N
N

N

HAL

open science

Parameterized and approximation complexity of Partial
VC Dimension

Cristina Bazgan, Florent Foucaud, Florian Sikora

» To cite this version:

Cristina Bazgan, Florent Foucaud, Florian Sikora. Parameterized and approximation complexity of

Partial VC Dimension. Theoretical Computer Science, 2019, 766, 10.1016/j.t¢s.2018.09.013 .

02091342

HAL Id: hal-02091342
https://hal.science/hal-02091342
Submitted on 5 Apr 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02091342
https://hal.archives-ouvertes.fr

Parameterized and Approximation Complexity of
PARTIAL VC DIMENSION*

Cristina Bazgan" ", Florent Foucaud?, and Florian Sikora!

! Université Paris-Dauphine, PSL Research University, CNRS, LAMSADE, PARIS, FRANCE
{cristina.bazgan,florian.sikora}@dauphine.fr
2 Université Blaise Pascal, CNRS, LIMOS, Clermont-Ferrand, FRANCE

florent.foucaud@gmail.com

Abstract. We introduce the problem PARTIAL VC DIMENSION that asks, given a hypergraph H =
(X, E) and integers k and ¢, whether one can select a set C' C X of k vertices of H such that the set
{eN C,e € E} of distinct hyperedge-intersections with C' has size at least £. The sets e N C' define
equivalence classes over E. PARTIAL VC DIMENSION is a generalization of VC DIMENSION, which
corresponds to the case £ = 2*, and of DISTINGUISHING TRANSVERSAL, which corresponds to the
case ¢ = |E| (the latter is also known as TEST COVER in the dual hypergraph). We also introduce
the associated fixed-cardinality maximization problem MAX PARTIAL VC DIMENSION that aims at
maximizing the number of equivalence classes induced by a solution set of k& vertices. We study the
algorithmic complexity of PARTIAL VC DIMENSION and MAX PARTIAL VC DIMENSION both on
general hypergraphs and on more restricted instances, in particular, neighborhood hypergraphs of
graphs.

Keywords: VC Dimension; Distinguishing Transversal; Partial Problems; Hypergraphs;
Parameterized Complexity; Approximation Complexity

1 Introduction

We study identification problems in discrete structures. Consider a hypergraph (or set sys-
tem) H = (X, F), where X is the vertex set and E is a collection of hyperedges, that
is, subsets of X. Given a subset C' C X of vertices, we say that two hyperedges of E
are distinguished (or separated) by C'if some element in C' belongs to exactly one of the
two hyperedges. In this setting, one can tell apart the two distinguished hyperedges sim-
ply by comparing their intersections with C'. Following this viewpoint, one may say that
two hyperedges are related if they have the same intersection with C. This is clearly an
equivalence relation, and one may determine the collection of equivalence classes induced
by C': each such class corresponds to its own subset of C. Any two hyperedges belonging
to distinct equivalence classes are then distinguished by C'. We call these classes neighbor-
hood equivalence classes. In general, one naturally seeks to distinguish as many pairs of
hyperedges as possible, using a small set C.

It is a well-studied setting to ask for a maximum-size set C such that C' induces all
possible 2/€l equivalence classes. In this case, C is said to be shattered. The maximum
size of a shattered set in a hypergraph H is called its Vapnis—(j@rvonenkis dimension (VC

* A preliminary version of this work containing the approximation complexity results appeared in [8].
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dimension for short). This notion, introduced by Vapnis and Cervonenkis [54] arose in the
context of statistical learning theory as a measure of the structural complexity of the data.
It has since been widely used in discrete mathematics; see the references in the thesis [13].
We have the following associated decision problem.

VC DIMENSION
Input: A hypergraph H = (X, E), and an integer k.
Question: Is there a shattered set C' C X of size at least k£ in H?

The complexity of VC DIMENSION was studied in e.g. [23,30,48|; it is a complete
problem for the complexity class LOGNP defined in [48] (it is therefore a good candidate for
an NP-intermediate problem). VC DIMENSION remains LOGNP-complete for neighborhood
hypergraphs of graphs [42] (the neighborhood hypergraph of G has V(G) as its vertex set,
and the set of closed neighborhoods of vertices of G as its hyperedge set).

In another setting, one wishes to distinguish all pairs of hyperedges (in other words,
each equivalence class must have size 1) while minimizing the size of the solution set C.
Following [38], we call the associated decision problem, DISTINGUISHING TRANSVERSAL.

DISTINGUISHING TRANSVERSAL

Input: A hypergraph H = (X, E), and an integer k.

Question: Is there a set C' C X of size at most k that induces | F| distinct equivalence
classes?

There exists a rich literature about DISTINGUISHING TRANSVERSAL. It was studied
under different names, such as TEST SET in Garey and Johnson’s book [37, SP6|; other
names include TEST COVER [26,27,28], DISCRIMINATING CODE [22] or SEPARATING SYS-
TEM [11,51].> A famous theorem of Bondy [12] also implicitly studies this notion. DISTIN-
GUISHING TRANSVERSAL restricted to neighborhood hypergraphs of graphs is equivalent
to the graph problem IDENTIFYING CODE studied for example in [35,39).

The goal of this paper is to introduce and study the problem PARTIAL VC DIMENSION,
that generalizes both DISTINGUISHING TRANSVERSAL and VC DIMENSION, and defined
as follows.

PARTIAL VC DIMENSION

Input: A hypergraph H = (X, E), and two integers k and /.

Question: Is there a set C' C X of size k that induces at least ¢ distinct equivalence
classes?

3 Technically speaking, in TEST SET, TEST COVER and SEPARATING SYSTEM, the goal is to distinguish the vertices
of a hypergraph using a set C' of hyperedges, and in DISCRIMINATING CODE the input is presented as a bipartite
graph. Nevertheless, these formulations are equivalent to DISTINGUISHING TRANSVERSAL by considering either
the dual hypergraph of the input hypergraph H = (X, F) (with vertex set E and hyperedge set X, and hyperedge
x contains vertex e in the dual if hyperedge e contains vertex  in H), or the bipartite incidence graph (defined
over vertex set X U F, and where = and e are adjacent if they were incident in H).



PARTIAL VC DIMENSION belongs to the category of partial versions of common decision
problems, in which, instead of satisfying the problem’s constraint task for all elements
(here, all 2% equivalence classes), we ask whether we can satisfy a certain number, ¢, of
these constraints. See for example the papers [21,34,41| that study some partial versions of
standard decision problems, such as SET COVER, VERTEX COVER or DOMINATING SET.

When ¢ = |E|, PARTIAL VC DIMENSION is precisely the problem DISTINGUISHING
TRANSVERSAL. When ¢ = 2%, we have the problem VC DIMENSION. Hence, PARTIAL
VC DIMENSION is NP-hard, even on many restricted classes. Indeed, DISTINGUISHING
TRANSVERSAL is NP-hard [37], even on hypergraphs where each vertex belongs to at
most two hyperedges [28], or on neighborhood hypergraphs of graphs that are either: unit
disk [45], planar bipartite subcubic [35], interval [36], permutation [36], or split [35]. MIN
DISTINGUISHING TRANSVERSAL cannot be approximated within a factor of o(logn) on
hypergraphs of order n 28], even on hypergraphs without 4-cycles in their bipartite incident
graph [14], and on neighborhood hypergraphs of bipartite, co-bipartite or split graphs [35].

