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MAGNETIC GINZBURG-LANDAU ENERGY WITH A PERIODIC
RAPIDLY OSCILLATING AND DILUTED PINNING TERM

MICKAEL DOS SANTOS

ABsTrACT. We study the 2D full Ginzburg-Landau energy with a periodic rapidly
oscillating, discontinuous and [strongly] diluted pinning term using a perturbative
argument. This energy models the state of an heterogeneous type II supercon-
ductor submitted to a magnetic field. We calculate the value of the first critical
field which links the presence of vorticity defects with the intensity of the applied
magnetic field. Then we prove a standard dependance of the quantized vorticity
defects with the intensity of the applied field. Our study includes the case of a
London solution having several minima. The pinning effect is explicitly estab-
lished and we give the asymptotic location of the vorticity defects with various
scales. The macroscopic location of the vorticity defects is understood with the
famous Bethuel-Brezis-Hélein renormalized energy restricted to the minima of
the London solution coupled with a renormalized energy obtained by Sandier-
Serfaty. The mesoscopic location, i.e., the arrangement of the vorticity defects
around the minima of the London solution, is described, as in the homogenous
case, by a renormalized energy obtained by Sandier-Serfaty. The microscopic
location is exactly the same than in the heterogeneous case without magnetic
field. We also compute the value of secondary critical fields that increment the
quantized vorticity.

REsUME. A Paide d’un argument perturbatif, on étudie une énergie de type
Ginzburg-Landau bidimensionnelle avec un champ magnétique et présentant un
terme de chevillage périodique rapidement oscillant, discontinu et [fortement| di-
lué. Cette énergie modélise I’état d’un supraconducteur hétérogéne de type II
soumis & un champ magnétique. On calcule la valeur du premier champ critique
a partir duquel les défauts de vorticité apparaissent. Ensuite on démontre une
dépendance classique reliant les défauts de vorticité quantifiés avec 'intensité du
champ appliqué. Notre étude traite aussi le cas ou la solution de London admet
plusieurs point de minimum. L’effet d’ancrage des défauts de vorticité est claire-
ment établi et on précise suivant différentes échelles ’emplacement asymptotique
des défauts de vorticité. La position macroscopique des défauts de vorticité est
donnée par la célébre énergie renormalisée de Bethuel-Brézis-Hélein restreinte au
points de minimum de la solution de London couplée avec une énergie renorma-
lisée obtenue par Sandier-Serfaty. La position mesoscopique, i.e., ’arrangement
des défauts de vorticité autour des points de minimum de la solution de London,
est décrite, comme dans le cas homogéne, par une énergie renormalisée obtenue
par Sandier-Serfaty. La position microscopique est exactement la méme que dans
le cas sans champ magnétique. On calcule aussi des champs critiques secondaires
qui incrémentent la vorticité quantifiée.
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1. INTRODUCTION

This article studies the pinning phenomenon in type-II superconducting compos-
ites.

Superconductivity is a property that appears in certain materials cooled below a
critical temperature. These materials are called superconductors. Superconductivity
is characterized by a total absence of electrical resistance and a perfect diamagnetism.
Unfortunately, when the imposed conditions are too intense, superconductivity is
destroyed in certain areas of the material called vorticity defects.

We are interested in type II superconductors which are characterized by the fact
that the vorticity defects first appear in small areas. Their number increases with the
intensity of the conditions imposed until filling the material. For example, when the
intensity hex of an applied magnetic field exceeds a first threshold, the first vorticity
defects appear: the magnetic field begins to penetrate the superconductor. The
penetration is done along thin wires and may move resulting an energy dissipation.
These motions may be limited by trapping the vorticity defects in small areas.

The behavior of a superconductor is modeled by minimizers of a Ginzburg-Landau
type energy. In order to study the presence of traps for the vorticity defects we
consider an energy including a pinning term that models impurities in the supercon-
ductor. These impurities would play the role of traps for the vorticity defects. We
are thus lead to the subject of this article: the type-II superconducting composites
with impurities.

The case of an infinite long homogenous type II superconducting cylinder was in-
tensively studied in mathematics by various authors since the 90’s [see [16] for a guide
to the litterature]. Namely, the present work deals with a cylindrical superconductor
S = Q x R [whose section is Q C R?] submitted to a vertical magnetic field (0, 0, hex).
Under these considerations, the vorticity defects are thin vertical cylinder. Thus their
study may be done via a 2D problem formulated on  C R2. Following the works of
various authors [see [14], [1], [L1]], for a small parameter € > 0 [¢ — 0 in this article]
and hex = hex(€) > 0, we are interested in the description of the [global] minimizers
of the functional

587}%’( : H — Rt

1 1
(u,A) +— 2/, |Vu — 1Aul?® + @(ag — |ul?)? + [curl(A) — hex|?

where [see Section 2 for more detailed notation]

e O C R? is a smooth bounded simply connected open set,

o = H'Q,C) x H'(Q,R?),

o a.: Q — {1,b} [b €(0,1) is independent of ¢] is a periodic diluted pinning
term [see Figure 1 and Section 2.3 for a construction of a.|. The impurities
are the connected components of w. = aZ'({b}). In the definition of ae,
d = d(e) — 0 is the parameter of period, A = A(e) — 0 is the parameter

e—0 e—0
of dilution and 0 € w C R? is a smooth bounded simply connected open set
which gives the form of the impurities.

We focus on a strongly diluted case [\'/4|Ine| — 0] with not too small connected
components of w, in order to trap the vorticity defects [|In(Ad)| = O(In|Ine])] but
with a sufficiently small parameter of the period [see (4)].
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(a) The pining term is periodic on a ¢ X §-grid (b) The parameter A controls the
size of an inclusion in the cell

F1GURE 1. The periodic pinning term

Under these considerations, if (ue, A.) minimizes & ., then the vorticity defects
may be interpreted as the set {Juc| < b/2}. It is excepted that the connected compo-
nents of {|us| < b/2} are close to disks with radii of order e.

As said above, our study takes place in the extrem type II case ¢ — 0 and we
also assume a divergent upper bound for heyx. Vorticity defects appear for minimizers
above a critical valued He, = [b*|Ine| + (1 —b*)|In(Ad)[]/(2[|é0llL(0)) + O(1) [see
Corollary 64 and (75)]. Here & € HJ N H? is called the London solution and is the
unique solution of the London equation

—A2€0 + Ago =0 in Q
(1) A =1 on Of) .
& =0 on 02

The value H,, is calculated by a standard balance of the energetic costs of a
configuration without vorticity defects [Ju| > b/2] with well prepared competitors
having an arbitrary number of quantized vorticity defects. Here quantization as to be
interpreted by the degree of v around a vorticity defect. It is an observable quantity
related with the circulation of the superconducting currents.

In order to lead the study, the set A := {z € Q]&(z) = min&y} C 2 is of major
interest [it is standard to prove that, in , —1 < & < 0]. From Lemma 4.4 in [17]
and Lemma 4 in [15] we have the following :

Lemma 1. The set A is finite. Moreover there exist n >0 and M > 1 s.t. for a €
we have &y(a) > min &y + ndist(a, A)M (1)

We write Ny := Card(A) and A = {p1,...,pn, }-

We may give a simple picture of the emergence of the vorticity defects. The first
vorticity defects appear close to H.,. If Ny = 1 then there is first a unique vorticity

1n Lemma 4 in [15], M is just a positive number, but ¢ € C° (ﬁ), and then, up to consider n > 0
sufficiently small, we may assume M > 1.
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defect and it is close to A. If Ny > 2 the situation is less clear: we first have
dy € {1,..., Ny} vorticity defect and each of them is located close to dj elements of
A. By increasing the intensity of the applied field hex by a bounded quantity we
increment the number of vorticity defects until filling A.

Once each elements of A is close to a vorticity defect, then by increasing hey of a
O(In|In¢|), additional defects appear one by one.

We may now state the main theorems of the present work. For simplicity of the
presentation the theorems are not stated on their most general form [see Theorem 4].
These main results are obtained assuming that A, and hey satisfy

(2) A4 Ine| — 0 and [In(A8)] = O(In|Ine|),
b?|1
(3) There is K > 1 5.6 hox < — 1€ 4 fin|ng|
2[|€ol o (0

and when hex — 00 we need

In(6v/hex)
4 OV lex)
) mnhe) 0
Namely, in order to meet Hypothesis (2), (3) and (4), we may think A ~ |Ing| ™%, ~
|Ine|~" with s >4 and ¢ > 1/2.
We need also assume that

(5) the minimal points of &, A = {p1, ..., pn, }, are non degenerate critical points

in the sense that for p € A, letting Hessg, (p) be the Hessian matrix of & at p, the
quadratic form Q,(z) = z-Hesse, (p)z is a definite positive quadratic form. Note that
if (5) holds then we may take M = 2 in Lemma 1.

The strategy of this work is based on a perturbative argument. This argument ap-
plies for families of quasi-minimizers of the energy with some regularity assumptions
[see Theorem 4]. In particular, we cannot have a sharp profil near a zero of a quasi-
minimizer since such profil does not make any sense for quasi-minimizer. Therefore
we cannot speak about an ad-hoc notion of vortices s.t. "isolated zeros". However
with a natural L°°-bound on the gradient of quasi-minimizers, the notion of vorticity
defects is sufficiently robust to give them a nice description.

For simplicity of the presentation we first state the main results for a family
{(ue, Ac) |0 < e < 1} C S sit.

(6) (te, Ae) minimizes & ., in .

Theorem 1. Assume that (5) holds and X, 9, hex, K satisfy (2), (3) and (4). There
exists Drp > 1 s.t. for {(ue, Ac) |0 < e < 1} C S satisfying (6), for sufficiently
small €, there exits d. € N s.t. if d. = 0 then |uc| > b/2 in Q, and if d. € N* then
there exists a set of d. points, Z. = {25, ..., zfla} C Q, s.t. for p > 0 sufficiently small
and independent of € we have:

(1) da S DK,b

(2) {|ue| <b/2} CUB(z5,e#) C Q,

(3) |25 = 25| > hol Inhey fori # 3,

(4) dist(z5,A) < hex!*In hex for all i,

(5) degaB(zg,su)(us) =1 for all i.
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Moreover:

(1) There is Ny > 0 depending only on w and b s.t., for all i, B(z5,1w s ) C we.
(2) If for a sequence € = &,, | 0 we have hex = O(1) then d: = 0 for small €.

From Theorem 1 we know that, for small €, if {Juc| < b/2} # 0, then the vorticity
defects are contained in small disks which are well separated, trapped by the impurities
and located near A. The second theorem gives sharper informations related with the
location of these disks. We divide the second theorem in three parts:

e Macroscopic location: We know that the disks are near A, for some p € A,
how many disks are near p 7

e Mesoscopic location: For p € A, how the disks near p are they organized ?
What is their inter-distance 7

e Microscopic location: We know that the disks are trapped by the inclusion
we, what is their location inside w,.

These questions are related with the crucial notion of renormalized energy [see Section
6].

Theorem 2. [Direct part]
Assume that (5) holds and X, d, hex, K satisfy (2), (3) and (4). Assume also hex — 00.

Let {(ue, Ac) |0 < e < 1} C A satisfying (6) and let € = €, | 0 be a sequence.
Since d = d. < Dk, up to pass to a subsequence, we may assume that d is indepen-
dent of €. Assume d > 0.
Macroscopic location. Recall that A = {p1,...,pn,} and for k € {1,...,No} we
let Dy, = degyp(p, 21n(hey)/vim) (Ue)- Write D = (D1, ..., Dn,). Up to pass to a
subsequence we may assume that D is independent of €. We then have:

e The distribution of the disks B(z§,e") around the elements of A is the most
homogenous possible :

d1l | d V| &
pens fore {[L] [ 4|1 S50 - ab.
¢ { No |’ LNy kz_:l
Here, for x € R, we wrote [x] for the ceiling of x and |x| for the floor of x.
o There exists a renormalized energy Wy : Ag — R [see (106)] s.t. D minimizes
Wi.
Mesoscopic location. The mesoscopic location is the same than in the homogenous
case. Namely, for p € A s.t. degyp(yain(he,) /v (Us) = D > 0, there exists a
renormalized energy [see Section 6.2/

op- i {(a1,...;ap) € RHP |a; # aj fori#j} =R
g

. e _
s.t., denoting £ = 4/ z and for z§ € B(p,2n(hex)/Vhex) letting 25 := 2 - p’ we

ex

have z¢ = (%5, ...,%%) [assuming 2§ € B(p,2In(hex)/Vhex) < i € {1,..., D}] which
converges to a minimizer of Won°. In particular £ is the typical interdistance between
two close z7, 5.
Microscopic location. We know that, fori € {1,...,d}, B(2,n,A) C we. More-
over for i # j we have |25 — 25| > In(hex)he! > A3, Then each connected component
of we contains at most one disk B(z¢,et).

There exists a renormalized energy W™ : w — R [see Section 6.5] s.t. for

€

-
i €{1,...,d}, letting y§ € 6-72 be s.t. B(25,mup\0) C yE+MNow and 25 := % Ew

we have
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° Wmicro(é;_s) — min Wmicro,
o Up to pass to a subsequence, there is a; € w s.t. 2 — a; and a; minimizes
J}/ micro (2)
[Optimality of the renormalized energies]

Consider a sequence € = &, | 0 previously fized [in order to have D independent of €]
and assume d # 0. We let

e D' € Ay be a minimizer of Wy,

o for ke{l,..,No} s.t. Dj, > 1, a, be a minimizer of oD

. Tk

e agy be a minimizer of W™re,
Then, for € = e, there exist (ul, AL) €  and d distinct points of Q, {21, ..., 2} =
{2{,..,25} Cuwe, st
Ee he (UL, AL) < infop & ., +0(1),
{lul] < b/2} C UB(zi,vE) C Upea B(p; In(hex)/Vhex),
fO'r' k S {1, ...,NO}, D;C = degaB(pk,an(hcx)/ /hcx)(u;),
degaB(z;ﬂ/g) (ul) =1 for all i,
writing for pr € A [s.t. D) > 1] and 2, € B(pr,In(hex)/Vhex), 2} == (zi —
i)/ Di/hex and z,, = {Z} |z — pi} (3), we have z, — aj,

Fori € {1,...,d}, letting y¢ € §-Z2 be s.t. 2} € ys+\0-w and 2} :=

we have Z, — ag.

£

2z = Y;
A0

cw

The third theorem underline the link between the number d and hey. In this
theorem we write, for x € R, [z]T = max(z,0) and [z]~ = min(z,0).
Theorem 3. Assume that ) satisfies (5), A, 6, hex, K satisfy (2), (3) and (4).
There are integers L € {1,...,No}, 0 = d§ < dj < --- < d}, = Ny [d} € N is
independent of €] and critical fields [depending on €] Kgl) << K(LI) < Kgu) < Kéu) <
.-+ [see (126) and (127) for the expressions of K;CI) and K,(CH)] s.t. for {(ue, Ac) |0 <
e <1} C A a family satisfying (6) and for a sequence € = €, ] 0:
o Ifd. =0 for small e, then [hex — KP]F — 0.
o Ifd. > 0 for small £, then [hex — KgI)]_ — 0.
o Assume L > 2. Fork € {1,...,L — 1}, if for small € we have dj,_, < d. < dj,
then

[hex —kP] " =0 and [hee—x,]" = 0.

o For L > 1, if for small € we have d},_; < de < dj = Ny, then

- +
[hex =X =0 and [hex —X{™] " — 0.
o Letl € N*. If for small € we have d. = Ng + [, then

[hex — k™)™ 0 and [hex — k3] = 0.

