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Abstract

This paper analyzes the relationship between government expenditure, tax on returns to

assets, public debt, and growth in an endogenous growth model. Public debt is composed of two

components, domestic debt and external debt. We show conditions for existence, uniqueness, and

multiplicity of the steady states. More precisely, existence of steady state requires a sufficiently

high productivity and a sufficiently low tax on returns to assets. We also provide the effects of

an increase in the tax rate on returns to assets on the steady state. In particular, the relation

between public spending and the tax rate has a bell shape. Domestic debt unambiguously

increases with tax whereas external debt displays an inverted U-shaped curve. A high tax rate

leads to a reallocation of public debt in favor of domestic debt (to the detriment of external

debt). The effect of taxation on consumption (and production) also displays a nonlinear pattern

when the output elasticity of capital is lower than unity (the effect is monotonously increasing

if this elasticity is unity). We also derive the conditions under which a tax increase can boost or

reduce the balanced growth rate.
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1 Introduction

The impact of public investment on economic growth and the financing modalities are two major

questions discussed by academics and have been reflected in public debate. This is particularly

true for the OECD countries but also for emerging countries in recent years. Our paper contributes

to this discussion, based on existing literature on these issues. Regarding public investment, since

the seminal works of Aschauer (1989) and Barro (1990), a very abundant literature developed to

assess its impact on growth.1 In this debate, the nature of public expenditure plays a major role

(productive or unproductive, capital, education or health, infrastructure, social services, etc.).

The issue of financing public investment has long divided economists. This question has emerged

as a crucial factor to consider when assessing the macroeconomic impact of public investment.

Omitting the financing modalities of public investment will bias the analysis. We must also consider

the budget constraint of public decision makers. The final impact on activity differs significantly

depending on whether public investment is financed by public debt (in this case, the cost of financing

is borne by future generations) or by taxation (in this situation, the financial resources of the

economic agents are immediately and directly affected). A very abundant literature now exists on

this issue.

Regarding the impact of taxes on growth, there are many works that differ in the type of taxes

considered and in the methodology used.2 The debate focuses on the impact on growth of distorting

taxation (taxes on income and profits, social security contributions, taxes on assets, etc.) and non-

distorting taxes (VAT, etc.), and on the different effets of personal income tax rate versus corporate

income tax. No consensus seems to emerge from this work.

Concerning the impact of public debt, we can also note a great diversity of works. These studies

focuses on the relevance of this particular kind of ressources to finance public investment.3 Most

of existing studies on the relationship between public debt and growth consider public debt as a

domestic debt (see, e.g., Bohn 1998, Greiner 2007, and Checherita and Rother 2010). Nevertheless,

in such context, public debt composition matters as highlighted by the seminal paper of Diamond

1See, for instance, Devarajan et al. (1996), Devarajan et al. (1996), Mundle (1999), Glomm and Ravikumar (1997),
Gupta et al. (2005) or, more recently, Felice (2016).

2See, for example Futagami et al. (1993), Mullen and Williams (1994), Kneller et al. (1999) or Lee et al. (1997).
3See notably Greiner (2007), Reinhart and Rogoff (2010), Checherita and Rother (2010) or, more recently, Herndon

et al. (2014) or Bom and Ligthart (2014).
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(1965). In the same vein, Turnovsky (1996), Calvo (1997), Calvo and Reinhart (2002) or Drazen

(2000) focused on public debt management, risk default and credibility in economic policy. More

recently, Dell’Erba et al. (2013) studied the relationship between sovereign spreads and the inter-

action between debt composition and debt levels in advanced and emerging market countries (see

also Panizza and Presbitero, 2014). Ferreira de Mendonça and Rangel Machado (2014) offered a

contribution to the literature concerning the management of the public debt in emerging economies.

A novelty in this article is the introduction of a fiscal credibility index based on the market’s expec-

tations in regard to the public debt-GDP ratio. Clements et al. (2003) investigated the relationship

between external debt, public investment, and growth in low-income countries and stated that high

levels of public debt can depress economic growth in low-income countries and threshold levels of

external debt was estimated around 50% of GDP. In Futagami et al. (2008), government has a

target level of government debt relative to the size of the economy. They showed that two steady

states can emerge. One is associated with high growth and the other with low growth. It is also

shown that whether the government uses income taxes or government bonds makes the results dif-

fer significantly. According to Ejigayehu (2013), Zaman and Arslan (2014), and Soydan and Bedir

(2015), the empirical results generally reveal that the accumulation of external debt is associated

with an increase in economic growth up to an optimal level, and that an additional increase of

external indebtedness beyond the level inversely contributes to the economy. In other words, there

exists a threshold above which a too high level of external debt has a negative effect on growth.

Recently, several developing and emerging countries adopted aggressive policies aimed at substi-

tuting external public debt with domestically issued debt (Panizza 2008, Presbitero 2012). Never-

theless, external debt continue to play an important role in financing public debt in these countries.

As underlined by Panizza (2008) describing recent trends in the composition of public debt in devel-

oping countries, public debt corresponds to around 64% of GDP in 2005 for all developing countries

(40% in external debt and 23% in domestic debt). For East Asia and Pacific countries (EAP), total

public debt corresponds to 50% of GDP in 2005 (35% in external debt and 15% in domestic debt).

Although many existing studies assess the impact of the financing modalities of public investment,

few of them consider different modalities simultaneously. Our paper proposes to fill this gap by

analyzing the impact on growth of public investment and its financing instruments (external public
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debt, domestic public debt, and taxes). We focus on the government’s trade-off in terms of these fi-

nancing instruments. We are interested in the impact of this trade-off on the economic performance

of a small economy in a dynamic perspective.

