7GQ2GTL7YKZXjEt+w4sHRbz6M978GyfJHjSxoKGo6qa7y0+k0Gjb31ZhbX1jc6u4XdrZ3ds/KB8etXWcKsZbLJax6vpUcyki3kKBkncTxWnoS97xx1czv/PAlRZxdIeThHshHUYiEIyikVwX+SNmT9P7m36tX67YVXsOskqcnFQgR7Nf/nIHMUtDHiGTVOueYyfoZVShYJJPS26qeULZmA55z9CIhlx72fzmKTkzyoAEsTIVIZmrvycyGmo9CX3TGVIc6WVvJv7n9VIMLr1MREmKPGKLRUEqCcZkFgAZCMUZyokhlClhbiVsRBVlaGIqmRCc5ZdXSbtWdeyqc1uvNOp5HEU4gVM4BwcuoAHX0IQWMEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8ASdakbI=</latexit><latexit sha1_base64="YswmxNEIexobg+5lYBISQoYFmH0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjx4iGAekF3D7GQ2GTL7YKZXjEt+w4sHRbz6M978GyfJHjSxoKGo6qa7y0+k0Gjb31ZhbX1jc6u4XdrZ3ds/KB8etXWcKsZbLJax6vpUcyki3kKBkncTxWnoS97xx1czv/PAlRZxdIeThHshHUYiEIyikVwX+SNmT9P7m36tX67YVXsOskqcnFQgR7Nf/nIHMUtDHiGTVOueYyfoZVShYJJPS26qeULZmA55z9CIhlx72fzmKTkzyoAEsTIVIZmrvycyGmo9CX3TGVIc6WVvJv7n9VIMLr1MREmKPGKLRUEqCcZkFgAZCMUZyokhlClhbiVsRBVlaGIqmRCc5ZdXSbtWdeyqc1uvNOp5HEU4gVM4BwcuoAHX0IQWMEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8ASdakbI=</latexit>

zL
3

<latexit sha1_base64="yD9vcSpCehGe/Bj7eGunYfA+Ryg=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexqQI8BLx48RDAPyK5hdtKbDJl9MNMrxiW/4cWDIl79GW/+jZNkD5pY0FBUddPd5SdSaLTtb6uwsrq2vlHcLG1t7+zulfcPWjpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2PrqZ++wGUFnF0h+MEvJANIhEIztBIrovwiNnT5P6md94rV+yqPQNdJk5OKiRHo1f+cvsxT0OIkEumddexE/QyplBwCZOSm2pIGB+xAXQNjVgI2stmN0/oiVH6NIiVqQjpTP09kbFQ63Hom86Q4VAvelPxP6+bYnDpZSJKUoSIzxcFqaQY02kAtC8UcJRjQxhXwtxK+ZApxtHEVDIhOIsvL5PWWdWxq85trVKv5XEUyRE5JqfEIRekTq5JgzQJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5AyjekbM=</latexit><latexit sha1_base64="yD9vcSpCehGe/Bj7eGunYfA+Ryg=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexqQI8BLx48RDAPyK5hdtKbDJl9MNMrxiW/4cWDIl79GW/+jZNkD5pY0FBUddPd5SdSaLTtb6uwsrq2vlHcLG1t7+zulfcPWjpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2PrqZ++wGUFnF0h+MEvJANIhEIztBIrovwiNnT5P6md94rV+yqPQNdJk5OKiRHo1f+cvsxT0OIkEumddexE/QyplBwCZOSm2pIGB+xAXQNjVgI2stmN0/oiVH6NIiVqQjpTP09kbFQ63Hom86Q4VAvelPxP6+bYnDpZSJKUoSIzxcFqaQY02kAtC8UcJRjQxhXwtxK+ZApxtHEVDIhOIsvL5PWWdWxq85trVKv5XEUyRE5JqfEIRekTq5JgzQJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5AyjekbM=</latexit><latexit sha1_base64="yD9vcSpCehGe/Bj7eGunYfA+Ryg=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexqQI8BLx48RDAPyK5hdtKbDJl9MNMrxiW/4cWDIl79GW/+jZNkD5pY0FBUddPd5SdSaLTtb6uwsrq2vlHcLG1t7+zulfcPWjpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2PrqZ++wGUFnF0h+MEvJANIhEIztBIrovwiNnT5P6md94rV+yqPQNdJk5OKiRHo1f+cvsxT0OIkEumddexE/QyplBwCZOSm2pIGB+xAXQNjVgI2stmN0/oiVH6NIiVqQjpTP09kbFQ63Hom86Q4VAvelPxP6+bYnDpZSJKUoSIzxcFqaQY02kAtC8UcJRjQxhXwtxK+ZApxtHEVDIhOIsvL5PWWdWxq85trVKv5XEUyRE5JqfEIRekTq5JgzQJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5AyjekbM=</latexit><latexit sha1_base64="yD9vcSpCehGe/Bj7eGunYfA+Ryg=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexqQI8BLx48RDAPyK5hdtKbDJl9MNMrxiW/4cWDIl79GW/+jZNkD5pY0FBUddPd5SdSaLTtb6uwsrq2vlHcLG1t7+zulfcPWjpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2PrqZ++wGUFnF0h+MEvJANIhEIztBIrovwiNnT5P6md94rV+yqPQNdJk5OKiRHo1f+cvsxT0OIkEumddexE/QyplBwCZOSm2pIGB+xAXQNjVgI2stmN0/oiVH6NIiVqQjpTP09kbFQ63Hom86Q4VAvelPxP6+bYnDpZSJKUoSIzxcFqaQY02kAtC8UcJRjQxhXwtxK+ZApxtHEVDIhOIsvL5PWWdWxq85trVKv5XEUyRE5JqfEIRekTq5JgzQJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5AyjekbM=</latexit>