Remark 2. A more complete statement for d. € {1, ..., No} may be found in Propo-
sition 68.

2For example if w is a disk then a; is the center of the disk [7] .
3We used a little abuse of notation for the simplicity of the presentation.
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2. NOTATION

2.1. Sets, vectors and numbers.

We identify the real plan R? with C and we denote by S! the unit circle in C.
For 7 Cc R%, N € N\{0;1}, (ZN)* := {(21,.., 2n) € U N | 2 # 2 for i # j}.
For k € {1;2}, H* is the k-dimensional Hausdorff measure.

If (al,ag),(bl,bz) S R2, then |(CL1,CL2)| = \/CL% +a%, (041,0,2)l = (—CL2,CL1),
(al,ag) . (bl, bﬁz a1b1 + asby and (al,ag) A\ (bl,bg) = aiby — asby.

For % C R?, % is the closure of  w.r.t. |- |

e For ) # %,V C R? and zy € R? we write dist(%,7) := inf{|z — y||z €

U,y eV} and dist(zg, ¥) := dist({zo}, ¥).
For I' € R? a Jordan curve we let:
— int(T"), the interior of ', be the bounded open set % C R? s.t. I' = 0%
where 0% is the boundary of % .
— v be the outward normal unit vector of int(I")

— 7 be the direct unit tangent vector of I' (7 = v+)
If S is a finite set then Card(S) is the cardinal of S.

If z € R, then we write [x] := min{m € Z|m > z}, the ceiling of z, and
|z] := max{m € Z|m < z}, the floor of x.
If € R, then we write [z]T = max(z,0) and [z]~ = min(z,0).

2.2. Functions.

When % C R? is a smooth bounded open set we write H'(%,C) for the
Classical Sobolev space of the first order modeled on the Lebesgue space L2
and, for K C C, HY(%,K) :={u € H'(%,C)|u(x) € K for a.e. x € U }.
For k € N* and p € [1, co] we use the standard notation for the higher order
Sobolev spaces H*(% , K) modeled on L? and W*?(% , K) for the Sobolev
space of order k modeled on LP.
We use the standard notation for the differential operators: ”V” for the gradi-
ent, ”curl” for the curl, ”div” for the divergence, "0, = 7-V" for the tangential
derivative, "9, = v - V" for the normal derivative...
We let trog : HY(%,C) — HY?(0%,C) be the [surjective| trace operator.
For I a connected component of 0% and u € H*(%,C), we let trp(u) be the
restriction of trae (u) to T.
We write H} (% ,C) := {u € HY(%,C) |troe (u) = 0}.
u if lul <1
w/lu| if Ju| > 1
For I' € R? a Jordan curve and g € HY/?(T',S!), the degree of g is defined as

1
degr(9) = o~ /Fg NOrg €.

For u: Q — C a function we let u := {

For a smooth and bounded open set 2 C R?, T' a connected component of
0% and u € HY (%, C), if there exists n > 0 s.t. g := trr(u) satisfies |g| > n,
then g/|g| € HY/?(T',S') and we write degp(u) := degr(g/|g])-

When %,% C R? are smooth bounded simply connected open sets s.t.
VY C % andu € HY(% \ V,S'), then we write [without ambiguity| deg(u)
instead of degp(u) for any Jordan curve I' € % \ ¥ s.t. # C int(T).

2.3. Construction of the pinning term. Let

o 5=104(c) € (0,1), A= A(e) € (0,1);
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e w C R? be a smooth bounded and simply connected open set s.t. (0,0) € w and
TCY = (-1/2,1/2)%

For m € Z* we denote Y% := dm +§-Y and w, = U [6m 4+ Ad - w]. For b € (0,1)
meZ? s.t.
Y, CQ
b ifx € w.

we may now define the pinning term a. : R? — {b,1}, z > .
1 otherwise

2.4. Asymptotic.

e In this article e € (0,1) is a small number. We are essentially interested in
the asymptotic € — 0. In order to keep simple notation we will often omit to
mention the parameter €.

e When we consider a sequence (g,,), C (0,1) s.t. &, | 0 we often omit the
mention of the index n writing € = &,.

e The notation o(1) means a quantity depending on ¢ which tends to 0 when
e —0.

e For f : (0,1) — (0,+00), the notation o[f(e)] means a quantity g(e) s.t.
g(e)/f(e) = o(1) and O[f ()] means a quantity g(¢) s.t. g(¢)/f(e) is bounded
for small e.

3. CLASSICAL FACTS AND THE STRONGEST THEOREM

Gauge invariance and Coulomb Gauge

It is standard to quote the gauge invariance of the energy & j_. . Namely, two con-
figurations (u, A), (u/, A') € A are gauge equivalent, denoted by (u, A) ¥~ (u/, A’),
if there exists a gauge transformation from (u, A) to (u’, A’):

Jp € H*(LR) s.t.

LA) B (0, A) =
(u, 4) (W', 4) v =wue™ and A’ = A+ Vo

Two gauge equivalent configurations describe the same physical state. Then, phys-
ical quantities are those which are gauge invariant. For example, if (u, A) € 52, then
lu|, |[Vu —2Au|, curl(A) and then & p, (u, A), {Ju| < b/2} also are gauge invariants.
Note that the main results of the present work are gauge invariant.

In the context the Ginzburg-Landau energy, a classical choice of gauge is the
Coulomb gauge. We say that (u, A) is in the Coulomb gauge if

me_omg

(7) - :
A-v=0 on 0f)

One may prove [see Proposition 3.2 in [16]] that, for (u, A) € S, there exists ¢ €
H?(Q,R) s.t. A’ := A+ Vi satisfies (7). Then, letting v = ue, we have (u/, A")
which is in the Coulomb gauge and (u, A) *~° (u/, A").

One of the main motivations in using the Coulomb gauge comes from the fact that
|lcurl(A)|| 2 controls ||A]|g:. Namely there exists C' > 1 [which depends only on Q]
s.t. if A satisfies (7) then [see Proposition 3.3 in [16]]

Q Al i) < Cllewl(A)]
and

9) [All g2 (@,r2) < Cllcurl(A)| g1 (-
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Moreover we have an easy representation of A € H* (2, R?) satisfying (7)
(10) A e HY(Q,R?) is a solution of (7) «= 3¢ € Hi N H*(Q,R) s.t. A= Ve

Basic description of a minimizer

We first note that, by direct minimization, for all a, € L*(Q, [b,1]), &, hex > 0, the
minimization problem of &, j ., in . admits [at least] a solution (ue, A;) € 2.

Writing he := curl(A.), it is standard to check that a such minimizer solves:

—(V —1A)%u. = g(ag —[ucl?)? in Q
(11) (V—-1A)u.-v=0 on 0

~Vthe =uc A (V — 1A )u. in Q

he = hex on 0f)

Using a maximum principle, we may get the following proposition:
Proposition 3. Let €, hex > 0 and a € L (Q,[b,1]). If (ue, Ac) is a minimizer of
1 1
E(u, A) = 5/ |Vu —2Aul? + 2—2((12 — [u|*)? + |curl(A) — hex|? in A then |u.| < 1
Q €
in .

On the other hand, if (ue, A.) is a minimizer of & 5., in the Coulomb gauge, then
it solves

2

—Au, = k(a? — |uel?)? — 20(Acue - Vue) — |AcPu.  in Q
(12) .
61/“/5 =0 on
A fundamental bound in the study concerns ||Vuc|[ze(n). We have the following
lemma which is a Gagliardo-Nirenberg type inequality with homogenous Neumann

boundary condition.

Lemma 4. 4 Let Q ¢ R? be a smooth bounded simply connected open set. There
exists Co > 1 s.t. if u € H*(Q) is s.t. d,u =0 on IS then

||V“H%oo(9) < Co ([JAu| Lo (o) + [[ull Lo () [ull Lo (-

Consequently, with Lemma 4 [up to change the value of Cgq], for &, hex > 0 and

ae € L>=(, [b?,1]), if (ue, Ac) € # minimizes &, ., is in the Coulomb gauge and is
s.t. || Acl|zo(q) < 1/e [which is the case in the present work| then
(13 Vet ey < 2.
In the homogenous case as well as in the case without magnetic field, Estimate (13) is
crucial to describe vorticity defects. It is the same in the present work. More precisely,
the main result [Theorem 4] states that the three above theorems are true replacing
(ue, Ae) that minimizes & p., in S by any configuration (118,[18) s.t. ES(QE,AE) =
inf & p., + 0(1) with two extra hypotheses on |tc| : ||V|tc||| L) = O(e™!) and
|| € W21(Q) [see (17)]

Lassoued-Mironescu decoupling
In order to study pinned Ginzburg-Landau type energies, a nice trick was initiated

4The proof of Lemma 4 is done by first using ® : D — €, a conformal representation of 2 on
the unit disk D. Then we extend % := w o ® in the disk B(0,2) by letting u'(z) = @(z/|z|) for
x € B(0,2) \ D. By using the boundary condition we have u’ € H2(B(0,2),C). And finally one may
conclude by using an interior version of Lemma 4 [Lemma A.1 in [3]].
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by Lassoued and Mironescu in [12]. Before explaining this trick we have to do a direct
calculation for (u, A) € 7

1
(14) Eehoy (U, A) = Ec(u) + 5/ 2(uANVu)- A+ |u|2|A|2 + |curl(A) — hcx|2

with
/|v 4 g0 — ).

The Lassoued-Mironescu decoupling is obtained by first minimizing E. in H!(Q, C).
It is clear that E. admits minimizers and if U minimizes E. then it satisfies

U .
—AU = ?(ag —|U]?) inQ

(15) )
0,U =0 on 0f)

By an energetic argument it is easy to prove that, if U minimizes E. in H'(Q,C),
then b < |U| < 1. Moreover from (15), U AVU = 0, i.e. U = |Ule" with 0 € R.

Then one may consider a scalar minimizer U, :  — [b, 1]. This scalar minimizer
may be seen as a regularization of a. [see Proposition 7].

Using this scalar minimizer one may get the well known Lassoued-Mironescu de-
coupling: for v € H}(Q,R) we have

(16) E.(Uov) = E-(U.) + F-(v)

with
1 Ul
3 | UV + 50— P
Using this decoupling, one may prove that, for € > 0, there exists a unique positive
minimizer U : Q — [b, 1] of E. in H'(Q,R).
On the other hand, from (14) and (16), for (u, A) € # and v = u/U. we have:

F.(v) :=

Fehe 0, A) == Ecpo, (Uv, A) — E-(Ue)
4
_ / UZ|Vv —1Av)? + £(1 — |v]*)? + |curl(A) — hex|?
2 Ja 2¢e2

It is easy to check that F p.. (v, A) is gauge invariant. This functional is of ma-
jor interest in the study since (v, A) minimizes Fe ., in S if and only if (Usv, A)
minimizes & p_, in JZ.

An easy comparaison argument implies that if (v, Ac) minimizes F.p  then
[vellLoe(0) < 1.

From now on we focus on the study of the minimizer of 7. j_ . Namely we have
the following theorem.

Theorem 4. Assume that (5) holds and X, 0, hex, K satisfy (2), (3) and (4).
Let {(ve, Ac) |0 < e < 1} C I be s.t. F(ve, Ac) < inf 0 F 4 o(1). Assume also
that

w2(Q,C
(17) {|v5| E ( I ) .
[VI|ve|ll Lo ) = O(e™)
Then Theorems 1, 2 and 3 hold for u. = U.v..
Remark 5. Theorem 4 may be rephrased in term of U.. Let (hex)o<e<1 C (0,00),
{(ue, A2) |0 < & < 1} C 4 and let v := u./U. € H(Q,C). On the one hand,

from the decoupling (16), we have {(u., A.) |0 <e <1} C H is s.t. & p,, (Ue, Ac) <
inf s & p., +o(1) if and only {(ve, Ac) |0 < e < 1}iss.t. Fe o, (Ve, Ae) < inf e Fepo +
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o(1). On the other hand, if (v.). is bounded in L*>°(f2), then v, satisfies (17) if and
only if we have |uc| € W*'(Q,C) and ||V|uc||| L=y = O(e™1).

4. PLAN OF THE ARTICLE AND PROOF OF THEOREM 4

The proof of Theorem 4 is done in several steps. It is based on a perturbative
argument by replacing the energy F. ;. with an energy ]:—a,hex. This step is called
the energetic cleaning [Section 5.1]. The functional F ,__ is a perturbation of F. j__:
for (ve, Ac) € # which is in the Coulomb gauge and s.t. F. p, (ve, A:) = O(h2,) we
have F. .. (ve, Ac) — Fen, (ve, Ac) = o(1) [see Proposition 8. In particular we have
Fehon (v, Ad) < inf e Fe g, + 0(1) if and only if F. 5. (ve, A2) < inf e Fep.. + o(1).

In section 5.2 we apply a vortex ball construction of Sandier-Serfaty [Proposition
10] and we follow the strategy of Sandier-Serfaty developed in [15] to prove that the
vorticity of a reasonable configuration is bounded [see Theorem 5].

Once the bound on the vorticity yields, we adapt a result of Serfaty [17] which gives
a decomposition of F; p_ (v, Ac) in term of F.(v.) and the location of the vorticity
defects [Proposition 11].

The decomposition obtained in Proposition 11 allows to focus the study on the
energy F. which ignores the magnetic field. From this point, the study of a configu-
ration (v, A.) is done for a major part via classical results based on the case without
magnetic field [as in [4]]. To this end we adapt to our case some standard estimates
ignoring the magnetic field, in particular the crucial notion of Renormalized energies
is presented Section 6.

With these preliminary results, in Section 7, for d € N*, we construct competitors
(ve, Ac) € S with d quantized vorticity defects and then we get a sharp upper bound
[see Proposition 39]:

in%gffs,hcx < h2Jo+ dMg [—hex + H) | + Z1(d) In hex + Z5(d) + o(1).

Here Jo& Mg, are independent of € and d, £ (d)&%,(d) are independent of € and HY,
is the leading term in the expression of the first critical field.

With the above upper bound for the minimal energy, the heart of the work consists
in getting lower bounds for quasi-minimizers. Before getting such lowers bounds we
adapt to our case some tools in Section 8: an n-ellipticity result is proved [Proposition
40], a construction of ad-hoc bad-discs is done [Proposition 42] and the strong effect
of the dilution is expressed by various result in Section 8.3.

In Section 9 we begin the proof of the theorems. The part of Theorem 4 related
with Theorem 1 is a direct consequence of Propositions 52, 53, 55 and 56 [and also
Corollary 65].

The part of Theorem 4 related with Theorem 2 is given by Corollary 62 and
Proposition 39.

The part of Theorem 4 related with Theorem 3 is a direct consequence of Corollary
65 and Propositions 68&69.
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5. SOME PRELIMINARIES

5.1. Energetic cleaning. In order to do the cleaning step, we have to get some esti-
mates. Our goal is to study quasi-minimizer of F p_ . To keep a simple presentation,
we write F instead of F. ;. and F instead of F; when there is no ambiguity.

From (8), (9) and classical elliptic regularity arguments we have the following
proposition.

Proposition 6. Let {(ve, A.)|0 < e < 1} C I be a family of configuration in the
Coulomb gauge. Then there is & € HE N H?(,R) s.t. A = V€. Moreover, if for
some hex = hex(g) we have

(18) F(ve, Ac) = O(R2,),

then there exists C [independent of €] s.t.

(19) l€ellm2@) < Chex.