In this paper, we consider a neoclassical endogenous growth model and investigate the interaction

between public investment, tax, public debt and growth. In order to isolate the role of taxes, we

assume that tax on returns to assets is the only kind of tax in the economy. The originality of this

paper resides in the consideration of two kinds of public debt simultaneously: domestic debt and

external debt. Our economy comprises three sectors: namely government, firms, and consumers.

We assume that the production of the final good depends on the stock of private capital but also on

government spending. In other words, public investment had a positive impact on firm productivity.

In this framework, we study the balanced growth path (BGP) of the model and focus on the impact

of the tax rate on returns to private assets on the macroeconomic equilibrium. We show the

conditions for existence, uniqueness, multiplicity and non existence of the BGP. The paper makes

several interesting results. In particular, a nontrivial or positive (one or multiple) steady state can

exist only if the productivity is large enough and the tax rate is not so high; otherwise, there is no

positive BGP for the economy. We provide the effects of an increase in the tax rate on returns to

assets on the steady state. More precisely, the relation between public spending and the tax rate has

a bell shape, similar to the Laffer curve. Domestic debt unambiguously increases with tax whereas

external debt displays an inverted U-shaped curve. A high tax rate leads to a reallocation of public

debt in favor of domestic debt (to the detriment of external debt), supporting the recent policy

observed in several countries where external public debt is substituted by its domestic counterpart.

The effect of taxation on consumption (and production) also displays a nonlinear pattern when

the output elasticity of capital is lower than unity (the effect is monotonously increasing if this

elasticity is unity). We also derive the conditions under which a tax increase can boost or reduce

the balanced growth rate. In particular, an increase in the tax rate is harmful to growth if it reduces

public spending (i.e. when τ is sufficiently high). Tax can enhance growth if it rises public spending

when the latter is low enough and/or the output elasticity of public spending is sufficiently large.

The remaining of the paper is organized as follows. The theoretical model, based on Barro (1990)

and Greiner (2007), is introduced in Section 2. Section 3 presents the equilibrium of the model while
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Section 4 characterizes the conditions for existence, uniqueness, multiplicity, and non existence of

the balanced growth path (BGP). Section 5 discusses the results, in particular the effects of tax on

returns to assets on the steady state. The last section summarizes the main contributions of the

study and gives some perspectives for further research.

2 Model

The growth model presented in this section is based on the models developed by Barro (1990) and

Greiner (2007). Our economy comprises three sectors, namely firms, consumers, and government.

2.1 Firms

We assume that the production of the final good depends on the stock of private capital K and

government spending G:

Yt = F (Kt, Gt) = HKα
t G

1−α
t (1)

where 0 < α < 1 is output elasticity with respect to capital (and 1−α is the elasticity corresponding

to public spending), H is total factor productivity or technological level. The production function

F is strictly increasing in both variables, strictly concave in K. G may be considered as a positive

externality for the production. As our purpose is to underly the public sector (public spending and

public debt), we adopte this Barro’s (1990) production function with constant return to scale and

without labor input. The absence of labor input also helps simplify the analysis. The profit is given

by πt = F (Kt, Gt)− rKt Kt (r
K
t is the interest rate of capital). The first-order condition (FOC) for

profit maximization is

FK(Kt, Gt) ≡
∂F

∂K
= rKt . (2)

By substituting equation (1) into equation (2), the interest rate of capital can be written as

rKt = αHKα−1
t G1−α

t = αH

(

Gt

Kt

)1−α

, (3)

or, equivalently,

rKt = αHg1−α
t , (4)
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where gt ≡ Gt/Kt. Equation (4) implies that interest rate of private capital is determined by total

factor productivity, output elasticity with respect to public spending, and the ratio of government

expenditure and private capital.

2.2 Consumers

We assume that the representative consumer’s instantaneous utility function is U(Ct) = lnCt where

Ct is her consumption at period t. The representative consumer chooses her consumption, her stock

of assets, and her government bonds (or domestic public debt) to maximize her inter-temporal

utility
∑+∞

t=0 β
tU(Ct), where β > 0 is the discount rate, under the budget constraint

Ct +At+1 +Dt+1 ≤
[

rAt (1− τt) + 1
]

At + (rDt + 1)Dt + πt (5)

and positivity constraints Ct ≥ 0 and At ≥ 0, ∀t. Note that Ct, At, Dt, and πt are respectively

consumption, private assets, domestic debt hold by the consumer, and the profit she receives as

the firm owner. Interest rates rAt and rDt correspond to private assets and government bonds,

respectively. The consumer has to pay a tax on returns to assets at the rate τt.
4

The Lagrangian is

L =
∞
∑

t=0

βtU(Ct)−
∞
∑

t=0

λt

{

[rAt (1− τt) + 1]At + (rDt + 1)Dt + πt − Ct −At+1 −Dt+1

}

+
∞
∑

t=1

µtAt.

The FOCs are given as follows, ∀t,

βtU ′(Ct) + λt = 0, (6)

λt

[

(1 + rAt (1− τt)
]

− λt−1 − µt = 0, (7)

λt(1 + rDt )− λt−1 = 0, (8)

µtAt = 0. (9)

The slackness condition in (9) means that At > 0, µt = 0 or At = 0, µt > 0. These FOCs, the budget

4We assume that there is no tax on government bond interest. Indeed, when such a tax exists, the consumer’s
budget constraint will include the term r

D
t (1 − τ

D
t )Dt instead of r

D
t Dt. In this case, the non-arbitrage condition

between private assets and government bonds is rAt (1− τ
A
t ) = r

D
t (1− τ

D
t ), which implies rAt = r

D
t and τ

A
t = τ

D
t . For

simplification purpose, we do not impose any tax on government bonds and consequently the implied non-arbitrage
condition (see also below) will become equation (10).
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constraint, and the transversality condition limt→+∞ βtU ′(Ct)At+1 = 0 will provide a solution of

the consumer’s optimization program.