When ¢ = 2%, PARTIAL VC DIMENSION is equivalent to VC DIMENSION and unlikely to
be NP-hard (unless all problems in NP can be solved in quasi-polynomial time), since | X| <
2% and a simple brute-force algorithm has quasi-polynomial running time. Moreover, VC
DIMENSION (and hence PARTIAL VC DIMENSION) is W|[1|-complete when parameterized
by & [30].

Recently, the authors in [16] introduced the notion of («a, 3)-set systems, that is, hy-
pergraphs where, for any set S of vertices with |\S| < «, S induces at most 8 equivalence
classes. Using this terminology, if a given hypergraph H is an (a, 3)-set system, (H,k, ()
with k£ = « is a YES-instance of PARTIAL VC DIMENSION if and only if £ < 5.

We will also study the approximation complexity of the following fixed-cardinality max-
imization problem associated to PARTIAL VC DIMENSION.

MAX PARTIAL VC DIMENSION

Input: A hypergraph H = (X, F), and an integer k.

Output: A set C' C X of size k that maximizes the number of equivalence classes
induced by C.

Similar fixed-cardinality versions of classic optimization problems such as SET COVER,
DOMINATING SET or VERTEX COVER, derived from the "partial" counterparts of the
corresponding decision problems, have gained some attention in the recent years, see for
example the papers [5,18,21,19,32,41] and the survey [17].

MAX PARTIAL VC DIMENSION is clearly NP-hard since PARTIAL VC DIMENSION
is NP-complete; other than that, its approximation complexity is completely unknown
since it cannot be directly related to the one of approximating MIN DISTINGUISHING
TRANSVERSAL or MAX VC DIMENSION (the minimization and maximization versions of
DISTINGUISHING TRANSVERSAL and VC DIMENSION, respectively).

Our results. We first study the decision problem PARTIAL VC DIMENSION. In Section 3.1,
we show that PARTIAL VC DIMENSION parameterized by k or ¢ is W][1|-complete. The
W|[1]-hardness holds even for neighborhood hypergraphs of bipartite, split or co-bipartite
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graphs. On the other hand, the problem is in FPT for neighborhood hypergraphs of graphs
of bounded maximum degree. In Section 3.2, we study the dual parameterizations of PAR-
TIAL VC DIMENSION. In particular, the problem is W[1|-hard parameterized by |X| — k.
We next turn our attention to the approximation complexity of MAX PARTIAL VC DiI-
MENSION. We give positive results in Section 4.1. We first provide polynomial-time ap-
proximation algorithms using the VC dimension, the maximum degree and the maximum
edge-size of the input hypergraph. We apply these to obtain approximation ratios of the
form n’ (for 6 < 1 a constant) in certain special cases, as well as a better approximation
ratio but with exponential running time. For neighborhood hypergraphs of planar graphs,
MAX PARTIAL VC DIMENSION admits an EPTAS (this is also shown for MIN DISTIN-
GUISHING TRANSVERSAL). In Section 4.2, we give hardness results. We show that any
2-approximation algorithm for MAX PARTIAL VC DIMENSION implies a 2-approximation
algorithm for MAX VC DIMENSION. Finally, we show that MAX PARTIAL VC DIMENSION
admits no PTAS (unless P=NP), even for graphs of maximum degree at most 7. We start
the paper with some preliminaries in Section 2 and conclude in Section 5.

2 Preliminaries

Generalities. The following easy but important observation is used implicitly when study-
ing PARTIAL VC DIMENSION.

Observation 1 In a hypergraph H = (X, E), given two sets S and S" with S C S" C X,
S’ induces at least as many equivalence classes as S in H.

The following is an easy reformulation of our main problem.

Observation 2 A set S of vertices of a hypergraph (X, E) induces { equivalence classes
if and only if there is a set L C E of € distinct hyperedges such that for any two distinct
hyperedges of L, there is a vertex of S that belongs to exactly one of them.

Graphs versus hypergraphs. In many places, we study PARTIAL VC DIMENSION on neigh-
borhood hypergraphs of graphs. In that case, one may naturally view PARTIAL VC DIMEN-
SION as a problem on graphs (this is also usually done for the special cases VC DIMENSION,
as in [13,42|, and DISTINGUISHING TRANSVERSAL, as in [35]). Indeed, it becomes equiv-
alent to select a set S of k vertices of the graph. Each equivalence class induced by S
corresponds to a set N[v] NS for some vertex v (where N[v] denotes the closed neighbor-
hood of vertex v). Therefore, in some of our proofs dealing with neighborhood hypergraphs
of graphs, we may (implicitly) treat PARTIAL VC DIMENSION as a graph problem for the
simplicity of our exposition.

Twin-free hypergraphs. In a hypergraph H, we call two equal hyperedges twin hyperedges.
Similarly, two vertices belonging to the same set of hyperedges are twin vertices.

Clearly, two twin hyperedges will always belong to the same neighborhood equivalence
classes. Similarly, for any set 1" of mutually twin vertices, there is no advantage in selecting
more than one of the vertices in 7" when building a solution set C'.
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Observation 3 Let H = (X, E) be a hypergraph and let H' = (X', E') be the hypergraph
obtained from H by deleting all but one of the hyperedges or vertices from each set of mutual

twins. Then, for any set C' C X, the equivalence classes induced by C' in H are the same
as those induced by C N X" in H'.

Therefore, since it is easy to detect twin hyperedges and vertices in an input hypergraph,
in what follows, we will always restrict ourselves to hypergraphs without twins. We call
such hypergraphs twin-free.

Degree conditions. In a hypergraph H, the degree of a vertex x is the number of hyperedges
it belongs to. The maximum degree of H is the maximum value of the degree of a vertex
of H; we denote it by A(H).

The next theorem gives an upper bound on the number of neighborhood equivalence
classes that can be induced when the degrees are bounded. We reproduce a short proof
from the literature for completeness.

Theorem 4 ([26,28,39]). Let H = (X, E) be a hypergraph with maximum degree A and
let C' be a subset of X of size k. Then, C' cannot induce more than MatD 49 neighborhood

2
equivalence classes.

Proof. Denote by i; the number of equivalence classes whose members contain a unique
element of C, and iy, the number of equivalence classes whose members contain at least two
elements of C'. We have ¢; < k and iy < % since each element of C is contained in at
most A edges. Hence, the number of classes is at most i1 +15+1 < k+ % — % = w + 1.

O

The Sauer-Shelah lemma. The following theorem is known as the Sauer-Shelah Lemma [52,53]
(it is also credited to Perles in [53| and a weaker form was stated by Vapnik and Cervo-
nenkis [54]). It is a fundamental tool in the study of the VC dimension.

Theorem 5 (Sauer-Shelah Lemma [52,53]). Let H = (X, E) be a hypergraph with
strictly more than Zf:_ol ('f‘) distinct hyperedges. Then, S has VC dimension at least d.

Theorem 5 is known to be tight. Indeed, the system that consists of considering all
subsets of {1,...,n} of cardinality at most d — 1 has VC dimension equal to d — 1. Though
the original proofs of Theorem 5 were non-constructive, Ajtai [1] gave a constructive proof
that yields a (randomized) polynomial-time algorithm, and an easier proof of this type can
be found in Miccianio [43].

The following direct corollary of Theorem 5 is observed for example in [14].

Corollary 6. Let S = (X, E) be a hypergraph with VC dimension at most d. Then, for
any subset X' C X, there are at most Z?:o (‘)f |) < |X’\d + 1 equivalence classes induced
by X'.



Definitions and basic results about computational complexity. We now recall some standard
definitions in parameterized complexity, but we refer to the book [31] for details.