zL
4

<latexit sha1_base64="EdnhYCCF+JHe9RnhRZbhDjgY+p4=">AAAB83icbVA9SwNBEN3zM8avqKXNYhCswp0EtAzYWFhEMB+Qi2FvM5cs2ds7dufEeORv2FgoYuufsfPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2cag4NHstYtwNmQAoFDRQooZ1oYFEgoRWMrqZ+6wG0EbG6w3EC3YgNlAgFZ2gl30d4xOxpcn/Tq/ZKZbfizkCXiZeTMslR75W+/H7M0wgUcsmM6Xhugt2MaRRcwqTopwYSxkdsAB1LFYvAdLPZzRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MRRuCt/jyMmmeVzy34t1Wy7VqHkeBHJMTckY8ckFq5JrUSYNwkpBn8krenNR5cd6dj3nripPPHJE/cD5/ACpikbQ=</latexit><latexit sha1_base64="EdnhYCCF+JHe9RnhRZbhDjgY+p4=">AAAB83icbVA9SwNBEN3zM8avqKXNYhCswp0EtAzYWFhEMB+Qi2FvM5cs2ds7dufEeORv2FgoYuufsfPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2cag4NHstYtwNmQAoFDRQooZ1oYFEgoRWMrqZ+6wG0EbG6w3EC3YgNlAgFZ2gl30d4xOxpcn/Tq/ZKZbfizkCXiZeTMslR75W+/H7M0wgUcsmM6Xhugt2MaRRcwqTopwYSxkdsAB1LFYvAdLPZzRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MRRuCt/jyMmmeVzy34t1Wy7VqHkeBHJMTckY8ckFq5JrUSYNwkpBn8krenNR5cd6dj3nripPPHJE/cD5/ACpikbQ=</latexit><latexit sha1_base64="EdnhYCCF+JHe9RnhRZbhDjgY+p4=">AAAB83icbVA9SwNBEN3zM8avqKXNYhCswp0EtAzYWFhEMB+Qi2FvM5cs2ds7dufEeORv2FgoYuufsfPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2cag4NHstYtwNmQAoFDRQooZ1oYFEgoRWMrqZ+6wG0EbG6w3EC3YgNlAgFZ2gl30d4xOxpcn/Tq/ZKZbfizkCXiZeTMslR75W+/H7M0wgUcsmM6Xhugt2MaRRcwqTopwYSxkdsAB1LFYvAdLPZzRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MRRuCt/jyMmmeVzy34t1Wy7VqHkeBHJMTckY8ckFq5JrUSYNwkpBn8krenNR5cd6dj3nripPPHJE/cD5/ACpikbQ=</latexit><latexit sha1_base64="EdnhYCCF+JHe9RnhRZbhDjgY+p4=">AAAB83icbVA9SwNBEN3zM8avqKXNYhCswp0EtAzYWFhEMB+Qi2FvM5cs2ds7dufEeORv2FgoYuufsfPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2cag4NHstYtwNmQAoFDRQooZ1oYFEgoRWMrqZ+6wG0EbG6w3EC3YgNlAgFZ2gl30d4xOxpcn/Tq/ZKZbfizkCXiZeTMslR75W+/H7M0wgUcsmM6Xhugt2MaRRcwqTopwYSxkdsAB1LFYvAdLPZzRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MRRuCt/jyMmmeVzy34t1Wy7VqHkeBHJMTckY8ckFq5JrUSYNwkpBn8krenNR5cd6dj3nripPPHJE/cD5/ACpikbQ=</latexit>

zL
5

<latexit sha1_base64="Zn7pFNghvVqPH5H7B0JJZ+GftS0=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexKRI8BLx48RDAPyK5hdtKbDJl9MNMrxiW/4cWDIl79GW/+jZNkD5pY0FBUddPd5SdSaLTtb6uwsrq2vlHcLG1t7+zulfcPWjpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2PrqZ++wGUFnF0h+MEvJANIhEIztBIrovwiNnT5P6md94rV+yqPQNdJk5OKiRHo1f+cvsxT0OIkEumddexE/QyplBwCZOSm2pIGB+xAXQNjVgI2stmN0/oiVH6NIiVqQjpTP09kbFQ63Hom86Q4VAvelPxP6+bYnDpZSJKUoSIzxcFqaQY02kAtC8UcJRjQxhXwtxK+ZApxtHEVDIhOIsvL5PWWdWxq85trVKv5XEUyRE5JqfEIRekTq5JgzQJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5AyvmkbU=</latexit><latexit sha1_base64="Zn7pFNghvVqPH5H7B0JJZ+GftS0=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexKRI8BLx48RDAPyK5hdtKbDJl9MNMrxiW/4cWDIl79GW/+jZNkD5pY0FBUddPd5SdSaLTtb6uwsrq2vlHcLG1t7+zulfcPWjpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2PrqZ++wGUFnF0h+MEvJANIhEIztBIrovwiNnT5P6md94rV+yqPQNdJk5OKiRHo1f+cvsxT0OIkEumddexE/QyplBwCZOSm2pIGB+xAXQNjVgI2stmN0/oiVH6NIiVqQjpTP09kbFQ63Hom86Q4VAvelPxP6+bYnDpZSJKUoSIzxcFqaQY02kAtC8UcJRjQxhXwtxK+ZApxtHEVDIhOIsvL5PWWdWxq85trVKv5XEUyRE5JqfEIRekTq5JgzQJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5AyvmkbU=</latexit><latexit sha1_base64="Zn7pFNghvVqPH5H7B0JJZ+GftS0=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexKRI8BLx48RDAPyK5hdtKbDJl9MNMrxiW/4cWDIl79GW/+jZNkD5pY0FBUddPd5SdSaLTtb6uwsrq2vlHcLG1t7+zulfcPWjpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2PrqZ++wGUFnF0h+MEvJANIhEIztBIrovwiNnT5P6md94rV+yqPQNdJk5OKiRHo1f+cvsxT0OIkEumddexE/QyplBwCZOSm2pIGB+xAXQNjVgI2stmN0/oiVH6NIiVqQjpTP09kbFQ63Hom86Q4VAvelPxP6+bYnDpZSJKUoSIzxcFqaQY02kAtC8UcJRjQxhXwtxK+ZApxtHEVDIhOIsvL5PWWdWxq85trVKv5XEUyRE5JqfEIRekTq5JgzQJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5AyvmkbU=</latexit><latexit sha1_base64="Zn7pFNghvVqPH5H7B0JJZ+GftS0=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexKRI8BLx48RDAPyK5hdtKbDJl9MNMrxiW/4cWDIl79GW/+jZNkD5pY0FBUddPd5SdSaLTtb6uwsrq2vlHcLG1t7+zulfcPWjpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2PrqZ++wGUFnF0h+MEvJANIhEIztBIrovwiNnT5P6md94rV+yqPQNdJk5OKiRHo1f+cvsxT0OIkEumddexE/QyplBwCZOSm2pIGB+xAXQNjVgI2stmN0/oiVH6NIiVqQjpTP09kbFQ63Hom86Q4VAvelPxP6+bYnDpZSJKUoSIzxcFqaQY02kAtC8UcJRjQxhXwtxK+ZApxtHEVDIhOIsvL5PWWdWxq85trVKv5XEUyRE5JqfEIRekTq5JgzQJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5AyvmkbU=</latexit>

