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ABSTRACT. The aim of this work is to describe a Spectral Mapping Method (SMM) to split
spectral intervals into smaller sets of wavenumbers, called intervals of comonotonicity, over
which gas spectra in distinct states are rigorously linked through a strictly increasing function.
Over small intervals of comonotonicity, the proposed method becomes, in theory, exact. The
step-by-step process of construction of intervals of comonotonicity is described and explained.
The present work focuses on the two-cell problem. Despite its full generality for the treatment
of the blurring effect in k-distribution approaches, the strength of the method is illustrated: 1/
with a high number of subintervals on an IR signature configuration, widely recognized as
among the most challenging in band model theory; 2/ with only two subintervals, in a highly
non-uniform two-cell configuration. Comparisons with reference Line-By-Line calculations
and a mapping technique founded on a scaled map illustrate its relevance for radiative heat

transfer and spectroscopic applications.

KEYWORDS: gas radiation, non-uniform, spectral mapping method (SMM), intervals of

comonotonicity, comonotonic spectra, Ck, CKD.



NOMENCLATURE

g cumulative k-distribution — Eq. (1)

k absorption coefficient (cm™)
u abscissa at the origin for the lines used to split the g-g plot (Sections 2 and 3)
u scaling coefficient (Section 4)

Greek symbols

An  spectral band width (cm™)

K, spectral absorption coefficient (cm™)
Q spectral mapping function (cm™)

n wavenumber (cm™)

Subscripts / superscript

1,2  relative to the thermophysical state 1 or 2 of the gas



1. INTRODUCTION

Extension of approximate models of gas radiation from uniform to non-uniform paths is among
the most difficult problems in gas radiation modeling [1]. Although many methods are accurate
enough for radiative heat transfer applications, most of them do not permit to achieve a
precision sufficient for narrow and wide band spectroscopic (environmental, etc.) applications.
In these cases, advanced techniques to improve approximate models of gas radiation for general
non-uniform applications are required. These techniques can be organized in two main

categories: Multiple-Line-Group methods [1] and Spectral Mapping techniques.

Multiple-Line-Group (MLG) approaches are among the oldest techniques. They first appeared
in 1962 as part of Wyatt’s quasi-random band model [2], and consist of an explicit grouping of
spectral lines according to values of their linestrengths. The idea of combining spectral lines
with similar lower state energy levels appeared in the 70s, as a way to ameliorate the treatment
of highly non-isothermal paths. Early methods based on this idea are described in Refs. [3-6].
Recent appellations for these approaches are the fictitious gases [7] and the multi-scale method
described in Baradwaj and Modest [8]. The method presented in Ref. [8] mostly reformulates
in different words the approach proposed a few years earlier in Ref. [9]. The output of a MLG
treatment is a set of groups of spectral lines whose centers are assumed to be statistically

independent, from one group to another.

Spectral Mapping Methods (SMM) seek to avoid the use of simplifying assumptions to treat
non-uniform gaseous paths (constant absorption coefficient, scaling, etc.) by iteratively splitting
the spectral interval associated with the model’s definition into sub-intervals over which these
non-uniform treatments are not assumptions but actual properties of gas spectra. The output of
a SMM treatment is a set of spectral intervals over which a particular relationship between high
resolution spectra in distinct states (scaling, correlation / comonotonicity, etc.) can be assumed

to be exact. Any SMM thus leads to some simplifications in the treatment of path non-



uniformities. Application of SMM requires high resolution spectral data, which explains why
these techniques are more recent than MLG. The first SMM was in fact proposed by West and
Crisp in 1990 [10]. It consists in building sub-intervals, or bins, in such a way that gas spectra
are constant over the bins at each spatial location along non-uniform paths. This technique was
improved recently in Refs. [11,12]. Other methods produce intervals over which gas spectra
can be treated as scaled. Modest and co-workers” multi-group (MG) [13] (not to be confused
with Ludwig’s [3] or Khodyko / Vitkin [4-6] multi-group methods which are both founded on
MLG) and multi-spectral techniques [14-17] fall in this category and differ principally by the
way the spectral intervals are built. In two recent papers [18,19], efforts were made by Hu and
Wang to improve the grouping scheme used in the Multi-Scale Multi-Group (MSMG) method
of Modest by attempting to replace constraints on scaling coefficients, as used in the original
version, by pragmatic criteria based on a correlated view. The necessity to treat differently
single species and mixtures is closely related to the initial choice made by the authors to apply

the MSMG method for their problem.

