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SELF-SIMILAR DYNAMICS FOR THE MODIFIED KORTEWEG-DE VRIES EQUATION

SIMAO CORREIA, RAPHAEL COTE AND LUIS VEGA

ABSTRACT. We prove a local well posedness result for the modified Korteweg-de Vries equa-
tion in a critical space designed so that is contains self-similar solutions. As a consequence,
we can study the flow of this equation around self-similar solutions: in particular, we give an
asymptotic description of small solutions as t — +00.

1. INTRODUCTION

In this paper, we are interested in the dynamics near self-similar solutions for the modified
Korteweg-de Vries equation:

(mKdV) diu+ afu +€3,W®)=0, u:R,xR,—R.

The signum e € {1} indicates whether the equation is focusing or defocusing. In our frame-
work, € will play no major role.
The (mKdV) equation enjoys a natural scaling: if u is a solution then

u,(t,x):= AV3u(ae, A13x)

is also a solution to (mKdV). As a consequence, the self-similar solutions, which preserve
their shape under scaling

S(t,x)=t"Y3v(t73x),

are therefore of special interest.

Self-similar solutions play an important role for the (mKdV) flow: they exhibit an explicit
blow up behavior, and are also related to the long time description of solutions. For smooth
and decaying data, this problem (the so-called soliton resolution conjecture) can be studied
via the inverse transform method: (mKdV) is integrable. For generic such initial data, a self
similar solution appears in the self-similar region t~/3x = O(1); we refer to Deift and Zhou
[6] for the defocusing case and the recent work by Chen and Liu [3] and the references
therein for the focusing case, with a description involving solitons and breathers outside of
the self-similar region.

Even if one considers small (and smooth, decaying) initial data — an assumption which rules
out solitons and breathers — solutions to (mKdV) display a modified scattering where self-
similar solutions appear: we refer to Hayashi and Naumkin [17, 16], which was revisited by
Germain, Pusateri and Rousset [11] and Harrop-Griffiths [14].
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Another example where self-similar solutions of the (mKdV) equation are relevant is in the
long time asymptotics of the so-called Intermediate Long Wave (ILW) equation. This equation
occurs in the propagation of waves in a one-dimensional stratified fluid in two limiting cases.
In the shallow water limit, the propagation reduces to the KdV equation, while in the deep
water limit, it reduces to the so-called Benjamin-Ono equation. In a recent work, Bernal-
Vilchis and Naumkin [2] study the large-time behavior of small solutions of the (modified)
(ILW), and they prove that in the so-called self-similar region the solutions tend at infinity
to a self-similar solution of (mKdV).

Self-similar solutions and the (mKdV) flow are also related to some other simplified models in
fluid dynamics. More precisely, Goldstein and Petrich [12] find a formal connection between
the evolution of the boundary of a vortex patch in the plane under Euler equations and a
hierarchy of completely integrable dispersive equations. The first element of this hierarchy
is:

(D 02 = —8532 + 832(3322)2, |0z =1,

where z = 2(t, s) is complex-valued and parametrizes a plane curve (by its arclength s) which
evolves in time t. A direct computation shows that its curvature solves the focusing (mKdV)
(with € = 1), and self-similar solutions with initial data

1
2 U(t)—\c50+av.p.(—) ast— 0", a,ceR,
X

correspond to logarithmic spirals making a corner, see [22].

Finally, (mKdV) is a member of a two parameter family of geometric flows that appears
as a model for the evolution of vortex filaments. In this case, the filaments are curves that
propagate in 3d, and their curvature and torsion determined a complex valued function that
satisfies a non-linear dispersive equation. This equation, that depends on the two free pa-
rameters, is a combination of a cubic non-linear Schréodinger equation (NLS) and a complex
modified KdV equation.

The particular case of cubic (NLS) has received plenty of attention. The corresponding geo-
metric flow is known as either the binormal curvature flow or the Localized Induction Ap-
proximation, a name that is more widely used in the literature of fluid dynamics. In this
setting, the relevant role played by the self-similar solutions, including also logarithmic spi-
rals, has been largely studied. We refer the reader to the recent paper by Banica and Vega [1]
and the references therein. Among other things, the authors prove that self-similar solutions
have finite energy, when the latter is properly defined. Moreover, they give a well-posedness
result in an appropriately chosen space of distributions that contains the self-similar solu-
tions.

Our goal in this paper is to continue our work initiated in [4], and to study the (mKdV)
flow in spaces in which self-similar solutions naturally live. As we will see, the number of
technical problems increases dramatically with respect to the case of (NLS). This is due to the
higher dispersion, which makes the algebra rather more complicated, and to the presence
of derivatives in the non-linear term. In this article, we give the first steps to deal with these
issues.

In order to have a hint at one of the main challenges we face, let us recall the main result of

[4], which gives a description in Fourier space of self-similar solutions.
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Theorem. Given c,a € R small enough, there exists unique a € R, A,B € C and a self-similar
solution S(t,x) =t~ 3V (t7'/3x), where V satisfies

3ialn |p|—i%p3

(3) forp=2, e PV(p)=Aeienll JrBep—3 +z(p),

i3 3ia
@ for|p| <1, e ”ng(p) =c+ o sgn(p) +z(p),

where 2 € W2 (R), 2(0) = 0 and for any k < ‘7‘, lz(p)| + |pz’(p)| = O(|p|™) as |p| — +oo.

One sees that there is no decay for high frequencies: this is a standard feature for a self-
similar solution. The jump at frequency O for a # 0 (as in (2)) encodes a different geometric
information: for example, in the context of the vortex patch (1), it is related to the angle of
the curve at the corner.

We emphasize that self-similar solutions do not fit in any of the functional spaces considered
for the use of the inverse scattering transform as in [6, 3] or in the setting derived from
[16]: both due to the behavior at high frequency, and to the jump at frequency 0. In those
works, the lack of decay for high frequency was not important because self-similar solutions
were only relevant in a bounded region (for fixed time); and decaying initial data means that
a = 0 so that there was no jump. Hence, the analysis therein does not suit our purposes: the
study of the (mKdV) flow around self-similar solutions must be done in sharper spaces than
in earlier works, and preferably in a critical space.

2. DEFINITIONS AND MAIN RESULTS

N

2.1. Notations and functional setting. We start with some notations. I represents the
Fourier transform of u (in its space variable x only, if u is a space time function), and we will
often denote by p the variable dual to x in the Fourier side. We denote by %(t) the linear
KdV group:

9(O)v(p) = e"'? 9(p),
for any v € &/(R). Given a (space-time) function u, we denote ii, the profile of u, defined by

5) i(t, p) := 9(—Ou(t)(p) = e Pi(t, p).

In all the following, C denotes various constants, which can change from one line to the next,
but does not depend on the other variables which appear. As usual, we use the conventions
a S b and a = O(b) to abbreviate a < Cb.

We will also use the Landau notation a = 0,(b) when a and b are two complex quantities
(depending in particular of n) such that a/b — 0 as n — +00; and mutatis mutandis a =
o.(b) whena/b — 0as e — 0.

We use often the japanese bracket (y) = 4/1+|y|2, and the (complex valued) Airy-Fock
function

1 [+
6) Ai(z) := —f eipZ“dep.
T Jo

For v € &’'(R) such that ¥ € L°° N H', and for t > 0, we define the norm (depending on t)
with which we will mostly work:

7 IVl = 190Vl ooqey + £ 0118, G (=)Wl 20,4+ 00))-
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Let us remark that we will only consider real-valued functions u, and so (t,—p) = i(t, p).
As a consequence, the knowledge of frequencies p > 0 is enough to completely determine
u(t). In the above definition, the purpose of considering L2((0, +00)) is to allow a jump at
0 as discussed above.

Observe that the &(t) norm is scaling invariant, in the following sense:

lua(Oll sy = lu(A)llgae), A > 0.

In particular, self-similar solutions have constant &(t) norm for t € (0, +00).
If u is a space-time function defined on a time interval I C (0, +00), we extend the above
definition and denote

lull sy := sup lu(Olls) = Stlé?(nﬁ(t)”Lw(R) + 79118, () | 2((0,+00Y) -

In the same spirit, we define the functional space
E(1):={ue L R): llullgq) < +o0},
and for I C (0,+00),
®) ) ={u:I-F'(R):i€ (I, %,((0,+00))), 3, € L°(I,L*((0,+00)))},
endowed with the norm || - || (1.

2.2. Main results. We can now state our results. Our main result is a local well-posedness
result in the space &(I), for initial data u; € £(1) at time ¢t = 1.

Theorem 1. Let u; € §(1). Then there exist T > 1 and a solution u € &([1/T, T]) to (mKdV)
such that u(1) = u;.

Furthermore, one has forward uniqueness. More precisely, let 0 < t; < t, and u and v be two
solutions to (mKdV) such that u,v € &([ty,t,]). If u(t,) = v(t,), then for all t € [ty,t,],

u(t) =v(t).

For small data in &(1), the solution is actually defined for large times, and one can describe
the asymptotic behavior. This is the content of our second result.

Theorem 2. There exists & > 0 small enough such that the following holds.
If llugllgc1y < O, the corresponding solution satisfies u € &([1,+00)). Furthermore, let S be the
self-similar solution such that

$(1,0) =0 ecC.
Then ||u(t)—S(t)|l o S ||u1||g(1)t_5/6_. Moreover, there exists a profile Uso € 6,(R \ {0}, C),
with |Use (07)] = lim,,_, 4 o0 1S(1, p)| is well-defined, and

o
N T ||u1||g(1)~

a(t,p)—Uoo(p)exp(—j—;wm(pnzlogt) (3)
p t 12

As a consequence, one has the asymptotics in the physical space.

Corollary 3. We use the notations of Theorem 2, and let

Y= {\/—x/?;t, if x <O,

0, if x> 0.