zL
1

<latexit sha1_base64="IS3DRhCW4bQJhP6fNG5D8nqWioQ=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJgY2ERwXxALoa9zVyyZG/v2J0T45G/YWOhiK1/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU391gNoI2J1h+MEuhEbKBEKztBKvo/wiNnT5P6m5/XKFbfqzkCXiZeTCslR75W//H7M0wgUcsmM6Xhugt2MaRRcwqTkpwYSxkdsAB1LFYvAdLPZzRN6YpU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MJRuCt/jyMmmeVT236t2eV2rneRxFckSOySnxyAWpkWtSJw3CSUKeySt5c1LnxXl3PuatBSefOSR/4Hz+ACXWkbE=</latexit><latexit sha1_base64="IS3DRhCW4bQJhP6fNG5D8nqWioQ=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJgY2ERwXxALoa9zVyyZG/v2J0T45G/YWOhiK1/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU391gNoI2J1h+MEuhEbKBEKztBKvo/wiNnT5P6m5/XKFbfqzkCXiZeTCslR75W//H7M0wgUcsmM6Xhugt2MaRRcwqTkpwYSxkdsAB1LFYvAdLPZzRN6YpU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MJRuCt/jyMmmeVT236t2eV2rneRxFckSOySnxyAWpkWtSJw3CSUKeySt5c1LnxXl3PuatBSefOSR/4Hz+ACXWkbE=</latexit><latexit sha1_base64="IS3DRhCW4bQJhP6fNG5D8nqWioQ=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJgY2ERwXxALoa9zVyyZG/v2J0T45G/YWOhiK1/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU391gNoI2J1h+MEuhEbKBEKztBKvo/wiNnT5P6m5/XKFbfqzkCXiZeTCslR75W//H7M0wgUcsmM6Xhugt2MaRRcwqTkpwYSxkdsAB1LFYvAdLPZzRN6YpU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MJRuCt/jyMmmeVT236t2eV2rneRxFckSOySnxyAWpkWtSJw3CSUKeySt5c1LnxXl3PuatBSefOSR/4Hz+ACXWkbE=</latexit><latexit sha1_base64="IS3DRhCW4bQJhP6fNG5D8nqWioQ=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJgY2ERwXxALoa9zVyyZG/v2J0T45G/YWOhiK1/xs5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU391gNoI2J1h+MEuhEbKBEKztBKvo/wiNnT5P6m5/XKFbfqzkCXiZeTCslR75W//H7M0wgUcsmM6Xhugt2MaRRcwqTkpwYSxkdsAB1LFYvAdLPZzRN6YpU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MJRuCt/jyMmmeVT236t2eV2rneRxFckSOySnxyAWpkWtSJw3CSUKeySt5c1LnxXl3PuatBSefOSR/4Hz+ACXWkbE=</latexit>