When formulated and applied properly, both MLG and SMM have the potential to improve
significantly the treatment of path non-uniformities. No combinations of the two techniques,

which are by construction redundant, are in this case required.

This work proposes a SMM technique that allows the building of spectral intervals over which
gas spectra in distinct states are rigorously linked through a strictly increasing function.
Accordingly, over these intervals that will be from now on referred to as intervals of
comonotonicity, the two spectra at the distinct states can be related through monotonically
increasing functions: spectra are called comonotonic [20], and the Ck / CKD approaches are
exact. Notice that Ck and CKD acronyms represent the same method (the so-called Correlated

approximation applied within the frame of the k-distribution technique) but one of them is



mostly encountered in Mechanical Engineering (Ck) whereas the other one is more usual in

Atmospheric Sciences (CKD).

The present method improves k-distribution methods by directly addressing the blurring effect
of non-uniform k-distribution approximations: this effect is encountered both for high
temperature (as considered here for illustration) and atmospheric applications. The
simplification of the treatment of path non-uniformities that is provided by the present SMM
results from the construction of spectral intervals over which this blurring effect can be
effectively eliminated. The step-by-step process to construct intervals of rigorous
comonotonicity, and thus “correlation” or “zero-blurring”, is described. It is applied here to
narrow spectral intervals but its extension to any band width is possible since it only requires
the specification of the cumulative k-distributions of the gas in distinct states: any particularity
of the problem under study (width of the band, possible influence of optical filters and / or non-
constant blackbody function) is already included in the calculation of the cumulative k-
distribution. Application of the method to highly non-uniform situations, one of which is
representative of the classically challenging IR plume signature calculation, illustrates the
relevance of the method. The present grouping scheme can be used alone, as proposed here, or
together with other techniques for which it can provide a relevant initial guess at the earliest

stage of their iterative process.

2. BUILDING INTERVALS OF COMONOTONICITY

Let us consider two gas spectra at two distinct thermophysical states for which the spectral

absorption coefficients in the two states are «, and «;, respectively. The cumulative k-

n

distribution functions that correspond to these two spectra are:

1

gi(ki):A_n

-jH(ki—K;) dn, i=12 )

An



where H is the Heaviside step function. The problem is formulated here within the frame of

narrow band approaches but can be extended to any other band, up to the full spectrum, by

replacing dn/An in Eg. (1) by any weighting function of the form a)(r]) dn where
®(17)>0 and [w(n) dn =1.

We start our analysis by plotting the absorption spectra for the two thermophysical states not

as functions of wavenumbers, as in usual LBL representations, but with respect to the
cumulative distribution function of the absorption coefficient in State 1, 91(’57)- State lisal
% H20 — 99 % N, mixture at 300 K ; State 2 is 10 % H,O — 90 % N at 1500 K. The 25 cm'*

narrow band considered for the following figures is centered at 3400 cm™, in the 2.7 pm band

of H20. This spectral region is widely used in IR plume signature studies [9,21].

For this purpose, we start with the high resolution (102 cm™) spectra in the two states, provided

as vectors (x, x; ...k, ) and (2, k. ,..x, ) where (m, 1,..7m) is the set of

wavenumbers used in the LBL calculation, and calculate two new vectors
(gl(z(fh), gl(xfh),..,gl(Kfm )) and (gz(/c;), gz(xsz),..,gz(KjN )) by application of Eq. (1). If

one sets (gl(th) gl(zc}b),..,gl(@N )) as abscissa axis and plots (Kl Ky o Ky ) and

m? 7N

2 2
(K K

" ﬂz,..,KjN ) with respect to this vector, one receives Figure 1.

After the change of abscissa axis from wavenumbers to gl(lc}]), the gas spectrum in State 1 is

monotonically increasing (this is the main principle of the k-distribution method) whereas the

absorption spectrum in State 2 is not (in the present case but this observation is rather general)

an increasing function of gl(zc;). This departure from monotonicity is the main source of error

in the Ck / CKD approaches.