One has, forall t 21 and x €R,
4]

t1/3 (x/t1/3>

2.3. Outline of the proofs, comments and complementary results. In proving Theorem 1
and 2, we use a framework derived from the work of Hayashi and Naumkin [16], improved so
that only critically invariant quantities are involved (see Section 3). In particular, we use very
similar multiplier identities and vector field estimates. An important new difficulty though is
that to perform such energy-type inequalities, the precise algebraic structure of the problem
has to be respected (for example, in integration by parts): it seems that one cannot use a
perturbative argument like a fixed point, as the method truly requires nonlinear solutions.
On the other hand, the rigorous derivation of such inequalities at our level of regularity is
quite nontrivial.

This problem does not appear in [ 16] as the authors work in a (weighted) subspace of H', for
which a nice local (and global) well-posedness result holds ((mKdV) is actually well-posed in
H? for s > 1/4, see Kenig, Ponce and Vega [19]). However, no nontrivial self-similar solution
belongs to these spaces, as it can be seen from the lack of decay for large p in (3). Let us
also mention the work by Griinrock and Vega [13], where local well-posedness is proved in

B ={ue 9 ®): | (p)°all,s <+00} forl<r<2, s> %— %
This framework is still not enough: self-similar belong to H' ? but not better. When finding
a remedy for this, let us emphasize again that, due to the jump at the zero frequency for
self-similar solutions displayed in (4), one must take extra care on the choice of the func-
tional setting. In particular, smooth functions are not dense in & spaces (and they can not
approximate self-similar solutions).
In a nutshell, we face antagonist problems coming from low and high frequencies, and we
were fortunate enough to be able to take care of both simultaneously.

S

1 .
O fult, 1)~ Reai( 55 ) Voo () exp (Vs ()P loge )

3/10°

An important effort of this paper is to solve first an amenable approximate problem (in
Section 4), for which we will then derive uniform estimates in the ideology of [16]. This
approximate problem is actually a variant of the Friedrichs scheme where we filter out high
frequencies via a cut-off function y,, (in Fourier space). We solve it via a fixed point argument:
the cut-off takes care of the lack of decay for large frequencies, but again, smooth functions
are not dense in the space X,, where the fixed point is found (X,, is a version of & where high
frequencies are tamed, but the jump at frequency O remains).

In order to obtain uniform estimates, due to the absence of decay for large frequencies of
self-similar solutions, boundary terms cannot be neglected — unless the cut-off function y,
is chosen in a very particular way.

At this point, we pass to the limit in n (Section 5), and a delicate but standard compactness
argument allows to prove the existence part of Theorem 1 and Theorem 2. The description
for large time (the second part of Theorem 2 and Corollary 3) is then a byproduct of the
above analysis.

The forward uniqueness result given in Theorem 1 requires a different argument. We con-
sider the variation of localized L? norm of the difference w of two solutions. Our solutions
5



do not belong to L2, but we make use of an improved decay of functions in &(I) on the
right (for x > 0): in this region, one has a decay of (x)_g/ * and therefore they belong to
L2([0,+00)). The use of a cut-off ¢ which is zero for x < —1 allows to make sense of the
L? quantity.

When computing the derivative of this quantity, one bad term can not be controlled a priori.
Fortunately, if ¢ is furthermore chosen to be non-decreasing, this bad term has a sign, and
can be discarded as long as one works forward in time (which explains the one-sided result).
This is related to a monotonicity property first observed and used by Kato [18], and a key
feature in the study of the dynamics of solitons by Martel and Merle [21]. We can then
conclude the uniqueness property via a Gronwall-type argument.

Using the forward uniqueness properties, we can improve the continuity properties of the
solution u: the derivative of its Fourier transform is continuous to the right in L2, see Propo-
sition 18 for the details.

Backward uniqueness for solutions in & remains an open problem. One can recover it under
some extra decay information, namely that u; € L2(R) (of course this is no longer a critical
space). This is the content of our next result, proved in Section 6.

Proposition 4. Let u; € &(1) N L2(R). Then the solution u € &([1/T, T]) to (mKdV) given by
Theorem 1 is unique and furthermore, there is persistence of regularity: u € €([1/T, T ], L2(R)).

The stability of self-similar solutions at blow-up time t = 0, or more generally the behavior
of solutions with initial data in &(1) near t = 0 is a challenging question. This will be the
purpose of future work.

3. PRELIMINARY ESTIMATES

Throughout this section, I C (0,+00) is an interval.

Lemma 5 (Decay estimates). Let u € &(I)). Then u € 6(I, Wli’coo (R)) and more precisely, for
t €I and x € R, one has

1
(10) lu(t, )| S lu(Oll gy
t1/3<|x|/t1/3>1/4
1 1/4
(1) 2,01 S 7 (1l/ %) P Ol
Consequently,
_s5
(12) IO, S (IR,
(13) Iu(Bu(Ollze S T uOIP
Moreover, for x > t1/3,
1
(14 lu(t, x)] § —————————[u(®llecr,
£1/3 <X/t1/3>3/4 (1)
1
(15) |Gult, x)| § ————— 7 lIlu(Ollgo),
i £2/3 <x/t1/3>1/4 0

6



and for x < —t/3,

< 1

1 X | x|
t,x)— —=ReAi (_) 15\ )|®
u(t,x) t1/3 t1/3 u( 3t) t1/3<|x|/t1/3>

Proof. The statement and proof are very similar to Lemma 2.1 in [16]; notice, however, that
the norm || - ||x therein is stronger than ours, so that we in fact need to systematically improve
their bounds. For the convenience of the reader, we provide a complete proof.

We recall that @i(t) is not continuous at 0, and may (and will) have a jump (because we only
control ||3,ull;2(0,+00): in the following computations i(t,0) will mean the limit i(t,0M)).
Setting

(16) 5710 1U(Ollee)-

===, y= —%forx<0, y =0 for x >0,

we have the identity

o
1 o
u(t,x)zgRef PP (¢, p)dp, q=pVT
0

= nis/?Re JOOO elaztia® (ﬁ(t,y) + (ﬂ (t, %) —ﬂ(t,y))) dq

1 ox ).
17 = %ReAl(%)u(t,y) +R(t, x).

In the case x = 0, we integrate by parts in the remainder R:
1 °° 1 q

e [ (a0 ) L (a0 )aten)a
nJt q(q )1+iq(3q2+z) vt (t.))dq

qu-Hq
=m/‘ J 1+iq(3¢%+32)
_lq(6q”+z) (. 4 \_. 4 ,.(, 4
x(1+iq(3q2+z)(u(t’«3/?) u(t,y)) J_épu(,%))dq-

p
J Gpti(t, q)dq| < v/pllGpt(t)ll12((0,+00))>
0

we can estimate the remainder in the following way:
- q
(o 37)
vt

- q
e X)'<—J e ({CEDREG

) *  J/adg
S —l6,t(t —_—

1 Oo q e q*dq )%
+W(Jo 3u( «/?) dq) (L (1+q(3g2+2))2

1 el YV
S i 1+1—/3 118, () 2((0,400))-

R(t,x)=

Since

li(t, p) —u(t, 0)| <

Jo
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In the case x < 0, we denote r = 4/—z/3. Integrating by parts, we get

Rt = Ref (q_r)elqz+iq3) 1+3i(q —1r)2(q+r) (ﬁ(t’%)_ﬂ(t’y)) 4q

_ eldz+iq 3i(q—r)2(3q+r) ) q
- ”\/_ 1+3l(q—r)2(q+r)(1+3i(q_r)2(q+r) (”(t’ %) u(t, y))

q—r . q ro 1i(t,0)—1(t, y)

il t,— | |dg— Re - .
7T P ( ﬁ)) e S 1430
Then we can estimate

(" 1 (. 9
R(e, %) 5 «/?L T @2+ (‘”(t’ ﬁ)

1
+ 1/_( >||3 U(t)“LZ((O +00))

<_ VIg—rldg +U°° (q—r)*dg )1/2
1+(q—r)*(q+r) o (Q+(g—r)(qg+nr)?

x| Gp ()] 12((0,+00)) +

1
—||5,(t
AL 116t z2((0,+00))

1
S ———=I18,u(o)ll;> .
ﬁm P L2((0,400))
It now follows from the decay of the Airy-Fock function |Ai(z)| < (z)_‘lT that
—-1/4 . 1 .
(e 015 () (1Ol + ¢ IGO0 00)

1
S Wllu(t)llgm-

This concludes the proof of (10). For (11), we split once again between the cases x = 0 and
x < 0. In the second case, we have as in (17)

o.u(t,x) = ‘/1_ (\/_)u(t y)+R(t,x), with
D . iqz+i i o~
R(t,x):= ige' @ (t, %) u(t,y)) dq.

Analogous computations done for R yield

Iql
Jt

)

- 1 q - q
REXIS 75 |, 1+<q—r)2(q+r)(‘”( ﬁ)
a7 qdq
Jezoo ), 1+3(q—r)(q+r)
8




30 ll20,-00 ( J°° 2(q—r)dq )
75 . (+3(q—r2(g—r)?
1

EIRRar i
Sanlttas) (@l + e 18a0lo o)

1 x \1/4
Sm<m> lu(®ll ()

and the bound for d,.u follows from the bound on the Airy-Fock function | Ai’(z)| S ().
For x = 0, we write

1 oo
ou(t,x) = Re J jela=+ia’ gy (t, Bi) dq
0

Al

nVe2 Vit
1 i3 1 r\dr
= R e+ [ q(e,0)+ | 2 ~(t,—) —)d
V2 eJO h q(u( ) J;) pt Ji) Ve 1

1 e °° r
— — Re el g dg | 8 N(t,—)d :
Tt L (J; e q q) pu ‘3/? T.