zL
2

<latexit sha1_base64="YswmxNEIexobg+5lYBISQoYFmH0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjx4iGAekF3D7GQ2GTL7YKZXjEt+w4sHRbz6M978GyfJHjSxoKGo6qa7y0+k0Gjb31ZhbX1jc6u4XdrZ3ds/KB8etXWcKsZbLJax6vpUcyki3kKBkncTxWnoS97xx1czv/PAlRZxdIeThHshHUYiEIyikVwX+SNmT9P7m36tX67YVXsOskqcnFQgR7Nf/nIHMUtDHiGTVOueYyfoZVShYJJPS26qeULZmA55z9CIhlx72fzmKTkzyoAEsTIVIZmrvycyGmo9CX3TGVIc6WVvJv7n9VIMLr1MREmKPGKLRUEqCcZkFgAZCMUZyokhlClhbiVsRBVlaGIqmRCc5ZdXSbtWdeyqc1uvNOp5HEU4gVM4BwcuoAHX0IQWMEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8ASdakbI=</latexit><latexit sha1_base64="YswmxNEIexobg+5lYBISQoYFmH0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjx4iGAekF3D7GQ2GTL7YKZXjEt+w4sHRbz6M978GyfJHjSxoKGo6qa7y0+k0Gjb31ZhbX1jc6u4XdrZ3ds/KB8etXWcKsZbLJax6vpUcyki3kKBkncTxWnoS97xx1czv/PAlRZxdIeThHshHUYiEIyikVwX+SNmT9P7m36tX67YVXsOskqcnFQgR7Nf/nIHMUtDHiGTVOueYyfoZVShYJJPS26qeULZmA55z9CIhlx72fzmKTkzyoAEsTIVIZmrvycyGmo9CX3TGVIc6WVvJv7n9VIMLr1MREmKPGKLRUEqCcZkFgAZCMUZyokhlClhbiVsRBVlaGIqmRCc5ZdXSbtWdeyqc1uvNOp5HEU4gVM4BwcuoAHX0IQWMEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8ASdakbI=</latexit><latexit sha1_base64="YswmxNEIexobg+5lYBISQoYFmH0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjx4iGAekF3D7GQ2GTL7YKZXjEt+w4sHRbz6M978GyfJHjSxoKGo6qa7y0+k0Gjb31ZhbX1jc6u4XdrZ3ds/KB8etXWcKsZbLJax6vpUcyki3kKBkncTxWnoS97xx1czv/PAlRZxdIeThHshHUYiEIyikVwX+SNmT9P7m36tX67YVXsOskqcnFQgR7Nf/nIHMUtDHiGTVOueYyfoZVShYJJPS26qeULZmA55z9CIhlx72fzmKTkzyoAEsTIVIZmrvycyGmo9CX3TGVIc6WVvJv7n9VIMLr1MREmKPGKLRUEqCcZkFgAZCMUZyokhlClhbiVsRBVlaGIqmRCc5ZdXSbtWdeyqc1uvNOp5HEU4gVM4BwcuoAHX0IQWMEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8ASdakbI=</latexit><latexit sha1_base64="YswmxNEIexobg+5lYBISQoYFmH0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjx4iGAekF3D7GQ2GTL7YKZXjEt+w4sHRbz6M978GyfJHjSxoKGo6qa7y0+k0Gjb31ZhbX1jc6u4XdrZ3ds/KB8etXWcKsZbLJax6vpUcyki3kKBkncTxWnoS97xx1czv/PAlRZxdIeThHshHUYiEIyikVwX+SNmT9P7m36tX67YVXsOskqcnFQgR7Nf/nIHMUtDHiGTVOueYyfoZVShYJJPS26qeULZmA55z9CIhlx72fzmKTkzyoAEsTIVIZmrvycyGmo9CX3TGVIc6WVvJv7n9VIMLr1MREmKPGKLRUEqCcZkFgAZCMUZyokhlClhbiVsRBVlaGIqmRCc5ZdXSbtWdeyqc1uvNOp5HEU4gVM4BwcuoAHX0IQWMEjgGV7hzUqtF+vd+li0Fqx85hj+wPr8ASdakbI=</latexit>

zL
3

<latexit sha1_base64="yD9vcSpCehGe/Bj7eGunYfA+Ryg=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexqQI8BLx48RDAPyK5hdtKbDJl9MNMrxiW/4cWDIl79GW/+jZNkD5pY0FBUddPd5SdSaLTtb6uwsrq2vlHcLG1t7+zulfcPWjpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2PrqZ++wGUFnF0h+MEvJANIhEIztBIrovwiNnT5P6md94rV+yqPQNdJk5OKiRHo1f+cvsxT0OIkEumddexE/QyplBwCZOSm2pIGB+xAXQNjVgI2stmN0/oiVH6NIiVqQjpTP09kbFQ63Hom86Q4VAvelPxP6+bYnDpZSJKUoSIzxcFqaQY02kAtC8UcJRjQxhXwtxK+ZApxtHEVDIhOIsvL5PWWdWxq85trVKv5XEUyRE5JqfEIRekTq5JgzQJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5AyjekbM=</latexit><latexit sha1_base64="yD9vcSpCehGe/Bj7eGunYfA+Ryg=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexqQI8BLx48RDAPyK5hdtKbDJl9MNMrxiW/4cWDIl79GW/+jZNkD5pY0FBUddPd5SdSaLTtb6uwsrq2vlHcLG1t7+zulfcPWjpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2PrqZ++wGUFnF0h+MEvJANIhEIztBIrovwiNnT5P6md94rV+yqPQNdJk5OKiRHo1f+cvsxT0OIkEumddexE/QyplBwCZOSm2pIGB+xAXQNjVgI2stmN0/oiVH6NIiVqQjpTP09kbFQ63Hom86Q4VAvelPxP6+bYnDpZSJKUoSIzxcFqaQY02kAtC8UcJRjQxhXwtxK+ZApxtHEVDIhOIsvL5PWWdWxq85trVKv5XEUyRE5JqfEIRekTq5JgzQJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5AyjekbM=</latexit><latexit sha1_base64="yD9vcSpCehGe/Bj7eGunYfA+Ryg=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexqQI8BLx48RDAPyK5hdtKbDJl9MNMrxiW/4cWDIl79GW/+jZNkD5pY0FBUddPd5SdSaLTtb6uwsrq2vlHcLG1t7+zulfcPWjpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2PrqZ++wGUFnF0h+MEvJANIhEIztBIrovwiNnT5P6md94rV+yqPQNdJk5OKiRHo1f+cvsxT0OIkEumddexE/QyplBwCZOSm2pIGB+xAXQNjVgI2stmN0/oiVH6NIiVqQjpTP09kbFQ63Hom86Q4VAvelPxP6+bYnDpZSJKUoSIzxcFqaQY02kAtC8UcJRjQxhXwtxK+ZApxtHEVDIhOIsvL5PWWdWxq85trVKv5XEUyRE5JqfEIRekTq5JgzQJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5AyjekbM=</latexit><latexit sha1_base64="yD9vcSpCehGe/Bj7eGunYfA+Ryg=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexqQI8BLx48RDAPyK5hdtKbDJl9MNMrxiW/4cWDIl79GW/+jZNkD5pY0FBUddPd5SdSaLTtb6uwsrq2vlHcLG1t7+zulfcPWjpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2PrqZ++wGUFnF0h+MEvJANIhEIztBIrovwiNnT5P6md94rV+yqPQNdJk5OKiRHo1f+cvsxT0OIkEumddexE/QyplBwCZOSm2pIGB+xAXQNjVgI2stmN0/oiVH6NIiVqQjpTP09kbFQ63Hom86Q4VAvelPxP6+bYnDpZSJKUoSIzxcFqaQY02kAtC8UcJRjQxhXwtxK+ZApxtHEVDIhOIsvL5PWWdWxq85trVKv5XEUyRE5JqfEIRekTq5JgzQJJwl5Jq/kzUqtF+vd+pi3Fqx85pD8gfX5AyjekbM=</latexit>