Consequently, for p € [1,00), there exists Cp, > 1 [independent of ] s.t.
(20) [VEllzro) = [[Acllzr(@) < Cphex-

Moreover, up to increase the value of C > 1 [independently of €], we have
(21) Vel z2(0) < Chex-

And if curl(A;) € HY () then

(22) €l 23 (@) < Clleurl(Ae)[m1()-

In particular, for further use, note that if curl(A.) € HY(Q) then & € Hi N H?N
W (Q) and

(23) [VE&ellL (o) < Clleurl(Ae) || g1 (q)-

In order to do the cleaning step we need to underline the fact that U. may be seen

as a regularization of a. in W1° with estimates that become bad when approaching
Owe.

Proposition 7. There exist Cy, s, > 0 depending only on b and  s.t. for e,r >0
we have:

Cy
(24) VU | o) < —
(25) U. — ac| < Che™ % in {z € Q|dist(z, dw.) > r},
.
(26) |VU| < bf in {x € Q|dist(x, dw:) > r}.

Proof. Estimate (24) is a consequence of Lemma 4. The proof of (25) is the same
than Proposition 2 in [9]. Estimate (26) is proved in Appendix A. O

Since the 2-dimensional Hausdorff measure of w. satisfies H?(w.) = O(\?), from
(25), for p € [1, 00|, we have the following crucial estimate

(27) |UZ = 1| 1o (o) = O(A/P).

We are now in position to do the cleaning step. We assume that {(ve, Ac) |0 < e <
1} € A2 is a family of configuration in the Coulomb gauge which satisfies (18). We
denote o = U2 and p. = |v.|. From direct computations, by splitting the integrals
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with the identity a. = (e — 1) + 1 and using (1 — p.)* < (1 — p?)2, we have the

existence of C' > 1 [independent of €] s.t.

/ ac(ve ANVo) - Ae — / (ve A Vo) - A
Q Q

(28) < CVAR2,

and

(29) ] / acp? AL - / 4.2

By combining (28) and (29) we immediately get the following proposition.

< Chgx(ehcx +A).

Proposition 8. If (v., A.) is in the Coulomb gauge and satisfies (18) then
| F(ve, Ac) — F(ve, A2)| < Ch2 (ehex + V)
with C which is independent of ¢ and

(30) ]:'(v, A) = ﬁa,hex (v, A) := F(v) + % / —2(vAVv) - A+ |A|2 + |curl(A4) — hex|2.
Q

Remark 9. (1) One may claim that F is not gauge invariant if o, # 1.
(2) Note that if \'/4|Ine| — 0 and if hex = O(|In¢|) then for (v., A.) € # which
is in the Coulomb gauge and satisfies (18) we have F(v., A.) — F(vs, Ac) =
o(1) without any assumption on ¢ € (0,1).

5.2. Bound on the vorticity and energetic decomposition. By applying Propo-
sition 1 in [15] with U. > b we immediately get the following proposition which does
not need any assumption for A, € (0,1).

Proposition 10. Assume hex < Cy|Ine| with Cy > 1 which is independent of . Let
{(ve, A2) |0 < e < 1} be a family s.t. F(ve, Ac) < ColInel?.

Then there exist C,eg > 0 [depending only on Q, b and CyJ s.t. for e < eg we
have either |ve| > 1 — |Ineg|™2 in Q or there exists a finite family of disjoint disks
{B;|i € J} with J C N* [J depends on ] and B; := B(a;,r;) satisfying :

(1) {|ve| <1—|Ing|~2} C UB;

(2) Sri <|Ine|~19,

(3) writing he = curl(Ae), pe = |ve| and ve = pee's [pe is locally defined] we

have

1
(31) 5/ p2|Vgp8 — A€|2 + |he — hex|2 > w|d;|(|Ine| — C'ln|lnel),
B;

with d; = degyp. (v) if B; C Q and 0 otherwise.

By following the argument of Sandier and Serfaty [15], we get the main result of
this section.

Theorem 5. Assume that \,d satisfy (2) and 6%|Ine| < 1. Assume also Hypothesis
(3) holds for hex with some K > 1.

Then there exist e > 0 and My > 1 [independent of €] s.t. if {(ve, Ac) |0 < e <
1} C A2 is a family in the Coulomb gauge satisfying F(ve, Ae) < infzr F+ Kln|Ine|
then for 0 < € < e we have

(32) / VoL ]? + —(1 ~0e?)? < M| Inel.

Moreover, if |[ve| # 1—|Ine|=2 in Q, then letting {B;|i € J} be a family of disks given
by Proposition 10, for 0 < € < ex, we have d; > 0 for all i € J and there is sg > 0
[depending only on Q] s.t. if i € J is s.t. d; # 0 then dist(B;, A) < Mg|Ine|~%°.
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The proof of this theorem is postponed in Appendix B.
We let

Feer (1, hex VE&0)
hZ.
Note that if {(ve, A:) |0 < e < 1} is a family of quasi-minimizers then
Fehon (e, AL) < Fep (1, V) +0(1) = B2 o + o(1) = O(h2).

The discs given by Proposition 10 are "too large" for our strategy. Indeed one of
the main argument is a construction of bad discs in the spirit of [4] which links
ze € {|ve] < 1/2} with the energetic cost in a ball B(z.,e*) with small g > 0.
Namely if z. € {|vc] <1—|Ine|72} C UB; then the energetic cost in a ball B(x.,e")
is not sufficiently large comparing to our error term.

In the next proposition we present the good framework of vortex balls required in
the study. The first step in the study is an energetic decomposition valid under some
assumptions [no assumption on § € (0, 1) is required].

(33) Jo :=F11(1,V* &) =

Proposition 11. Let Cy > 1, (v:)o<e<1 C HY(Q,C) and hex > 0 be s.t.
(34) F(ve) < ColInel?; hex < Co|Inel.

Assume furthermore that \'/*|Ine| — 0 and, for € € (0,1), either |v.| > 1/2 in Q
or v. admits a family of valued disks {(B(a;,7;),d;)|i € T} [T is finite] s.t. :
e the disks B; = B(a;,r;) are pairwise disjoint
o {|ve| <1/2} CUiegB;
e Yicsri <|lng/710
degyp, (v) if Bi C Q

0 Dthermise’ E A5SUME Sier ldil < Co.

o Forie J, letting d; = {

Then, if (§&)e C HE N H2NWH(Q,R) is s.t.
(35) [VEellL>(0) < ColInel,
writing (e = & — hex€o we have in the case |ve| # 1/2 in Q:

(36) ]:(’UE, VJ-&:) — thJO = F(’Ua) + 27 hex Z difo(ai) + ‘7(37(1) (Cg) + 0(1)

€T
where for ¢ € H N H?(Q) we denoted
- 1
(37) Viaa () i= 21 Y diclan) + 5 [ (ACP + V¢,
e @
And if |v] > 1/2 in  then
(38) Flve, V) —h2 Jo = F(v.) + % / (AC)? + [VC|? + (1)
Q

The proof of Proposition 11 is an adaptation of an argument of Serfaty [17] [section
4]. The proof is presented Appendix C

Before going further, we state a result which will be useful in this article and whose
proof is left to the reader.

Lemma 12. Forv € H'(,C), 0 <& < 1 and hex > 0, there exists a unique potential
Apehe, = Ay € HY(Q,R?) s.t. (v, Ay) is in the Coulomb gauge and satisfies
{—VJ'curl(Av) =a(w) - (Vv —14,v) in Q

39 .
(39) curl(A4,) = hex on 00
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Moreover A, is the unique solution of the minimization problem

(40) A satg}‘fes (7) J:EJLQX (U7 A)

and from (9) and (10) we have A, = V1€, with &, € HY N H2NWH2(Q,R).

Remark 13. Assume ), § satisfy (2), 62|Ine| < 1 and Hypothesis (3) holds. Consider
{(ve, Ac) |0 < € < 1} C S a family in the Coulomb gauge satisfying F(ve, As) <
infr F+ O(In|lnel).

e From Theorem 5, either |v:| > 1 —|Ine|~2 in Q or the family of disjoint disks
given by Proposition 10 satisfies the properties of the family of discs used in
Proposition 11.

o Let A,, = V¢, € HY(Q,R?) be given by Lemma 12. Then with (9)&(39)
we have A, € L>(Q) and [|A,, ||z~ < C|Ine| where C depends only on
0.

As noted by Serfaty [17], with the help of the decomposition given by Proposition
11, we may prove that h2 J¢ is almost the minimal energy of a vortex less configura-
tion.

Corollary 14. Let
HO = {(pe'?,A)|p e HY(Q,[0,00)), ¢ € H'(,R) and A € HI(Q,R2)} .
Note that #° is gauge invariant. Assume \'/*|Ine| — 0.
(1) Let e = €, 1 0. Assume hex = O(|In€|) and for each ¢ let (v.,V*+E) € A#°

be s.t. 65 € Hol N H2 n Wl’OO(Q,R) with ||v§€||L°°(Q) = O(|1ng|) ertzng
(e =& — hex&o we have:

2

Thus, if F(ve, V&) < h2 Jo + o(1) then ¢ — 0 in H?(Q), |ve] — 1 in

HY(Q) and, up to pass to a subsequence, there exists v € St s.t. v. — v in
HY(Q).
(2) We have inf sp0 F = h2 Jo + o(1).

Proof. We prove the first assertion. Estimate (41) is a direct consequence of Propo-
sition 11.

For sake of simplicity of the presentation we drop the subscript e. If F(v, V+¢) <
hZ.Jo + o(1), then F(v) + [|¢||p2(q) = o(1) and then ¢ — 0 in H*(Q), |[v| = 1 in
H'(Q). Moreover ||Vol|r2q) = o(1) and v r2(q) = O(1). This clearly implies the
remaining part of the assertion.

(41) F(ve,V+EE) = h2 Jo + F(v.) + 1 /Q(ACE)Q + |V +o(1).

We prove the second assertion. We first claim, by the definition of Jg, that using
the configuration (1, hex V&) € 50 we have inf 0 F < h2 Jo + o(1).

By the gauge invariance of J#° we may consider a family of quasi-minimizer
{(ve, A2) |0 < & < 1} € #° which is in the Coulomb gauge. We write (ve, Ac) =
(v, A). Let (9, A) € #° be defined by & = v and A is the unique solution of (40)
associated to .

By direct calculations we have: F(9, A) < F(9,A) < F(v, A) < h2 Jo + o(1).

Moreover, by denoting h := curl(A), we have Vi = atA (V09— AL9) in Q and h =
hex on 9S). Then ||h|| g1 (o) = O(]Inel) and using (22) we get HAHH2(Q) = O(|In¢el).

We are then able to apply the first assertion to get F (9, 4) > h2 Jo + o(1).

O
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5.3. Pseudo vortex structure. We assume \/4|Ine| — 0. Let {(v.,A.)|0 <
e < 1} C H be a family of configurations in the Coulomb gauge satisfying (34).
We assume that |v:| ¥ 1/2 in Q and that there exists {(B(a;,r;),d;)|i € J} as in
Proposition 11. Then Proposition 11 gives a decomposition of F(v, A). Except in the
crucial hypothesis }r; < |Ing|~1 the radii r; do not play any role as well as the
disks "B(a;, ;)" associated to a zero degree. We thus introduce an ad-hoc notion of
pseudo vortex.

Definition 15. We assume that we have either e = ¢, | 0 or 0 < £ < 1. We consider
(ve)e € HY(Q,C), (hex)e C (1,00) satisfying (34).

Let {B; = B(a;,7i)|i € J} be a family of disks as in Proposition 11 and let
d; = dgs) € Z be the associated "degrees" defined in Proposition 11. We denote
J' = J! = {ie J|d; # 0} [note that we have Card(J!) <> |d;| = O(1)].

If 7' # (), then we say that {(a,d)} = {(a;,d;)|i € J'} is a set of pseudo vortices
of ve.

For a fixed configuration (a,d) of pseudo vortices, Serfaty studied in [17] the mini-

mization problem of f/(a’d) [defined in (37)]. We have the following result [Proposition
4.2 in [17]].

Proposition 16. Let (a,d) = {(a;,d;)|i € J'} C Q x Z* be a configuration s.t.
1 < Card(J') < o0 and a; # aj for i # j. Then Viaq)(C) is minimal for ¢ = (a,a)

which satisfies

(42) {— A2((aa) + Alaa) = 27 Yy diba, in Q

Ca,d) = Al(a,a) =0 on 90
[Here &, is the Dirac mass at a € R?/
And we have V[C(&d)] =7 e diC(a,d)(ai)-

In order to prove the above proposition, Serfaty introduced for a € €2 the function
¢ € H} N H?(Q2) which is the unique solution of

—A2(% + AC® =276, in Q
(P =A*=0 on 9

In particular we have ¢ < 0 in . It is easy to see that (a.q) = > ;c 7/ di(*" is the
unique solution of (42).
Lemma 4.6 in [17] gives important properties related with ¢* and ((a,q):

Proposition 17. For s € (0,1), there exists Cs > 0 s.t. for a,b € Q
1€ oo () < Csdist(a, 0Q)°

and
1€* = Pl ) < Csla —bl*.

Consequently there exists C > 0 depending only on Q s.t., if (a,a) is the unique
solution of (42), then

Viaal =7 > did;¢"(a;) <C (Z |dz-|> :

i,jeJ’ eJ’

For a further use we need the following lemma.
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Lemma 18. Let (a,d) be as in Proposition 16 then ((a,q) € HY N HZNWHe(Q,R)
and there is C > 1 depending only on § s.t.

C 3 ldil
oo < —F————.
IVeaa =@ < min dist(a;, 9Q)
Proof. Let (a,d) be as in Proposition 16, with Proposition 17 we have ((aq) =
S di¢% € Hy N H? and |[{(a,a)llr2(0) < C'Y; |ds] where C' depends only on Q.
Moreover, from (42), we have Alq.a) = (@a,a) — »_diln|z — a;| — R(aq) where
R(a,q) is the harmonic extension of trapo(—>" d;In |z — a;]) in Q.
Consequently there exists C' > 1 depending only on € s.t.
C > ldil
min dist(a;, 9)
and therefore by elliptic regularity and a Sobolev embedding we get the result. ([

|A(a,a)llz3 @) <

Until now, the only way to get a nice magnetic potential associated to a function v
was to consider A, = A, .o € H?(Q,R?), the unique solution of (40). The previous
results give that, after the cleaning step, we can do asymptotically as well by using
a magnetic potential depending on a pseudo vortices structure of v instead of v itself
[see Remark 20].

Definition 19. Let N > 1 and (a,d) € (QV)* x (Z*)V, hex > 0. Then we define
Aa,q) = hex V&0 —i—VLQ(a’d) where ((a,q) is the unique solution of (42), the potential
associated to (a,d).

Remark 20. Let Cp > 1 and (ve)o<e<1 C HY (9, C), hex > 0 satisfying (34) be s.t.
(ve)o<e<1 admits a set of pseudo vortices ((a,d)_)o<c<1 with > |d;| < Cyp. We write
v&(a,d) instead of v.&(a,d)..

Assume mindist(a;, Q) > [Ing|~" in order to have |[V{aa)llr=@) = O(/Inel)
[with Lemma 18] and A\'/4|Ine| — 0.