Our aim is to build spectral intervals over which gas spectra are comonotonic viz. to extract

subsets of points from the cloud of circles (absorption coefficient in State 2 reorganized with

respect to gl(zc;) - in other words, values of zgf at the wavenumbers r where zc; Is associated

with the pseudo-spectral wavenumber gl(xf])) of Figure 1 that increase with respect to g.
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Figure 1. Example of two spectra reordered with respect to the same (related to State 1)

cumulative k-distribution function. Gas spectra are clearly not comonotonic / correlated.

For this purpose, we will mostly follow the same steps as in Ref. [15] where the objective was
to construct sub-intervals over which gas spectra are scaled. However, the starting point is
slightly different. Indeed, the main difference between the two approaches (scaled in [15] or
correlated / comonotonic here) is that we will replace the C-curves of Ref. [15] (2-dimensional

parametric curve k, =« , k, =« in the (k, k2)-plane) by a g-g plot (2-dimensional parametric



plot of g,=9,(x}). 9, =0,(x) in the (g1, g2)-plane). This kind of representation is not new in

the radiative heat transfer literature and can be found for instance in Ref. [22] to illustrate the
blurring effect of k-distribution methods viz. to show their possible departure from the so-called
“correlated” assumption. An example of g-g plot is given in Figure 2 corresponding to the same

set of LBL data as for Figure 1. This figure was obtained by setting
(gl(z«fh), d,(x, ) 0 (1, )) as abscissa axis and plotting (gz(zcjl), 9, (2 )8, (2, ))
with respect to glzgl(zc;). For the sake of legibility, only the points associated with the

discrete wavenumbers used in the LBL calculation of «; and «; are depicted.
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Figure 2. Example of g-g plot (same case as Figure 1)



Figure 3 represents a simplified model of g-g plot. If gas spectra were actually “correlated”,

their cumulative distribution would take equal values at all wavenumbers and all the points

9,=0(x}). 9,=0,(x?) would be aligned on the straight diagonal line Do. As gas spectra are

not correlated / comonotonic in the case considered, points of coordinates

9, =0:(}). 9, =9,(x) canbe found in various regions of the unit square. The building of sub-

intervals of comonotonicity consists in splitting the unit square in a pertinent way so as to define
these intervals. In other words, we seek to identify using Fig. 2 wavenumber intervals where
the two spectra are related through a strictly increasing function, viz. over which they share the

same monotonicity by increasing or decreasing simultaneously.
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Figure 3. Schematic representation of a g-g plot



Let us focus our attention on the set of wavenumbers An(u) built by grouping together the

points located between the two lines Dy and Du+s, Where ¢ is a positive increment and u takes

values between -1 and 1. At all these spectral locations, one has:
u<g,(x’)-0,(x})<u+e (2)

Consequently, for small increments ¢, all the values of the absorption coefficient in State 2 over
An(u) are associated with values of the absorption coefficient in State 1 through the following

linear relationship:
gz(Kj)zUJrgl(K’;), neAn(u) (3)

or equivalently:
=0 [u+0,(12)]= @, (x2). where g, (k)= g;"[u+g,(k)] @

Eq. (4) shows that the two absorption spectra &, and i are linked to each other through a

strictly increasing function ¢, , that depends on u, at all spectral locations 77 € An(u).

In this case, the cumulative-k distributions restricted to the interval An(u) which are defined

for the two states 1 and 2 as:

1

gi I:ki|A77(u):|= A

[ H(k-x))dn, i=12 )

take equal values for any wavenumber inside An(u) and follow rigorously:

0, x5 |An(u)|=0,[ < [An(u)], nean(u) (6)

This relationship arises directly from the equalities Egs. (3,4) and the definition of

comonotonicity, viz. two variables are comonotonic if and only if they can be linked to each



other through a strictly increasing function in which case their rank / cumulative distribution
functions are equal [20]. Intervals An(u) thus correspond to intervals of comonotonicity, i.e.,

spectral intervals over which gas spectra are comonotonic.

Based on the same principle, the unit square can be discretized into diagonal belts at fixed
values of u. All the points that belong simultaneously to the g-g plot and a given belt can then
be grouped to define a spectral interval over which gas spectra are comonotonic and,
consequently, over which the Ck / CKD method is exact. By varying the parameter u between
-1 and 1 one reconstructs the unit square and thus the set of wavenumbers (the narrow band

considered in this work) A7 .