zL
4

<latexit sha1_base64="EdnhYCCF+JHe9RnhRZbhDjgY+p4=">AAAB83icbVA9SwNBEN3zM8avqKXNYhCswp0EtAzYWFhEMB+Qi2FvM5cs2ds7dufEeORv2FgoYuufsfPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2cag4NHstYtwNmQAoFDRQooZ1oYFEgoRWMrqZ+6wG0EbG6w3EC3YgNlAgFZ2gl30d4xOxpcn/Tq/ZKZbfizkCXiZeTMslR75W+/H7M0wgUcsmM6Xhugt2MaRRcwqTopwYSxkdsAB1LFYvAdLPZzRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MRRuCt/jyMmmeVzy34t1Wy7VqHkeBHJMTckY8ckFq5JrUSYNwkpBn8krenNR5cd6dj3nripPPHJE/cD5/ACpikbQ=</latexit><latexit sha1_base64="EdnhYCCF+JHe9RnhRZbhDjgY+p4=">AAAB83icbVA9SwNBEN3zM8avqKXNYhCswp0EtAzYWFhEMB+Qi2FvM5cs2ds7dufEeORv2FgoYuufsfPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2cag4NHstYtwNmQAoFDRQooZ1oYFEgoRWMrqZ+6wG0EbG6w3EC3YgNlAgFZ2gl30d4xOxpcn/Tq/ZKZbfizkCXiZeTMslR75W+/H7M0wgUcsmM6Xhugt2MaRRcwqTopwYSxkdsAB1LFYvAdLPZzRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MRRuCt/jyMmmeVzy34t1Wy7VqHkeBHJMTckY8ckFq5JrUSYNwkpBn8krenNR5cd6dj3nripPPHJE/cD5/ACpikbQ=</latexit><latexit sha1_base64="EdnhYCCF+JHe9RnhRZbhDjgY+p4=">AAAB83icbVA9SwNBEN3zM8avqKXNYhCswp0EtAzYWFhEMB+Qi2FvM5cs2ds7dufEeORv2FgoYuufsfPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2cag4NHstYtwNmQAoFDRQooZ1oYFEgoRWMrqZ+6wG0EbG6w3EC3YgNlAgFZ2gl30d4xOxpcn/Tq/ZKZbfizkCXiZeTMslR75W+/H7M0wgUcsmM6Xhugt2MaRRcwqTopwYSxkdsAB1LFYvAdLPZzRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MRRuCt/jyMmmeVzy34t1Wy7VqHkeBHJMTckY8ckFq5JrUSYNwkpBn8krenNR5cd6dj3nripPPHJE/cD5/ACpikbQ=</latexit><latexit sha1_base64="EdnhYCCF+JHe9RnhRZbhDjgY+p4=">AAAB83icbVA9SwNBEN3zM8avqKXNYhCswp0EtAzYWFhEMB+Qi2FvM5cs2ds7dufEeORv2FgoYuufsfPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2cag4NHstYtwNmQAoFDRQooZ1oYFEgoRWMrqZ+6wG0EbG6w3EC3YgNlAgFZ2gl30d4xOxpcn/Tq/ZKZbfizkCXiZeTMslR75W+/H7M0wgUcsmM6Xhugt2MaRRcwqTopwYSxkdsAB1LFYvAdLPZzRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDC+7mVBJiqD4fFGYSooxnQZA+0IDRzm2hHEt7K2UD5lmHG1MRRuCt/jyMmmeVzy34t1Wy7VqHkeBHJMTckY8ckFq5JrUSYNwkpBn8krenNR5cd6dj3nripPPHJE/cD5/ACpikbQ=</latexit>
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Simple MLP

Fig. 1. The general structure of SPI-GCN. The graph convolution layer extracts succes-
sive substructure feature matrices from the input graph. The last substructure feature
matrix is presented to the sum-pooling layer which sums the feature vectors represent-
ing the nodes of the graph, resulting in a one-vector representation for the input graph.
This vector representation is then presented to a simple multilayer perceptron (MLP)
to perform prediction.

Let G be a graph represented by the adjacency matrix A ∈ Rn×n and the
feature matrix X ∈ Rn×d, where n and d represent the number of nodes and
the dimension of the feature space respectively. Without loss of generality, we
consider graphs without self-loops, i.e. the adjacency matrix A has zeros on its
diagonal. Additionally, when node features are not available (purely structural
graphs), we take X = In, where In ∈ Rn×n is the identity matrix.

Notations. We adopt the following notations in the rest of the paper. Matrices
are denoted using capital letters while vectors are denoted using small letters.
Scalars, on the other hand, are denoted using small italic letters. Let consider a
matrix M. mi denotes its ith row (vector) and mij denotes the entry at its ith
row and jth column. Its inverse matrix is denoted M−1.

4.1 Graph Convolution Module

Given a graph G defined by an adjacency matrix A and a feature matrix X, we
define the first convolution layer as follows:

Z = f(D̂
−1

ÂXW) , (1)



SPI-GCN: A Simple Permutation-Invariant Graph Convolutional Network 7

where Â = A + In is the adjacency matrix of G with added self-loops, D̂ is
the diagonal node degree matrix of Â,5 i.e. d̂ii =

∑n
j=1 âij , for i = 1, . . . , n,

W ∈ Rd×d′ is a trainable weight matrix with d′ columns, f : Rn×d′ → Rn×d′ is
a nonlinear activation function, and Z ∈ Rn×d′ is the output convolved graph.

The graph convolution defined in (1) extracts local structure and feature
information as follows. First, self-loops are added to the graph via Â to include
each node’s features in the convolution. The modified adjacency matrix Â is then
multiplied by X to produce a matrix X̂ := ÂX ∈ Rn×d such that

x̂i = xi +
∑

j∈N(i)

xj , i = 1, . . . , n . (2)

That is, the ith row of X̂ represents the sum of the feature vector of node i
and the feature vectors of its neighboring nodes. We then multiply X̂ by D̂

−1
to

keep the aggregated features on the same scale. The resulting n × d matrix is
then mapped to a new d′-dimensional feature space through multiplication by
W. Finally, a nonlinear activation function f is applied element-wise resulting
in a n× d′ substructure feature matrix Z that contains the convolution result.