A parameterized problem is a decision problem together with a parameter, that is, an
integer depending on the instance.

The class XP denotes the class of parameterized problems that can be solved in time
|T]/®) where I is the instance, k, the parameter, and f is computable. The class FPT (for
fixed-parameter tractable) denotes the class of parameterized problems that can be solved
in time f(k) - |I|° for an instance I of size |I| with parameter k, where f is a computable
function and ¢ is a constant.

An FPT reduction between two parameterized problems A and B is a function mapping
an instance I of A with parameter k to an instance f(I) of B with parameter g(k), where
f(I,k) and g(k) are computable in FPT time with respect to parameter k, and where
I is a YES-instance of A if and only if f(I) is a YES-instance of B. The WEIGHTED
CIRCUIT SATISFIABILITY (WCS) problem parameterized by k takes as input a boolean
circuit and an integer k, and decides if there is a satisfying assignment for this circuit
with exactly k input vertices of the circuit set to true. The class WJt], ¢ > 1 contains
problems FPT-reducible to WCS restricted to circuits with weft at most ¢, where the weft
of a boolean circuit is the number of gates with unbounded in-degree in any path from
the input vertices to the output vertex. Unless W[t|=FPT, any W|t|-hard problem is not
fixed-parameter tractable. A problem is W|[t]-hard if any problem in W|t] is FPT-reducible
to it, and W[t]-complete if it is moreover in W|[t]. There is the following hierarchy: FPT C
W[l C W[2] C... C XP.

We now recall some definitions about approximation complexity. See the book [4] for
details.

Given an optimization problem A in NPO and an instance I of A, we denote by opt 4(I)
the optimum value of I (or opt(I) if there is no ambiguity), and by val(S) the value of a
feasible solution S of instance I. The performance ratio of S (or approzimation factor) is

r(I,S) = max{ val(5) Opt"‘([)} . For a function f, an algorithm is an f(|/])-approzimation

opta(I)’ wval(S)
algorithm, if for every instance I of the problem, it returns a solution S such that (7, S) <
FAI).

The class APX contains all optimization problems that admit a polynomial-time c-
approximation algorithm for some fixed constant c. A polynomial-time approrimation
scheme (PTAS for short) for an optimization problem is an algorithm that, given any
fixed constant € > 0, returns in polynomial time (in terms of the instance and for fixed €) a
solution that is a factor of 1+ € away from the optimum. If the exponent of the polynomial
does not depend on ¢, such an algorithm is called an efficient PTAS (EPTAS for short).

Definition 7 (L-reduction [47]). Let A and B be two optimization problems. Then A
is said to be L-reducible to B if there are two constants o, f > 0 and two polynomial time
computable functions f, g such that: (1) f maps an instance I of A into an instance I' of
B such that optg(I') < a - opta(I), (i) g maps each solution S" of I' into a solution S of
I such that |val(S) — opta(1)| < B - |val(S") — optp(I')].
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L-reductions are useful in order to apply the following theorem.

Theorem 8 ([47]). Let A and B be two optimization problems. If A is L-reducible to B
and B has a PTAS, then A has a PTAS.

3 Parameterized complexity of PARTIAL VC DIMENSION

In this section we explore the parameterized complexity of decision problem PARTIAL VC
DIMENSION.

3.1 Parameterization by k and £

We start with a greedy polynomial-time procedure that always returns (if it exists), a set
| X'| that induces at least | X’| + 1 equivalence classes.

Lemma 9. Let H = (X, E) be a twin-free hypergraph and let k < |X| — 1 be an integer.
One can construct, in time O(k(|X| + |E])), a set C C X of size k that produces at
least min{|E|, k 4+ 1} neighborhood equivalence classes.

Proof. We produce C' in an inductive way. First, let C; = {z;} for an arbitrary vertex z; of
X for which there exists at least one hyperedge of E with 21 ¢ E (if such hyperedge does
not exist, then all edges are twin edges; since H is twin-free, |F| < 1 and we are done).
Then, for each i with 2 < i < k, we build C; from C;_; as follows: select vertex z; as a
vertex in X \ C;_; such that C;_; U {z;} maximizes the number of equivalence classes.
We claim that either we already have at least |E| equivalence classes, or C; induces
at least one more equivalence class than C;_;. Assume for a contradiction that we have
strictly less than | E'| equivalence classes, but C; has the same number of equivalence classes
as C;_1. Since we have strictly less than |E| classes, there is an equivalence class consisting
of at least two edges, say e; and e;. But then, since H is twin-free, there is a vertex x that
belongs to exactly one of e; and ey. But C;_; U {x} would have strictly more equivalence
classes than C}, a contradiction since C; was maximizing the number of equivalence classes.
Hence, setting C' = C}, finishes the proof. O

By Lemma 9, we may always assume that ¢ > k + 2 since otherwise, PARTIAL VC
DIMENSION is polynomial-time solvable. Moreover, we can always assume that ¢ < 2F
(otherwise we have a NO-instance). This shows that both parameters k and ¢ are linked
to each other, and then PARTIAL VC DIMENSION is in FPT parameterized by k if and
only if it is in FPT parameterized by ¢ or k + ¢. However, when studying the existence of
a polynomial kernel or sharp algorithm time-complexity lower bounds, one may consider
both parameters k£ and /.

Theorem 10. PARTIAL VC DIMENSION is solvable in time O((|X| + |E|)mintkG+0M)
and thus PARTIAL VC DIMENSION parameterized by k (or £) belongs to the class XP.



Proof. First, observe that we can compute, for every k-subset Y of X, the set of neighbor-
hood equivalence classes produced by Y (simply compute, for each hyperedge e in E, the
set e NY). This gives an O((|X| + |E|)**9M)-time algorithm. Therefore, if k < £, we are
done. Assume then that £ > ¢. Then, we can apply Lemma 9 with £k = ¢ — 1, and obtain a
solution of size at most ¢ — 1 < k creating at least ¢ classes, in time O(k(|X|+ |E])). O

We refer to the book by Flum and Grohe [33] and to Courcelle [24] for the definitions
of the logics X} and MSOL, respectively.

Proposition 11. PARTIAL VC DIMENSION can be expressed by a Xy (and thus MSOL)
formula with a number of variables bounded by a function of k + .

Proof. In the spirit of the X formula for VC DIMENSION given in the book [33, Theorem
6.5], we define the following X; formula for PARTIAL VC DIMENSION that corresponds to
the reformulation of the problem in Observation 2.

dxq, ..., o EX,yl,...,ygeE,s%,si’,...,sf_l € X,
G) e . . . .
A ((\/(83 qu)) AN((steyins! ¢y Vv (sl sl e yj)))

ij=0 \ \¢=1
1<J

The variables x; represent the solution vertices, and each variable y; is a hyperedge that

is representative of a distinct equivalence class. For a pair of distinct hyperedges y; and y;,

the variable sg represents a solution vertex that belongs to exactly one of the hyperedges

y; and y;. ad

By viewing PARTIAL VC DIMENSION restricted to neighborhood hypergraphs of graphs
as a graph problem, we obtain the following consequence of Proposition 11 and Courcelle’s
theorem [25] (see [25] for a definition of cliquewidth).

Corollary 12. PARTIAL VC DIMENSION can be solved in time f(w)n on neighborhood
hypergraphs of graphs of order n and cliquewidth at most w for some function f.

We now prove a hardness result, by slightly modifying the reduction of [30].