For 0 < e < 1, let A, € H'(Q,R?) be the unique solution of (40) and A, q) be
defined in Definition 19. Then we have A, q) = ng(&d) and A, = V+¢, where
€(a,d), o € Hy N H?> N WH>°(Q,R) satisfy the hypotheses of Proposition 11 [here we
used (9)&(39)]. Therefore we have the following inequalities

F(v,0) > F(v, A,) = F(v, Ay) + 0(1) > ﬁ(’U,A(a)d)) +o(1),

]:(’U, Av) < ]:(U7 A(a,d)) = ]:(Uu A(a,d)) + 0(1)
In particular we have F(v, A,) = O(|In¢|*) and F(v, Aa,a)) = O(|Inel?).

5.4. Cluster of pseudo vortices. From a standard result for the homogenous case,
it is expected that, for a reasonable magnetic field, the asymptotic location of pseudo
vortices of a studied configuration is a subset of A. This problem is related to the
macroscopic location of the pseudo vortices. To treat this problem we use an ad-hoc
notion of cluster of pseudo vortices.

Definition 21. Let N,No € N*, Ny < N, (p,D) € (2"°)* x ZNo, ¢ = £, | 0 and
(a,d)_ € (QV)* x ZV s.t. d is independent of e. We say that ((a,d)_). admits a
cluster structure on (p,D) if
e for i € {1,...,N}, lima; exists, lima; € {p1,...,pg,} and we write for k €
{1,....No}, Sk :={i € {l,..,N}|a; = px}
o for ke {1,...,No} S 0,
o for k € {1,...No}, Di = Yics, di-
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Remark 22. In this article we will use the notion of cluster structure with (a,d) as
in Proposition 11 and p C A.

Proposition 23. Let N > 1, =¢, | 0, (a,d)_ € (QV)* xZN s.t. 3 |d;] is bounded
independently of €.
(1) If ((a,d),)e admits a cluster structure on (p,D) [and then d is independent
of €] then (p, D) is unique. We say that (p,D) is the cluster of ((a,d),)c.
(2) Up to pass to a subsequence, there exist 1 < No < N and (p,D) € (QNU)* X
ZNo s.t. (p,D) is the cluster of ((a,d),)..

(3) If (p, D) is the cluster of ((a,d),)c then, denoting x := max; max;cg, |ai —
pk|, we have

No
(43) 0> ldillgo(as) = Eopr)|] < Cx

k=14€Sy

and
(44) Vi) = Viwpl| < CVX
where C' depends only on N, Y |d;| and €.

Proof. The two first assertions are obvious. Estimate (43) is direct by noting that
o a Lipschitzian function in Q. Estimate (44) is a direct consequence of Proposition
17. O

We then have:

Corollary 24. Assume that \, 6, hex satisfy (2) and (3) for some K > 0 independent
of . Assume also §*|Ine| < 1.

Let {(ve, Ac) |0 < e < 1} C S be a family s.t. F(ve, Ae) < infe F + Kln|lne|
which is in the Coulomb gauge and let {(as,d:) = (a,d)|0 < € < 1} be a family
of pseudo vortices associated to {(ve, A:) |0 < & < 1} findexed on J = J. possibly
empty|.

(1) Letting A,, € H (2, R?) be defined by Lemma 12 we have

(45) F(ve, Ac) = Flve, Av.) 2 h2Jo +2mhex Y difo(as) + F(ve) + V[{(a,a)] + (1)

€J
And then
(46) Fve, Ac) = h2.Jo + 2mhex Y _ dio(as) + F(ve) + O(1).
€T
(2) Assume furthermore that (a,d) admits a cluster structure on (p,D). Then
we have
(47)  F(ve, Ac) > h2Jo + 27hex Y difo(as) + F(ve) + V[((p,p)] + o(1).

i€J

Proof. The lower bounds (45) and (46) are direct consequences of Theorem 5, Lemma
12, Remark 13 and Propositions 6&11&16.
Estimate (47) is a direct consequence of Proposition 23 and (45). O

We then have the following corollary.
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Corollary 25. Assume that \, 0, hex satisfy (2) and (3). Assume also §%|Ine| < 1.

Let (ve)oce<1 C HY(Q,C) be s.t. |ve| # 1/2 in Q and assume the existence
of (Be)o<e<1 C HY(,R?) s.t. (v, Be) is in the Coulomb gauge and F(ve, Be) <
infre F + O(In|1Inel). Assume also that (a.,d.) = (a,d) are pseudo-vortices as in
Definition 15 for v. [note that we thus have Y |d;| = O(1)], then

(48) F(ve, Aay) = hdJo + 2mhex Y _ dido(as) + F(ve) + V{ia.a)] + o(1).

where A(a,q) = hexV+&o + vlC(a,d)'

Consequently we get

(49)  F(ve) < 2mhex 3 diléo(a:)| + O(In |Inel) < 7b* > |di]|Ine| + O(In | Ing]).

Proof. Corollary 25 is a direct consequence of inf» F < h2 Jg, Corollary 24 and
Propositions 11&17. O

Remark 26. We may state an analog of Corollary 25 if (a,d) admits a structure of
cluster.

6. RENORMALIZED ENERGIES

6.1. Macroscopic renormalized energy [at scale 1]. We consider in this section:
e NeN* z=12" ¢ (V)" :={(21,...,28) C Q| 2 # z; pour i # j},
o d= (dl, ...,dN) e ZN.
e 1= h(z) := min; dist(z;, 9Q)
We are going to deal with functions defined in the set Q perforated by disks with
radius 7 = 7, | O:

Qr = Qi(z) .= Q\U; B(z;,7).

We assume
1
(50) 7 < g min ymin |z; — 2]
For a radius 7 > 0 s.t. (50) is satisfied, we consider the set of functions
I8 = {w € H'(Q,S") |degyp(s, 7y (w) = d; for i € {1, ...,N}}
and

7Dir ._ {w e H(Q,SY) w(z; +7e'®) = Cye'dif for i € {1,..., N}, } '

(017 ey CN) € (Sl)N
In this section we are interested in the minimization of the Dirichlet functional in
deg and ZDIr
7 7o

Before beginning we state an easy result proved by direct minimization [the proof
is left to the reader, see [4]].

Proposition 27. For N > 1, (z,d) € (QV)* x ZN and 7 > 0 s.t. (50) is satisfied,
the following minimization problems admit solutions:

1
(51) 198 = [9°8(z,d) := inf 5/ |Vwl|?
Qr

deg
wely

and

. : 1
(52) IP" = [P (z,d) := inf —/ |Vwl|?.
Qi

L
weIP
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Moreover, these solutions are unique up to the multiplication by an S' constant.

6.1.1. Study of Igeg and IP™. Following [4], it is standard to define the canonical
harmonic map associated to (z,d).
Definition 28. Let N € N* and (z,d) € (QV)* x ZV.

A function w{*? € No<p<2WHP(Q,SY) N C=(Q\ {21, ..., 25 },S?) is the canonical
harmonic map associated to the singularities (z,d) if

(z,d) 0% is harmonic in

N d;
53 — e (?) < S ) ith
( ) Wy ) € E |Z — Zl| w1 A w (Z d) _ =0 on aQ IBQ O = 0

Remark 29. In this framework, it is classic to define @iz’d) [with the notation of
Definition 28|, the unique solution of

ASY —2r N 45, in Q
=Y =0 on 09

This function satisfies V+®*% =

unique solution of

WY A VWY Moreover, by denoting R(z.q) the

AR(z)d) =0 in
Riza)(z) ==Y, diln|z — 2| ondQ’

we have ' d)( )= idiln|z — 2| + R(z.a)(2).
We first study the asymptotic behavior of minimizers of IS ®(z,d) when 7 — 0.

Proposition 30. Let N € N* and (z,d) = (z,d)(") C (QN)* x ZN. We write
h = h(z) and we assume that Y, |d;| = O(1).
(z,d)

For 7 > 0 s.t. (50) is satisfied, we may consider w; *’, the unique solution of the

problem
1
(54) 188(z,d) == inf —/ |Vw|?,
wezds 2 Jo,
of the form

d; QDFGHlﬂOOO(Qf,R)
) with

55)  w®V( 1:[( — : /mw—O

We thus have the existence of C > 0 [depending only on Q, N and the bound of >_; |d;|/
s.t.

(56) vagz"d)HLoo(Q;) < C(1+|lnf|)
We denote
#(1+ |In(h)]) (1+F(1+|1n(h)|)) SNt
h h
oA 7 FL+ @)Y [, L 70+ B
(T S LS T YR LESTIC) AV

and we have

(58) o7 — eallFran < CX,
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1 1
(59) 0< —/ V= Y)2 — inf —/ IVw|? < CX.
2 Ja, wezds 2 Jo.

Moreover, if there exists n > 0 [independent of n] s.t. i > n then (56) may be refined
mnto

(60) IV Lo ) <

= Q

The proof of Proposition 30 is in Appendix D.1.
By adapting the proof of Proposition 5.1 in [17] we have

Proposition 31. For N > 1, there exists an application WHare = Jymacre . (QN)* x
ZN — R s.t. for sequences (z,d) = (z, d)(n) € (V) x ZN and 7 = 7, — 0 satisfying
(50) and s.t. d is independent of n, there exists C > 1 [depending only on N, 3 |d;|

a'nd Q] S.t.
/
2 Qp

7

Vw12 — 73" @2 InF| — W (z,d)| < CX

with
Wmacro(z, d) = —T Z dldj In |Zl — Zj| — T Z diR(z,d) (21)7
i#] i
R(z,a) € C(Q,R) satisfies [|[Rz,a)llL=(0) < C(1+ |Inhl).

Proposition 31 is proved in D.2. We immediately obtain from Proposition 31 the
following corollary.

Corollary 32. Under the hypotheses of Proposition 31 and assuming that there exists

r(l+|Inh
Ci > 0 [independent of ] s.t. L}lnb

Q, N, S, |ds| and C4] s.t. / V=Y |2 < C|In#.

7

< Ch, there is C > 1 [depending only on

We end this section by linking I¢°¢ and IP™.

Proposition 33. Let N > 1, z € (QN)* and 7 = 7, | 0 satisfying (50). Assume

% — 0 and if N > 2, we also assume ; — 0.

ming; |2 — ;]
Let
~f107h ifN =1
T= 10 min{A; min;z; |z — 2|} N >2°

Assume furthermore

7o L [a+In)
Shm Tk

Then for d € ZN [independent of nj, there exists C > 1 [depending only on 2, N and
S \dil/ s.t.

2
+1} — 0.

1 1
0< inf —/ |Vw|? —  inf —/ |Vw* < C(X + 2).
2 Jq, 2 Jo,

weTbis werdes

Proposition 33 is proved Appendix D.3.
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6.1.2. Macroscopic renormalized energy and cluster of vortices. We first state an easy
lemma.

Lemma 34. (1) Let N € N* andd € ZN. Let x > 0 and z,7z' € (QV)* be s.t.
forie{l,..,N} we have |z; — z}| < x. Then we have

X
R — Ry Q) < E d; .
H (Z7d) (Z 7d)||L (Q) — - | |max{ﬁ(z), ﬁ(Z/)}

(2) Let 1 < Ng < N, p € (%), (2,d) = (2,d)"™ € (V)" x ZN be s.t. d
is independent of n and for i € {1,...,N} there exists k € {1,...,No} s.t.

z; = pk. We let x := max; dist(z;, {p1, ...,pNO}).
For k € {1,..., No} we let Dy := Z di and D = (D1, ..., Dg, ). Then we

Zi Pk

X
| Riz,a) — Rip,p)ll L) < Z |dz|$

have

Proof. The first assertion is obtained with the help of the maximum principle and

X
the b d |R — Ry < d;
€ boun | (z,d) (z 7d)| = Zz | |max{h(Z), h(zl)}

assertion follows by the same way. (Il

on 0f). The second assertion

With Lemma 34 we may exploit a structure of cluster for WWmacre,

Proposition 35. Let 1 < Ny < N, p € (QNU)* [independent of n] and write

1 if No =1
T = . o
ming; [px — pi|  otherwise
Let (z,d) = (z,d)(n) € ~(QN)* x ZN be s.t. d is independent of n and fori € {1,...,N}
there exists k € {1,..., No} s.t. z; — px. We denote x := max; dist(2;, {p1,.-.,pg, })-
For k € {1,...,No} we denote Dy = Z di and D = (D1,..., Dy ). Then there

Zi =Pk

exists C' > 1 [depending only on Q, N and " |d;|] s.t.

Wx(z,d) — | Wg**(p,D WZ > didjln|z — 2
k=1 %i,%j —DPk
i#j

1+ |Infa(p)]| 1

Proof. We have

wraere(z, d) —WZ > didjln|zi—zi|—m Y didjIn|zi—z|—7 Y diRg.a)(z)-

=1 %i,%2j 7Pk zz:%k
=1
i#£j Jk#
It is easy to check that
(61) > didjIn|zi—z] = > DpDinlpy —p|+ H
2i Dk k#l
Zj—pi
k#l

with H <4}, |ds])? X for sufficiently large n.
T
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On the other hand, from Lemma 34 [second assertion], we have

oo < U F (o) Bl
IRiact = Rip 1) < 31 TN

From standard pointwise estimates for the gradlent of harmonic functions [see (166)]
there exists C' > 1 depending only on ©, >~ |Dy| and N [here we used 1 < Ny < NJ

1+ |In[A
s.t. for z; — pr we have |R(p)D)(zi) — R(p,D)(pk)| < OX7| [ (p)]|

h(p)
Then, up to change the value of C, we have
1+ |In[A(p
(62) Z diR(z,q)(2i) Z Dy Rppy(pr)| < Cxw
By combining (61) and (62) we get the result. O

6.2. Mesoscopic renormalized energy [at scale hc_xl/ 2]. From the work of Sandier
and Serfaty we may obtain mesoscopic informations. To this end we need to assume
a non degeneracy assumption for minimal points of ;. So we assume in this section
that Hypothesis (5) holds.

Let

(63) no = {

For p € A, by applying Lemma 11.1 in [16] in the disk B(p,nq), we get the following
proposition.

Proposition 36. Assume that Hypothesis (5) holds. Let D € N* and hex 1 00 when
e — 0. Then for pe A and R = R(e) = 0 s.t. R\/hex — 00 we have

1073 min{1; dist(A, 0Q)} if No=1
1073 min{1; dist(A, 0Q); mingz [pr, — pi|}  if No >2°

f - Inlz; — 27 hex i
B {7l 2 ot
i#£]

T, 9 hex
with
65 C,p:= in W"g°
(65) 0= min Wb
and

wose:  (®)PF R
(66)
x = (21,...,ZD) —len|xl—x]|+7rDZQp (x;).
i#]

where Qp(x) := x - Hesse, (p)x, Hesse, (p) is the Hessian matriz of & at p.
Moreover the infimum in (64) is reached and if z° € [B(p, R)P]* is s.t.

T, 9 hex

_WZIH|Z _Z€|+27ThEXZ§O ] §(D —D)1n<3

) +Cp.p +O(1)
i#]

[ D
then for all sequence € = €, | 0, up to pass to a subsequence, denoting £ = ” and

ex
g
Zi — P
5 K3 7€ — 5E SE > Pows y meso
zZ5 = , we have z° = (%5, ..., 25) which converges to a minimizer of Wop?. In

particular |25| < Cq.p with Cq,p > 0 which depends only on Q and D.
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6.3. Microscopic renormalized energy [at scale A\d]. The location of the vortic-
ity defects at scale \J [inside a connected component of w,] is given by the microscopic
renormalized energy exactly as in the case without magnetic field. In order to define
the microscopic renormalized energy we need some notation. Recall that the pinning
term a. : Q — {b,1} is obtained [see Section 2.3] from a smooth bounded simply
connected set w s.t. 0 € w Cw C Y := (—=1/2,1/2)%2. The construction of the pin-
ning term uses two parameters 6 = d(e) [the parameter of period] and A = A(g) [the
parameter of dilution]. For 2y € w and a sequence € = ¢, | 0, we consider 7. € w s.t.
Te = To € wW.