To stack multiple convolution layers, we generalize the propagation rule in (1)
as follows:

Zl+1 = f l(D̂
−1

ÂZlWl) , (3)

where Z0 = X, Zl ∈ Rn×dl is the output of the lth convolution layer with dl
being the number of output features at layer l, Wl ∈ Rdl×dl+1 is a trainable
weight matrix that maps the features in Zl from a dl-dimensional space to a
dl+1-dimensional one, and f l is the nonlinear activation function applied at level
l. Each row of the resulting matrix Zl+1 ∈ Rn×dl+1 contains a node representation
in a new feature space.

Once the input graph has been propagated through all the graph convolution
layers, we return the result of the last layer. That is, for a network with L
convolution layers, the result of the convolution is the last substructure feature
matrix ZL. Note that (3) accepts graphs with varying node numbers without
changing the structure of the convolution layer, i.e. using the same weight matrix
Wl. Another important feature of (3) is that the graph convolution computation
can be parallelized across the nodes.

Our graph convolution model is inspired by the one proposed in [21] for semi-
supervised node classification and where the convolution operator is motivated
via spectral graph theory. The idea in [21] is later adopted in [50], where a
graph convolution operator very similar to ours is presented. However, while our
operator allows the use of different activation functions f l, as modelled in (3),
the one in [50] uses the same nonlinear activation function in all convolution
layers. Additionally, [50] use all the substructure feature matrices, Zl, in the
pooling layer whereas we only use the last one, ZL.

Our graph convolution operator is connected to the 1-dimensional Weisfeiler-
Lehman (WL) algorithm [47] as shown in [21,50]. The WL algorithm iteratively
5 If G is a directed graph, D̂ corresponds to the outdgree diagonal matrix of Â.
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computes a vertex coloring for a given graph and is applied in practice to the GI
problem. The output of the convolution layer in (3) can be viewed as the vertex
coloring computed by the 1-dimensional WL algorithm. This parallel with the
WL algorithm allows to define invariant pooling operators such as the SortPool-
ing layer presented in [50] and our sum-pooling layer that we define below.

4.2 Sum-Pooling Layer

The graph convolution module returns a node-level representation ZL ∈ Rn×dL
of an input graph G, for a module with L convolution layers. The sum-pooling
layer produces a graph-level representation z+p by summing the rows of ZL

according to

z+p =
n∑
i=1

zLi . (4)

The resulting vector z+p ∈ RdL contains the final vector representation (or
embedding) of the input graph G in a dL-dimensional space. This vector repre-
sentation is then used for prediction—graph classification in our case.

Using the sum-pooling layer in (4) results in the invariance of our architecture
to node permutation as stated in Theorem 1. This invariance property is crucial
as it ensures that SPI-GCN will produce the same output for two isomorphic—
and hence equivalent—graphs.

Theorem 1. Let G and Gς be two arbitrary isomorphic graphs. The sum-pooling
layer of SPI-GCN produces the same vector representation for G and Gς .

Proof. Let A and Aς be the adjacency matrices of G and Gς respectively. Aς
is obtained by interchanging the ith and jth rows and columns of A for every
permuted nodes i and j of G. Let Zl and Zlς be the substructure feature matri-
ces corresponding to G and Gς respectively and output by the (l − 1)th graph
convolution layer defined in (3). Similarly to Aς , Zlς is defined by interchanging
rows i and j of Zl for every permuted nodes i and j of G. It is then easy to see
that the matrix AςZlς corresponds to the matrix AZl where we interchange rows
corresponding to permuted nodes. Note that this result holds when A and Aς are
replaced by the normalized adjacency matrices D̂

−1
Â and D̂

−1
ς Âς respectively.

Therefore, multiplying D̂
−1

ÂZl and D̂
−1
ς ÂςZlς by the same weight matrix Wl,

then applying the same nonlinear activation function f l, will result in two matri-
ces Zl+1 and Zl+1

ς with the same rows ordered differently. Since the sum-pooling
layer in (4) simply sums the rows of Zl+1 and Zl+1

ς , we end up with the same
vector representation for G and Gς . ut

Using a summing-based pooling operator (e.g. sum or average of node fea-
tures) is a simple idea that has already been implemented in graph neural net-
works such as [1,41]. The key advantage of summing-based methods is their
efficiency and inherent invariance to node permutation. Their main drawback,
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on the other hand, is that by summing node features, we lose more refined infor-
mation on individual nodes and on the global structure of the graph. We show
through our work, however, that when combined with the right graph convo-
lution, summing-based architectures are competitive with more complex deep
learning graph architectures.

4.3 Prediction Module

The prediction module of SPI-GCN consists in a simple multilayer perceptron
(MLP), i.e. fully connected linear layers followed by nonlinear activation func-
tions. It takes as input the graph-level representation z+p ∈ RdL returned by the
sum-pooling layer and returns either (i) a probability p ∈ [0, 1] in case of binary
classification or (ii) a vector p ∈ RC of probabilities such that

∑C
i=1 pi = 1 in

case of C-class classification, with C > 2.
As a consequence of the architecture presented above, SPI-GCN can be

trained in an end-to-end fashion through backpropagation. Moreover, since only
one graph is treated in a forward pass, the training complexity of SPI-GCN is
linear in the number of graphs.

In the next section, we assess the performance of SPI-GCN and compare it
with more complex approaches, including two recent graph deep learning meth-
ods and a state-of-the-art graph kernel.

5 Experiments

We evaluate the performance of SPI-GCN on benchmark data sets for graph
classification and on an original real-world data set of metal hydrides that we
refer to as HYDRIDES. We compare our approach with one state-of-the-art
graph kernel and two recent deep learning approaches for graph-structured data.
Our PyTorch [32] implementation of SPI-GCN, as well as the data, are available
at https://github.com/asmaatamna/SPI-GCN.