Solving for an interior solution (At > 0), conditions (7)-(9) give:

rDt = rAt (1− τt). (10)

The equality between the interest rate of domestic debt and the net interest rate of private asset

given in (10) represents the non-arbitrage condition between holding domestic debt and holding

private capital. Furthermore, conditions (6) and (8) give

U ′(Ct−1)

U ′(Ct)
= β(1 + rDt ), (11)

which is the usual Keynes-Ramsey rule which states that the marginal utility of past consumption

is equal to the discounted marginal utility of current consumption times the interest rate.

By using the expression of the utility function, equation (11) becomes

Ct

Ct−1
= β(1 + rDt ). (12)

2.3 Government

We assume that at each period t the government can collect tax on returns to assets held by private

agents. It can also borrow from the domestic and international financial markets, which correspond

to two types of public debt, domestic debt Dt with interest rate rDt and external debt Bt with

interest rate rBt . As the country has no power on the international financial market, {rBt }
∞
t=0 is a

sequence of exogenous external interest rates. On the spending side, the government can share its

resources between public expenditure devoted to production of final goods and reimbursement of

interests and capital of domestic and external debts.5

5Recall that we distinguish two types of public debt, domestic debt and external debt, whereas most of existing
theoretical studies only considered domestic debt (e.g. Battaglini and Coate 2008, Greiner, 2007, Elmendorf and
Mankiw 1999, among others).
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The government budget constraint can be expressed as follows:6

Gt + (rBt + 1)Bt + (rDt + 1)Dt = τtr
A
t At +Bt+1 +Dt+1. (13)

where At is the stock of assets held by private agents, τt is the tax rate on returns to assets, rAt is

the interest rate of asset, and Gt is the flow of government expenditure.

Following Greiner (2007), we assume that public debt is not over a certain proportion of total

output in order to guarantee sustainability of public debt:

Gt + η(Bt +Dt) ≤ φYt + τtr
A
t At, (14)

with φ and η ∈ R are constants. Parameter φ determines whether the level of the primary surplus

rises or falls with an increase in gross domestic income. Parameter η determines how strong the

primary surplus reacts to changes in domestic debt and external debt, η may be considered as a

feedback parameter of domestic debt and external debt. As in Bohn (1998), Greiner (2007), Greiner

et al. (2007), we have η > 0.

Inequality (14) means that total government expenditure and government’s borrowing are not

exceeded government’s revenue which comes from tax collection and a certain proportion of total

output. Equation (14) can be also rewritten as

Gt − τtr
A
t At + η(Bt +Dt) ≤ φYt.

This condition means that budget deficit (Gt − τtr
A
t At) can be financed by domestic and external

debt, which can be covered by a proportion of production. This condition is motivated by some

empirical facts through the Maastricht criteria for the Eurozone countries (public debt lower than

60% of GDP, budget deficit is lower than 3% of GDP), thresholds of public debt set in some

developing countries, and the discussion about the relation between public debt and growth since

the seminal paper of Reinhart and Rogoff (2010).7 We also observe that when the equality in

6All variables are expressed in terms of real values.
7Reinhart and Rogoff (2010) and Herndon et al. (2014) showed that public debt has a positive impact on economic

growth and there is a higher ratio of public debt to GDP leads to a lower GDP growth rate. For instance, if the
ratio of public debt to GDP is lower than 30%, the average GDP growth rate is about 4.1%. On the contrary, the
growth rate is reduced to 2.2% if the ratio of public debt to GDP becomes larger than 90%. In a study on the role
of government debt on economic growth across twelve Euro-area countries, Checherita and Rother (2010) found that
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equation (14) holds, it can be rewritten as

τtr
A
t At −Gt

Yt
= −φ+ η

Bt +Dt

Yt
.

This equation corresponds to the positive linear relation between the ratio of primary surplus to

GDP and the ratio of debt to GDP found by Bohn (1998) and subsequently confirmed by Greiner

et al. (2007).

Let rBD
t−1 denote the interest rate which satisfies:

Bt−1r
B
t−1 +Dt−1r

D
t−1 = (Bt−1 +Dt−1)r

BD
t−1 (15)

or equivalently,

rBD
t =

Bt

Bt +Dt
rBt +

Dt

Bt +Dt
rDt . (16)

Equation (16) indicates that rBD
t−1 is an average interest rate of rBt−1 and rDt−1. There always exists an

interest rate rBD
t−1 with given rBt−1, r

D
t−1, Bt−1 and Dt−1. Equation (15) can be rewritten as follows:

Bt−1(1 + rBt−1 − η) +Dt−1(1 + rDt−1 − η) = (Bt−1 +Dt−1)(1 + rBD
t−1 − η). (17)

The following lemma shows that at equilibrium (which will be defined below), condition (14)

must bind.

Lemma 1 Assume, at equilibrium, for any t, η < rBt . Then condition (14) must bind.