For g,r > 0, we have

o0
iqz+iq3 <
e dq S .
J; 199 z + r2

Applying Cauchy-Schwarz, we obtain

1 oo
10t ) S =113 E(0)l 200,400 f 15 g
Ves r L2((0,00),dr)
1 1 .
S 2 ()" 18,8 ()| L2((0,400))-

Hence (11) follows. The estimate for d,u in (14) is also a consequence of the above estimate.
Now we prove the first estimate in (14). To that end, we integrate by parts the expression
for u:

1 = ] i 7 t 1 > . . T t
u(t,x) = gJ elpx+lpsfﬂ(t,p)dp — M_ _f elpx+1p3tap( i( >p) )dp
0 0

X i x +3p2t
— ﬂ(t’ 0) . l = eipx+ip3tapﬂ(t’p)dp + = eipx+ip3t 6Pta(t>P) D
X T J, X +3p2t 0 (x+3p2t)2 "

The first and third terms are bounded directly, while the second term is bounded using
Cauchy-Schwarz:

% peripte S P) * dp \"
eipx+ip’t P dp| < 118, a(t P
fo x+3p2t T 19,20 izc0.ve0 o (x+3p2t)?
o L g 165/ S 18,0l 120100y
S T 19O Oseon 3 iy 19 1O 400

9



Finally, estimate (16) follows from [11, Lemma 2.9]. For completeness, we present the proof:
define £ € Z so that

250 ~ t—1/3(|xl/tl/3)—l/5.

We split the estimate for

(o]

1 .
R(t,x) = —Re f et *®)(i(t, p)—ii(t,y))dp, ®(p)= %p +p°,
0

in three regions, using appropriate cut-off functions y, + yg + yc = 1:

Region A: |p—y| = y /2. Over this region, d,®(p) £ max{y, p}. Then an integration by parts
yields

J eitq’(l’)(ﬁ(t,p)—fl(t,y)))(A(P)dp < ||u(t)”é°(t).
0

1
t1/3(|x|/t1/3)3/4

Region B: |p —y| = 2%, If |p — y| ~ 2!, with [ > £, then 15,2(p)l R 2!y and the same
integration by parts gives
1 1
+
£5/621/2y * taly

(contribution of |[p—y|~ 21) < ( ) ||U(f)||g(t)-

Summing inl = ¢,

1 1
<
~ (t5/62€o/2y T tzgoy) (Ol e

1

f @) (Gi(, p) — (e, y))x5(p)dp
0

Region C: |p — y| < 2%. We decompose the integral as

o
J P (¢, p)— (¢, y))ze(p)dp
0 o0
- f PP @B ) (1, p) — e, ) xe(p)dp
0

o0
+ e“‘I’(”J e (i(t, p) — ii(t, y)) xe(p)dp
=1, +1,,. ’
Since [ii(t, p) — ti(t, ¥)I S t/®|p — y[*/?[|lu(t)ll 4(r), one easily bounds these integrals:
1] S e2%0]ull S €73 (x| /22 |u(®)]l gy
L] S £1/623% 2| [u()]| gy S €31 /£172)3 10 ull g O

Let u € 6(I, ') be a solution to (mKdV) in the distributional sense. Taking the Fourier
transform of
(at + axxx)u = _eax(UB)
10



using i(t,p) = eitpgﬁ(t,p), one obtains
7 iep it(p®—p3—p3—p3y 5 r
(18) atu(t:p)-’_ﬁ e 128 u(t:pl)u(t’pZ)u(t>p3)dp1dp2 =0.
P1tp2tp3=p
This leads us to define (with the change of variables p; = pq;)

a9 A[ul(t,p)=ip® ” P40 (¢, pqy )i(t, pg,)ii(t, pqs)dgr dga,
q1+q2+q3=1

so that
€
4m2

The following result is a stationary phase lemma for A[u]. Similar statements may be found
in [16, Lemma 2.4] and [11].

(20) dca(t, p) = —— Aul(t, p).

Lemma 6 (Asymptotics of the nonlinearity on the Fourier side). Let u € &(I). One has the
following asymptotic development for A [u]: forall t €I and p > 0,

3

p . . 1 _sipd P
@D Aal(ep) = o (e P p) = e (1.2) )+ Rl p)

where the remainder R satisfies the bound

POl
(P30 (p3e) 1+

Proof. This essentially relies on a stationary phase type argument. We must however em-
phasize that the computations and the estimations of the errors have to be performed very
carefully, because our setting allows few integration by parts and functions have limited
spatial decay. We postpone the proof to Appendix A. O

(22) IR[u](t,p)I S

Lemma 7. Let I C (0,+00) be an interval and t, € I. Let u € &(I) be a solution to (mKdV)
in the distributional sense.
Then, for some universal constant C (independent of I) and for all t €1,

la(O)llgeo < N0 +CClully, + lullyy),
. 1
18ci(O)lzee S £ IOl

Furthermore, if we denote

t 3
(23) E, (t,p) :=exp —ief P lii(s, p)|2ds |,
¢, (P3s)

one has, forall t,t €1

— 1
11



Proof. Since ii(t,—p) =1ii(t, p), it suffices to consider p > 0. Using Lemma 6,

(25) Bui(s,p) = —& 2 (ie—@fﬁ(s /3)— ili(s, p)[2i(s ))
p 47r( S\ V3 »P »P »P
pllull
(26) +0 20 =
(p3t)5/6 (p3t)
Denote v(t,p) =1ii(t,p)E,(t,p). Then the integration in time of (25) on [7,t] C I yields
t 3 3

p _ 8isp ~3 p

27) v(t,p)=v(T,p)—¢€ ———— e 9 E,(s, (s,—)ds
(t,p)=v(z,p) L a3 (ps) 3
‘ ds

We claim that

ft (5335) _8159[) E,(s,p)i® (s —)ds

Indeed, integrating by parts,

t p3 815p3 p
E, (s,p)il ( )ds
JT (pg) (s, p)i 3
t
. _8isp3 1 p3 ~3 p
_L o, (se 9 )1_8?3 <p?,s>1:"u(s,P)u (s, 3)ds

t 8159173 ) O(p6s)
=— E(5p) 3(3(513/3) —
L 1-%¢ (1-53) (p3s)

(29)

(1 =
S Clulf gy + )i )

35p 2 33 3~3 . 9
+ (s, p/3)ils(s, p/3) + - 2u (s,p/3)lls, p)I~ |ds

(p3s) (p3s

3 S=t

8isp
E,(s,p)e 9 i3(s,p/3)
1— 8isp3
9 S=T

From (25), we have
21iiCs, )| < 57 a6 B0 S 5 luld,-

Taking absolute values in the above expression,

E (s p)u (S —)ds <(||u||g([ff +||u”£([rt ))J

< (ull2 g, + ||u||é,(1))m1n((p3T>’ |t<;3)r|)

12



as claimed. We plug this estimate with 7 = t; in (27),
1@ e0 = IV (Olloo < V(eI o0 + CUIIG ) + lull;))-
Estimate (24) follows from (29):

|V(t:p)_v(7)p)| 5

t 3 3
p _81sp ~3 p
————¢e 9 E,(s,p)i (s,—)ds
L4nf3<p3s> P

t
ds
+0| p*llull} J )
( 50 ) (p3s)3/6 (p3s) /4

| [t—1| 1
s(||u||2(,)+||u||§m)mm( Wt ) O
p

4. CONSTRUCTION OF AN APPROXIMATING SEQUENCE

Let (¥ )nen € < (R) be a sequence of even decreasing functions such that
o foralneN,0< y, <1, X;/Z € L (R),
o forallp e R, y,(p) > 1asn— +oo.

¢ sup |P(Xi/2)/(P)| —0asn— +oo.
pER

The existence of such a sequence is not completely obvious, let us sketch how to construct
one.

Claim 8. There exists a sequence (x,)nen Satisfying the above conditions.

Proof. Define the function ¢, as follows: ¢, is even and

1 if [p|<n
¢n(p)=1{1—zIn(p/n) ifn<p<a,
e P ifp=a,.

. . . . 1 a _
where a,, > 0 is chosen so that ¢, is continuous, thatis 1——In (—") = e~ % One can check

that a,, € [ne" —1,ne"]. " "

It follows that 0 < ¢, < 1, @, is non-increasing on [0, +00), and sup,cg Ipe! (p)l=0(1/n).
Then let ¢ € 2(R) be non-negative, even, with support in [—1,1] and ||4|[;1 = 1. One can
see that y,, := (¢, *1)? answers the question. O

Define, for any u € &’(R),
M,u(p) = xa(p)a(p).
Throughout this section, we shall study the properties of the solutions of

3 3y —
(1, -mKdV) ou+ 3 u+ell,0,(u”) =0,
u(l) = Hnula
where u; € &(1) is given. Equivalently, we consider the equation
€
(30) 8ii=—2 Aul, a(1) = g,y
4n2

13



(with the slight abuse of notation ii; = ¢(—1)u;). Define

(3D e, o = 19 (=0 oo + || Q0w 2

L2((0,4+09))
and the space

X,(t):= {u e ¥'(R): llullx, o) < oo}
Similarly, if I C (0,+0o0) is an interval and u a space-time function, we denote

lullx, @y == SUP lu(Ollx, ) = SUP a(e)x, Hipeo + 112 (), 172 llL2((0,+00))>

and
X (D) :={ue e, &' R):iy," € €I, 6,((0,+00))), d,ily, */? € €(I,L*((0,+00)))}.
Observe that if u € £(1), then

T [lx, 1y < Nl llogay-

Proposition 9. Given any u; € &(1), there exists T_, < 1, T, , > 1 and a unique u, €
X, ((T_ ,, T ) maximal solution of (IT,-mKdV). Moreover, if T, , < 00, then

lim ||, ()llx, ) = +00.
t—T,

(A similar statement holds at T_).

In particular, u € §((T_ ,, T, ).