5.1 Data Sets

Benchmark data sets We use nine public benchmark data sets to evaluate the
accuracy of SPI-GCN. These data sets include five bioinformatics data sets (MU-
TAG [9], PTC [42], ENZYMES [4], NCI1 [46], and PROTEINS [11]), two social
network data sets (IMDB-BINARY and IMDB-MULTI [48]), one image data set
where images are represented as region adjacency graphs (COIL-RAG [34]), and
one synthetic data set (SYNTHIE [30]).6 These data sets are available at [19] in
a specific text format that we process in order to transform the graphs into a
(adjacency matrix, feature matrix) format that can be processed by our neural
network. Table 1 summarizes the total number of graphs, the number of classes,
the average node number (avg. n), the maximum node number (max. n), and
the number of node features d for each data set.
6 Due to space limitations, we refer the reader to the indicated references for more
details on the tested data sets.

https://github.com/asmaatamna/SPI-GCN
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HYDRIDES data set HYDRIDES is a real-world data set designed by ma-
terials scientists at the ICMPE that contains graph representations of metal
hydrides. Metal hydrides play a central role in modern chemistry as they can
be used as a storage compound for hydrogen. A very active research field in
materials science focuses on synthesizing stable metal hydrides suitable for ef-
ficient hydrogen storage. A metal hydride is a chemical compound consisting
of one or more hydrogen (H) atoms bonded with one or more metallic atoms.
Our metal hydrides are binary, that is, all metallic atoms are of the same type
(e.g. H-Ni compounds, H-Pd compounds, etc). A metal hydride has a crystal
structure composed of a unit cell—a set of atoms arranged in a particular way
in the 3-dimensional Euclidean space—that is repeated periodically. Hence, a
metal hydride can be fully described by the Euclidean coordinates of the atoms
in its unit cell. In crystallography, this geometric information is usually encoded
in the so-called POSCAR format that can be used for DFT calculations [24]
which determine electronic and stability properties of a given compound, among
other properties. DFT calculations, however, are very time consuming, hence the
usefulness of machine learning approaches to accelerate decision making. Our
HYDRIDES data set contains graphs corresponding to binary compounds that
we collect in POSCAR format from the public Pearson’s crystal database [44],
as well as from [5]. Hydrides are classified into two categories—stable or non-
stable—depending on their standard heat of formation. To convert the POSCAR
format to our (adjacency matrix, feature matrix) format, we proceed as follows:

– Each unit cell—and hence each metal hydride—is represented by an undi-
rected graph;

– The nodes of the graph correspond to the atoms of the unit cell;
– An edge is created between two nodes if one is the other’s nearest neighbor

in terms of Euclidean distance;
– Each node is represented by a d-dimensional one-hot vector, where d = 28

corresponds to the atom types available in our data set (H combined with
27 metals).

The properties of the HYDRIDES data set are summarized in Table 1.

5.2 Experimental Set-Up

Network architecture The instance of SPI-GCN that we use for experiments
has two graph convolution layers of 128 and 32 hidden units respectively, fol-
lowed by a hyperbolic tangent function (tanh) and a softmax function (per node)
respectively. The sum-pooling layer is a classical sum applied row-wise; it is fol-
lowed by a prediction module consisting of a MLP with one hidden layer of 256
hidden units followed by a batch normalization layer [18] and a rectified linear
unit (ReLU) as activation function. We choose this architecture by trial and
error, and we keep it unchanged throughout the experiments.
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Table 1. Properties of the tested data sets.

Property Graphs Classes Avg. n Max. n d

MUTAG 188 2 17.93 28 −
PTC 344 2 14.29 64 −
ENZYMES 600 6 32.63 126 18
NCI1 4110 2 29.87 111 −
PROTEINS 1113 2 39.06 620 1
IMDB-BINARY 1000 2 19.77 136 −
IMDB-MULTI 1500 3 13 89 −
COIL-RAG 3900 100 3.01 11 64
SYNTHIE 400 4 95 100 1
HYDRIDES 1020 2 7.40 70 28

Baselines We compare SPI-GCN with the state-of-the-art Weisfeiler-Lehman
subtree kernel (WL) [39], the well-known graph neural network Patchy-san
(PSCN) [31], and the more recent deep learning approach Deep Graph Convolu-
tional Neural Network (Dgcnn) [50] that uses a very similar convolution module
to ours.

Experimental procedure We train SPI-GCN using full batch Adam opti-
mizer [20], with cross entropy as the loss function to minimize. After trying few
combination of values, we set Adam’s hyperparameters as follows. The algo-
rithm is trained for 200 epochs on all benchmark data sets and for 500 epochs
on HYDRIDES, and the learning rate is set to 10−3. To estimate the accuracy,
we perform 10-fold cross validation using 9 folds for training and one fold for
testing each time. We report the average (test) accuracy and the corresponding
standard deviation in Table 2. Note that we only use node attributes in our
experiments. In particular, SPI-GCN does not exploit node or edge labels of the
data sets. When node attributes are not available, we use the identity matrix as
the feature matrix (X = In) for each graph.

We follow the same procedure for Dgcnn. We use the authors’ PyTorch
implementation [49] and perform 10-fold cross validation with the recommended
values for training epochs, learning rate, and the SortPooling parameter k, for
each data set. These values are reported in Table 4.

For PSCN, we report the results from the original paper [31] (for receptive
field size k = 10) as we could not find an authors’ public implementation of the
algorithm. The experiments were conducted using a similar procedure as ours.