Let me € Z? be s.t. the cell Y. = §(m. + Y) satisfies Y. C Q. We then denote
ze = 0[me+ AZc]. It is proved in [7] [see Estimates (9) and (10)] that for R = R, > Ad
and r = r. < A, denoting R = R/(\0), 7 = r/(\), D. = B(6me,R) \ B(z,7),

D. = B(0,R) \ B(@.,7) and D = B(0, R) \ B(xo, 7):

1 1
67 inf —/ UZ|Vw|* = inf —/ UZ|Vuwl|* + o (1
(67) i 2 Jo, < [Vl erib. s 2 . < [Vl (1)
deg(w)=1 w(ze+Re'?)=e"?
w(ze4re'?)=Cst e*?
1
(68) = inf —/ a?|V|* + o.(1).
weH (D.,s') 2 Jp,
deg(w)=1

Moreover from the main result in [8], we have the existence of an application
wmicro .y — R [depending only on w and b| s.t.

1 . -
(69) inf —/ a®IV|* = fu(R) + b?7|In(#)| + W™ (20) + o(1).
weH (D.,SY) D.
deg(w)=1
. ) 1 )
where f,(R) := inf = [Vw|®.
weH' [B(0,R\®,S'] 2 JB(0,R)\®
deg(w)=1

It is clear that there exists C,, € R |depending only on w] s.t. when R — oo we
have f,(R) = mIn(R) + C,,. .
Then, by denoting W™ (z4) 1= WMo (z4) + C,,, we get from (69) :

1 R .
(70) inf —/ a®|Vi|? = wln(R) + b*7| In(#)| + W™ (24) 4 o(1).
weH (D,sth) D
deg(w)=1

Moreover, from [9] we know that W™® admits minimizers in w.

7. SHARP UPPER BOUND: CONSTRUCTION OF A TEST FUNCTION

From now on we assume that Hypothesis (5) holds. We thus may use for p € A
and D € N* the constant C), p defined in (65). We denote also Cp ¢ := 0.

We let for d € N* :

(71) Aa = {D € HNiﬂ ; LN%J}N

No
(72) Wd)Q =Wy = ]%neil{ld {Wmacm(l), D) + ,; Cpk7Dk + V[C(pyD)]}

No
> Dy = d} ,
k=1
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where, for € R, [z] is the ceiling of z, |z] is the floor of x, W™ar°(.) is defined in
Proposition 31 and V[((p p)] is defined in Proposition 17.
We now state an easy lemma whose proof is left to the reader.

Lemma 37. Let d € N* and D € Ay. Then the following quantities are independent

of D:
No
A =3 KZDi> —d] ,
k=1

No
— W T 2
Lo(d) = Wa+ 5 ; (Dy, — D) In(Dy,).
s.t. Bkzl

Moreover: d < Ny <= Z1(d) = 0 <= L (d) = Wy.
Notation 38. We let .Z1(0) = .%(0) = 0.

The main result of this section is the following proposition.
Proposition 39. Assume that hex = O(|Ineg|), hex — +00,
(73) A4 el = 0 and 6V hex — 0

and assume that Hypothesis (5) holds.

Let d € N* and let D € Ayg be a minimizer of the minimizing problem (72).

For 0 < e < 1, there exists (ve, Ac) € J which is in the Coulomb gauge with d
vortices of degree 1 s.t.

(74) F(Usa As) = hngO + dMQ [_hcx + HSJ + ZI (d) In hcx + fg(d) + 0(1)
with Mg = 27| &|| (o) and
_ b?|Ine| + (1 - 5%)|In(X)|

75 HY = Fb
(75) ! 2([éollL= () ’
where

min W™ + 2 [y + 7 Inb]
(76) ﬁb,w = =

27(|€oll Lo ()

7 is a universal constant defined in Lemma IX.1 [4] and W™ is defined in Section

6.5.

Proposition 39 is proved in Appendix E.

8. TooL BOX

The proof of the main theorems of this article is done in a classic way: by matching
upper and lower bounds. A [sharp] upper bound is obtained by Proposition 39.
Getting a sharp lower bound is the most challenging part of the proof. It needs the
proof of several facts related with the vorticity defects of a family of quasi-minimizers
[quantization, localization, size ...].

In this section we present some technical and quite classical results adapted to our
situation.
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8.1. An n-ellipticity property. In this section we focus on quasi-minimizers. We let
hex = O(|1Ine|) and we consider {(ve, Ac) |0 < € < 1} be a family of quasi-minimizers
for F, i.e.,

(77) F(ve, Ae) < in%ff—i- o(1).

We assume that for all € € (0,1), (ve, A¢) is in the Coulomb gauge and that v, €
HY(Q,C) is s.t.

(78) IV]velll 2= () = O ™).
The major result of this section is a key tool in this article: an 7 ellipticity property.

Proposition 40. Let hex = O(|Ine|) and let {(ve, Ac) |0 < e < 1} C I be a family
in the Coulomb gauge satisfying (77) and (78).
Forn € (0,1) there exist e, > 0 and Cy, > 0 s.t. for 0 <e <e,, if z € Q is s.t.
2

b
bQ/ Vol + 2 (1= o) < Gyl Inel,
B(z,:/Z)NQ g2

then |ve(z)| > n.

Proposition 40 is proved in Appendix F.

By combining Proposition 40 with Theorem 5 we get immediately a first step in
the [macroscopic| localization of the vorticity defects. In order to apply Theorem 5
we need assume

{)\,5 satisfy (2), 6%|Ine| — 0, hex — 00

79
(79) (3) holds for hey with some K > 0 independent of €

Corollary 41. Assume that X\,0 and hex satisfy (79) and let {(ve,Ac) |0 < € <
1} € S be s.t. (77) and (78) hold. There exist 0 < eg < ex and M > 1 s.t. for

0 < e < ep, letting Az := AN Ug,20B(a;, 2M g |Ine|~%0) where the (a;,d;)’s [depend

on €/ are given by Proposition 10 and e x &Mk &so are given by Theorem 5, we have

{Jve] <1/2} C U B(p, M|Ine|~%)where 59 := min{sg, 10}.
pej\s
Proof. We argue by contradiction and we assume that there exist € = ¢, | 0 and a
sequence ((vg, A;))e C J s.t. (77) and (78) hold and s.t. for all n there exists

z0 =2y € {|v| < 1/2}\ U B(p,n|Ine|~%°).
peA.
Since (77) and (78) are gauge invariant we may assume that, for all ¢, (v., A;) is in
the Coulomb gauge.

Let B := {(B(ai,ri),d;) |7 € J} be given by Proposition 10. Write B; := B(a;,7;)
for i € J. Note that by Theorem 5, from the quasi-minimality of (v., A.), for
sufficiently small, we have d; > 0 for all ¢ and d := " |d;| = >_ d; = O(1). Up to pass
to a subsequence, we may thus assume that d is independent of €.

From the definition of A., we have

U Bi ¢ | B(p, 2Mx|Ine[~™).
d;>0 pe[\

Note that from Theorem 5 we have F(v.,0) = O(|lnel?). Then we may use
Proposition 10 for the configuration (ve,0) € J# to get a covering U, 7 B; of {|v.| <
1 — |Ing| =2} with disjoint disks B; = B(a;, ), S.7 < |Ing|~1°.
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Therefore there is p € [2Mg|Ine| =%, (2M + 6)|Ing|~%] s.t.

U@B(p,p) N UBlUUBl = 0.

pEA. ieJ ieJ
In particular |vc| > 1 — |Ilng|™2 on Upei, 9B(p, p). Thus, writing d; == degy, (ve)
when B; C Q, we get for p € A,

Z |£ii|2 Z gi:degOB(p,p)(US): Z di.

B;CB(p,p) B;CB(p,p) BiCB(p.p)

Note that for sufficiently large n we have B(zo,v/€) N U,ei. B(p,p) = 0.
On the other hand, since S 7; < |Ing|~'%, we have for B; C Q

F(v, B;) > nb?|d;|(|Ine| — C'In|Inel).
Using Proposition 40 we obtain
(80) F(v) > (mb°d+ Cy2)|Ine| — O(In | Inel)

where C /5 > 0 is given by Proposition 40 with n = 1/2. Estimate (80) is in contra-
diction with (49).
O

8.2. Construction of the £°-bad discs. As in the previous section we assume that
A, 0 and hey satisfy (79). In this section we establish the existence of e°-bad discs
associated to a quasi-minimizing sequence. The construction of the bad discs requires
the hypotheses: |v:| € W21().

An e°-bad discs family associated to a familly {(v., A:) |0 < e < 1} C S consists
in sets of discs that have small diameters [a roots of €] s.t. for fix € the discs are
"well separated", the union of the discs is a covering of {|v| < 1/2} and each "heart"
of a disc intersects {|v] < 1/2}. Such sets of discs give thus a nice visualization of
{lvl < 1/2}.

In the next section [Section 9], adding an extra hypothesis on A, ¢ and hex we get
some informations in terms of location and quantification of the °-bad discs.

Proposition 42. Assume that \,§ and hex satisfy (79). There exists My € N*
s.t. for p € (0,1/2), if {(ve, Ac) |0 < € < 1} is in the Coulomb gauge and agrees
(17)&(77), then there exist €, > 0 and C, > 1 [independent of e s.t. for 0 <e < g,
there is J, = J, . C {1,..., Mo} [possibly empty] s.t. if J, = 0 then |v] > 1/2 in Q
and if J,, # 0 then there are {z;|i € J,} C Q, a set of mutually distinct points, and
€ [l el] with p, = 270 verifying:

(1) |2i = 2| = r3* fori,j € Ju, i #

(2) {|ve| £1/2} C Uy, B(zi,r) C Q and, fori € Ju, B(z,r/4)N{|ve| < 1/2} # 0,

1

(3) Fori € J, we have r |V |2 + ﬁ(l — |ve|?)? < Oy and Jv] > 1 —

OB(zi,r) €
|Ine|=2 on OB(z;,7).

Proposition 42 is proved in Appendix G. We have the following standard estimate.

Proposition 43. Assume (79) and let {(ve,Ac) |0 < € < 1} be as in Proposition
42. Fiz p € (0,1/2) and let ¢, C,, be given by Proposition 42. For 0 < € < g,



28 MICKAEL DOS SANTOS

we consider J,, {z:|i € J,} C Q and r obtained in Proposition /2. We denote
di == degyp., ) (ve)-
There exists c,p > 1 independent of € s.t. for e <e, we have

(81) di] < 4+/C

(82) 1/ Vol 4 (1= [0ef?)? > i (5) e
2 B(zi,r) ) 2¢? ) = € e
and then
(83)
F(ve, B(zi, 1)) > 7|d;] Bglif,r) a {ln (g) - C,u,b} > WBisz) a|d;i|[(1 —p)lne —cup).

Moreover there is 0 < £, < g, s.t. for 0 < e <&, we have
(84) d; # 0 for all i
and

3Mg
(85) > ldil < Diep = e

i€J,

Proof. Tt is classical to get (81) from Proposition 42.3 and the Cauchy Schwartz
inequality. Estimate (82) follows from Proposition 42 & Lemma VIL.1 in [2] and (83)
is a consequence of (82).

The proof of (84) is done arguing by contradiction with the construction of a com-
v in Q\ B(zi,,7)
pe'® in B(zi,,r)
O(1) where we assumed d;, = 0.

Since (v, A) is a quasi-minimizer of F we have F(v, A) < F(9, A) + o(1).

On the other hand, by direct calculations F(v, A) — F(0,A4) = F(v, B(ziy,7)) —
F(v,B(zi,7)) + 0(1). Consequently F(v, B(z;,,r)) = O(1) which is in contradiction
with F(v, B(zi,,7)) > Cy /2| In¢| [given by Proposition 40| for small .

paraison function ¥ := { s.t. 0 € HY(Q,C) and F(v, B(z4,,7)) =

Mpg|lne
We now prove (85). From (83) we have 7 ; [d;[ [r(1 — p)[Ine| —c,p] < %

Since p € (0,1/2), the last estimate gives the result for e > 0 sufficiently small. O

8.3. Lower bounds in perforated disks. The goal of this section is to get lower
bounds for 3 [, a|Vv|*> where D is a perforated disk s.t. D C Q and |v| > 1/2 in D.

The starting point of the argument is an estimate on circles. Let b € (0,1), 8 €
L>((0,2m), [b,1]). With Lemma D.7 in [6], for ¢ € H'((0,27),R) s.t. p(27) —p(0) =
27, we have the following lower bound:

1 [ o2

(86) 5| Bloeel* > —5—
2 Jo 1
o B

In order to use (86) we need to do a preliminary analysis.

For a = U2 € L>®(Q,[b? 1]), using Lemma E.1 in [6], we have the existence of
C > 1 [independent of €] s.t.

{ For almost all s > §/3, letting € be a circle with radius s,

(87) we have f%mﬂ (1—a) <Chs.
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From now on, in all this section, we consider a sequence ¢ = ¢, | 0, A, 0, hex and
((ve, Ag))e C S satistying the hypotheses of Proposition 42 [namely (17), (77) and
(79)]. We drop the subscript ¢ writing (v, A) instead of (ve, Ac)

Recall that ngq is defined in (63) and consider

(88) 2. € Qand 0 <r =r. < R= R. < nq s.t. dist(z;,00Q) > ng > 0.
We then denote % := B(z., R) \ B(z.,r) C Q.

Assume |v| > 1/2 in Z and let d := degg,(v). From the proof of Proposition
42 [see (189) in Appendix G, there exists 1/2 < t. < 1, t« = 1+ o(1) s.t. t. €

m(v]) N[l —2/|Ine|,1 —1/|Ine|] and
(89) { V(te) := {|v| =t} is a finite union of Jordan curves included in ) and
of simple curves whose endpoints are on 9 and H![V (t.)] = o(1).

and since H2({|v| < t.}) = o(1) we then have
(00) {

Remark 44. Since H'[V(t.)] = o(1), for sufficiently small ¢, if T' [resp. U] is a
connected component of V(t.) [resp. {|v| < t.}] which intersects % then I is a
Jordan curve [resp. QU is a union of connected components of V (¢.)].

if U is a connected component of {|v| < t.} s.t. U C Q then there is T,
a connected component of V(t.), which is a Jordan curve s.t. U C int(T").

We have the following lemma;:

Lemma 45. Assume z.,7, R satisfy (88) and we assume |v| > 1/2 in #Z. Then, for
€ (r, R), letting
Kq:={0€[0,27) | |v(z: + se"’)| < t.}
we have
HV(2)]

HY K, <m
S

Proof. Let s € (r,R) be s.t. HY(K,) > 0 and denote K, := {z. +se* |0 € K,} C
OB(x.,s). Then H(Ky) = sH(K,).

On the one hand, letting V#(t.) be the union of the connected components of
{v] < t.} which intersect 2, we have K, = Vg(t.) N 0B (x., s).

On the other hand, by Remark 44, 0Vg(t.) is a union of connected components
of V(t.) which are Jordan curves. Among these Jordan curves, we may select the

maximal curves w.r.t. the inclusion of their interior. We denote these maximal
curves by I'y,...,I'y and we let for ¢ € {1,...,N}, V; := int(I';). We then obtain

Va(te) C UN,V; and thus K. C UM [0B(ze,5) N V).
For i e {1,..,N}, we fix x; € V; . and we define the disk B; := B(xz;,diam(V;)). It
is clear that V; C B; . Consequently
HOB(z.,5) NV;] < HOB(x.,s) N B;] < 27 diam(V;).