Proof. Suppose in (14) we have strict inequality:

Gt + η(Bt +Dt) < φHKα
t G

1−α
t + τtr

A
t At

Let ∆Bt = − ∆Gt

1+rBt
with ∆Gt > 0. Equation (13) still holds.

public debt and economic growth have a nonlinear relation and that a higher public debt-to-GDP ratio is on average
associated with a lower long-term growth rate when debt is above the range of 90-100% of GDP. In practice, the ratio
of public debt to GDP in each country is different, for example, in European countries where it is regulated at the
level of 60% of GDP following the Maastricht criteria. In the case of developing countries such as Vietnam, the figure
is 65%.
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In (14) we have on the LHS, ∆Gt + η∆Bt = (1 − η

1+rBt
)∆Gt > 0. So we can increase Gt without

violating (14) and increase Yt hence Ct. This is a contradiction because an increase in consumption

will increase the consumer’s utility which is already at its highest level at the equilibrium.

Suppose we are at equilibrium. Together (13), (14) and (15) lead to

Bt +Dt = (Bt−1 +Dt−1)(1 + rBD
t−1 − η) + φYt−1. (18)

We now look at the sustainability of public debt. Following Greiner’s (2007) terms, sustainability

of public debt states that the current value of public debt must equal the sum of discounted future

non-interest surpluses. The sufficient condition for the sustainability of public debt is summarized

in the following proposition.

Proposition 1 Define that γt is growth rate of gross domestic income Yt, and rBD
t is determined

by equation (16). The sufficient condition for the sustainability of public debt is max{supt γt, 0} <

inft r
BD
t − η.

Proof. Equation (18) can be expressed as follows (using equation (17)):

Bt +Dt = (B0 +D0)

t
∏

j=1

(1 + rBD
t−j − η) +

t
∑

s=1

φYt−s

s−1
∏

j=1

(1 + rBD
t−j − η), (19)

which is equivalent to

B0 +D0 =
Bt +Dt

∏t
j=1(1 + rBD

t−j − η)
−

∑t
s=1 φYt−s

∏s−1
j=1(1 + rBD

t−j − η)
∏t

j=1(1 + rBD
t−j − η)

. (20)

Sustainability of public debt is characterized by

B0 +D0 = lim
t→∞

(

Bt +Dt
∏t

j=1(1 + rBD
t−j − η)

)

. (21)

Condition (21) is verified if

lim
t→∞

∑t
s=1 φYt−s

∏s−1
j=1(1 + rBD

t−j − η)
∏t

j=1(1 + rBD
t−j − η)

= 0. (22)
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Denote that γt is the growth rate of total production income Yt. Hence, Yt−s =
∏t−s

j=0(1+ γj)Y0.

We then get

∑t
s=1 φYt−s

∏s−1
j=1(1 + rBD

t−j − η)
∏t

j=1(1 + rBD
t−j − η)

= φY0

∑t
s=1

∏t−s
j=0(1 + γj)

∏s−1
j=1(1 + rBD

t−j − η)
∏t

j=1(1 + rBD
t−j − η)

= φY0

t
∑

j=1

t
∏

s=j

(

1 + γt−s

1 + rBD
t−s − η

)

Hence, if max{supt γt, 0} < inft r
BD
t − η then condition (21) is verified .

As our model has domestic debt and external debt, sustainability of debt means that in the long

run the discounted value of the sum of two debts cannot exceed the initial total debt (or in other

words, current value of public debt must equal the sum of discounted future non-interest surpluses)

given in equation (21), which holds if equation (22) is satisfied. This corresponds to the No-Ponzi-

Game (NPG) condition for our model. For the Ramsey growth model with (only domestic) public

debt, the NPG condition can be found in Heijdra and Van Der Ploeg (2002).

For our model, the NPG condition is satisfied if max{supt γt, 0} < inft r
BD
t − η. In other words,

output growth rate γt should be sufficiently lower than the average interest rate rBD
t . If output

growth rate is higher than rBD
t − η, in this case the expression in (22) will tend to infinity and,

consequently, the right-hand side term of equation (20) will converge to minus infinity, implying

that the initial total debt cannot be covered (i.e. debt is not sustainable).

3 Solution

3.1 Equilibrium

Equilibrium of model is a solution of the following equations:

Balancedness of consumer budget:

Ct +At+1 +Dt+1 =
[

rAt (1− τt) + 1
]

At + (rDt + 1)Dt + πt.

Keynes-Ramsey rule:

U ′(Ct−1)

U ′(Ct)
= β(1 + rDt ).
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Balancedness of the government budget:

Gt + rBt Bt + rDt Dt +Bt +Dt = rAt τtKt +Bt+1 +Dt+1

Sustainability of debt condition:

Gt + η(Bt +Dt) = φYt + τtr
A
t At.

Market clearing for the capital:

Kt = At

Market clearing for the aggregate good:

Ct +Kt+1 = F (Kt, Gt) +Kt.

Market clearing for the domestic debt:

Dt+1 + τtr
K
t Kt = (1 + rDt )Dt.

And interest rates of capital and domestic debt:

rKt = F ′
K(Kt, Gt),

rDt = rAt (1− τt).