Proof. This is a standard fixed-point argument (in the estimates below, the implicit constants
are allowed to depend on n). We work for times larger than 1, the other case is similar. For
T>1,M>0,let

(32) Bo(T,M)={ueX,([1,T]): llully qorp <M}
endowed with the natural distance

d(u,v)=|lu— V”XH([O,T]);
and

i (p)
(W)t ) = 2a(P)is () — 4" s, p)s.
Using the strong decay on the Fourier side, that is, for any ueX,(T,M),

Vte[1,TLVpeR, li(t,p)l<My,(p),

one may easily obtain the necessary bounds on W. Indeed, we estimate

(33) |A Tul(t, p)I S I ff 2n(01)2n(02) 2n(@3)d g1 dqs [[ull3,
q1+q2tq3=p

2
Slpl sup zo@@a)lzalluly, < hulf}
lgs|=Ip/3l

where we used the fact that at least one of the variables q;, g, and g3 has modulus at least
|Ip/3| . Hence for t € [1,T],

120 2 Moo = 1) 2 oo S Hntin 2y oo +

f N ul(s)ds

Lo
14



S llgllpee +(T—1) sup [[ATul(t)lle
te[1,T]

S i llpee + (T — 1M,

Similar to estimate (33), we have

18,4 [ul(t,p)l S tlplff (PP +195*)xn(a1) xn(@2) n(@3)dqrd g llull},
q1tq2tq3=p

+1pl ff 2n(41)n(92)18,u(gs)ld g1 d gy lull}
q1+q2tq3=p

Slpl sup (P +a3)xalgn)llxallf llully,
195/>1p/3]

1/2
+Ip| (H Xn(ql)2Xn(q2)Xn(q3)dq1dq2)
q1+q2+q3=p

1/2
X (Jf xn(q2)|3pu(q3)lzx;1(q3)qudq3) ullf < lull .
This implies the direct bound

||apﬂ(t))(;1/2||L2((0,+oo))
S a8t 27 2000y + (T = DIl 2l sup A TuI(O)llwreo
T

te[1,T]
S 18,81 Ml z2(0, 400y + (T — 1)||u||§’(n-
Thus
I @)llx, 0,77 < € (lurllsqy + (T —1)M?).
Analogous computations yield
d(¥(w),¥(v)) < C(T —1)M3d(u,v)
(since A4 is a trilinear operator). Choosing M and T such that
¢ (lallx, +(T—DM?) < M,

and C(T—1)M < 1/2, we see that ¥ : B,(T,M) — B,(T, M) is a contraction. The result now
follows from Banach’s fixed-point theorem. O

To conclude the construction of a solution, we need the time interval on which the approxi-
mating sequence is defined to remain wide independently of n. To that end, we need some
a priori bounds.

Lemma 10 (L °° bound for (I1,,-mKdV)). Givenu; € &(1), denote u the corresponding solution
of (I1,-mKdV), given by Proposition 9 and defined on (T_,, T, ,). Let I C (T_,, T, ,). Then

(34) Veel, (07 e < Nz e +ClllunlS ) + lulS)
and
L 1
ety oo S 7 il

15



Moreover, if one defines

t_3
E"(t,p) = exp (—ief1 %wn(&p)lzds).

then forall t,T €1,
- - -1 3 5 [ [t=1l 1
IGE™(t, p) — @E")(T. )l 2 (P) < Clllunll3 g+ llunllS ) min | =0, —— .
%) " (cp3)e
Proof. The proof follows the lines of Lemma 7, we leave the details to the reader. g

Now we look for an a priori bound for J,1i,,. Define the operator

— 3it : 3t
Ju(t,p) = i8,4(t, p) — =—8,4(t, p) = ie'?’ (apﬁ - —8tﬁ),
b b
which corresponds to the formal operator
X
x + 3t f o,dx’.
—0Q
Using the definition, one may check that, if
—
Mu:=y,u

then
S (M) =T, Lu+ill u.

Moreover, if we let L = 3, + 37,
Ifu=FLu+ 2Iu, S, =3u2(Su), —3us.
p

Lemma 11 (H' bound for (IT,-mKdV)). Given u; € &(1), the corresponding solution u, of
(I1,,-mKdV) satisfies
P € 6 (T, Ty ), L*((0,+00), 1, dp)).

There exists a universal constant k > 0, such that, for 1 <t <T, ,,

o 1/2 co 1/2
— — 2
Vte[l,T,,) ( f lﬂun(t,p)l2x;1dp) <( f lﬂun(l,p)lx,jldp) el
0 0

3 1/6
- +0u(Dllunlloqy ot "
- 1/2 oo 12
—_— su, 2
Vee (T, 1], ( f |yun(t,p)|2x;1dp) ) ( f Fua (1Pl dp ) e
. 0
36) T 0u(Dlluy 3, 1t

&([t,1])
Proof. Fix € > 0. First of all, notice that, by Lemma 10, we have
— . 3t
gu, =ie P’ (8pﬂn — ?@ﬂn) € L*([e,+00), x, 'dp),

16



which justifies the finiteness of all the following integrations. On the other hand,

8,9y —ip° P, = LIu, = FLu, —3ell,(u3) = —# (11, (u3),) — 3€ y i3

= —e ), 9 (), — e (3, —3exutld = —e (3 P( ) + ip il )

Multiplying by ju\n Xn ! integrating on R \ (—¢, ¢) and taking the real part,

1 d —_— — - —_— —_—
>dc |#u,(p)I* %, (p)dp = —€Re J u2(p1)pafu,(py)Fu,(p)dpydp
R\(—¢,¢) R\(—¢,e) J p1+pa=p
—eReJ PPy A3 (p)Fuy(p) 2 (p)dp
R\(—¢,¢)
= Il + 12.

For I, we split the integral in p,:

S ellFupllp2r\(—e.e | UnllL2((0,4 00 U2l 11

€
J f Su,(p)Fu,(p2)pouz(pr)dp,dp
R\(—¢,6) J —¢

—0 ase—0.

(Indeed ||ﬂg||L1 S IIﬂn||%1 < 4+00). Then observe that

ReJ J u2(p1)pa P uy(py) Fuy(p)dpydp
R\(—¢,¢) J R\(—¢,¢)
=ReJ J u2(p1)(p — p1)Fuy(p2) Fun(p)dpydp
R\(—¢,¢) J R\(—¢,¢)
= —Re J J Pp1U2(p1) Pun(p2) Fun(p)dp,dp
R\(—¢,¢) JR\(—¢,¢)

e J J W2(p)P2Fun(p2) Pt (p)dpadp.
R\(—¢,e) J R\(—¢,¢)

Hence, if we define the operator

—

]lEV = ]lR\(_E’E)l/),
then

Re f f u2(p1)p2 Py (py) Fu,(p)dp,dp
R\(—¢,e) J R\(—¢,¢)

1
2

Re f f p1u2(p1)Fu(p,)Fu,(p)dp,dp
R\(—¢,¢) JR\(—¢,¢)

S J J p112(p1) T, #u(py) T, 1, (p)dpadp| S | | (@2 ()1 ,(Fu,)(x)2dx
S un Bty llpoo 11 (LI, S ||unaxun||poj 12w, (p)? 2 (p)dp.
R\(—¢,¢)

17



Now, to estimate I,, we use Cauchy-Schwarz:

1/2 1/2
1| S (f Ifun(p)lzxgl(p)dp) (J Ipxr’l(p)x;”zlzluﬁlzdp)
R\(—¢,¢)

1/2
< ( J Iju\n(p)lzxﬁl(p)dp) llun (112, sup Ip(x 2 (p)
R\(—¢,¢) PER

Here we crucially use the third condition on y,. Putting together these estimates, using
Lemma 5 and the symmetry @,(t,—p) = 4,(t, p),

d () 1/2
U |Su,(p)Px, 1(p)dp)

dt

(%) 1/2
37) snunaxunnm(f |3u\n(p)|2x;1(p)dp) +0.(1) + 0, (Dl (DI

lun My ([ — 12 (O
s—“u |ﬂun(p)|2x;1(p)dp) +0,(1)+0,(D)——z >
£

It follows that, for t = 1 and some universal constant k > 0,

(%) 1/2 o) 1/2 s
U mun(pnzx,:l(r,p)dp) <( J |fun(p)|2(1,p)x;1(p)dp) ¢ lallecr,
£ £

+0,(6) + [l (O3 0n ().

Taking ¢ — 0, the result follows. An analogous computation yields the inequality for t <
1. O

t

Proposition 12 (Global existence). Given u; € &(1) small, let u, be the unique maximal
solution of (I1,-mKdV) given by Proposition 9. Then there exists T = T (||lu;|lg(1)) < 1 such
that, if n is large enough, u,, is defined on [T,+00) and

(38) lunll o1 +00)) < Clluzllgey-
Proof. Fix 6 > ||luj||g(1)- Define
- - - . -1/2
(39) fn(t) = ”un(t)xn 1||L°° +t 1/6||apun(t)XN / ||L2((0,+oo))
and let J,, be the maximal connected interval containing t = 1 such that
fa(t) <4C6,y, teld,.

For & sufficiently small and some T < 1 close to 1, it follows from Lemma 11 that, given
teJ, t>T,

oo 1/2 (%) 1/2
(f Iﬁ(t,p)lzx,fldp) < Z(U I@(l,p)lzx,jldp) +on(1)fn(5)3> t1/8,
0 0

Recalling that
C—— 3t o o
0,il,, = —ie''?” gu, + ?Etun = —ie'"” Ju, +3ty,e P ud,

18



we derive the bound for J,ii,:

18, ()12l 2(0,4 00)) < 1 ZUn() 2721l 120,100y + 3t||a§(t)){i/2||L2
S 0 (19un (D27 20,4000 + 0D 0)) + 3t
S Y0 (191, (1D, 2 20400 + 0n(1f(£) + £o(£)?).
Together with the L°° bound (34), we infer
Fa0) < C (Il aWll oo + 28,1 1) 20,4 00) + 00 (1 fn(8) + £u(£)?)
<C (||u1||g(1) +on(1)f,(t) +fn(f)3) .