We claim that 2diam(V;) < H*(T;). Since the curves I'; are pairwise disjoint, we have

Soiny HNT:) < HV(Ee)].

We may now conclude:

2

N
sHY(K,) = <> H'0B(xe,s) NV < 7Y 2diam(V;) < wH [V (t.)].

=1 =1
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The next proposition is one of the major use of the dilution [A — 0].
Proposition 46. Let xz.,r, R satisfying (88) and assume |v| > 1/2 in Z. We write
d :=degy,(v) and, in Z, we let w:=v/|v| & p:=|v|.

(1) Ifr >6/3 and if H*[V (t:)]/r + (1 — t2) + A = o[In(R/r)] then

l/ alVu|? > 1/ ap?|Vw|? > nd? {ln (E) - 0(1)} .
2 R T

(2) If r = o(1) and if H [V (to)]/r + (1 — 2) = o[In(R/7)] then

/ Vo2 > / p*|Vw|? > nd? {ln (f) — 0(1)} :

Proof. We prove the first assertion. We claim that, up to replace v with v, we may
assume |[v| < 1 in Q. Moreover, if d = 0 then there is nothing to prove. We then
assume d # 0.

We write v = pe'@® where ¢ is locally defined and its gradient is globally defined.
Letting z. + RT := {x. + s|s > O}, we may assume ¢ € H'(%Z \ (z. + RT),R). For
s € (r,R), welet p,(0) = p(z.+se), ps(0 ) |v(x5+se %) and () = oz +se?).
Then ¢s € H*((0,27),R) is s.t. ps(27) — = 27 and we immediately get

1 27
—/ ap?|Vw|? > / / asp2|Dops|*db.
2 )z

From (86) with 8 := asp? we get

1 /2" 272
= / asp2|Opps|” >
0

2 /271' 1 :
0 @sp3
Since b?/4 < a,p? < 1 we have

271 271 2 27 27
1 1— g 4
OS/ > —27T=/ el < / 1—p§+/ 1—ay ).
0o GsPs 0 Qs b 0 0

On the one hand, from Lemma 45 we have

w +27(1 — t2).

/Zﬂ 1—p2 <HNK,) + [2r —HNUK,)] (1 —12) <
0

2
On the other hand, using (87), there is C' > 1 [independent of ¢| s.t./ 1—a; <O
0
Then

agp? s

[ e O o]

We thus get

1
—/ ap?|Vw|?
2)z

Y

ds 272
d2
/r S om— b—2 [PHLV (12)]/5 + 27(1 — £2) + CA

= 7d? {m (?) +0(1)} .

The second assertion is obtain exactly in the same way than the first one. Indeed,
since « plays no role in the statement, we may use the same argumentation with A = 0
and 0 > 0 an arbitrary small number. O
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We now state the reformulation of Proposition 46 by replacing the annular Z with
a perforated disk.

Corollary 47. Let Dy € N* be independent of ¢, 0 < r = r. < R = R. be s.t.
r=0(R), N=N. eN* best. N<Dyandz =25,....zn = 25 be s.t. |z —z;| > 8r
fori=#£7j.

Let y = y. € Q and assume z1,...,z2y € B(y,R) C B(y,4R) C B(y,nq) C Q. We
let D := B(y,2R) \ UN_ | B(z,1).

Assume p = |v| > 1/2 in D. Fori € {1,..,N}, we let d; == degyp(,, ,)(v). We
also assume d; > 0 for all i € {1,...,N} and sz\il d; < Dg. Write v = pw in D.

Then there exists Cy > 0 depending only on Dqy s.t. :

(1) If r > 6/3 and HV (t.)]/r + (1 — t2) + X = o[ln(R/r)] then, for sufficiently
small €, we have

L 2 1 2 2
5/Da|Vv| Zifap |Vw| >7er In(R/7) —

i=1
(2) If HA [V (to)]/r + (1 — t2) = o[ln(R/7)] then, for sufficiently small £, we have

/ |Vol? > / P2 Vw|? > dez In(R/r) —

i=1

Proof. We claim that, up to replace v with v, we may assume |v| < 1 in Q.
We first proceed to a scaling with the conformal mapping:

®: B(y,AR) — B(0,4)
xT—y .

T —

We then let %; := ®(z;), # :=r/R, D := ®[D] = B(0,2) \UY.,B(%;,7), & := a o ®~!
and 1= vo &L

If N=1or N>2and |3 — 2| >4 x 10720 for i # j then, letting Q := B(0,4),
ng = 1071, we may apply Proposition 46.1

1/ 2 1/ A2 ~12
— | ofVu|" == [ &V &Vl
2Jp 2/p Z B(2:,2x10-2P0 \B(Z;,7)

WZ d? (|In(R/7)] — | In(2 x 1072P)|) + o(1).
i=1
This estimate is the desired result with Co = 7D3|In(2 x 1072P0)| + 1.
If we are not in the previous case, i.e. N > 2 and there exists i # j s.t. |2 — 25| <
4 x 1072Po then we apply the separation process presented Appendix C [Section
C.3.1] in [6] to the domain D with 7ep := 1072Po.
The key ingredient in the separation process is a variant of Theorem IV.1 in [4]
[stated with P = 9, the general case P € N\ {0, 1} is left to the reader]:

Lemma 48. Let N > 2, P € N\ {0,1}, z1,...,ay € R? and n > 0. There are
k€ {PY . ., PN Y and 0 #J C{l,.,N} s.t.

UN B(wi,n) C Uies B, k) and |z; — x| > (P — 1)k fori,j € J,i # j.

v

Y

The separation process is an iterative selection of points in {21, ..., £y} associated
to the construction of a good radius.
We initialize the process by letting ng :=#, My := N and Jo = {1,..., Mp}.
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For k > 1 |where k is the index in the iterative process| we construct a set () #
Ji € Jr—1, My := Card(Jg) and 3 numbers

1
ke € {91, .., 9Me—1=1 't o= = min |2 — 2| and ny = 2kk7),.
4ijedy
i
These objects are obtained with Lemma 48 with P = 9, N = M}, = Card(Jx_1),

{z1,..,en} ={2: |t € Jg—1}, J = Jx, n = Nk, & = ki, The process stops at the end of
Step Ko > 1if Mg, =1 or Mg, >2and min [Z — Z;| > 40stop-
i,jGJKO
i£]
By construction, we have for 1 <k < Ko, 0 # Ji, € Jp—1 and np—1 < 1), < ni. In
particular, since Card(Jy) < Dy, we get Ko < Do — 1.
By definition, for k € {1,..., Ko} we have 2 -9, < nx < 970y, We let

9D0 * Tlstop if MKD =1
1
No = min{QDO * Tlstop Z i ;Ielbn |’éZ - 2J|} if MKD 22
> Ko
i#]

and then 19 > nstop = 1072P0. For k € {0,..,K¢ — 1} and i € J, we denote
Rix = B(Zi,m1) \ B(Zi,mk), and, for i € Jr,, #i = B(Zi,m0) \ B(2i,1xK,). By
construction, the previous rings are pairwise disjoint. From Proposition 46.1 we have

for k€ {0,...,Ko— 1} and i € Jy :

1 TN .
5[ aIviP = wdegs, (0 (e /m) — O] - o)
Rk

> Z d3 n(ni41/ne) — mDG In(97°) — o(1).

2,€B(Zimy, )

And for 7 € Jk,:
1 N .
3 [ alvil = mdes (60w /i) o)

T Y. dn(n/nk,) —o(1).

2;€B(2i,m0)

Y

By summing the previous lower bound we get the result. As for Proposition 46, the
second assertion is obtained in a similar way than the first assertion. ([

8.4. Lower bounds in a perforated domain. In this section we state a lower
bound for a weighted Dirichlet energy in the domain 2 perforated by small [but not
too small] disks. The philosophy of this lower bound is that in the case which interest
us we may ignore the weight if the perforations are not too small ; it is an effect of
the dilution A — 0.

Proposition 49. Let 8 € (0,1), (Gn)n C L®(Q,[8%,1]) be s.t.
K, = /(1 ~ )2 = 0.
Q

Let N € N* and (z,d) = (z,d)(") C (V) x ZN be s.t. d is independant of n. We
denote h := min; dist(z;, Q).

Assume the existence of 7 > 0 s.t. 7 = o(1), (50) holds and s.t. there is C; > 0
7| In 7| —_—

< Cyp. Write Q7 := Q\ UB(z;,7).

[independent of n] satisfying
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1
Let (upn), C HY(Q,C) satisfying |u,| > 3 in Q7 and degyp(,, 7 (un) = di for all i.

Assume also
L, = / (1= |ug|?)? = 0.
Qr

Then

/ n| Vg, |2
Q.

7

> /Q (VO D12 — (4871 + 3) [ VO Y| oo (o) V=Y || 120y (Ko + L) — O(X)

7

with =Y is defined in Remark 29 and X is defined in (57).
Proposition 49 is proved Appendix H.

9. STUDY OF THE €°-BAD DISCS

In this section, in addition to the assumption (79) on A, d and hex, we assume that
(4) holds. This [technical] hypothesis (4) is a little bit more restrictive than (73)
[0v/hex — 0] used to get a nice upper bound.

Let ¢ = ¢, | 0 and let ((v, A)): = ((ve, Ae))e be a sequence that agrees (17) and
(77). Let also p € (0,1/2).

Since (17) and (77) are gauge invariant we may assume that (v, A) is in the Coulomb
gauge.

The goal of this section is to prove that, for sufficiently small e&p, if J, # 0
then d; = 1 & dist(2i,A) < In(hex)/Vhex & 2z; € we for all i € J, and for i # j,
|zi — 2| > In(hex)/hex With a "uniform" distribution of the z;’s around A.

With the notation of Proposition 42 we let Q, := Q\ Uijcs, B(z,r) and d :=
e, il

In view of the goal of this section we may argue on subsequences. First note that
from (84) we have d; # 0 for all i. Up to pass to a subsequence, from (85), we may
assume that J, # () and independent of € as well as the d;’s.

Since we are interested here only on informations related with |v| and the d;’s,
we may consider that (v, A) is in the Coulomb gauge and we may also change the
potential vector. Namely, we may assume that A = V¢ with € = & € HINH?(Q,R)
is the unique solution of (40). Note that (77) still holds.

Consequently, curl(A) € H' and then with (11)&(22): [[£]|g3(o) < C|Inel.

From Proposition 11 and letting ¢ = (; := £ — hexéo

F(0,V41E) = h2 Jo 4+ F(v) + 2mhey Z di€o(2:) + Vig.a)(¢) + o(1).

Proposition 17 infers f/(z7d)(C) = O(1). Consequently

(91) F(v, V48 = h2Jo + F(v) + 2mhex »_ difo(zi) + O(1).
In particular we have F (v, V+¢) < h2 Jo + o(1), thus with (91) we get
(92) F(v) € =2mhex »_ difo(zi) + O(1).

From Corollary 41 and Propositions 42&43 we deduce — >~ di&o(2:) = [|oll (o) D di+
o(1) and we immediately obtained

(93) > di>o.
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On the other hand, from Proposition 39, we have

(94) F(v, V) < h2Jo + dMq [—hex + HY | + Z1(d) In hex + O(1).
By combining (91) and (94) we get

(95) F(v) < dm [b°|Ine| + (1 — 0%)[In(A0)[] + Z1(d) In hex + O(1).

In conclusion, from (82) in conjunction with (95) we obtain

(96) %/ o|Vo? < dr [b°|Inr| + (1 = b%)[In(A0)[] + Z1(d) In hex + O(1).

r

We first have the following proposition.

Proposition 50. Assume

1 1-0? }

97 O<p< min{ ,
O7) a Drp+1 2(Dgp+1)

b—2K and My is as in Theorem 5.

Then there exists &, > 0 s.t. for 0 <e <&, if J, # 0 then
(1) d; >0 for all i,

(2) dist(z;,w:) < 1/e.

Proof. Step 1. We prove that d; > 0 for all i

where Dk =

We argue by contradiction and we assume the existence of an extraction still de-
noted by e = ¢, L 0s.t. J_:={i € J,|d; <0} # 0 [from (84), for 0 < e < £,, we
have d; # 0 for all i € J,].

From (93) we thus obtain: }7;c; \;_d; > d+ 1. Then, with the help of (83), we
obtain

P) = 820 - prinel | Y ldl+ 3 d ) > @+ 2)n(1 - @i ne] + O(1).
ieJ_ ieJ, \J-

Consequently (95) implies d(1 + o(1)) > (d 4+ 2)(1 — ) — o(1). This inequality gives
> Feie o(1) which is in contradiction with 0 < yu < (Dgp + 1) for sufficiently
small € > 0 [here we used D, > Mg > dJ.

Step 2. We prove that dist(z;,w.) < /¢ for all ¢

We argue by contradiction and we assume the existence of a subsequence still
denoted by € = ¢, | 0 and ig € J, s.t. dist(z,,w:) > /e. From (25) we have
infp(., rya > 1—o/lng|7?). Consequently using (83) we get F(v, B(z,,7)) >
digm(1—p)|Ineg|—O(1). Then F(v) > wb?(1—p)d|Ine|+m(1-b%)(1—p)d;, | Ine|—O(1).

From (95) we obtain

db?|Ine| + O(In|Inel) > b*(1 — p)d|Ine| + (1 — b*)(1 — p)|Ine| — O(1).

1-0?
The last estizmate implies p > CrESEy + o(1) which is in contradiction with
1-9b
for € > 0 sufficiently small. O

< - 7
b= 9Dy +1)
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Definition 51. e For i € J,we let y; € § - Z? be the unique point s.t. z; €
B(y;,6/2). Since dist(z;, w:) < /¢ for all i, y; is well defined.
e We denote also J C J, a set of indices s.t. Ujeg, B(zi,7) C Uy 7B(yr,2A0)

and for k,1 € J s.t. k # [ we have yg # y;. We then let for k € J, J == {i €
Ju | zi € B(yk, 2A9)}.

e We may also select "good indices" in order to get well separated centers y;’s.
Using Lemma 48 with P = 17,7 = ¢, there exists a set () # J¥) C J, and a
number s € {1,17, ..., 17¢24u)=1} [dependent on €] s.t.

UkejB(yka d) C UkeJ(y)B(ykv K0)
for k,1 € JW) with k # | we have |yx — y1| > 166
We denote, for k € J®) | dj := degyp(yy,rs) (V)-

e There exists also {J; |k € J¥}, a partition of J, with non empty sets [de-
pendent on €], s.t.

B(2,6/2) C B(yg, k6) <= i € Jy for k e JW.
We are going to prove that J = J, and for all k € J® we have Ji = Jy.

Proposition 52. Assume (97), for € > 0 sufficiently small, if J, # 0 then d; = 1
forallic J,.