Theorem 13. PARTIAL VC DIMENSION parameterized by k belongs to W[1]. Moreover,
VC DIMENSION (and thus PARTIAL VC DIMENSION ) is W/[1[-hard, even for neighborhood
hypergraphs of graphs that are either bipartite, split or co-bipartite.

Proof. The membership in W|1] follows from Proposition 11 (see the book [33]).

For the hardness part, we modify the reduction of [30] for VC DIMENSION in order
to strengthen the result. We give an FPT-reduction from CLIQUE, where given a graph
G = (V,E) and an integer k, the question is to determine if there is a clique of size k
in G. We consider instances of CLIQUE parameterized by k, where |V| > k. Clearly we
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may assume that k& > 3. We denote by [k]| the set {1,...,k}. We construct a bipartite
graph G’ and let k¥ = k. We will prove that the neighborhood hypergraph of G’ has
VC dimension at least k" if and only if G has a clique of size k. (For simplicity, here we
consider VC DIMENSION as a graph problem and use graph theory terminology instead of
neighborhood hypergraphs, as is done for example in [13,42].)

Let us describe the construction. We first present the reduction and its proof for bipar-
tite graphs, and later show how to modify it to obtain a split or co-bipartite graph.

We build a bipartite graph G' = ((X, F)), E’) (this is the incidence graph of the
hypergraph built in the reduction from [30]). We define the first partite set of G’ as
X = {(u,i) : uw € V,i € [k]}. The vertices of the second partite set F' are labeled with
subsets of X, and each vertex f of F' is adjacent to the vertices (u,?) with (u,i) € f. We
let F' = F, U Fyy such that F, = {{(u,),(v,7)} : wv € E and ¢,j € [k]} (these vertices
are of degree 2) and Flp = {{(u,7) :w € V,i € L} : L C [k] and |L| # 2} (there is one
Fo-vertex for each subset L of [k] with |L| # 2, that is adjacent to all vertices (u, ) with
iel).

The order of G" is O(k|V| + k2| E| + 2%).

If there is a clique C' = {vy,..., v} in G, consider the following set S C X of size k:
S ={(v1,1), (v,2),...,(vg, k)}. Now, for any subset S" C S: if |S"| # 2, then there is some
f € F such that X N f = 5’ (the vertex f corresponds to the set L = {i : (v;,i) € S'}).
If |S’| = 2 (assume S’ = {(v;,1), (v}, j)} with i # j), then v;v; € E because C is a clique.
Hence, S’ € F,. Thus, S induces all possible 2¥ equivalence classes.

For the converse direction, let S be a set of k vertices of G’ that induces 2* equivalence
classes in G'. First of all, we claim that the set S cannot contain vertices of both X and
F. Assume to the contrary that there is a vertex x € X and a vertex f € F in S. Since
k > 3, we would need a vertex in G’ at distance at most 1 from both x and f and distinct
from x and f, which is impossible since G’ is bipartite.

If S C F, then we claim that S induces at most 2k equivalence classes, a contradiction.
Indeed, S cannot contain vertices of F; since each vertex f in F3 has degree 2 and each
vertex s in S should have degree at least 287! — 1 > 2 (because half of the possible
equivalence classes contain s). Thus, if S C F' then S C F.,. But for all ¢ € [k] and for all
uw,v € V, (u,i) and (v,7) have the same sets of neighbors in F,. Thus, S can induce at
most 2k classes (k within X and k within F'), a contradiction, as claimed.

Therefore, S C X. It remains to show that the set Sg = {v; € V : (v;,j) € S} forms a
clique of size k in G. For each subset §' C S with |S’| = 2 (assume that " = {(u, 1), (v, j)}),
there must be some f in F' with f NS = 5’. Note that f ¢ F.y (because no vertex in Fl
can be adjacent to exactly two vertices of S), and thus f € F». Hence, by the definition of
F5, u and v are distinct and adjacent in G. Therefore, Sg is a clique of size k£ in G. This
finishes the proof for bipartite graphs.

We may modify this construction to obtain a split graph (then we make X to a clique)
or a co-bipartite graph (then we make both X and F' into cliques). The arguments are
almost the same. The main difference is in the converse direction, when proving that no
solution S can contain vertices of both X and F. If G’ is co-bipartite, this would make
it impossible to induce the empty equivalence class, a contradiction. If G’ is split, assume
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to the contrary that we have € X and f € F and both z, f € S. Then, we have 282
equivalence classes that contain f but do not contain x. The vertices corresponding to these
classes necessarily belong to F' (since X is a clique), but since F' is an independent set there
is at most one such vertex (f itself). Since k > 3 we have 2872 > 2. a contradiction.

The case that S C F' is handled similarly as before, by observing that F' or X being
a clique would not help to increase the number of equivalence classes induced by S. The
rest of the proof is the same. a

We now apply the technique of random separation introduced in [19].

Theorem 14 ([19, Theorem 4]). Let G = (V, E) be a graph of mazimum degree A.
Let ¢ : 2V — R U {—o00,+00} be an objective function to be optimized. Then, it takes
O(f(k, A)|V|maxicieti log |V|) time (for some computable function f) to find a set V' of
k vertices in G that optimizes ¢(V') if the following conditions are satisfied.

1. For each subset V' of V' of size at most k, ¢(V") can be computed in time O(g(k, A)|V|°)
for some computable function g and constant ¢ > 0.

2. There is a positive integer i computable in time O(h(k, A)|V|¢) for some computable
function h and constant ¢ > 0 such that for each pair Vi,Vs of subsets of V' with
VAl + [Val < o, if da(Va, Vo) > i then 6(Vi UVa) = 6(VA) + 6(Va).

Theorem 15. PARTIAL VC DIMENSION is solvable in time O(QkAQ)nlogn on neighbor-
hood hypergraphs of graphs of maximum degree A and order n.

Proof. We apply Theorem 14. For the first condition, one can compute in time O(kA) the
number of equivalence classes induced by any set of k vertices, so ¢ = 0 and g(k, A) = kA.

The second condition is satisfied for ¢ = 2 by the definition of an equivalence class.
Indeed, assume we have two sets V; and V5, at distance at least 3 apart. Then, no vertex is
adjacent both to a vertex of V; and V5, and thus, each equivalence class induced by V; U V5,
is induced by V; alone or V, alone. Thus h(d, A) =1 and ¢ = 0.

The O(2"2%) part of the running time, although not stated explicitly in the meta-
theorem Theorem 14, is obtained by a careful analysis of the proof sketch in [19]. O

3.2 Dual parameterizations

We now study the four dual parameterizations for PARTIAL VC DIMENSION, that is,
parameters |E|—k, |X|—k, |E|—{ and | X|—¢. Note that DISTINGUISHING TRANSVERSAL
is NP-hard for neighborhood hypergraphs of graphs (see for example [35]). This corresponds
to PARTIAL VC DIMENSION with |X| = |E| = ¢ and hence PARTIAL VC DIMENSION is
not in XP for parameters |E| — ¢ and | X| — /.

Theorem 16. PARTIAL VC DIMENSION belongs to XP but is W[1]-hard when parame-
terized by | X| — k.

10



Proof. We first show that PARTIAL VC DIMENSION is in XP parameterized by |X| — k.
Indeed, given H = (X, E), it suffices to check, for each of the ('f‘) = (\)|()|(—‘k) = O(|X|IXI=F)
sets of size k of X, whether it induces at least ¢ equivalence classes in H (the latter can be
done in polynomial time).