3. APPLICATION

The results provided in this section are based on the same LBL dataset as described in Ref. [15].
They use spectral line parameters taken from HITEMP2010 [23] as inputs. The two states
considered in this section are the same as for the previous figures: State 1 isa 1 % H>0 —99 %
N2 mixture at 300 K ; State 2 is 10 % H20 — 90 % N at 1500 K. As noticed earlier, spectra

were restricted to the 25 cm™ spectral band centered at 3400 cm™ for Figures 1,2,4,5.

Building intervals of comonotonicity from the sets of vectors described in the previous section

up to radiative heat transfer calculations requires several steps:

A / the first step consists of splitting the g-g plot of Figure 2 into different diagonal belts, each

of which corresponds to a distinct value of the parameter u. The splitting process was done by:

1/ evaluating the distribution function F of the spectral variable g, (x2)-g,(x;); 2/ dividing
the unit interval [0,1] into N + 1 equally spaced values X, i=L,N+1 X, =0; X, ,=1;3/

solving F(u;)=X,

to define bounds u,, i=1N+1 for the variable u; 4/ the i-th belt then

consists of all wavenumbers for which v, <g,(x2)-g,(«})<u

— i+l



In this section, N = 25 belts were constructed by this method. Each belt contains roughly the
same number of points (100 + 2 spectral values of the absorption coefficients). Results (only a

few subsets are plotted for legibility) are depicted in Figure 4.
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Figure 4. Discretization of the g-g plot into diagonal belts

B/ Next, all the points inside a diagonal belt, made of many noncontiguous intervals, are

prescribed to the same group. This defines an ensemble of N = 25 groups together with their
corresponding intervals An(u), ue(-11). An inverse transformation g," is then applied to

all the elements in each group and the corresponding absorption coefficients are plotted with
the same symbols as in the g-g plot of Figure 4. This yields Figure 5. The simple process

described in the previous section clearly allows extracting from the cloud of points depicted in



Figure 1 subsets of k-values that almost share the same monotonicity with respect to gi in the

two states.
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Figure 5. Subsets of comonotonic absorption coefficients (groups)

C/ In the final step, each set of absorption coefficients in a group of wavenumber 7 € An(u) is

treated as an independent spectrum over which a k-distribution parameterization is applied viz.

a distribution function is evaluated over the set of k-values inside a belt Az (u) and then

inverted to provide an ensemble of corresponding gray gas absorption coefficients. Outcomes
of this method are plotted in Figures 6 and 7. These figures correspond to a plume signature
situation. For the narrow band averaged IR plume signature calculation of Figure 6, the length
of the cold (State 1) path is 1000 m and that of the hot path (State 2) is 80 cm. Gases are at
atmospheric pressure. Figure 6 shows the predicted radiative intensity exiting the cold layer and

Figure 7 depicts the normalized errors on intensities calculated by the approximate models and



reference LBL calculations. For comparison purposes, results of a Ck-1 model (Ck / CKD model
built on 1 cm™ wide spectral intervals) averaged over 25 cm™ are also provided together with a
Ck-25 model (Ck / CKD model built on 25 cm™ wide spectral intervals). The two approaches
(Ck-1 and the Ck model based on intervals of comonotonicity) use weights and nodes based on
a 7™ order Gauss-Legendre quadrature and thus share the same computational cost after the
belts of comonotonicity are determined. The Ck-25 model uses the same type of quadrature at
order 25. The approximation based on the intervals of comonotonicity clearly outperforms that
obtained with a discretization of the 25 cm™ narrow bands into contiguous spectral intervals,

viz. Ck-1.
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Figure 6. Radiative intensity at the exit of the cold path
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4. COMPARISON WITH A MAPPING TECHNIQUE BASED ON INTERVALS

OF SCALING

As emphasized in the introduction, there exist many mapping methods in the literature to
improve approximate models of gas radiation in non-uniform situations. Among them,
techniques based on intervals of scaling are probably the simplest. They are all built on the

same simple idea, explained below.