The equilibrium must also satisfy the NPG condition (for the sustainability of public debt) in

Proposition 1 (i.e. max{supt γt, 0} < inft r
BD
t −η) and the transversality condition limt→+∞ βtU ′(Ct)Kt+1 =

0.8

3.2 Steady state

Let us define gt ≡
Gt

Kt
, bt ≡

Bt

Kt
, dt ≡

Dt

Kt
, ct ≡

Ct

Kt
, and ξk ≡ Kt+1

Kt
. The solution for the model with

the variables Gt, Ct, Bt, Dt, and Kt is equivalent to the solution with new variables gt, ct, bt, and

8The aggregation of market clearing conditions for the final good and the domestic debt gives the consumer’s
budget constraint.
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dt. Equations (13), (14), (5), (12), and the good market clearing condition become

gt + (1 + rBt )bt + (1 + rDt )dt = rKt τt + (bt+1 + dt+1)ξk, (23)

τtr
K
t − gt = η(bt + dt)− φHg1−α

t , (24)

ct+1

ct
ξk = β(1 + rDt ), (25)

ct + ξk + dt+1ξk = 1 + (1− τt)r
K
t + (1 + rDt )dt +Hg1−α

t − rKt , (26)

where (from the good market clearing condition)

ξk = Hg1−α
t + 1− ct. (27)

By substituting equation (4) into equations (23)-(26) and by using the non arbitrage condition

(10), we get the following system

gt + (1 + rBt )bt +
[

1 + (1− τt)αHg1−α
t

]

dt = αHg1−α
t τt + (bt+1 + dt+1)(Hg1−α

t + 1− ct),(28)

τtαHg1−α
t − gt = η(bt + dt)− φHg1−α

t , (29)

ct+1

ct
(Hg1−α

t + 1− ct) = β
[

1 + (1− τt)αHg1−α
t

]

, (30)

ct + (1 + dt+1)(Hg1−α
t + 1− ct) =

[

1 + (1− τt)αHg1−α
t

]

(1 + dt) + (1− α)Hg1−α
t . (31)

A balanced growth path equilibrium is defined by xt+1 = xt = x∗, x = c, b, d, g. The system

above becomes

g∗ + (1 + rB)b∗ +
[

1 + (1− τ)αHg∗(1−α)
]

d∗ = αHg∗(1−α)τ + (b∗ + d∗)(Hg∗(1−α) + 1− c∗),(32)

ταHg∗(1−α) − g∗ = η(b∗ + d∗)− φHg∗(1−α), (33)

Hg∗(1−α) + 1− c∗ = β
[

1 + (1− τ)αHg∗(1−α)
]

, (34)

c∗ + (1 + d∗)(Hg∗(1−α) + 1− c∗) =
[

1 + (1− τ)αHg∗(1−α)
]

(1 + d∗) + (1− α)Hg∗(1−α). (35)

We observe that the market clearing condition for domestic debt is rewritten as follows:

dt+1ξk + τrK = (1 + rD)dt (36)
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As the interest rates at the BGP are given by rK = αHg∗(1−α) and rD = (1 − τ)rK , equation (36)

gives the expression for domestic debt at the BGP:

d∗ =
τrK

(1− β) [1 + (1− τ)rK ]
= θg∗(1−α) (37)

with

θ =
τHα

(1− β)
(

1 + (1− τ)Hαg∗(1−α)
) .

Moreover, by plugging equation (36) (expressed at the steady state) into (32), we obtain the steady-

state value for the external debt:

b∗ =
g∗

ξk − (1 + rB)
, (38)

where, using equation (25) at the BGP and the expressions of interest rates, ξk is given by

ξk = β(1 + rD) = β[1 + (1− τ)rK ] = β[1 + (1− τ)αHg∗(1−α)]. (39)

Equation (33) is rewritten as

g∗ + η(b∗ + d∗) = φHg∗(1−α) + ταHg∗(1−α). (40)

By dividing both sides of this equation by g∗ (excluding the solution g∗ = 0) and plugging the

expressions of steady values b∗ and d∗, we obtain

1 +
η

ξk − (1 + rB)
+

ηβταH

(1− β)ξkg∗α
=

φH + ταH

g∗α
. (41)

This equation gives the solution on the (positive) steady-state value for public expenditure g∗ in

terms of the model’s parameters.

4 Existence, uniqueness, and multiplicity

Recall that the BGP of the model is entirely characterized by equation (41) which determines

g∗. If this solution exists, then the values for domestic debt d∗ and external debt b∗ are given

by (37) and (38), respectively. Moreover, equations (27) and (39) give the steady-state value for

14



consumption-capital ratio c∗:

c∗ = 1− β + [1− β(1− τ)α]Hg∗(1−α). (42)

The value of the steady-state production is y∗ = Hg∗(1−α). Given the properties of g∗, we can recover

those of b∗, d∗, c∗ and y∗. In the following, we discuss the conditions for existence, uniqueness,

multiplicity, and non existence of g∗.

4.1 Existence and uniqueness of the steady state

Assume

(1− τ)H >
1 + rB

β
− 1 (43)

and

φ+ τ >
ητ

(1− β)(1 + (1− τ)H)
. (44)

Lemma 2 Assume (43) and (44). Then when α is close to 1 there exists a unique steady state.

Proof. When α = 1, equation (41) becomes:

1 +
η

β[1 + (1− τ)H ]− (1 + rB)
+

ητH

(1− β)[1 + (1− τ)H]g
=

(φ+ τ)H

g∗

Or equivalently

1 +
η

β[1 + (1− τ)H]− (1 + rB)
=

(

φ+ τ −
ητ

(1− β)[1 + (1− τ)H]

)

H

g∗
(45)

Condition (43) ensures β[1 + (1− τ)H ]− (1 + rB) > 0 while condition (44) ensures the RHS > 0.

The solution is

g∗ = Θ/Ψ (46)

with

Θ =

(

φ+ τ −
ητ

(1− β)[1 + (1− τ)H]

)

H

15



and

Ψ = 1 +
η

β[1 + (1− τ)H]− (1 + rB)
.

We can conclude that under the assumptions (43) and (44), when α is close to 1, there exists a

unique steady state.