For the hardness part, we give a slight modification of a reduction from [27]. We re-
duce from INDEPENDENT SET parameterized by the solution size s to DISTINGUISHING
TRANSVERSAL parameterized by | X| — k.*

Given a graph G on ng vertices and mg edges, we construct a hypergraph H(G) =
(X, E) as follows. The vertex set X contains ng + mg vertices: for each vertex v of G,
we have the vertex x, in X; moreover, for each edge e of GG, we have the vertex z,. in
X. The hyperedge set E contains 2mg + 1 hyperedges: for each edge e of G, we have the
hyperedges E. and E! in E, where E, = {z,,v € e} U {z.} and E! = {z.}. Moreover, we
have an additional empty hyperedge in E. Now, we claim that G has an independent set
of size s if and only if in H(G), one can find a set of k = |X| — s vertices that induces
¢ = |E| = 2mg + 1 equivalence classes.

Suppose first that G has an independent set I of size s. Then, the vertex set X\ {z,,v €
I'} induces |E| equivalence classes in H(G).

Conversely, if S is a solution to DISTINGUISHING TRANSVERSAL of size k = | X| — s,
then S must contain each vertex z. of H(G) (otherwise the hyperedge {z.} would not be
distinguished from the empty hyperedge). Moreover, we claim that the set of vertices of G
{v:z, ¢ S} is an independent set (of size s) in G. Assume by contradiction that there is
an edge e between two vertices u and v in G and z,,x, ¢ S. Then, E. and E! are in the
same equivalence class, a contradiction.

Since |X| — k = s, this reduction shows that DISTINGUISHING TRANSVERSAL and
PARTIAL VC DIMENSION parameterized by |X| — k are W[1]-hard. O

We do not know whether PARTIAL VC DIMENSION parameterized by | X| — k belongs
to WJ[1]. It is proved in [27] that this holds for the special case of ¢ = |E|, that is, of
DISTINGUISHING TRANSVERSAL, by a reduction to SET COVER parameterized by |E|—k.

Regarding VC DIMENSION parameterized by |X| — k (a special case of PARTIAL VC
DIMENSION parameterized by | X|— k), it is in XP by Theorem 16. However, it is not clear
whether it is in FPT or W[1]-hard.

Note that if | X| < |E|, we have |X| —k < |E| — k and then PARTIAL VC DIMENSION
parameterized by |F| — k is in XP by Theorem 16. Nevertheless, we cannot use this in the
general case, and need the following dedicated discussion.

Proposition 17. PARTIAL VC DIMENSION parameterized by |E| — k belongs to XP.

Proof. Since H is twin-free, we have |X| < 2Fl. Thus, if |E| < 2(|E| — k), the whole
instance is a kernel and in fact any brute-force algorithm is an FPT algorithm. Hence we
also assume that |F| — k < |E|/2.

4 The reduction in [27] is for TEST COVER parameterized by |E| — k, which is equivalent by taking the dual
hypergraph.

11



Now, we first guess the set of ¢ hyperedges representing the ¢ equivalence classes in
case we have a YES-instance. This takes time (‘f ‘) = (‘ ]g‘Elé) < (| E'f_',g) (since k < ¢ and
|E| —k < |E|/2). Once the set of ¢ hyperedges is fixed, we remove the other hyperedges to
obtain a new sub-hypergraph (X, E’). Now, finding k vertices that induce exactly ¢ classes
is precisely DISTINGUISHING TRANSVERSAL on (X, E’), which is known to be in FPT for
parameter |E’'| —k |27] (more precisely, authors of [27] give this result for TEST COVER for
parameter | X| — k which is equivalent to DISTINGUISHING TRANSVERSAL for parameter
|E'| — k by taking the dual hypergraph). Since |E'| — k = ¢ — k < |E| — k this is an XP
algorithm. O

We do not know if PARTIAL VC DIMENSION is in FPT or W[1|-hard for parameter
|E| — k. The case ¢ = |E| (that is, DISTINGUISHING TRANSVERSAL) is shown to be in
FPT [27]. Moreover, VC DIMENSION is (trivially) in FPT when parameterized by |E| — k.
Indeed, any instance of VC DIMENSION with k& > log, |F| is trivially a NO-instance. On
the other hand, when k < log, |E|, then |E| — k > |E| — log, |E|. Therefore, a trivial
brute-force algorithm for VC DIMENSION is a fixed parameter tractable algorithm.

4 Approximation complexity of MAX PARTIAL VC DIMENSION

We now study the complexity of approximating MAX PARTIAL VC DIMENSION.

4.1 Positive results for MAX PARTIAL VC DIMENSION

Proposition 18. MAX PARTIAL VC DIMENSION is %?E‘}—appmximable n polyno-

mial time. For hypergraphs with VC dimension at most d, MAX PARTIAL VC DIMENSION
is k3 1-approzimable. For hypergraphs with maximum degree A, MAX PARTIAL VC DI-
MENSION s %—appmximable.

Proof. By Lemma 9, we can always compute in polynomial time, a solution with at least
k+1 neighborhood equivalence classes (if it exists; otherwise, we solve the problem exactly).
Since there are at most min{2*, |E|} possible classes, the first part of the statement follows.
Similarly, by Corollary 6, if the hypergraph has VC dimension at most d, there are at most
k?+1 equivalence classes, and kL pd-1, Finally, if the maximum degree is at most A, by

k+1
k(A+1)+2 k(A+1)42 < A—i—l)
2(k+1) 2 /-

2

(]
Corollary 19. For hypergraphs of VC dimension at most d, MAX PARTIAL VC DIMEN-
SION is |E|@=Y/_approzvimable.

Proof. By Proposition 18, we have a min{k¢~!, | E|/k})-approximation. If k%~! < |E|(d-1)/d
we are done. Otherwise, we have k9! > |E|(¢=1/? and hence k > |E|"/¢, which implies
that 21 < |B|@-1/4, O

For examples of concrete applications of Corollary 19, hypergraphs with no 4-cycles
in their bipartite incidence graph® have VC dimension at most 3 and hence we have an

Theorem 4 there are at most possible classes (and when A > 1,

5 In the dual hypergraph, this corresponds to the property that each pair of hyperedges have at most one common
element, see for example [3].
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| E|?/3-approximation for this class. Hypergraphs with maximum edge-size d also have VC
dimension at most d. Other examples, arising from graphs, are neighborhood hypergraphs
of: K4 1-minor-free graphs (that have VC dimension at most d [15]); graphs of rankwidth
at most 7 (VC dimension at most 22°” [15]); interval graphs (VC dimension at most 2 [14]);
permutation graphs (VC dimension at most 3 [14]); line graphs (VC dimension at most 3);
unit disk graphs (VC dimension at most 3) [14]; Cy-free graphs (VC dimension at most 2);
chordal bipartite graphs (VC dimension at most 3 [14]); undirected path graphs (VC di-
mension at most 3 [14]). Typical hypergraph classes with unbounded VC dimension are
neighborhood hypergraphs of bipartite graphs, co-bipartite graphs, or split graphs.

In the case of hypergraphs with no 4-cycles in their bipartite incidence graph (for which
MAX PARTIAL VC DIMENSION has an |E|*3-approximation algorithm by Corollary 19),
we can also relate MAX PARTIAL VC DIMENSION to MAX PARTIAL DOUBLE HITTING
SET, defined as follows.

MAX PARTIAL DOUBLE HITTING SET

Input: A hypergraph H = (X, E), an integer k.

Output: A subset C' C X of size k maximizing the number of hyperedges containing
at least two elements of C'.

Theorem 20. Any a-approximation algorithm for MAX PARTIAL DOUBLE HITTING SET
can be used to obtain a 4a-approximation algorithm for MAX PARTIAL VC DIMENSION
on hypergraphs without 4-cycles in their bipartite incidence graph.