If n large and 4C||u;|| < &, then a continuity argument implies that

6
(40) Ve, t> T, folt) <2Clulleqy < =
Hence J, must be equal to [T, T, ,). By the definition of J, and the blow-up alternative,
T,,=+o0. g

5. WELL-POSEDNESS ON THE CRITICAL SPACE

Proposition 13 (Existence for small data). There exists C,& > O such that, given u; € &(1)
with [|u;llgy) < 0, there exist T = T(||luyllg1)) < 1 and a unique u € &([T, 00)) solution
of (mKdV) in the distributional sense such that u(1) = uy. Moreover, there exists a universal
constant C > 1 such that

(41) llull g 7,00)) < Clluzllgq)y.-

Proof. Step 1. Approximate solutions and a priori bounds. For each n € N, define u,, as the
unique solution of (II,,-mKdV). By Proposition 12, for n large enough, u,, is defined on
[T, +00) and

||Un||g([T,+oo)) < Co.

Step 2. Convergence on the profile space. Since the sequence (@) nen is uniformly bounded in
€ ([T, 00),H'((0,+00)) N L>°(R)), the Sobolev embedding implies that
|ﬂn(t>p)_ﬁn(t;Q)| 5 |P_Q|1/2> P:q>0

Moreover, by Lemma 10, we have ii,, uniformly bounded in W1°°([T, co0), L°°(R)). Hence
(@, )nen is equicontinuous on [T, 00) x [0,R], for any R > 0. By Ascoli-Arzela theorem, we
conclude that there exists it € C, ([T, o0) x (0, +00)) such that, up to a subsequence,

iy — @t uniformlyin [T, T’] x [O,R], T’ > T, R> 0.
Given p < 0, we set

ﬂ(t)p) = ﬂ(t: _p)

Step 3. il € C,([T, 00) x R) N L°°((T, 00), H'((0, +00))). Define

t 3
. p ~ 2
E,(t,p) =exp (—lEJ ———|ii(s, p)| dS),
u 1 4m(p3s)

t 3
E"(t,p) = exp (—ief %mn(s,p)ﬁds).
1
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By Lemma 10,
|t —s|

(p3)

|it,E"(t.p) — i, E"(s, p)I S
Taking n — 00, we get
t_
G, (6.p) — GE,(5,p) § L),
{p?)

which means that @iE, € €([T, o0), L°°(R)). On the other hand,

t 3

la(s, p)Pds < |t —s].

P
|Eu(t’p)_Eu(s’p)| 5£ (p38>

Hence, when t — s,
I6(t) — @)l ooy < NT(E)E, () — U(S)Ey ()l poory + [1E(s) (Ey(£) — Ey($)) [Ipoo(my = O
and soii € €([T, 00), L°°(R)).
Fix t € [T, 00). Since (ii,(t)) ey is bounded in H((0,+00)), up to a subsequence, there
exists g(t) € L2((0,+00)) such that
8,11,(6) = g(0),  N8(OlL2((0,400y) < Hminf |3, (t)ll 120,400y S 6-
Since ii,(t) — i(t) in L2 (R), we have ii(t) € H((0,+00)) and o,t(t) = g(t). Moreover,

l
the uniform bound on g(otc) implies

fi € Cy([T,00) x R)N L((T, 00), H'((0, +00))).
Step 4. Convergence on the physical space. We already now that
i, p) = iy (t, 07, (e, p) — e, 01)] S |p*/2.
Hence, ii,,(t) — i(t) in &’(R). Therefore u(t) = (eitP’7)V(¢) is well-defined and we have
u, > uin 9'((T, >0) x R),

We now claim that u is in L°°((T,o0) x R) and that u,(t) — u(t) in L*°(R), for any
t € [T, 00). Since (u,),ey is bounded in &([ T, o0)), Lemma 5 implies that, for any K C R
compact and T’ > T,

VEelT,T'],  lun(Ollzeowy 1) (Ollpoox) S 6,
and VxR, Vte[T,T'], |u,(t,x)| < C(T)(x)"7.
Again by Ascoli-Arzela theorem, there exists h(t) € €(R) such that
up, (t) = h(t) uniformly in K, for any K C R compact.

and

Al

|h(t,x)| S C(T)(x)"%, x€eR.

This implies that h is, in fact, bounded over (T, T') xR. Since u,, — u in the distribution sense,
h = u. Hence the limit h(t) is unique and we conclude that the whole sequence (u,,(t)),ex
must converge to h(t):

u,(t) = h(t) =u(t) uniformly in K, for any K C R compact.
20



Finally, the uniform decay of u, and u imply that this convergence holds over R,
u,(t) = u(t) in L*°(R).

The claim is proven.

Step 5. u is a solution of (mKdV) in &([T,+00)). Since u,(t) — u(t) in L*°(R), one has
(u,)® = u? in 2'((T, 00) x R).

Recalling that (8t+8x3)un = —ell,((u,)*),, one may now pass to the limit in the distributional
sense and

o+ af)u =—e(u®),.
By Step 3, u € &([T,+00)) and the bound (41) follows from the corresponding bound for
u,. The proof is complete. O

Remark 14. As a consequence of the above proof and Lemma 11, one may easily see that, if
luzllgy < 6 < 8o, then

—_— — 2
(42) Ve 1, [19u(O)lli2eo+00y < 1FUDl 20400t  and
— — )
(43) Ve<1, [Fu()lli2qo.+00) S 1Fu(Dll2(0400t

We now consider the large data case. Here, the only delicate point is to prove that the lifes-
pan [T_,, T, ,] does not become trivial as n tends to 0o. Afterwards, the arguments of the
previous proof may be applied mutatis mutandis.

Lemma 15 (Uniform local existence for large data). Given u; € &(1), there exists T_(u;) <
1, Ti(uy) > 1, C = C(lluyllg(ry) such that, for large n, the corresponding solution u, of
(I1,,-mKdV) is defined on [T_(u;), T, (u;)] and

lunlleqr @p,r.w)n S Cllualleqy-

Proof. Due to the critical nature of the space &, we are unable to obtain a uniform time-
continuity estimate for the solutions u,. Instead, we argue by contradiction. We focus on
showing the existence of T, (u;) > 1, the other case being completely analogous.
Let C; > 0 be a large constant to be chosen later. For each n, let t,, > 1 be the first time
satisfying
llen (E)lloce,) = Callualloqy-

Suppose, for the sake of contradiction, that t,, — 1 (in particular t,, < 2). The uniform bound
of ii,,(t,,) in L N H((0,+00)) implies the existence of v such that

Bpliy(t,) — J,v in L%(0,400), ii,(t,) — v in L°°(K), for any K C R compact
On the other hand, by Lemma 10,

|(@, E™)(tn, p) — i1 ()| = (@, E")(tp, p) — (@, E")(1, )| + | (1, p) — 111 ()
(44) < Uln (DB, + luta (eI g = 1+, (p) — 1] = 0
which means that v = {i;. Moreover, the decay estimates of Lemma 5 imply that

u,(t,) = up in LS(R).
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Due to (35) from Lemma 11, we have

oo
I(Lun) () 20,400y S ( J

2
Coxllus 2

1/
|yun(1)|2)(n_1dp) ty oo +On(1)trll/6”un(1)”é’(l)'

0
C12K||L11||(2g,(1) .
For n large, t, < 2. Using once more the formula
~ . . 3 — 3 3/\
(45) yily, = —ie'P" Fu, + 3t ye P ud,

we get that for large n,

||ﬂun(1)){;1/2||L2((o,+oo)) S ||3pﬂn(1)l,?1/2||L2((o,+oo)) + ||u?l(1))(,1/2||L2((o,+oo))
< ||u1||g(1) + ||u1||§e S ||U1||g(1)(1 + ||u1||<2g(1))'
As a consequence, we get
1w el 20,400y S N lleqy(L + Il qy)-
In the above estimate, we emphasize that the implied constant does not depend on C;. Using
(45) yet another time gives
118y Ty (£ )M L2((0,4-00)) S 1(FU)(E Nl L2((0,400)) T+ Btnllu2 (Dl 12((0,4-00))
< s sy (2 + a2 p,)-

Moreover, it follows from (44) that ||ii,(t,)|l e < 2[[uy]|gq) for large n. In other words, for
some absolute constant C;, and large n,

lunCtllece,) < Colluzlleqy(L + lluzllzgy)-
Choose now C; = 2Cy(1 + ||u;|,,,): this is a contradiction. Hence t,, # 1, and the proof is

&(1)
complete. O

We can now follow the same arguments as for the proof of Proposition 13, and get the
analoguous result for large data given below.

Proposition 16 (Existence for large data). Let u; € &(1). Thereexist T_(u;) < 1and T, (u;) >
1 and a solution u € &([T_(uy), T, (uy)]) solution of (mKdV) in the distributional sense such
that u(1) = u;.

We now turn to the forward uniqueness result. It relies on completely different arguments,
related to a monotonicity formula.

Proposition 17 (Forward uniqueness). If u,v € &([t, t5]) are two solutions of (mKdV) and
u(ty) =v(ty), thenu=v.

Proof. Step 1. In this proof, we abbreviate |[ullg¢,,7) by llull. The difference w = u—v
satisfies (3, + af)w = —e((w+v)® —v3),, w(t;) = 0. For any x; < x,, take ¢ € C*°(R)
increasing such that ¢(x) = 0 for x < x; and ¢(x) = 1 for x > x,. A formal computation
yields

(46) % J‘ w(t)?¢pdx = ftl f (—;Wid)x —w, W, —e((w+v)°— vg)qub) dxds

22



This can be rigorously justified by a regularization process: for any 6 > 0, take ¢ € C™°(R)
such that Supp(vy) C [ty,t,] and ¢ =1 over [t; + &, ty — & ]. Then yw solves

@+ Yw)=y'w—eyp (w+v)*—v*)_  in 2’ (RxR).
Taking a sequence of mollifiers (in both space and time) (p,),~q, one has
(@, +02)(pe % (Pw)) = pe x (P'w) —epy # (h((wWH+v —v),), te [ty 1],

Writing w, = p, * (y»w), one now multiplies the above equation by w,¢ and integrates over
[t;+6,t] xR:

47)
J We(t)qudx _J Wg(tl + 6)2¢dx = f J (_g(axwa)2¢x - (axwg)wsqux) dxds
t1+6

(48) +f J Pe >|<(llJ/W—EQ’lJ((W-i-V)B—Vg)x)W€¢dXdS
1+6

Using the decay properties of w and v (cf. Lemma 5), one may show that
weL%(¢pdx), dwel®(pdx), d.welL*(¢p,dx),
wd,w € €(Supp(¢,,)), uniformlyinte[ty,t,].