Proposition 2 Let H satisfy (1+rB

β
− 1) 1

H
< 1 or equivalently H > H̄ = (1+rB

β
− 1)). Then there

exist τ̂(H) ∈ (0, 1), α̂ < 1 such that if τ < τ̂(H) and α > α̂, there exists a unique steady state.

Proof. Assume H satisfy (1+rB

β
− 1) 1

H
< 1 (i.e. H > H̄ = (1+rB

β
− 1)). Then (43) holds if

τ < τa = 1− (1+rB

β
− 1) 1

H
. Obviously, given H satisfying H > H̄, (44) is satisfied if τ is very small.

That means there exists τb < 1 such that if τ < τb then (44) is satisfied (in other words, τb is given

by condition (44)). Hence, we take τ̂ = min{τa, τb} to end the proof.

This proposition consists of finding τ̂ (which depends onH > H̄) and α̂, to ensure the uniqueness

of the steady state.

For the effect of the tax rate on the economy, consider first the case α = 1. In this situation,

equation (46) gives the analytical expression for g∗:

g∗ =

(

φ+ τ − ητ
(1−β)[1+(1−τ)H]

)

H

1 + η
β[1+(1−τ)H ]−(1+rB)

.

We can observe from this expression that the effect of τ on g∗ can be of either sign, depending on

the parameters φ, η, β, rB, and H. The case α = 1 corresponds to the AK-type production function

which is independent of public spending. Figure 1 illustrates the effects of taxation on the model’s

steady state when α = 1 and the parameters are fixed at some reasonable values, i.e. φ = 0.65,

η = 0.2, β = 0.95, rB = 0.03, H = 10.9

In the case α < 1, we cannot calculate the analytical solution of the model, neither the derivatives

of macroeconomic variables w.r.t. τ . The impact of taxation on the BGP can be investigated by

simulation. Figure 2 displays the solution when α = 0.6 while other parameters are fixed at the same

values as before. Remark that in this case, we obtain H̄ = 0.0842, τa = 0.9916, and τb = 0.8709

which, following Proposition 2, ensure the uniqueness of the solution because both conditions on

9Simulations are run with Matlab. Qualitative results remain very similar with other values for the model’s
parameters.
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Figure 1: Effects of taxation on the steady state, α = 1.

H and τ are satisfied (i.e. H = 10 > H̄ = 0.0842 and τ < τ̂ = 0.8709). Figures 1 and 2 report

similar results about public spending, domestic debt, and external debt. The only difference resides

in the relation between τ and the consumption-capital ratio. In the case α = 1 this relation is

monotonously increasing whereas in the case α < 1 it corresponds to a bell-shaped relation.

4.2 Multiplicity of steady states

We rewrite equation (41) as follows:

1 +
η

ξk − (1 + rB)
=

[

φ+ τα−
ηβτα

(1− β)ξk

]

H

g∗α
(47)
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Figure 2: Effects of taxation on the steady state, α = 0.6.

We denote LHS(g∗) = 1 + η
ξk−(1+rB)

and RHS(g∗) =
[

φ+ τα− ηβτα
(1−β)ξk

]

H
g∗α

. We must impose that

g∗ satisfies

ξk − (1 + rB) = β(1 + (1− τ)Hαg∗(1−α))− (1 + rB) > 0

to ensure b∗ > 0. Let g̃ =
[

1+rB−β
β(1−τ)Hα

]
1

1−α
for which ξk − (1 + rB) = 0.

Lemma 3 If τα( η
1−β

− 1) < φ then RHS(g∗) > 0 for any g∗ > 0, for any H > 0.

Proof. We have, since ξk = β(1 + rD) (equation (25) at the BGP) and rD ≥ 0,

φ+ τα >
ητα

1− β
⇒ φ+ τα >

ηταβ

(1− β)ξk

and

φ+ τα >
ητα

1− β
⇔ τα(

η

1 − β
− 1)) < φ
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We first choose τ1 as follows.

• If η
1−β

− 1 ≤ 0, choose τ1 < 1.

• If η
1−β

− 1 > 0 then choose τ1 < min{1, φ
α( η

1−β
−1)

}.

We have obviously

Z = inf
0≤τ≤τ1

[

φ+ τα−
ηβτα

(1− β)ξk(1)

]

> 0,

where ξk(1) is the value of ξk at g∗ = 1. Note that we always have H × Z ≤ RHS(1).

Lemma 4 Let H1(τ1) >
1+rB−β
β(1−τ1)α

. For any H ≥ H1(τ1), any τ ≤ τ1, we have β(1 − τ)Hα − (1 +

rB − β) > 0.

Proof. We have

β(1− τ)Hα− (1 + rB − β) ≥ β(1− τ1)H1α− (1 + rB − β) > 0

Proposition 3 There exist τ1 and Ĥ(τ1) such that if τ ≤ τ1 and H ≥ Ĥ(τ1), we have a steady

state g∗1 > 1 and another steady state g∗2 ∈ (g̃, 1).

Proof.

• We first prove there exists a steady state g∗1 > 1.

– When g∗ → +∞, we have LHS(g∗) > RHS(g∗).

– We will show LHS(1) < RHS(1). We have, for any H ≥ H1(τ1), any τ ≤ τ1:

LHS(1) = 1 +
η

β(1− τ)Hα− (1 + rB − β)
≤ W = 1 +

η

β(1− τ1)H1α− (1 + rB − β)

Let

H2(τ1) =
W

Z
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For any H > H2(τ1) we have

LHS(1) ≤ W = ZH2(τ1) < ZH ≤ RHS(1)

Choose Ĥ(τ1) = max{H1(τ1),H2(τ1)}. If τ ≤ τ1 and H ≥ Ĥ(τ1) then LHS(1) < RHS(1).