Proof. Let H = (X, E) be a hypergraph without 4-cycles in its bipartite incidence graph,
and let C' C X be a subset of vertices. Since H has no 4-cycles in its bipartite incidence
graph, note that if some hyperedge contains two vertices of X, then no other hyperedge
contains these two vertices. Therefore, the number of equivalence classes induced by C' is
equal to the number of hyperedges containing at least two elements of C', plus the number of
equivalence classes corresponding to a single (or no) element of C'. Therefore, the maximum
number opt(H) of equivalence classes for a set of size k is at most optoys(H )+ k+ 1, where
optays(H) is the value of an optimal solution for MAX PARTIAL DOUBLE HITTING SET
on H. Observing that optays(H) > % (since one may always iteratively select pairs of
vertices covering a same hyperedge to obtain a valid double hitting set of H), we get that
opt(H) < 3optags(H) + 1 < 4optags(H). Moreover, in polynomial time we can apply the
approximation algorithm of MAX PARTIAL DOUBLE HITTING SET to H to obtain a set

C' inducing at least %S(H) neighborhood equivalence classes. Thus, C' induces at least
o) jt(aH) neighborhood equivalence classes. 0

The approximation complexity of MAX PARTIAL DOUBLE HITTING SET is rather
open. The problem admits no PTAS (unless NPC M.y BPTIME(2")) [40], but there is
a simple O(|E|'/?)-factor approximation algorithm (even in the general case) based on the
greedy constant-factor algorithm for MAX PARTIAL HITTING SET, see [46]. We deduce
the following corollary, which improves on the O(|FE|*3)-factor approximation algorithm
of Corollary 19.
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Corollary 21. MAX PARTIAL VC DIMENSION can be approximated within a factor of
O(|E|*?) on hypergraphs without 4-cycles in their bipartite incidence graph.

Another special case corresponds to problem MAX DENSEST SUBGRAPH (which, given
an input graph, consists of maximizing the number of edges of a subgraph of order k). This
is precisely MAX PARTIAL DOUBLE HITTING SET restricted to hypergraphs where each
hyperedge has size at most 2 (that is, to graphs). Such instances can be assumed to contain
no 4-cycles in their bipartite incidence graph (a 4-cycle would imply the existence of two
twin hyperedges). The best known approximation ratio for MAX DENSEST SUBGRAPH is
O(|E|**) [9].5 We deduce from this result, the following corollary of Theorem 20 for hyper-
graphs of hyperedge-size bounded by 2. This improves on both O(|E|'/?)-approximation
algorithms given by Corollaries 19 and 21 for this case.

Corollary 22. Any a-approximation algorithm for MAX DENSEST SUBGRAPH can be
used to obtain a 4a-approrimation algorithm for MAX PARTIAL VC DIMENSION on hyper-
graphs with hyperedges of size at most 2. In particular, there is a polynomial-time O(| E|/4)-
approzimation algorithm for this case.

We will now apply the following result from [7].

Lemma 23 ([7]). If an optimization problem is r(k)-approximable in FPT time with
respect to parameter k for some strictly increasing function r1 depending solely on k, then
it is also ry(n)-approximable in FPT time with respect to parameter k for any strictly
increasing function ry depending solely on the instance size n.

ok

Using Proposition 18 showing that MAX PARTIAL VC DIMENSION is ;=5

and Lemma 23, we directly obtain the following.

-approximable

Corollary 24. For any strictly increasing function r, MAX PARTIAL VC DIMENSION
parameterized by k is r(n)-approxzimable in FPT-time.

In the following, we establish PTAS algorithms for MIN DISTINGUISHING TRANSVER-
SAL and MAX PARTIAL VC DIMENSION on neighborhood hypergraphs of planar graphs
using the layer decomposition technique introduced by Baker [6]. (Note that the problem
is not closed under edge contractions, hence we cannot use the classic bidimensionality
framework [29] to obtain this result. For example, consider the graph P, which is a YES-
instance for £k = 1 and ¢ = 2, but after contracting an edge it becomes P,, which is a
NO-instance.)

Given a planar embedding of an input graph, we call the vertices which are on the
external face level 1 vertices. By induction, we define level t vertices as the set of vertices
which are on the external face after removing the vertices of levels smaller than ¢ [6]. A
planar embedding is t-level if it has no vertices of level greater than ¢. If a planar graph is
t-level, it has a t-outerplanar embedding.

6 Formally, it is stated in [9] as an O(|V|1/4)-appr0ximation algorithm, but we may assume that the input graph
is connected, and hence |V| = O(|E)).
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Theorem 25. MAX PARTIAL VC DIMENSION on neighborhood hypergraphs of planar
graphs admaits an EPTAS.

Proof. Let G be a planar graph with a t¢-level planar embedding for some integer ¢. We
aim to achieve an approximation ratio of 1 4. Let A =2 + [2].

Let G; (0 < i < A) be the graph obtained from G by removing the vertices on levels
i mod (A+1). Thus, graph G, is the disjoint union of a set of subgraphs G;; (0 < j < p with
p=1_ ;j;ﬂ) where G, is induced by the vertices on levels 0, . .., i—1 (note that G is empty)
and G;; with j > 1is induced by the vertices on levels (j—1)(A+1)+i+1, ..., j(A+1)+i—1.

In other words, each subgraph Gj; is the union of at most A consecutive levels and is thus
A-outerplanar, and it forms a connected component of GG;. Hence, G; is also A-outerplanar
and it has treewidth at most 3A—1 [10]. By Corollary 12, for any integer ¢ and any subgraph
G;j, we can determine an optimal set Sfj of t vertices of (;; that maximizes the number
of (nonempty) induced equivalence classes in G;; in time O(f(\)|V(G;;)|) (recall that any
graph of bounded treewidth also has bounded cliquewidth).

We then use dynamic programming to construct an optimal solution for GG; by choosing
the distribution of the k solution vertices among the connected components of Gj.

Denote by S;(q,y) a solution corresponding to the maximum feasible number of equiva-
lence classes induced by a set of y vertices of G; (0 < y < k) among the union of the first ¢
subgraphs Gy, ..., Gy, (1 < ¢ < p). Si(1,y) is the optimal solution S} for G;;, as computed
in the previous paragraph. We then compute S;(q, y) as the union of Sﬁ; and S;(¢—1,y—x*),
where val(S%) +val(Si(q — 1,y — 2*)) = maxocp<y(val(SE) + val(Si(qg — 1,y — x))).

Let S; = Si(p, k). Among Sy, ..., S\, we choose the best solution, that we denote by
S. We now prove that S is an (1 4 ¢)-approximation of the optimal value opt(G) for MAX
PARTIAL VC DIMENSION on G. Let S,,: be an optimal solution of G. Then, we claim that
there is at least one integer r such that at most 3/(A+ 1) of the equivalent classes induced
by Sept in G are lost when we remove vertices on the levels congruent to r mod (A + 1).
Indeed, denote by ¢; the number of equivalence classes induced by S,,; and that contain a
vertex from a level congruent to ¢ mod (A + 1). Since an equivalence class can correspond
to vertices of at most three levels, we have that each class is counted at most three times
in the sum » o,y £, and we have ), £; < 3val(Syy). By an averaging argument we
obtain the existence of claimed r.

Thus, val(S) = val(S,) = opt(G) — 30/{’1(?) = 320t (G) > O‘ﬁ?, which completes the
proof.