Furthermore, since w € €([t1,t,], L 2(R)) and [w(t,x)| S Cllw|jx~! for x = 1, it is trivial
to check, using the dominated convergence theorem, that w?¢ € 4 ([tq, t,], L'(R)). These
bounds are sufficient to show that, when € — 0 in (47), one obtains

(49) %Jw(t)qudx—%Jw(tl—F&qudx

t
3
:f f(—§W§¢x—wad)xx—6((W+v)3—v3)xw¢)dxds.
t1+6
Finally, using once again the continuity of |[w?(t)¢||,1, the limit & — 0 yields (46).

Step 2. Fix ¢y € C°°(R) non-decreasing with ¢(x) = 0 for x < 0 and ¢(x) =1 for x > 1.
Define the sequence ¢,(x) = ¢o(1 + x/n), which satisfies

(Do) lr2
ol

¢n(x) — lasn— oo, ”(¢n)x”L2 =

Applying (46) to ¢,

% f w(tpndx < f (||wxw||Loo||(¢n)xx||L1—e f ((w+v)3—v3)xw¢ndx)ds.

1

We expand the last term:

f(wg)qubndx = f 3ww, w?¢,dx, f(vwz)qubndx = f(vxw + 2w, v)w?¢p,dx

f(vzw)xwd>ndx = f 2v yw2e,dx + %f V2(w?), P dx = J voyw?e,dx — % J V2w () dx.
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Recall that, from Lemma 5, as u,v € &([tq, t5]), [[u(t)v, (t)llze < llullllv]l/t (and similarly
with w). Also,

JV(t)ZW(t)Z(qB )xdx < ()il V(O oo VOl ellW(OIIF S

Hence

JW(t)2¢ndx<f IwliNl(¢n )xx”Ll f (el + 11vII? )U W(5)2¢ndx) &

f (|Iu||4+||V”4)”(¢n)x||L2?S

02 (Y Tl + Dl ds
P g () BT s a4 o )| (] werenax) T
n 0l ymdd

If we denote M = 4C(1 + ||lu]|* + ||v]|") (ln(i—f) + t%) (where C is the implicit constant in
1

\/_ 7/6(|Iull4+ vII*).

the above) we obtained

fw(t)2¢ndx —+MJ (J w(s)? o, )is

Applying Gronwall’s inequality, there holds, for all t € [t, t,]

Jrureare 5(2)"

Fix t € [tq, t,]. Taking the limit n — oo and using Fatou’s lemma, we infer
2 . ) oM e \M
w(t)*dx < liminf | w*(t)¢,dx <liminf——| — | =0.
n n ﬁ tl
Thusw=0andu=v. g

Using the forward uniqueness property, we are able to obtain some further continuity infor-
mation on the solution u we constructed.

Proposition 18 (Continuity properties on J,i). Let u € &([T_(u;), T;(u;)]) be the solution
constructed in Proposition 16.

The map t — J,1i(t) is continuous in weak-L? on [T_(u;), T, (u;)], continuous to the right in
L2, and it is continuous at t = 1.

Proof Step 1. Continuity at t = 1 in L.
Given a sequence t;, — 1%, since ii € L°°((T, 00),H*((0, +00))), one may extract a subse-
quence so that

Gyti(t;) — z weakly in L2((0,+00)).
The continuity of t — fi(t) € L°°(R) implies that z = 8,i(1). Since u € ([T, 00)), given any
compact set K C R, the estimates of Lemma 5 imply that (u(t;))iey is in W (K). Hence,
by Ascoli-Arzela theorem, up to a subsequence, there exists v € ¥ (R) such that

u(ty) » v in L°°(K), K compact subset of R.
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Moreover, due to the uniform decay of u(t;), one sees that this convergence is valid over
L°°(R). Since, by Step 3, ii(t;) — (1) in L°°(R), one must have v = u(1). Together with
the decay estimate (10), the Dominated Convergence theorem implies that

i(t,) = (1) in LO(R).

Hence
. — 3t; - — L3
eI () =1 (3pﬁ(tk) — 4—ke”’<p3u3(tk)) — e P’ Fu(1)  in L2((0,+00)).
T

On the other hand, using (35) from Lemma 11,

(o) 1/2
(LWt L2(0,4+00)) S li,?l (J |fu(fk)|2)(;1dp)
0

< lim U |Zu(1)2y1dp + on(1)53) £/
" 0

= P20, r0onty -
Therefore e '’ Fu(t,) — e P’ #u(1) in L2((0, +00)) and
(50)  B,a(t) = —ie "% Fu(e,) + %e“w?(tk) — 8,ii(1) in L3((0, +00)).
The continuity to the left of t = 1 follows from the same arguments and (36).

Step 2. Continuity to the right in L2.

Now we observe that i is continuous to the right with values in H*((0, +00)).

Given ty € [T_(u;), T (u;)), Proposition 16 show that one may build v satisfying 7 € &([to—
&,ty + €]), for some ¢ > 0, with v a solution to (mKdV) in 2'((ty — ¢, ty + €) x R) and
v(to) = u(t).

Step 1 shows that we can furthermore assume continuity at t,: J,7(t) — J,7(t) in L%((0,4+00))
as t — ty. However, by forward uniqueness, v = u on [ty, ty + €], which means that apa is
continuous to the right at t.

Step 3. Continuity in weak-L?.

Let (t,)ney be a sequence of times in [ T_(u; ), T (u;)] such that t,, — t,. We already saw that
i(t,) — d(t,) in L°°. Since ,1i(t,) in bounded in L?((0,+00)), any subsequence admits a
sub-subsequence converging in weakly in L2, to a limit which can only be u(t,). This proves
that the full sequence converges: J,ii(t,) — d,u(t,) weakly in L2, O

Remark 19. If backward uniqueness holds, then the same proof shows full continuity: J,i €
(g([ T—(ul ); T+(u1)]) Lz)'

Proposition 20 (Forward uniqueness implies a backward blow-up alternative). Let u €
&((T_, T,)) be a maximal solution of (mKdV). If T_ > 0, then

limSTUPHu(t)Hg(r) = oo.
t—1_
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Proof. By contradiction, suppose that
VtE(T_,l), ”u(t)”g(t) <M.

It follows from Step 3, proof of Proposition 13, that i is Lipschitz in time with values in
L°°(R). Moreover, since T_ > 0, i is bounded in H!((0, +00)). This means that u may be
extendeduptot=T_:ue &(T_,1]).

Now consider the solution v € &([T_—¢, T_+ ¢) of (mKdV) with v(T_) = u(T_). By forward
uniqueness, u = v for t > T_. This means that u is not maximal, a contradiction. O

6. WELL-POSEDNESS ON L2(R)N &

In this section, we prove Proposition 4, that is, once we restrict the critical space to L2-
integrable functions, the local well-posedness theory works in both directions of time. We
split it into two statements: one for uniqueness and another for persistence of L2 integrability.

Proposition 21 (Backward uniqueness). If u,v € &([ty,t5]) are two solutions of (mKdV)
with u,v € 6([t1, t>], L?(R)) and u(t,) = v(t,), then u; = u,.

Proof. Set w =u—v. Then (8, + 32)w = —e(u® — v*),. The right-hand side of the equation
is in L°°((t1, ), L*(R)):

1) (Oll2 S Nl (Ol 2 S Nullse,, epllellzoo ey e0),22)-

Applying w to the equation, we see that

’%%HW(t)ug < (g u(Oll o + vy (Ol o) (O,

S Ulllsge, ) + Null e e, WO,

By Gronwall’s lemma, we obtain w = 0. g

We now prove existence of solutions in L?(R)N &, which can be translated into a persistence
result:

Proposition 22 (Persistence of L2 integrability). Given u; € &(1) N L2(R), consider the cor-
responding solution u € &(I) of (mKdV) given by Proposition 13. Then u € 6 (I, L*(R)).

Proof. Consider the approximate solutions u, of (IT,-mKdV). Since u, xn_l € 6(I,L*°(R)),
we have i, )(n_l/ 2 € ¢(1, L%(R)). It then follows by direct integration that

=0

1d
2dt

f |an(r,p)|2x,:1dp’ = ‘ f @(t,p)an(t,p)dp‘ = ‘% f () uipdx

and 5o [liz, /2(0) 2, e

then infer L?-conservation by direct integration of the equation for u:

is conserved. In the limit n — 0o, we obtain u € L°(I, L%(R)). We

lu(O)llz2 = llug |2

Together with the weak L2-continuity, we conclude that u € € (I, L?(R)). O
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7. ASYMPTOTIC BEHAVIOUR AS t — +00

Given v € (0,1/2), consider the norm
y_ 1 ~ _ 1
lullay = 3 6||apu||Lz+su£{|p| "(p%e) " )}
pe

and define
%) ={ue ' (R;R) :ii(0) =0, |lully> < 00}.
For the sake of completeness, we recall the following technical lemma.