For WL, we follow [31,48] and set the height parameter h to 2. We choose
the regularization parameter C of the SVM from {10−7, 10−5, . . . , 107} using
cross validation as follows: we split the data set into a training set (90% of the
graphs) and a test set (remaining 10%), then perform 10-fold cross validation
on the training set with LIBSVM [7]. The parameter C with the highest average
validation accuracy is then evaluated on the test set. The experiment is repeated
10 times and we report the average test accuracy and the standard deviation. We
test the algorithm without using node labels (WL), then with node labels (WLnl).
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We use the authors’ MATLAB implementation [38] where we modify the cross
validation script to implement the evaluation procedure described previously.7

5.3 Results

Table 2 shows the results for our algorithm (SPI-GCN), Dgcnn [50], PSCN [31],
and WL [39] when node labels are not used. We observe that SPI-GCN is highly
competitive with other algorithms despite using the same architecture for all
data sets and not tuning the hyperparameters. The only noticeable exceptions
are on the NCI1 and IMDB-BINARY data sets, where the best approach (PSCN
and WL respectively) is up to 1.19 times better. On the other hand, SPI-GCN
performs better than Dgcnn and WL on classification tasks with more than
3 classes (ENZYMES, COIL-RAG, SYNTHIE). The difference in accuracy is
particularly significant on COIL-RAG (100 classes), where SPI-GCN is around
34.26 times better than Dgcnn. This suggests that the features extracted by
SPI-GCN are more suitable to characterize the graphs at hand. Results for WL
on COIL-RAG and SYNTHIE are not available as we could not find these data
sets in the appropriate format for the algorithm online. SPI-GCN also achieves
a very reasonable accuracy on the HYDRIDES data set.

We also compare SPI-GCN with WL when node labels are exploited (WLnl).
The results, listed in Table 3, show that while the accuracy of WL significantly
improves on the PROTEINS and ENZYMES data sets (up to 1.32 times), SPI-
GCN remains competitive with WLnl, and even better on the MUTAG data
set. Note that no node labels are available for the IMDB-BINARY and IMDB-
MULTI data sets, hence the absence of results for WLnl.

We expect the accuracy (respectively variance) of SPI-GCN to improve (re-
spectively decrease) after tuning its hyperparameters to individual data sets. The
exploitation of node labels (as additional features) and edge labels (as weights in
the adjacency matrix) may also benefit SPI-GCN, especially on data sets where
it lags behind other approaches, such as NCI1 and IMDB-BINARY.

6 Conclusion

We were motivated by the development of a principled deep learning approach
for graph classification. We proposed an original graph convolutional neural net-
work, SPI-GCN, that is able to process arbitrary graphs directly without any
preprocessing, and that is invariant to graph isomorphism thanks to the use of a
simple sum-pooling operator. Unlike related deep learning approaches, SPI-GCN
has a simple architecture that does not require to sort graphs’ vertices and that
uses a simple multilayer perceptron to perform classification. Nonetheless, SPI-
GCN is competitive with state-of-the-art graph kernels and outperforms similar
deep learning approaches on multiclass classification tasks in terms of predictive
7 The original script returns the average test accuracy of the best C parameters, i.e.
parameters with the best validation accuracy on each fold, for one complete run of
10-fold cross validation.



SPI-GCN: A Simple Permutation-Invariant Graph Convolutional Network 13

Table 2. Accuracy results for SPI-GCN, two deep learning methods (Dgcnn, PSCN),
and a graph kernel method (WL without node labels).

Algorithm SPI-GCN Dgcnn PSCN WL
MUTAG 84.40± 8.14 86.11± 7.14 88.95± 4.37 81.67± 15.50
PTC 56.41± 5.71 55.00± 5.10 62.29± 5.68 56.76± 5.89
NCI1 64.11± 2.37 72.73± 1.56 76.34± 1.68 71.58± 2.63
PROTEINS 72.06± 3.18 72.79± 3.58 75.00± 2.51 68.73± 4.24
ENZYMES 50.17± 5.60 47.00± 8.36 − 38.67± 4.83
IMDB-BINARY 60.40± 4.15 68.60± 5.66 71.00± 2.29 72.10± 5.30
IMDB-MULTI 44.13± 4.61 45.20± 3.75 45.23± 2.84 51.26± 4.31
COIL-RAG 75.72± 3.65 2.21± 0.33 − −
SYNTHIE 71.00± 6.44 54.25± 4.34 − −
HYDRIDES 82.25± 3.29 − − −

Table 3. Accuracy results for SPI-GCN and the Weisfeiler-Lehman subtree kernel with
(WLnl) and without (WL) node labels.

Algorithm SPI-GCN WLnl WL
MUTAG 84.40± 8.14 82.77± 8.46 81.67± 15.50
PTC 56.41± 5.71 57.05± 7.61 56.76± 5.89
NCI1 64.11± 2.37 79.87± 1.77 71.58± 2.63
PROTEINS 72.06± 3.18 72.25± 3.22 68.73± 4.24
ENZYMES 50.17± 5.60 51.16± 5.33 38.67± 4.83
IMDB-BINARY 60.40± 4.15 − 72.10± 5.30
IMDB-MULTI 44.13± 4.61 − 51.26± 4.31

Table 4. Hyperparameters used by Dgcnn on each data set.

Parameter Training epochs Learning rate SortPooling k

MUTAG 300 10−4 0.6
PTC 200 10−4 0.6
ENZYMES 500 10−4 0.6
NCI1 200 10−4 0.6
PROTEINS 100 10−5 0.6
IMDB-BINARY 300 10−4 0.9
IMDB-MULTI 500 10−4 0.9
COIL-RAG 500 10−4 0.6
SYNTHIE 500 10−4 0.6

accuracy. In the light of these results, we argue that the effectiveness of a graph
neural network relies on that of its graph convolution operator more than it does
on the use of conventional deep learning components to perform classification.

On a more general level, we are interested in designing interpretable ap-
proaches for graph classification. Indeed, the majority of machine learning mod-
els are “black boxes” [35], i.e. it is difficult for human experts to explain why a
model returns a particular output given a certain input data. On the other hand,
more complex models are not necessarily more accurate [35]. In this context,
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building simple architectures is a step towards a better interpretability. Other
research avenues include extending our approach to extremely large-scale graph
classification problems and using SPI-GCN as a discriminator in a generative
adversarial network (GAN) [14] architecture for graphs.
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