The overall running time of the algorithm is A times the running time for graphs of
treewidth at most 3\ — 1, that is, O(g(A\)n) for some function g. O

As a side result, using the same technique, we provide the following theorem about
MIN DISTINGUISHING TRANSVERSAL, which is an improvement over the 7-approximation
algorithm that follows from [50] (in which it is proved that any YES-instance satisfies ¢ <
7k) and solves an open problem from [35] (indeed this is equivalent to MIN IDENTIFYING
CODE on planar graphs).
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MIN DISTINGUISHING TRANSVERSAL
Input: A hypergraph H = (X, F), and an integer k.
Output: A set C' C X of minimum size that induces |E| distinct equivalence classes?

Theorem 26. MIN DISTINGUISHING TRANSVERSAL on neighborhood hypergraphs of pla-
nar graphs admits an EPTAS.

Proof. Let G be a planar graph with a t-level planar embedding for some integer t. We
alm to achieve an approximation ratio of 1 +¢. Let A = (%} Let G;; be the subgraph of
G induced by the vertices on levels jA +,...,max{t,(j + DA +i+ 1} (0 <i <A -1,
0<j< t_f\_l). In other words, each subgraph G;; is the union of at most A+ 2 consecutive
levels of the embedding, and the subgraphs G;; and Gj;;1) have two levels in common.
Each subgraph G;; is thus (A +2)-outerplanar and has treewidth at most 3\ +5 [10]. Thus,
in G;;, we can efficiently determine in time O(f(\)|V(Gy;)|) a minimum-size set \S;; such
that each vertex belongs to a distinct neighborhood equivalence class, and has at least one
vertex from its closed neighborhood in S;; (this can be done using Courcelle’s theorem [24],
as noted in [44, Chapter 2). Let S; = J; Si;. We claim that S; is a distinguishing set of G.
Indeed, consider two vertices  and y of G. If they belong to a same subgraph G;;, they
are clearly separated by some solution vertex in S;;. Now, assume that z and y do not
both belong to the same subgraph G;;. In particular, they must belong to two levels of the
embedding that are at distance at least 3 apart. Thus, they are not adjacent and do not
have any common neighbor. Recall that each vertex of G;; has a vertex of .S;; in its closed
neighborhood. Thus, this vertex separates x and y.

Now, among Sy, ..., S\_1, we choose the minimum-size solution, that we denote by S.
We are going to prove that S is an (1 + ¢)-approximation. Let S,,; be an optimal solution
for G, and let opt; be the number of vertices that are in S, and on levels ¢ mod A and
(i + 1) mod A. We can easily see that there is at least one r (0 < r < A — 1) such that
opt, < 5l < €|, since Y opti = 2| Supl- Thus [S] < [S,] < [U; Syl < 3,18 <
Zj |Sopt NV V(Grj)| = [Sopt| + oty = [Sopt| + opty < (1 +€)[Soptl-

The overall running time of the algorithm is A\ times the running time for graphs of
treewidth at most 3\ + 5, that is, O(g(\)n) for some function g. O

4.2 Hardness results for MAX PARTIAL VC DIMENSION

We define MAX VC DIMENSION as the maximization version of VC DIMENSION.

MAX VC DIMENSION
Input: A hypergraph H = (X, F).
Output: A maximum-size shattered subset C' C X of vertices.

Not much is known about the complexity of MAX VC DIMENSION: it is trivially
log, | E|-approximable by returning a single vertex; a lower bound on the running time
of a potential PTAS has been proved [23]. It is mentioned as an outstanding open problem
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in [20]. In the following we establish a connection between the approximability of MAX
VC DIMENSION and MAX PARTIAL VC DIMENSION.

Theorem 27. Any 2-approximation algorithm for MAX PARTIAL VC DIMENSION can be
transformed into a randomized 2-approximation algorithm for MAX VC DIMENSION with
polynomial overhead in the running time.

Proof. Let H be a hypergraph on n vertices that is an instance for MAX VC DIMENSION,
and suppose we have a c-approximation algorithm &7 for MAX PARTIAL VC DIMENSION.

We run & with k& = 1,...,log, | X]|, and let ky be the largest value of k such that
the algorithm outputs a solution with at least % neighborhood equivalence classes. Since
o/ is a c-approximation algorithm, we know that the optimum for MAX PARTIAL VC
DIMENSION for any k > kj is strictly less than 2¥. This implies that the VC dimension of
S is at most k.

Now, let X be the solution set of size kg computed by &7, and let Hx be the sub-
hypergraph of H induced by X. By our assumption, this hypergraph has at least 2o
distinct edges. We can now apply the Sauer-Shelah Lemma (Theorem 5).

We have ¢ = 2, and we apply the lemma with | X| = ko and d = %‘) + 1; it follows that
the VC dimension of Hx (and hence, of H) is at least %0 + 1. By the constructive proof
of Theorem 5, a shattered set Y of this size can be computed in (randomized) polynomial
time [1,43]. Set Y is a 2-approximation, since we saw in the previous paragraph that the
VC dimension of H is at most k. O

We note that the previous proof does not seem to apply for any other constant than 2,
because the Sauer-Shelah Lemma would not apply. Though the approximation complexity
of MAxX VC DIMENSION is not known, our result shows that MAX PARTIAL VC DIMEN-
SION is at least as hard to approximate.

We shall now prove that MAX PARTIAL VC DIMENSION has no PTAS (unless P=NP),
even for neighborhood hypergraphs of graphs of bounded maximum degree. Recall that in
this setting, MAX PARTIAL VC DIMENSION is in APX by Proposition 18.

Before proving this negative result, we need an intermediate negative result for MAX
PARTIAL VERTEX COVER (also known as MAX k-VERTEX COVER [18]), which is defined
as follows.

MAX PARTIAL VERTEX COVER
Input: A graph G = (V| E), an integer k.
Output: A subset S C V of size k covering the maximum number of edges.

MAX PARTIAL VERTEX COVER has no PTAS (unless P=NP), even when G is cu-
bic [49]. Since the proof of [49] is not formulated in this language, we give a proof for
completeness.

Proposition 28 ([49]). MAX PARTIAL VERTEX COVER has no PTAS (unless P=NP),
even for cubic graphs.
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Proof. Suppose there is a PTAS algorithm o7 for MAX PARTIAL VERTEX COVER, thus
giving a (1 + ¢)-approximate solution on a graph G = (V, E), |V| = n,|E| = m = 3n/2.
We will use &7 to solve MIN VERTEX COVER by invoking it for £k = 1,2,... n, and keep
the best of all the produced solutions. Assume that it is obtained for k = ky. We claim
that o for k = ko produces a solution where ko vertices cover at least - edges. Indeed,
when k = optyc(G) (where optyo(G) denotes the minimum solution size for MIN VERTEX
COVER on G), at least 7= edges must be covered by the result of /. Since the result of
o/ for k = kg is at least as good as this, the claim follows.

Thus, at most 1= - m edges are not covered. We construct a set C' with the ko vertices
selected by <7, to which we add one arbitrary vertex of each of the remaining ;3 - m
uncovered edges. This set C' is a vertex cover for G, and its size is ko + 5 - m. However, in
a cubic graph, m < 3k (in any optimal solution for MIN VERTEX COVER, each vertex can
cover at most 3 edges). Therefore, |C| < ko + 152 - 3ko = ko(1 + '), by setting &' = 375

1+~
This gives a PTAS for MIN VERTEX COVER, a contradiction to its hardness [2]. 0

Theorem 29. MAX PARTIAL VC DIMENSION has no PTAS (unless P=NP), even for
neighborhood hypergraphs of graphs of maximum degree 7.