– We conclude there exists a steady state g∗1 > 1.

• We now prove there exists another steady state g∗2 ∈ (g̃, 1) where g̃ =
[

1+rB−β
β(1−τ)Hα

]
1

1−α
.

From Lemma 4, g̃ < 1. When g∗ ↓ g̃, LHS(g∗) → +∞ while RHS(g∗) converges to a finite

value. Hence LHS(g∗) > RHS(g∗) when g∗ is close to g̃. We have already proved that LHS(1) <

RHS(1). The conclusion follows.

For our numerical example, we can set τ1 <
φ

α∗( η
1−beta

−1)
= 0.3611, H1 >

1+rB−β
β(1−τ1)α

= 0.2197. For

example, if we choose τ1 = 0.3511 and H1 = 1.2163, then H2 = 2.3704. As a result, Proposition 3

shows that there is multiple steady states if τ < 0.3511 and H ≥ Ĥ = max{H1,H2} = 2.3704.

4.3 Non existence of steady states

Proposition 4 There exists H̃ such that if H < H̃ then there exists no steady states.

Proof. We rewrite equation (47) as follows

1 +
η

ξk − (1 + rB)
−

[

φ+ τα−
ηβτα

(1− β)ξk

]

H

g∗α
= 0 (48)

Or equivalently

1− (φ+ τα)
H

g∗α
+

η

ξk − (1 + rB)
+

ηβτα

(1− β)ξk
g∗α = 0 (49)

Consider the expression 1− (φ+ τα) H
g∗α

or (g∗α − (φ+ τα)H) for g∗ > g̃ where g̃ =
[

1+rB−β
β(1−τ)Hα

]
1

1−α
.

We have g∗α − (φ+ τα)H > g̃α − (φ+ τα)H and

g̃α − (φ+ τα)H =

[

1 + rB − β
]

α
1−α − (φ+ τα) [β(1− τ)α]

α
1−α H

1

1−α

[β(1− τ)αH]
α

1−α

.
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Let M(α, β, φ) = max0≤τ≤1

{

(φ+ τα) [β(1− τ)α]
α

1−α

}

≥ φ(βα)
α

1−α > 0.

Let H̃ =
(1+rB−β)

α

M(α,β,φ)1−α . Then if H < H̃ we have g̃α − (φ + τα)H > 0. Hence, for any g∗ > g̃,

g∗α − (φ+ τα)H > 0. This implies

1− (φ+ τα)
H

g∗α
+

η

ξk − (1 + rB)
+

ηβτα

(1− β)ξk
g∗α > 0

for any g∗ > g̃.

There exists no positive steady state.

For our numerical example (i.e. α = 0.6, φ = 0.65, η = 0.2, β = 0.95, rB = 0.03, H = 10),

function M(α, β, φ) is maximized at τ = 0 (its maximum value is M = 0.2797), which gives

H̃ = 0.7855. Hence, there is no positive BGP if the productivity H is lower than this value. Our

numerical example with H = 10 clearly excludes this case.

5 Discussion

Proposition 2 imposes conditions on the tax rate τ and the productivity H in order to have the

existence and the uniqueness of the steady state. Proposition 3 discusses conditions on τ and

H which give rise to at least two steady states. Following these propositions, the existence of a

nontrivial (positive) steady state requires a sufficiently large productivity H and a sufficiently low

tax on returns to assets. Otherwise, if the productivity H is small as indicated in Proposition 4, we

have no positive steady state.

Figures 1 and 2 also provide the effects of an increase in the tax rate on returns to assets on the

steady state. In particular, the relation between public spending and the tax rate has a bell shape.

Domestic debt unambiguously increases with tax rate whereas external debt displays an inverted U

shape. Consequently, a high tax rate leads to a reallocation of public debt in favor of domestic debt

(to the detriment of external debt) because public spending decreases and domestic debt is more

attractive than holding physical assets. The effect of taxation on consumption (and production)

also displays a nonlinear pattern when the output elasticity of capital is lower than unity (i.e. in

the case of Cobb-Douglas production function) whereas the effect is monotonously increasing in the

case of unit elasticity (i.e. AK production function).
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These findings can be explained as follows. An increase of tax on returns to assets (τ) will

lead to a decrease of net revenue relative to physical assets hold by the consumer. Thus, the

consumer will decrease their investment in physical capital and devote her income to buy government

bond (i.e. domestic debt increases) and consumption good until the non arbitrage condition holds

(rD = (1 − τ)rK) and her budget constraint is binding. Tax increase will rise tax revenue which

allows for an increase in public spending. However, as the latter is not entirely financed by domestic

debt and tax revenue, the government has recourse to a higher external debt. When the tax rate

is too high, tax revenue will decrease and the government must cut down his spending. A high tax

rate also implies that external debt becomes relatively more expensive than domestic debt from the

government’s point of view (which must comply with the sustainability condition of public debt) as

rD is relatively lower than rB (which is exogenously fixed by the international financial market),

leading to a decrease of external debt. This finding is supported by the observation that several

developing and emerging countries have recently adopted aggressive policies aimed at substituting

external debt with domestic debt (Panizza 2008, Presbitero 2012).

In the case α = 1, output always increases with tax on returns to assets as the variation in public

spending has no effect on production. When α < 1, as public spending becomes a production input,

production of consumption good varies in accordance with the dynamics of public spending which

corresponds to a bell-shaped relation of the tax rate. In particular, when tax is sufficiently high,

output and then consumption will fall as public spending diminishes.