At high spectral resolution, gas spectra are rigorously scaled. However, the scaling property
cannot, in general, be extended to spectral bands since, for any two absorption spectra Ki and
x’ of the same molecule in distinct states, the ratio U, =/« is rarely a constant over a
contiguous set of wavenumbers of non-null width Az . One can however define, as for rci and

x;, a distribution function for this new spectral variable u, = K‘;/K‘,l] :

F(u)z—-IH(u—uﬂ)dnzﬁ’(un<u) )

An

This distribution function can be used to define intervals of scaling. Indeed, they can be built

by application of the following steps: 1/ the unit interval [0,1] is divided into N + 1 equally

spaced values X;, i=LN+1L X, =0; X,,=1;2/ F(u)=X,

is solved, where F is now

given by Eq. (7) and represents the distribution function of scaling coefficients, which provides

bounds u;, i=1,N+1 for the variable u, :zcj/zcl; 3/ subintervals are then obtained by
K2

grouping together all wavenumbers for which u, <—-<u,,,; 4/ over these intervals, the ratio
K
n

u, = K‘;/K‘}Y is roughly a constant (in the same way that when applied directly to gas spectra the

method provides gray gases). Absorption spectra can thus be treated as scaled (their ratio is a

constant) over the corresponding sets of wavenumbers.



It can be noticed that for large N, a constant value of the ratio of the two spectra is a fair
approximation inside each of the subintervals provided by this method so that a mean scaling
coefficient can be realistically introduced. For small values of N, however, the use of the Ck /
CKD method can correct errors due to non-constant scaling coefficients and should be
preferred, as suggested in Ref. [13]. This is the method selected in this section since the choice
N=2 was made. Indeed, since the two methods that we want to compare (based on intervals of
scaling or comonotonicity) converge toward the exact solution at infinite values of N, their
comparison only has relevance for small values of N. Notice also that the two methods based
on intervals of scaling and comonotonicity share in this case almost the same RTE solver. Only
the intervals used to construct conditional (viz. restricted to subintervals, as introduced in Eq.

(5) for the comonotonic case) k-distribution functions differ.

This method to construct intervals of scaling is not exactly the same as used, for instance, by
Zhang and Modest in the multi-group method [13] or in Refs. [14-17] for the multispectral
approach, both of which use some criterion on spectral scaling coefficients over sequences of
thermophysical states to construct intervals of scaling. Here, only two states are treated.
However, these techniques are founded on the same principle (aggregate intervals in such a way
that the ratio of any two spectra is a constant) and should provide, in theory, exactly the same

results as those provided by the present method.

The two spectral mapping techniques (scaling / comonotonicity intervals) are compared and
assessed against LBL calculation in a case taken from Ref. [13]. Results of a Ck-12.5 model
and the spectral mapping method proposed by Zhang and Modest in [13], based on the arbitrary
cut-off on scaling coefficients uUcutoff = 10, are also provided for completeness. The two cells
contain the same gas, 20% H>0, 80% N at atmospheric pressure. The hot layer is at 2000 K
and its length is 50 cm, and the cold layer is at 300 K and its length varies. Calculations are

made over narrow bands and then integrated over the full spectrum to provide total intensities



which are used for comparisons with LBL calculations. These intensities are evaluated at the

cold side. Results are shown in Figure 8.
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Figure 8. Comparison of several spectral mapping methods

From the results shown in Figure 8, the following conclusions can be drawn:

1/ Splitting the 25 cm™ narrow band into two contiguous subintervals (yielding the Ck-12.5
solid circles) does not improve the approximation significantly compared to the Ck-25 method

(solid squares).

2/ Using intervals of scaling or comonotonicity clearly yields a high gain in terms of accuracy,
with errors reduced in the present case by a factor 4 when either the grouping scheme based on
scaling or comonotonicity described in this work are used. At identical computational costs,
spectral mapping methods have the potential to improve significantly the accuracy of the k-

distribution methods compared to a crude splitting of the band into narrower sets. In the present



case, the model based on intervals of comonotonicity has a slightly higher accuracy than the
model based on intervals of scaling. The spectral scaling method proposed by Zhang and
Modest also improves the accuracy of narrow band calculations, but can clearly not compete in

the case considered here with the two other grouping schemes described in this paper.

Finally, Figure 9 depicts mean Spearman’s coefficients calculated over narrow bands.
Spearman’s coefficient is a measure of dependence [20] and characterizes the non-linear
dependence between sets of values / random variables. The Ck / CKD model assumes this
coefficient to be 1. A null value of Spearman’s coefficient indicates complete statistical
independence. Negative values can be observed when high values in a sequence are associated
with low values in the other sequence, in which case variables are called counter-monotonic.