Proof. We argue by contradiction and we assume the existence of a subsequence [still
denoted by € = ¢, | 0] s.t. for all e there exits ig € J, s.t. d;, > 2.
From Corollary 47.2 applied in B(yx, 2A0) \ U, 7, B(zi,7) :

1 b2
3w = X5 e
2 Ja, Py B(yi,2A0)\U, ¢ 5, B(zi,r)
A
> 2 2 (_)_
> 7b ZZdzln —)-o
keJ i€k
A6
> a1+ di |In( =) -0

i€d,

We then get F'(v) > 7b?(d|Ine| + |Inr|) + O(]In(\d)|). Since |Ine| = O(|Inr|) and
[In(AS)| + In hex = o[ Ine]), this estimate is in contradiction with (95) for sufficiently
small €. g

Proposition 53. Assume p satisfies (97) and J, # 0. Then for sufficiently small
In hex
Vhex
The proof of the proposition uses the following obvious lemma whose proof is left
to the reader.
Lemma 54. (1) Let N € N*, D € NV and for k € {1,...,N} let N;, € N* and
d® e NNk pe s.t. Dy, = E dk). Then we have

e > 0 we have dist(z, A) <

N Ny
ZDk >33 @y,
k=11=1
Moreover the equality holds if and only if for all k € {1,...,N} and for all
i€{1,..., Ny} we have dz(-k) € {0, Dy}.
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N

(2) Let N,d € N* and denote Eq4 := min ZD,% Then we have for
DGNN,ZDk:dkzl

DeNN st Dy =d:

N

Y Di = By <= D e {|d/N];[d/N]}"

k=1
Proof of Proposition 53. We argue by contradiction and we assume the existence of
In hex

\% hex
Then there exists 7 > 0 [independent of €] s.t. hex8o(2iy) > —hex|[éollL=) +

4n(In hey)?. Consequently: —27hex Y- &o(2:) < 2mdhex]|€ol| L) — 4n(In hex)?.
From (92) we get [for small €]
F(v) < 2rdhex|ollL=(0) — 3n(In hex)?
[Hyp. (3)] < md|Ine| — 2n(In hey)?.

a subsequence [still denoted by € = ¢, | 0] and ip € J, s.t. dist(z;,, A) >

A

Using (82) we get
1
(98) 5/ o|Vo? < dm [b?|Inr| 4+ (1 = b%)[In(A6)|] — n(In hex)”.
Qp

We let x := 10max, . ; dist(yx, A) and for p € A, D), == degyp (1) (v), Jp = {k €
JW |y, € B(p,x)}. For a latter use we claim that y > In(hey)/viex and then
(99) A Inx|/x = 0.

We have [see Definition 51 for notation]

1
—/ alVul?
2 Ja,

1
> Z—/ a|Vv|2+Z / a|Vol? +
ke 2 [, 220)\U;¢ 5, B(zir) weq = B0 /3)\B(yk,20)
1 1
(100) +Z—/ a|Vv|2+—/ o| Vol
pEA 2 B(p,x)\Uke s, B(yr,K0) 2 Q\UpeaB(p,x)
It is clear that, for k € J, we may use Corollary 47.2 in B(yx, 2A8) \ Uie s, B(zi,7) in

order to get

ECID 3t

a|Vo|? > b%drIn ()\5) +0(1).
ke ieg, B(zim)

Let k € J, from (25) and Proposition 46.2 we obtain
1
o
2 JB(y.5/3)\Bly220)
Let p € A be s.t. D, # 0, Corollary 47.1 gives
1
= alVu)? > Z a2 ln(
ke,

alVol? > mdegy gy, 216 () In Al + O(1).

)+ o).

>

2 /B<p,x>\ukg,,3<yk,m>
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From Propositions 30&31&49 [with (99)] we deduce

1
_/ o Vo > 73" D2 y| +O(1).
2 Q\UPEAB(PJ() pEA

From Lemma 54.1 we have d < 37, 7 degop(y, 226) (1)* < Ypen ke, d? <3 ,ep D2
Then we get

% / o|Vo* > dr [b*|Inr| + (1 = b%)|In(A0)[] + O(1).
QT

This estimate is in contradiction with (98) for sufficiently small . O

Proposition 55. Assume u satisfies (97) and let € = &, | 0 be a sequence.
(1) If Card(J,) > 2 then for e > 0 sufficiently small and for i # j, |z — z;| >
hod I B
(2) For ¢ > 0 sufficiently small we have for p € A, degaB(p7h—1/2 lnhex)(v) €

{[d/Nol; [d/No1} =

The proof of Proposition 55 is postponed to Appendix I.

Since Adhex — 0, Proposition 55 implies that each cell of period contains at most
a disc B(z;,r) with i € J,,.

Following the argument in [6] [proof of the third part in Proposition 3.6, see Ap-
pendix D-Section 4.5|, we may refined Proposition 50.2.

Proposition 56. Assume p satisfies (97), then there is 0, > 0 depending only on
w and b s.t. for i€ J, we have B(z;, 21, pA0) C we.

Corollary 57. Assume p satisfies (97). Then we have

1
(103) / IVo|* + = (1 —[v]*)* = O(|In(Ad))).
N\Uies, B(2i,A262) €
Moreover
(104) [v] =14 0(1) in Q\ Ujes, B(z;,2X%6%).
Proof. We have
b4

1
Vol + = (1 [o]*)2 < F(v) = Y F(v, B(zi,X*6%)).
4 Q\Uje, B(z:,A262) g2 162@

For ¢ € J,, from Corollary 46.2 :

b2

— |Vv|? 4+ F(v, B(z;,7))
2 JB(z 2282 \B(zr)

20°7In(AS) + b?w| Ine| + O(1).

Since, by Proposition 55, the discs B(z;, \202) are pairwise disjoint, we obtain with
(95):

F(v, B(z;,\*6%)) >

Y

b 1
T Vo] + = (1 = [v]*)* < O(| In(Ad)]).
4 NUieu, B(zi,A262) €
This estimate is equivalent to (103).
We are going to prove (104). We argue by contradiction and we assume the
existence of an extraction still denoted ¢ = ¢, | 0, t € (0,1) and (z,)n C Q\

Uies, B(zi, 2A262) s.t. |ve, (zn)| < t.
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By Proposition 40, there exists Cy > 0 s.t. for sufficiently large n:
(105)

1
/ Ve, 2+ (1= [0z, 2)? > Gyl Ineg.
B(%n,VE,)NQ 2

Moreover, for n sufficiently large to get /2, < A?§2, we have [B(xn,E,) N C
Q\ Uie, B(zi, A26?). This inclusion is in contradiction with (103) and (105). O

Zi —Yi
A
s.t. z; € B(yi, Ad). Moreover, up to consider an extraction, we may assume that, for

i € J,, there exits 2) € w s.t. 2, — 2).
We start with the following proposition.

€ w where y; € 072 is

From Proposition 56, for i € J,, we have 2; :=

Proposition 58. We have the following sharp lower bound:
Fv,A) > h2Jo+dMg [~hex + H) ] + Z1(d) Inhex + Zo(d) +
+ ) WMO(E]) = min W) 4 Wy(D) — W] + o(1)
=
where Wy = miny, W, is defined in (72) and

(106) Wa(D) := W2 (p, D) + > Cpp, + V[¢pp)]
pEA

where forp € A, D € N*, C,, p is defined in (65), Cpo :=0 and V[C(p,D)] 1s defined
in Proposition 17.

We split the proof of Proposition 58 in several lemmas.
The first step is the following lemma consisting in a "macroscopic/mesoscopic”
version of Proposition 58.

Lemma 59. Let p = |[v] and w =v/p in Q\ Uic s, B(y;, 6/3) . We then have

1
—/  ap|Vul* > dn|ln(6/3)| -7 Z Z In|z — z;| +
2 Jo\ies, Byi,5/3) er iged,

Dy>2 i

+ Wy (p, D) +o(1).

Proof. On the one hand, from Proposition 53 and letting x := hex!* we have [v| > 1/2

in Q\ UpeaB(p, x). Then, from Proposition 49, we have

1 macr
(107) —/ a|Vu)? > wz DZ2)| In x| + Wx2°(p, D) + o(1).
QN\UpeaB(p,x) pEA

On the other hand, from Proposition 55, if Card(J,) > 2 then, for ¢,j € J, with
i # j, we have |y; — y;| > hod In(hex) — 206.

Consequently, if D), = degyp(p,nq)(v) # 0 [nq is defined in (63)], letting J, := {i €
Jul 2 € B(p,na)}, Dy = B(p, X) \ Vies, B(yi, hex' ),
®: B(p,x) — D=B(0,1)
r—p
X

T —
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b=v0® ' d=aod !, D, :=®(D,) and §j; := B(y;) for y; € B(p, x), then we may
apply Proposition 49. Writing (y,,1) := {(9:,1) | i € Jp}, Proposition 49 gives:

1 1 . N
108) 5 [ alVuP =5 [ GIVOP > mD, In(hes) + WEIE (57 1) + o(1)

where W5*3° is the macroscopic renormalized energy in the unit disc I with D,
Dy
points.
From Proposition 1 in [13] we have

WEASH(§p,1) = = > [ g — 95| — |1 = gigyl] + 7 > In(1 = [g:[*).

4,j€Jp icJp
i
. y . e Inhe
Using Proposition 53, we get for i € Jp, |§;| < —————— = 0(1) and then
X
(109) WES°(p, 1) = =7 Y Inlys — y;| = 7(D} = Dp)|Inx| +o(1).
ijed,
i#]

For i € J,, we let #; := B(y;, he;!) \ B(y;,0/3). With Proposition 46.1 we obtain

1
(110) —/ a|Vv|? > 7| In (§hex/3) |.

2 /o,
By combining (107), (108), (109) and (110) the result is proved. O

The second step is a "microscopic" version of Proposition 58.
Lemma 60. If r <7 < A\262, then :

Y (%) = dr (ImBA)| + 6% In(AS/7)]) + D W™(20) + o(1)

icd, =
where, fori € J,, #; = B(y;,6/3)\ B(%,7).
Proof. We first note that in order to prove Lemma 60 [up to replace v by v] we may
assume p = |v| < 1. We may also assume

(111) > Fe(v, %) = O(|In(Ad)))
i€,
since in the contrary case there is nothing to prove.

Fix i € J, and let v, be a minimizer of F.(-,%;) in H'(%;,C) with the Dirichlet
boundary condition trag, () = trae, (v). Note that such minimizers exist and we have
F. (v, %) < Fo(v,%Z;) = O(] In(A\9))).

The key ingredient consists in noting that since v, is a minimizer of a weighted
Ginzburg-Landau type energy we may thus use a sharp interior n-ellipticity result.
Namely, following the strategy of [9] to prove Lemma 1 [see Appendix C in [9]], by
using the first part of the proof [the interior argument which does not required any
information on trog, (vs)], we get

(112) py = |ve] > 1=O(/|In(X8)|/|Ine|) in Z; := B(ys, 6/3—*)\B(z;, 7 + c1/4).

Write in %;: v, = pyw, where w, € H(#,S").
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Note that by (2) [namely |In(\d)| = O(In|Ine|)] we have |In(A\)[>/|Ine| = o(1)
and then from (111) & (112) [and aslo p. < 1] we have

/~ ap?|Vw,|? :/~ a|Vw,|? + o(1).
%

i k3

We then immediately get:

R weHY (%;,SY)
deg(w)=1

1 1
F(v,%Z;) > F(v., %;) > 5/ a|Vws|? +o(1) > inf = /~ a|Vi|? + o(1).
R

It suffices now to claim that from (70) we have

inf 1/ ol Vaf? = 7 (|In(3N)] + 0% In(AS/7)]) + W™ (20) + o(1)
weH (%:,8") 2 J

7

deg(w)=1
in order to get F(v,%;) > m (|In(3X\)] + b?|In(A§/7)[) + W™ (£0) + o(1). By sum-
ming these lower bounds we get the result. ([
Lemma 61. There exits r = 0(\26?%) s.t. fori € J, we have

Flv,B (zi, 7)] > b*[r In(7/e) + Inb 4+ ~] + o(1).
Proof. We first note that we have
(113) > Flv, B(2i,A%6%) \ B(2;,7)] < db’mIn(\>6%/r) + 1 (d) In hex + O(1).
i€y

The above estimate is proved by contradiction and assuming the existences of an
extraction [still denoted by € = &, | 0] and of a sequence R,, T oo s.t.

> Flv, B(2i,A%6%) \ B(z;,7)] > db’mIn(\*6°/r) + 21 (d) In hexc + Ron.
i€Jy

From (83) we get

> Flv, B(2:,\26%)] > db*m In(X?6° /€) + L1(d) In hex + Ry + O(1).
ied,

Using Lemmas 59 and 60 we get an estimate which contradicts (95).
By a classical argument, for sufficiently small €, there exists /7 < 7 < /4 s.t. for
1€ J,
T b 4.2 (d) In hex + O(1)
5[ P P < 1
9B(z;,T) | nr|

Arguing as in the proof of Proposition 42 [Step 3 in Appendix G] it is clear that we
may assume |v| > 1 — |Ine|~2 on 9B(z;,7) for i € J,.

We now define for i € J,,, pi := trap(., 7 (|v]), wi := trop(, 7 (v/[v]). We immedi-
ately get

r

b2
5y, =m0 g [Vl g1 = o)
2 JoB(zi,7) 2 JoB(z.7)

On the other hand, since deg(w;) = 1, there exists ¢Z = ¢i. € HY((0,27),R) s.t.
$:(0) = ¢;(27) € [0,27) and w; (2 + re“g) = e U0F6:(9) " A direct calculation gives:

27 27
27T+0(1):7:/ |3rwi|2:/ |(¢i+9)'|2:2”+/ EAR
OB (2;,7) 0 0
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The last equalities imply ¢, — 0 in L?(0,2n) and then ¢; — ¢;(0) — 0 in L2(0,27).
Hence, up to pass to a subsequence, we get the existence of 8; € [0,2n] s.t. ¢; — 0;
in H'(0, 27).

We now define w; € H'(B(z;,27) \ B(z;,7),S") by

- 20 _ 2% —
Bi(zi + se'?) = o THBGEFC N with G (2 + se*?) = [9(0) — 0:] Z——

A direct calculation gives fB(Z_ n\BEH |V $i|2 = 0(1) and then

1 1 -
5/ v = 5/ V[0+¢i(zi+se')] | +0(1) = wIn(2)+0(1).
B(z,27)\B(z:,7) B(2i,27)\B(zi,7)

27° s s—r
+

Let s € H'[B(z, 27\ B(os, ), R¥] be s.t. fi(zi+se™) i= fi(z+7e")

We then have F|[p;, B(z;,27) \ B(z;,7)] = o(1). Consequently, letting v; := py; €
H'[B(z;,27) \ B(zi,7),C] we have

. b
Flvi, B(2,27) \ B(2;,7)] = —/ V| + o(1).
B(z,27)\B(z:,T)
v; in B(z;, 27) \ B(z;,T)
v in B(z;,T) '
It is clear that u;(z; + 27e*) = e%ie*? and then, using Lemma IX.1 in [4], we get
Flus, B(z,27)] > b*[r In(27/e) + v + 7 Inb] + o(1).