In the case of multiplicity, the result shows that under some circumstances and despite of a

relatively high productivity (H < Ĥ), there can exists at least two steady states: one corresponds

to a low public spending, another to a high public spending. From equation (37) it is easy to find

that

∂d∗

∂g∗
=

τ ∂rK

∂g∗

[(1− β)(1 + (1− τ)rK)]
2 ≥ 0.

This implies that a low (high) steady-state value of public spending corresponds to a low (high) value

of domestic debt. Furthermore, from equation (38), the sign of ∂b∗/∂g∗ can be negative or positive.

However, we can observe from (38) that limg∗→g̃ b
∗ > 0 and limg∗→+∞ b∗ = g∗α

β(1−τ)α(1−α)H → +∞

(using the l’Hôpital’s rule). Consequently, there is a steady state with low public spending, low

production, low consumption, low domestic debt, and a non ignorable external debt (as limg∗→g̃ b
∗ >
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0). The other steady state corresponds to high public spending, high production, high consumption,

high domestic debt, and high external debt.

Our results also show that if productivity is too low, i.e. lower than H̃, a non trivial BGP

cannot exist (the only one is zero). It implies that an economy must have a sufficient productivity

to expect the existence of a positive growth path and possibly to escape the poverty trap (or zero

equilibrium).

Consider the growth rate of the economy (i.e. Yt+1/Yt) at the BGP. It is given by (using equation

(39))

ξy = ξk = β[1 + (1− τ)αHg∗(1−α) ]. (50)

At the BGP, public spending always has a positive effect on the growth rate when α < 0, contra-

dicting the finding of Greiner (2007) about the negative effect of public investment. If α = 1 there

is naturally no effect of public spending on the steady-state growth rate.

Regarding the impact of taxation on the steady-state growth rate, if α = 1 the effect of τ on the

ξy is always negative, meaning that an increase in tax on returns to assets is detrimental to public

spending (by the reasoning above) and therefore harmful to growth. In the general case with α < 1,

the effect of tax on the steady-state growth rate is

∂ξy
∂τ

= αβHg∗(−α)

[

(1− τ)(1− α)
∂g∗

∂τ
− g∗

]

. (51)

We observe that if ∂g∗

∂τ
< 0, i.e. we are on the downward sloping part of the relation between g∗

and τ (see Figure 2a), then
∂ξy
∂τ

< 0: an increase in tax rate reduces the balanced growth rate. If

we are on the upward sloping part of the relation between g∗ and τ (i.e. ∂g∗

∂τ
≥ 0), we have

∂ξy
∂τ

≥ 0 if
∂g∗

∂τ
≥

g∗

(1− τ)(1 − α)
> 0. (52)

This result indicates that the effect of tax on the balanced growth rate can be positive, negative,

or nonlinear (first positive and then negative). Tax on returns to assets can foster growth at the

steady state if the following conditions are met: (i) public spending rises and (ii) the steady-state

public spending is sufficiently low and/or output elasticity of public spending is sufficiently large.

This finding interestingly differs from the existing literature and appears very insightful. Indeed,
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this general theoretical result can be employed to explain the existing conflicting results, e.g. the

positive impact of capital income and corporate income taxes and the negative impact of labor

income tax on economic growth (Angelopoulos et al., 2007), the negative impact of tax rate on

economic growth (Cebula 1995, Lee et al. 1997, Kneller et al. 1999, and Lee and Gordon 2005), and

the inverted U relationship between the balanced growth rate and the income tax rate (Futagami

et al., 1993). Following certain conditions, we can recover these results. For example, using the

same parameters values as in the previous numerical exercise, we obtain a monotonous decreasing

relationship between the tax rate and the balanced growth rate. If we choose a higher value for

1 − α (for example 1 − α = 0.7, i.e. α = 0.3) while keeping the same values for other parameters,

an inverted U relation emerges.

6 Conclusion

In this paper, we investigate the relationship between government expenditure, tax on asset returns,

economic growth, and public debt in an endogenous growth framework à la Barro. We consider

two types of public debt: domestic debt and external debt. The main results of the paper can be

summarized as follows.

1. For the existence of a positive BGP, the economy should have a sufficiently large productivity

and a sufficiently low tax on returns to assets. If productivity is too low, the nontrivial steady

state cannot exist.

2. The analysis supports the nonlinear (or bell shaped) effect of taxation on public spending,

output and consumption (particularly in the case of output elasticity of public spending lower

than unity). This result is similar to the Laffer curve.

3. A high tax rate reallocates the composition of public debt in favor of domestic debt (to the

detriment of external debt). More precisely, an increase in tax rate can boost external debt

as long as tax rate does not exceed a certain threshold, otherwise, the relation is decreasing.

This result is supported by the policy recently implemented in several countries where external

public debt is substituted by its domestic counterpart.

4. Public spending always has a positive effect on the balanced growth rate.
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5. The analysis shows that the effect of tax on the balanced growth rate depends on several

conditions. It can be positive, negative, or follow an inverted U relation. An increase in the

tax rate is harmful to growth if it reduces public spending (i.e. when τ is sufficiently high).

Tax can enhance growth if it rises public spending when the latter is low enough and/or the

output elasticity of public spending is sufficiently large.

In a further study, we will develop a dynamic analysis and the welfare aspect of this model.

It would also be worth addressing the question of optimal growth and investigating how the tax

rate can be set in order to maximize welfare. It is also interesting to include other kinds of tax

in the theoretical model and to empirically reassess the impact of taxation on economic growth by

focusing on the types of public spending (productive versus unproductive public spending). Such a

study would help to provide some guidelines regarding fiscal policy that a country can implement

to sustain economic growth.
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