Lemma 23 ([16, Lemma 2.2]). Given v € (9/20,1/2), let u,v,w € &([1,T]) be such that
w(t,0) = 0. Then there exists a universal constant C > 0 such that

_5_
6D Veel[L,T],  llu(ev(@w(ollge < Ctme 3 {[ul®)ll g lv(Oll s w2,

Furthermore,

1 X ). _1/3— —1/4
(52)  |w(t,x)= mzReAi( 2 )i, )| S VP (/) Ol

t1/3

where

(53) y:{ vV—x/3t, x<0

0, x>0 '

Proposition 24 (Asymptotics in the Fourier space). Given u € &([1, 00)) solution of (mKdV)
with ||ullg(1,+00)) < 6, let S € £([1, 00)) be a self-similar solution with

S(1(0") = u(1)(0*).
Then, for any v € (9/20,1/2),
(54) ||u(t)—S(t)||@tv <306, t=1.
On the other hand, there exists Uos € Cp(R \ {0}) such that

55) (£, p) — Uso (p) exp (—;—;ww(pnzlogr) <

(p31)®
Finally, one has
(56) lim |Us(p)l= lim [S(t,p)l

p—0* tp3—+00
Remark 25. As a direct consequence, we see that, if S and S’ are two self-similar solutions
with [|S]lgc1), IS’ llg(1) < & and

S(1)(0) = 5(1)(0),
then S =5’.
Proof. Proof of (54). Set w(t) =u(t)— S(t). Observe that
”W(].)”@/tv < 26.

Suppose that there exists T; > 1 such that

Iw(®)lls,y <305, 1<t<Ty, and [[W(Ty)llay =305,
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Due to the self-similar structure of S, #S = 0 and so
8p§ = 3teitP’S3.
Since (8, + Oy )W = —e(W® — 3uw? + 3uw),,
19, (D)l 20,400y < 1FWE) Il L2(0,+00)) + 3EN (W — Buw? + 3uPw)(6)]| 12
< 1Ol 2000y + 30531573 < 256573,
Moreover, since w(0) =0,
#(e,p)| < VB, (0lz2 < 281p|” (pPe )

Thus
300 = ||W(T1)||@TV1 < 40,

which is a contradiction. Hence
||W(t)||@tv <306, t=1

and (54) follows.
Proof of (55). From (24), we have

\Y

|(ﬁEu)(t:p)_(ﬁEu)(T’p)| N , t27T

(p37) ™

where we recall that (see (23))

t 3
. p . 2
E (t,p) =exp (—IEJ — (s, p)| ds) .
U L 4m(p3s)
Thus there exists U € L*°(R), U € ¥(R \ {0}), such that

57) @B, p)— U § ——.
(p?’t)lz
Writing
Cop 3
(e,p) = J] 7 iy U PP = (e, PP,
we have
Cpt 3
YO = () = f 17 iy 1 P = (6, )P

~ 2|5 2 ‘ p’®
+(|U(T:P)| _lu(t:p)l )L mds

which implies that

It p) — (7, p)] S —

(p3r)™

Therefore there exists ¥ € L°(R), ¥ € €(R \ {0}) such that
(58) lY(t,p)—¥(p)l S n
(p3t)™
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We decompose

‘ p3ds Pt ds Pt ds Pt 1 1
= — = —+ — ——]ds
J; (P35> LS <5> LS S LB (<5> 5)

:logt+J Ss_(s(;)_J Ss_(s<;> =:logt + %(p>)— 2 (tp®)
pe tp3

Since

1\1/2

[ (s) —sl zs((l + —2) — 1) Ss,

S

we have
1
|%(}’)| < 37

Thus,

<
~

J © pRlics, p)lPds
1

1 1
—¥(p)— —|U(p)I*%(p*)— —|U(p)*logt
ap3s) 112 (p35) (p) = U % (p™) — —[U(p)["log

(pP0)T
Defining

Uso(p) = U(p) exp (—ie\v(p) - ;—;|U(p)|2%(p3)),
(57) and (58) imply

()= Uoo(p)exp 4= 1Uso (p)Plog e )| 5 ——-
T (p°t)™
Proof of (56): Using (54) and (55),
1_» 1
IS(t, Pl = U (Il S IpI” (tp%)° % + T
(p3t) 12

Take, at the same time, tp® — +00 and p — 0" so that the right-side goes to zero. Then
lim [U(p)l=lim [S(¢,p)l.
p—0* tp3—+00
O

Remark 26. If u is an L? solution of (mKdV), then (55) implies that U, € LP(R), for p large.
On the other hand, if one takes u as a self-similar solution, then |U,| is a constant.

Corollary 27 (Asymptotics in the physical space). Given u € &([1, o0)) solution of (mKdV)
with ||ullg1,+00)) < 0, let S € &([1, 00)) be the self-similar solution with

S(1)(0*) = u(1)(0").
Then, for any v € (9/20,1/2),

19)
(59) lu(t) = S(t)llpeo S /303
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On the other hand,
6]

t1/3 (x/t1/3>

<

1 X ie
(60) ll(t,x)_mReAl(m)Uoo(y)exp(_€|Uoo(y)|210gt) 3/10°

where y is defined by (53).
Proof. Define w(t) :=u(t,x)—S(t,x). Then, by Proposition 24,
”W(t)”@tv < 306.

The definition of the norm of %" and the decay estimate for the Airy-Fock function imply

LReA-(L)~ RV
SR OIVED Al U (T

Together with (52), we obtain (59). Finally, (60) follows from (16) and (55). O

o

_ ~1/4 s73 o
S SV (x /e BT e |72 (1302 £112)5 7 g 173493

APPENDIX A. ASYMPTOTIC DEVELOPMENT OF THE NONLINEARITY

Proof of Lemma 6. We actually prove a slightly stronger version: our goal here is to obtain
the right asymptotics for

©)  Ap)=p J J 1P 0-0-0-0) £ (pq, ) g (pqs)h(pqs)dq, dgs
q1+q2+q3=1

assuming that f (and mutatis mutandis g, h) satisfies

- _1
f@)=f=p), Wflley = IfllLe + 78118, f [l12¢(0,+00)) =< 0.
Specifically, we prove that

€ wep= 2 (e - e (2)(2)n(2)) + R

where the remainder R satisfies the bound

(63) IR(E, p)| < PN leollgleolhllze
RN p3e)sle (p3n)/E

The usual stationary phase arguments either use high regularity assumptions or that all the
functions involved have enough spatial decay (specifically L2, in order to apply Parseval’s
identity), which fail in our setting: as mentioned earlier, the way the computations are per-
formed is critical in order to close the argument with suitable bounds. Before we proceed,
let us first explain the ideas of the computations, and start with the main order term. The
phase

Q:=—(1-¢}—q5—q3)
has four stationary points:
111
520240 |2 151’_15 _15]-;1: ]-5_1)1 .
(333) GL-D 11D Q-1
The last three are connected through the symmetry between q,, q, and q5. Then we split the

domain of integration using three cutoff functions ¢; with ¢, + ¢, + ¢35 = 1 such that the
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support of ¢; does not include the stationary points with q;, = —1, k # j. Therefore, without
loss of generality, in order to study the asymptotics for 4/, it suffices to consider

i 3
P3 ff e''P Qf(PQl)g(PQZ)h(PCB)d)(QbQZ)dCthIz,
q1+q2+q3=1

were ¢ := ¢5 and the relevant stationary points are

111
_) _J_ > 17 1)_1 .
(3 3 3) ( )

If the general stationary phase argument was applicable, then

#(p) =ka(6 )% £ (B) g (B)n () + katt, ) 0e (IRGP)
+ remainder.

If one takes smooth cutoff functions around the stationary points 11,3 and v, then the
stationary phase argument for smooth functions (see, for example, [8]) implies that, up to
a small remainder,

s () (5)n(5)

=f (g) g (g) h (g) (pg JLMMBZl e’ 13(q1,42)0 (41, qz)dqldqz) ,

ko(t,p)f (t,p)g(t, p)h(t,p)

=f(p)g(p)Tp)(p3 J J e“f'%l(ql,qz)cp(ql,qz)dqldqz).
q1+q2+q3=1

and

This implies that the remainder in the stationary phase argument is given by

(64) P’ ” e"?"%dq;dg
q1+qa+q3=1
where
@ = £ (0)g(Pa)h(pas) — f (PIgPREI1(ar.a)—F (£ ) g ()1 (2 ) wrystar ).

We now explain the main ideas behind the computations for the remainder.
The function @, due to the fact that f, g and h are Holder continuous of degree 1/2, satisfies

8] < pY2eY%(/1g1 — 1/31+ v/Iga — 1/31)

and

81 < p'26V°(v/lar — 11+ /a2 — 11).
There are three regions of integration:
e the inner region: g5 > 1/6,
e the middle region: —2 < g3 < 1/5,

e the outer region: g3 < —3/2.
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In the first and the second regions, we are close to a stationary point and we shall use the
Holder estimate. In the third region, q; and g, are large, meaning that we are far from
any possible singularity coming from integration by parts. The splitting of the integral into
these three regions can be accomplished by using appropriate cut-off functions; however, to
simplify the exposition of the proof, we omit these terms.

Instead of applying the usual relation itp3(8Q)e'®?’? = 3(ei'P°), we use
1
1+itp3KaQ
The introduction of K leads to some simplifications: firstly, there is no singularity appearing

in the integration by parts; second, the K in the numerator will add some degeneracy.

(65) KelitP’Q = 3(Kel?’?), 9K =1, K =0 atthe stationary point.

The required decay has to come from two integration by parts (one integration eliminates
the p® factor but does not show decay). This has to be done carefully, since f, g and h cannot
be differentiated more than once. The key fact is that one may differentiate, for example,

f»(pq1)g(pg2)h(pgs)

in the g, (or g3) direction. Therefore, the two required integration by parts are made in
different directions, so that no second derivatives of f appear.

Even though one could perform all the computations in the g4, g, coordinates, we introduce
some linear change of variables so that it becomes clearer in which direction we integrate
by parts and which terms are irrelevant in each region. For example, we shall say that q;
is irrelevant on the middle region and throw it away when taking absolute values in the
integrand.

We now bound the remainder terms in detail. Throughout this proof, T = tp% and p > 0.
Consider the change of variables
1—q1=A-p, 1—q=A+pu, 1—g3=2(1—-2).