Over a narrow band A, and for two thermophysical states as defined in section 2, Spearman’s
coefficient can be calculated as [24]:

pSP(Ki,K,?):lZ-Ain-jgl(K;) gz(’(;?) dn-3 (8

An

One can readily confirm that when spectra follow rigorously the implicit equation associated
with so-called “correlated” models, this coefficient is actually 1. In the modern statistical

literature [20], a Spearman’s coefficient equal to 1 characterizes comonotonic variables.

Over sub-intervals, one can similarly define group Spearman’s coefficients by simply replacing

the full band A7 by the interval A77(ui ) , Where u, is the quantity assumed to be fixed over the

spectral interval and that can either represent a constraint on scaling or comonotonicity. It is
then possible to calculate an average value by weighting the Spearman’s coefficients over the
groups by the fraction of the interval associated with each group. In the case of two groups, as

considered in this section, one then obtains:



A’?(uz)

A " Psp2 (K;7K§)

(9)

Pspi (K};’K;) =12-

These averaged Spearman’s coefficients pg, (K‘;K’s) are plotted in Figure 9 for the same case

as for Figure 8 and for the two grouping schemes discussed in this paper (Modest and Zhang’s
technique is not considered). For the Ck model, Spearman’s coefficients were calculated from
Eq. (8): low and even negative values are observed. This explains why the Ck / CKD method
provides poor predictions in this high temperature gradient case, since the so-called
“correlation” assumption is clearly inappropriate in this situation. Using the two grouping

techniques described in this paper leads to higher values of averaged Spearman’s coefficients

pSP(Kf],Kj), which explains why the radiative transfer results of Figure 8 are more in

accordance with LBL calculations when these grouping schemes are used than with the narrow

band Ck / CKD.

Notice also that averaged Spearman’s coefficients are slightly higher in the comonotonic case
than with scaling, which proves that the method to construct intervals of comonotonocity
actually improves the monotonic relationship between spectral values over the groups.
Furthermore, increasing the number of groups provides averaged Spearman’s coefficients that
approach unity: the relatively small values observed here are due to the choice of only two
groups. Finally, observing distinct values for the sets of Spearman’s coefficients proves that the
two techniques, based on intervals of scaling or comonotonicity, yield overlapping though

distinct sets of wavenumbers.
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Figure 9. Comparison of averaged Spearman’s coefficients for several spectral methods

5. CONCLUSION AND PERSPECTIVES

The method described in the present note to construct intervals of comonotonicity: 1/ is simple
to understand and use, 2/ does not require an iterative process in the case of two-cell problems
(its extension to more general situations is kept as future work), and 3/ can be applied over any
band width, from narrow bands up to the full spectrum. It was shown to provide accurate
predictions of radiative intensities in situations representative of IR plume signature
configurations, a problem widely recognized as among the most complicated in band model
theory. Comparisons with a Ck / CKD model based on intervals of scaling were also described

and shown to provide a similar accuracy.

In addition, the method presented in this paper can be applied to atmospheric problems
requiring accurate treatment of gaseous absorption, such as for radiative forcing calculations or

remote sensing in absorbing bands. In this paper, the proposed method has been applied using



two thermophysical states including temperatures of 300 and 1500 / 2000 K. However,
atmospheric applications cover a narrower range of temperature. In this respect, Fu and Liou
[22] have presented g-g plots for atmospheric conditions (temperature range between 245 and
300 K) and shown that the temperature effect produces more blurring. The degree of blurring
is then weaker for atmospheric applications, with points less scattered around the diagonal line
in the g-g plot. The building of intervals of comonotonicity should then be easier to define,
leading to reduced calculations times. The approach presented in this study is then a promising
method to improve the k-distribution and to reduce errors associated with the Ck / CKD

assumptions between atmospheric levels.

Finally, one can notice that no application of the Godson-Weinreb-Neuendorffer’s (GWN)
method [1] or use of effective scaling factors (see Ref. [24], in which a detailed analysis can be
found) was considered in this paper. Such comparisons are scheduled as future work together
with a comprehensive comparison of the two present techniques, extended to more than two

cells, with the Mixture ¢-Distribution approach (MLD) viz. the ¢distribution method [25]

applied to intervals of scaling.
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