Proof. We will give an L-reduction from MAX PARTIAL VERTEX COVER (which has no
PTAS, by Proposition 28) to MAX PARTIAL VC DIMENSION. The result will then follow
from Theorem 8. Given an instance I = (G, k) of MAX PARTIAL VERTEX COVER with
G = (V,E) a cubic graph, we construct an instance I’ of MAX PARTIAL VC DIMEN-
SION that is the neighborhood hypergraph associated to a graph G’ with G' = (V', E')
of maximum degree 7 in the following way. For each vertex v € V, we create a gadget

P, with twelve vertices where four among these twelve vertices are special: they form the
set F, = {fL f2 f3, f21. The other vertices are adjacent to the subsets {f}, {f?, f3},
{fz}vfg}v {fgvf;l}v {fz}vf;l}v {f1}7 Suf;;l}v {fz}v 37f:;1}7{f1}7 37 Suf;;l}v respectively. We also
add edges between fl and f?, between f2 and f? and between f3 and f2. Since G is cubic,
for each vertex v of G, there are three edges eq, e5 and e3 incident with v. For each edge
e; (1 < i < 3), the endpoint v is replaced by f’. Moreover, each of these original edges of
G is replaced in G’ by two edges by subdividing it once (see Figure 1 for an illustration).
We call the vertices resulting from the subdivision process, edge-vertices. Finally, we set
k' = 4k.

From any optimal solution S with |S| = k covering opt(I) edges of G, we construct a set
C={f!:1<j<4,ve S} of size 4k. By construction, C' induces 12 equivalence classes
in each vertex gadget. Moreover, for each covered edge ¢ = xy in G, the corresponding
edge-vertex v, in G’ forms a class of size 1 (which corresponds to one or two neighbor
vertices f! and fzg of v, in C). Finally, all vertices in G’ corresponding to edges not covered
by S in G, as well as all vertices in vertex gadgets corresponding to vertices not in .S,
belong to the same equivalence class (corresponding to the empty set). Thus, C' induces in
G’ 12k + opt(I) + 1 equivalence classes, and hence we have

opt(I') = 12k + opt(I) + 1. (1)
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Fig. 1. a) Vertex-gadget P, and b) illustration of the reduction.

Conversely, given a solution C’ of I” with |C’| = 4k, we transform it into a solution for
I as follows. First, we show that C” can be transformed into another solution C” such that
(1) C” only contains vertices of the form f!, (2) each vertex-gadget contains either zero or
four vertices of C”, and (3) C” does not induce less equivalence classes than C’. To prove
this, we proceed step by step by locally altering C” whenever (1) and (2) are not satisfied,
while ensuring (3).

Suppose first that some vertex-gadget P, of G’ contains at least four vertices of C'.
Then, the number of equivalence classes involving some vertex of V(P,) N C’ is at most
twelve within P, (since there are only twelve vertices in P,), and at most three outside P,
(since there are only three vertices not in P, adjacent to vertices in P,). Therefore, we can
replace V(P,) N C’ by the four special vertices of the set F), in P,; this choice also induces
twelve equivalence classes within P,, and does not decrease the number of induced classes.

Next, we show that it is always best to select the four special vertices of F, from
some vertex-gadget (rather than having several vertex-gadgets containing less than four
solution vertices each). To the contrary, assume that there are two vertex-gadgets P, and
P, containing respectively a and b vertices of C’, where 1 < b < a < 3. Then, we remove
an arbitrary vertex from C’' N V(P,); moreover we replace C' N V(P,) with the subset
{fi,1<i<a+1}, and similarly we replace C' NV (P,) with the subset {f/,1 <1i < b—1}.
Before this alteration, the solution vertices within V (P, )UV (P,) could contribute to at most
2¢ +2° 2 equivalence classes. After the modification, one can check that this quantity is at
least 2071 4+ 201 — 92 classes. Observing that 207! +20-1 -2 > 24 4+ 2% 92 since 22 —2°=1 > 0
yields our claim. Hence, by this argument, we conclude that all vertex-gadgets (except
possibly at most one) contain either zero or four vertices from the solution set C”.
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Suppose that there exists one vertex-gadget P, with ¢ solution vertices, 1 <i < 3. We
show that we may add 4 — ¢ solution vertices to it so that C' NV (P,) = F,,. Consider the
set of edge-vertices belonging to C’. Since we had |C’| = 4k and all but one vertex-gadget
contain exactly four solution vertices, there are at least 4 — i edge-vertices in the current
solution set. Then, we remove an arbitrary set of 4 — i edge-vertices from C’ and instead,
we replace the set V(P,) N C" by the set F), of special vertices of P,. We now claim that
this does not decrease the number of classes induced by C’. Indeed, any edge-vertex, since
it has degree 2, may contribute to at most three equivalence classes, and the ¢ solution
vertices in P, can contribute to at most 2¢ classes. Summing up, in the old solution set,
these four vertices contribute to at most 3(4 — i) + 2° classes, which is less than 12 since
1 <7 < 3. In the new solution, these four vertices contribute to at least 12 classes, which
proves our above claim.

We now know that there are 4i edge-vertices in C’, for some i < k. All other solution
vertices are special vertices in some vertex-gadgets. By similar arguments as in the previous
paragraph, we may select any four of them and replace them with some set F), of special
vertices of some vertex-gadget P,. Before this modification, these four solution vertices
may have contributed to at most 3 -4 = 12 classes, while the new four solution vertices
now contribute to at least 12 classes.

Applying the above arguments, we have proved the existence of the required set C”
that satisfies conditions (1)—(3).

Therefore, we may now assume that the solution C” contains no edge-vertices, and for
each vertex-gadget P,, C" NV (P,) € {0, F,}. We define as solution S for I the set of
vertices v of G for which P, contains four vertices of C”. Then, val(S) = val(C") — 12k — 1.
Considering an optimal solution C” for I’, we have opt(I) > opt(Il') — 12k — 1. Using (1),
we conclude that opt(I') = opt(I) + 12k + 1 < opt(I) + 240pt(I) + 1 since k < 20pt(I) and
thus opt(I") < 260pt(I).

Moreover, we have opt(I) —val(S) = opt(I') — 12k — 1 — (val(C") — 12k — 1) = opt(I") —
val(C").

Thus, our reduction is an L-reduction with @ = 26 and g = 1. O

5 Conclusion

We have defined and studied the problems PARTIAL VC DIMENSION (and its maximization
variant MAX PARTIAL VC DIMENSION), that generalizes DISTINGUISHING TRANSVERSAL
and VC DIMENSION.

It would be interesting to settle the parameterized complexity of PARTIAL VC DI-
MENSION (for the natural parameter k, or equivalently, ¢) for neighborhood hypergraphs
of certain graph classes such as planar graphs, line graphs or interval graphs. Indeed the
problem remains NP-hard for these cases. Also, can one extend Theorem 15 to general
hypergraphs, that is, is the problem FPT when restricted to hypergraphs of bounded max-
imum degree or hyperedge size?

The probably most intriguing open question seems to be the approximation complexity
of MAX PARTIAL VC DIMENSION. In particular, does the problem admit a constant-
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factor approximation algorithm? As a first step, one could determine whether such an
approximation algorithm exists in superpolynomial time, or on special subclasses such as
neighborhood hypergraphs of specific graphs. We have seen that there exist polynomial-
time approximation algorithms with a sublinear ratio for special cases; does one exist in
the general case?
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