Notice that both stationary points satisfy u = 0. We now use the relation

. 1 .
iTQ _ Kl itQ
¢ 1+4itu2(1—2) u(ue™™)

and integrate by parts (64):
: [ . 8itu?(1—A
JJ el‘FQq)dqldq2 :fJ elTQ¢ lTH ( ) dq1dq2

(1+4itp2(1— 1))

+ [ e'" %% a dq,dq
J 1+ 4itu2(1—2) 172

— | [ e a dg,d
JJe 214+ 4itp2(1-2) 11992
:Ml +M2—M3.

The estimate for M5 follows from similar computations as those for M,.
We will bound M; and M, separately, depending whether 7 is less or greater than 1, in the
four claims below.
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Let us focus first of M;. We take n = u+/1 — A and use, for a fixed A, € {0,2/3},
1
1+2it(A—2Ag)A(2—32)

e'™ = (A= 29)e™ ).

Hence

, 8itu?(1—2A) , 8itn?  dndA
M, = Qg dq,dqy = Qo
1 J.J-e (1+ 4itp2(1— )z 1o ¢ PO+ 4itn22 yioa

=ff £i72 [¢q1(1+2(1“_/1))+q>q2 (1_2(1M—k))_2¢q3}

8iT(A— Ay)n?dAdn
(1 +4it1n2)2(1 —A)V/2(1 + 2it(A — Ao)A(2—31))
+JJ £i70g (_ 1 N 217(1(2—370+(A—AO)(2—3A)—3(A—AO)A))
2/ (a=2) 1+3it(A—29)A(2—321)
8iT(A—Ay)n?dAdn
(1 +4itn2)2(1 — A)1/2(1 + 2it(A — A)A(2—31))
Claim 28. For 7 = 1, we have the bound on M;:

|M1| 5 T—13/12'

Proof. Bounds in the inner region: here we choose Ay = 0. Since

2—3A,1—21, 1+ are irrelevant,

U
2(1—-A1)
a direct bound on M; yields

[Tn*A
M| +|®, | +1®,.1)dAd

|TAn?| |TA%]|Tn?|
+ o + dAdn.
JJ' |(|1+i712||1+i7n2|2 [1+iTA2)2|1+itn2|? n

The first term is bounded by Cauchy-Schwarz:
|Tn?
f f T2 (18, 1+ By, |+ 12, DdAdn

|1+lTT]2|2|1+ TA2|

Lz [ _n?dn 22da \M?
|1+itn2|2 |1+iTA2|2

<T_13/12.

~

For the second and the third term, we use the Holder estimate for |®|:

@] < VoIl + /D)

and obtain

" |[TAn?|dAdn < 1/6 |AI32|Tn?| + |Tkl|n|5/2dkdn < —13/12
[1+itA2||1+itn2|2 ~ |1 +iTA2||1 +itn2|? ~
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dAdn S v713/12,

and
ff | [TA%||Tn?ldAdn 1/6J [T PAAP I + A2 n>)
[143itA2]2[1+itn2]2 ™~ |14+ iTA2|2|1+itn?|?
Bounds in the middle region: here we take A, = 2/3. Since

w

A1—21+—2
TR a0

are irrelevant,

a direct bound on M; yields

[rn(2—2/3)
M s” T Ty (R LA R CRIZED

+”|¢|( |T(A—2/3)n?| N IT(A—2/3)%||tn?| )dmn_

[1+it(A—2/3)2|[1+itn2]2 [1+it(A—2/3)2]2|1+itn?3|?

and the estimate follows as in the inner region.
Bounds in the outer region: we consider Ay =0 and use

G n

—  ~1% 143A~A, 1+4+3itA%~71A?
21—2) EEk ’ AT

1+

to obtain

My S 2| 1+ Vo, (410, 1)+ 19, |+ —— 0] ) 5 71312
I3 ez (M ape ) Ul T 1) Hiel+ @] )5 o

where the terms with |n|/|A|*/? is taken care with Cauchy-Schwarz in the n-variable. O

Claim 29. For T < 1, we have the bound on M;
IMy| S 6.

Proof. In the outer region, we take Ay = 0 and estimate

7|An?| (( ] ) 1 )
M| S 1+ O, |+®,. )+ P, |+ ——|®
M| ” 11+ iTn2[2|AV/2[1 +iTA3] |A[3/2 (9,1 +120,1) + 12, |7t|1/2| |

< T_5/6.

In the inner and middle regions, we simply use the fact that ¢ is bounded and conclude to a

better bound than needed:
‘ff eitpsQ(I)dq]_dqz

Claim 30. For T = 1, we have the bound on Ms:

M, S 7712,

S L O

Proof. We consider the change of variables
_3+E-2 _2-0+E
2 ’ 2 '
One may obtain this transformation by going back to the & variables, switching g; with g5

and then redoing the A, u transformation. In this way, q; depends on a single variable .
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In this coordinate system, the stationary points are

(£,¢)=(0,2/3) and (—1,1).
In the inner region, we use the relation
1

eiTQ —
1+4itE2(1—0)

ag(ge”Q).
Define
A=1+4itE%2(1-0), B=1+4itpu’(1-AN)=1+it(3(+E—-2)*((—¥&)/2.

We now integrate by parts:

M, = ” q1d§d§

” ge”Q b, B (Ag B )]dgdg
qlquB AB ‘u' q1 AZB ABz

Since, in this region,

1>¢, 1—-z~1,

EA
‘—E S1, B~1+itu?, B ~ TUU,

we can now estimate M, as follows:

M| < 1Eull|®q,q, + 11D, |
2 11+ i7E2(|1+itu?|

1 |Tuél )
+ ) + dédu.
] q1|(|1+ir£2||1+ir,u2| T g2+ inep ) L

We apply Cauchy-Schwarz to all four terms:

1 1
L VoY B 11" I L B L L
11+i7E2||1 +iTu?| 11+ iTu2? I1+it&2?
1
1€]|2g, | dgdy < 1/ du EPdE )’ < —13/12
|1+ i7&2||1+itu?| ~ 11+ iTu?| 1+itg22) ~ ’

1
|‘u||q>q1| did,u < T1/6 |.u'|2dAu' 2 dg < T_13/12
|1 +it&2||1+iTtu?| ~ |1 +itu?|? [1+it&2| ™ ’

9 1
|Tu“El|®g, | dgd,u<T1/6 |E12dE 2 |Tu?|du < 7713/12,
11+i7E2||1 +itu2|? ~ 11+i7t&2[? [1+iTu2 ™

which gives suitable bounds.
In the middle region, we use the following relation to capture the stationary point:

iTQ _ 1 0
= Tr2irEE+ =gy e e+ e

After an integration by parts, the computations are similar to those of the inner region and
are left to the reader.

35



In the outer region, we consider the case |1 —{| < 1/100 first. Then

and so

g |T§§| |T€3|
WIS ” 1+ i82¢1 +i789) [“"hqz R (|1+ir§2¢| ! |1+ir€3l)]dgd§'

We now estimate each term separately.

|£2¢Q1Q2| 1/3 €4d§dc %
” T4 ieog||L+ings] o067 (U |1+ir§2§’|2|1+i753|2)
< T_2/3 (f §2d5 dC )E < T_7/6,
s I8P ) TL+iCP
El12,,| e [ dE ( g2dg ) s
JJ |1+1’L‘£2C|I1+lr£3|d£dgsf I1+it&3| 11+i7&2()? ST
£l e [ lElde A
‘[[|1+1T§2CH1+lT§ﬂdgd§S/t |1+4¢§3|( |1+4¢§2a2) ST

In the remaining case where |1 —{| > 1/100, we further split in the cases |u| < 1/100 and
|u| > 1/100. In the former case,

{~—=g 1-z~=f, |tE%|>1

meaning that

€] [ ( |Tuél )}
M,| S ® ® &, |[1+——=—)|dedp.
| zINJJ TE301 + 7 p2E| |u®q g, +12q, |+ [udy, | +|1+iw2€| Edu

Again using Cauchy-Schwarz inequality,

1
1] —2/3 Zdudé > e
U T8 + g PPl 18 AR 3 Siriepeee) °°

] —5/6 —13/12
®, |dEdu S 5 ,
” 7B + iopag] Tl dEdHR T |1+lw2£| g

J ot (14 )d&dusf s ol gedus o

&3 + iTuE] 11+ iTu2g] |T&3(|1 + iTu2g]
Finally, in the latter case where |u| > 1/100, one has
11+itE%¢| 2 7E%¢], N +itp’(1—-A) 2 [rpu(1 =),
This implies directly the even better bound |M,| S 77%/3. O
Claim 31. For © < 1, we have the bound on Mj:

|M,| S 772/,
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Proof. In the outer region, we further split depending on the sizes of { and u. Assume first
that |{| < 1/100. Proceeding as in Claim 30, we obtain

IMy| S w23,
If || > 1/100 and |u| < 1/100, then

This yields the estimates

1
|ug] 1/3 g2udedy : -2/3
® dédu S N
U v irBol[1 + ez el 1o R ricp+inege) S

1
1] 1/6 dé £2dy e 23
®, |[dEdu S < )
ff T3 a1t i) Pl S T e | Trzee) SF

Finally, if |u| > 1/100, then

p~C+E 1-A~C=¢,

(121 + IEDIE
U L+ ieE2I1 +in(C+ EPC g el ddE

and so

1

/3 (g1* +1EP)IEP S

ST (J |1+iT€2C|Z|1+iT(§+€)2(C_€)|2|d§d€ ST 5
€]

J|1+iT§2§||1+iT(C+§)2(g_g)||q’q1|dCd5

e £2d¢ ) s
o Jdg(ll+ir£24|2|1+if(c+s)2(c—s)|2 ST

Finally, in the inner and middle regions, we proceed as in Claim 29: the fact that  is bounded

yields the better bound
JJ eitp3Q<I>dq1dq2

Gathering all these bounds, and taking into account the main order term, gives the expansion
(62) together with the bound (63) on the remainder. The proof is complete. O

S 1 O
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