The last estimate ends the proof of the lemma. (I

il

In order to conclude we let u; := {

Proof of Proposition 58. From the three previous lemmas we have

F(v) > dr[b’[lne|+ (1=0)|InA)] =7 > > Inlz — 2|+

pEN i,j5€J,
Dp>2 i#j
(114) AR (p, D) + Y W (£0) + db[wInb + 4] + o(1).
=n
On the other hand, with Corollary 24 [estimate (47)] we get
(115) F(v,A) > hiJo+2mhex Y &o(2i) + F(v) + V()] + o(1)
i€y

where ((p p) is defined in Proposition 16.
From Proposition 36 [estimate (64)], for p € A s.t. D, > 2, we have:
(116)

hex
- E 1n|zz—z]|+27rhexg [€o0(2:) g(D2—D )ln(D )—i—C D, +o(1).
i,j€Jp
i#£j

By combining (114), (115) and (116) [and also & < 0] we obtain
F(v,A) > thJo +dm [b2| Ine| + (1 — b?)] ln(/\5)|] — 2mdhex]|€ol Lo (@) +

hex
+I {(Df,—D )m(D )+C ,DJ + WA (p, D) +

(117) + 37 W (50) 4 V[¢(p,py] + db[wInb + 7] + o(1).
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It suffices to see that, since D € Ag4, from the definition of £} (d) we have
s hex T
2 — D,)In (D ) = Zi(d)nhex + 5 > (Dy — D})In(Dy)
pEA P pEA

in order to deduce from (117) that
Fv,4) > hgJo+dr [~2hex|€ollL=() + b%|Ine] + (1 = )| In(A)[] +
+A(d) I hex + Y W™(2)) + Wa(D) +

i€,

+g Y (D, — D2)In(Dy) + db[x Inb + 7] + o(1)
pEA

where W;4(D) is defined in (106). This estimate with the definition of H? and Wy
[see (72)&(75)&(76)] ends the proof of the proposition. O

10. THE FIRST CRITICAL FIELD AND THE LOCATION OF THE VORTICITY DEFECTS

We assume that A, §, heyx satisfy (2) and (3) for some K > 0 independent of e. We
assume also (4). We consider a sequence € = ¢, | 0.

As in the previous section we focus on sequences of quasi-minimizers of F. For
simplicity we write (v, A) instead of (v, Ac). We assume that (17)&(77) holds and
since (17)&(77) are gauge invariant we may also assume that (v, A) is in the Coulomb
gauge.

From above results, for a fixed p > 0 sufficiently small [satisfying (97)] and for
¢ > 0 sufficiently small, there exists a [finite] set Z C Q, depending on ¢ and possibly
empty s.t. letting d := Card(Z) [we write Z = {21, ..., 22}]:

e If d =0, then |v| > 1/2 in Q.
e If d > 0, then |z; — 2| = hod Inhex if 4 # 7, [v] > 1/2 in Q\ UL, B(z;,e")
and degyp(, .u)(v) =1 for z € Z.
Moreover d = O(1). Then if needed, up to pass to a subsequence, we may assume
that d is independent of e.

By combining Corollary 14, Propositions 36, 39, 55 and 58 we get the following

corollary.

Corollary 62. Assume \, 9, hex satisfy (2) and (3) for some K > 0 independent of
e. Lete =¢€, 1 0 and and let ((ve, Ac))e C S be a sequence satisfying (17)&(77).
Assume that d is independent of €. Without loss of generality we may assume that
(ve, Az) is in the Coulomb gauge. We have
(118)  F(ve, Ae) = h2 Jo + dMq [—hex + H) | + Z1(d) In hex + Za(d) + o(1).
Moreover, if d # 0 then:
o We have D € Ay [see (71)] and D minimises Wy in Ag where Wy is defined

in (106).
e Forpe A st D, >0 andi € Jp, we denote z; == (2; — p)\/Dp/hex and
z, = {%;|i € Jp}. Then, up to pass to a subsequence, z, converges to a

minimizer of W5 defined in (66).
o Fori € {1,...,d}, we write 2; :== (2; — y;)/(\5) € w where y; € §Z2 is s.t.
z; € B(yi, Ad). Then, up to pass to a subsequence, Z; converges to a minimizer

Of Wmicro .



PINNED MAGNETIC GINZBURG-LANDAU ENERGY 43

For a further use, we claim that for dy > 0, from Proposition 39, there exits a
configuration (v°, A°) € 5 which is in the Coulomb gauge s.t.

(119)  F(v°, A°%) — h2 Jo = doMq [~hex + HY. | + Z1(do) In hex + Z2(do) + o(1).

Recall that, from Lemma 37, for d # 0, we have d € {1,..., Ny} if and only if
Z1(d) = 0 and % (d) = Wy. For further use we state another lemma whose proof is
left to the reader:

Lemma 63. For 0 <d < d' we let :

Z(d+1) - Zi(d) T | d
1) AW ==L :_{_J
(1) B Mq Mg LNg
d'—1

W ._Ad) -A@d_ o Lij
(®) Ava= 3 = M@ —d) k; ok

(2 ._ Z(d +1) — £5(d) @ Wai1 — Wy _
(3) Ay = Mo and A -
0ifd<Ny—1

| 0 Do [ - (-] vex

N
@ _ L(d) - £(d) Wa — Wy
(4) Ad/,d = T SV R
Mq(d' —d) Mq(d' — d)
By using (118) and (119) we easily get the following corollary.
Corollary 64. Lete =¢, )0, A, 0, hox and ((ve, Ac))e C F be as in Corollary 62.

Assume that d is independent of €. Then we have for d' > d

hex < HY + A x nhex + A, + 0(1).

Then, letting x be s.t. hex = HY (1 + x) [x = o(1) from (3)], we have thus

thus, if d' < No, then A, =

(120) hex < HY + AYy x InHS + AD, +o(1).
Ifd > d >0 then
(121) hex > HY + AV, x I HY + AT, +o(1).

We are now in position to give an asymptotic value for the first critical field. Indeed
with Corollary 64 [(120) with d = 0&d’ € {1, ..., No} and (121) with d > 1&d’ = 0].
Recall that we write, for z € R, [2]" = max(z,0) and [z]~ = min(z, 0)

Corollary 65. Denote H., := H? + mingeg —’;. Let {(ve,Ac) |0 < € <

1} C J2 be a family of quasi-minimizers satisfying (17).

(1) If for sufficiently small e we have d = 0 then [hex — He,]™ — 0.
(2) If for sufficiently small € we have d > 0 then [hex — He, ]~ — 0.

Proof. The corollary is a direct consequence of Corollary 64 taking d’ € {1,..., No}
which minimizes A&%?O = Wy /(Mqd') in (120) for the first assertion and d’ = 0 in
(121) for the second. O

10.1. Secondary critical fields for d € {1,..., No}. If Ny = 1, if hey is near H,,
and if d > 0, then it is standard to prove that d = 1. If Ny > 2 and d € {1, ..., Np},
then the situation is more involved: we have no a priori sharp informations about the
number of vorticity defects and their [macroscopic| location. The goal of this section
is to get such informations.
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10.1.1. Preliminaries. Note that for 0 < d < d’ < Ny we have Al(;))d =0 and Afﬁ?d =
W — W
Mq(d' —d)’

Rephrasing Corollary 64 for d,d’ € {0, ..., No} we have the following key lemma.

Lemma 66. Let e =¢, [ 0, A, §, hox and ((ve, Ac))e C I be as in Corollary 62.
Assume Card(Z) = d is independent of ¢ then the following properties hold:

(1) If 0 < d' < d then, letting Wy := 0, we have hex zfg + % +o(1).
In particular taking d' = 0 we get hex > HY + Wa +o(1).
L Mqd
Wa —Waq
(2) Ifd < Ny and d < d < Ny then hey < Hgl + m +O(1).
(8) If Ngo > 2, No >d >d>1 then
Wa  Wa =Wy Wa  Wa Wa _ Wa — Wy Wi _ Wa
— d — .
T < 7 —d — d < T an 7 > 7 —d — d > 7

(4) If No > 2 and Ny > d' > d > 1 then

Wa  Wa —Wy Wa  Wa
d d-d a4 a-

(5) If No > 2 and 0 < d < d' < d’" < Ny then we have the following convex
combination

War =Wy d' —d Wy — Wy d —d Wy —Wy

dl/_d _dll_d d/l_dl +d/l_d d/_d

War =Wy War = War Wa — Wy
—— is between and .

Consequenlty 7 —d J—d d—d

Proof. The two first assertions are obtained with Corollary 64. The remaining part
of the lemma consists in basic calculations. (I

10.1.2. First step in the definition of the critical fields. Assume No > 2. We are going
to define some energetic levels [in term of Wy related with the number of vorticity
defects and their [macroscopic| location.

W Waq — Was

We denote df := 0, % := {1, ..., No}, 7" := minge o % = minge.o, #,

— — G
ST ={d e A |Wa/d= "} and 21 := {D € Aq|d € ST and D minimizes Wq}.
We let also df := max.}" and 27 := 2, N Agx.

If df = Ny we are going to prove that for hex > H,, + 0o(1) [but hex not too large],
then there is exactly one vorticity defect close to each point of A. In the contrary
case [1 < df < Np], then there are other critical fields which govern the number of
vorticity defects.

If df < Ny, then % = {df + 1,...,No} # 0. For d € S we let JHs(d) =
Wa—Way ,
d—id{l’ I ={d € S| H(d) = ming, A}, d5 := max . and 5" = JHa(d}).

We denote 7 := {D € Ay|d € /5 and D minimizes Wy} and 25 := P2 N Ag.
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We claim that for d € .% we have Wy/d > Wd; /ds. Then, with Lemma 66.3, we
get #5(d) > War /d}. In particular

Wd* - Wd* Wd*
122 t/ai/* — 2 1 1
122 Y-
If d5 = Ny then we stop the construction. In the contrary case, for d € 3 :=
{d5+1,..,No} # 0 we have #5(d) > Js(d3).

We continue the iterative construction. For k > 2, assume that we have 1 < df_; <
dy < Ny, we let Sq1 :={d; + 1, ..., No} # 0 and we assume that for d € S41:

Wa—=Wa; . Wag —Wa;

:%*'

123 i (d) = 1 = W,
(123) k(d) T -
Wa — War
For d € S 11 we let Hjq1(d) := W’
— A

y]:_,’_l = {d € yk_;,_l |f%/]g+1(d) = min %4.1} N
Tht1
dj = max . and N = Ky (djy,).
We define also

D1 :={D|D € Ay, d € 7, and D minimizes Wy} and Z;_ | := P41 N Ag=

k41’
From (123) we have
W —Wae W —Wa
(124) A (1) = ————— T
* o1~ di di —dj_,
Then, from Lemma 66.5 with d = d;_,, d' = dj; and d" = dj, ,, we get that £} (d} )
is between ;" and .#%_ ;. Consequently, with (124) we get

(125) A > A

We stop the construction at Step L s.t. df = No. Since 1 < dj < dj,, < No, it is
clear that a such L exists and 1 < L < Nj.

We then have two possibilities: L = 1 or L € {2,...,Np}. If L > 2 then, for
ke{l,..,L —1}, (125) holds. We also claim that (1,...,1) € ZL.

Lemma 67. Let k € {1,...,L}, assume that di —d}_, > 2 and fix dj_, < d < dj.
We have

1:%*'

Wdi - Wy << Wa — Vl/dLl
dr —d d—d;_,
Moreover, if d ¢ .}, then

Wi =Wa oy Wi~ Wai_,

— g = m
di—d d—d;_,
Wa—War Wa: — Wy
Proof. From Lemma 66.5, J* is between 1 and b On the
d—d;_, di—d
Wa - WdZ 1
other hand, from the definition of dj, J* < W Clearly the first part of
T Yk-1
Wa —War
the lemma holds. If d ¢ .7 then, by definition, J£* < i i O

i—di_,



46 MICKAEL DOS SANTOS
10.1.3. Main result. For k € {1, ..., L} we let
(1) 0o, K
126 K’ :=H —
( ) k c1 + MQ
and we let also
(127) K™ = HO + AV x nHO + AR

Recall that the %, *’s are defined in Section 10.1.2 and Ag\}z&:A% in Lemma 63. Note
that H,, =K\".
Proposition 68. Assume that (5) holds and X, 0, hex, K satisfy (2), (3) and (4).
Let {(ve, Ac) |0 < e < 1} C S be a family satisfying (17)&(77) which is in the
Coulomb gauge. Assume d. = Card(Z.) € {1, ..., No}.
We denote D = (D1, ..., Dn,) with Dy = deggp(y, n,) (V) o is defined in (63)].
(1) Assume L = 1. For sufficiently small € > 0 we have D € 9.
Moreover, if € = €, | 0 is a sequence s.t. d. is independent of € and
+
d: # No fie. D#(1,..,1)] then [hex —K{"] " = 0.
(2) Assume L > 2. Fork e {l,...,L—1}, ifd;_, <d. <dj for small € or for a
sequence indexed by € = e, | 0, then

(128) [hex —kP] " =0 and [hee— k2] = 0.

Moreover, for sufficiently small e, D € 9. And if D € D\ I [i.e. df_, <
de < dy [ then

+
(129) [hex =KD 0.
(8) If &5 _, < de. < dj = Ny for small € or for a sequence indexed by ¢ = ¢, | 0,
then
- +

(130) [hex = %] = 0 and [hex — K] — 0.
Moreover, for sufficiently smalle, D € 9. And ifd. < Ny [i.e D # (1,...,1)]
then

(131) [hex — K5 B

In particular, for sufficiently small e, we have D € UL, 9.

Proof. We prove the first item arguing by contradiction. First note that if Ny = 1 then
there is nothing to prove. Assume thus Ng > 2& L =1 and let {(v., 4.)|0<e <1}
be as in the proposition. Assume there exists ¢ = ¢, | 0 s.t. D ¢ 2;. Up to pass to
a subsequence we may assume that D is independent of ¢.

From Corollary 62, for sufficiently small ¢, D minimizes W, and then, from the def-
inition of 9y, we get d ¢ .. Consequently Wy, /Nog < Wg/d and thus, from Lemma
66.2&66.3 [with d’ = Ng], we get the existence of ¢ > 0 s.t. hex < H., —t. This last
estimate is in contradiction with Corollary 65.2. Thus D € 2 for sufficiently small
e. The rest of the first assertion is a direct consequence of d € 7\ { Ny} and Lemma
66.28&66.4 [with d’ = Np].

We now prove the second assertion. Assume L > 2. For k € {1,...,L — 1}, if
di_, < d < dj, then, from Lemma 66.1 [with d’ = dj_,] and Lemma 66.2 [with
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d = di ], we get

Wa — Wa: Wa: =W
’ T +0(1) < hey — H? < diss a

132 — s o S
(132) Mq(d—dj5_,) “ 7 Mq(di,, —d)

+ o(1).

From the definition of dj we have 7 < % and then the lower bound in
k—1
(132) gives the first convergence in (128).

On the other hand, if d = dj then, from the definition of ¢, |, the upper bound
in (132) gives the second convergence in (128).

War  —Wa

If d # dj, using Lemma 66.5 [with d < dj, < dj_,] we obtain that ﬁ

k+1
. Wd* - Wd Wd* — Wd
is between ﬁ and ;7 ;. But, from Lemma 67, we get ﬁ < A
k _ k
: * * : Wd;+1 B Wd *
Since from (125) we have 7 | > J,*, we obtain W < k. Therefore
the upper bound of (132) gives the second convergence Jirn (128).

We now demonstrate that, for sufficiently small e, D € &, arguing by contradiction.
We assume the existence of sequence ¢ = ¢, | 0 st. dj_; < d < df with k €
{1,...,L — 1}, D is independent of ¢ and D ¢ %. From Corollary 62, D minimizes
Wy and then, from the definition of P, we get d ¢ ./ [then d < df].

On the one hand, with Lemma 66.1 [with d’ = dj_,| and Lemma 66.2 [with d’ = dj|
we have

WaZ Wi | 1) < hee — HO, < 4=
Mod—d_,) LS Mo(d—dy)

Wa —Was _ Wa—Wa:
d—d; d—d_,

+ o(1).

On the other hand, with Lemma 67, we have L. This

inequality gives a contradiction.

Lemma 66.2 [with d’ = d}] and Lemma 67 give immediately (129).

We now treat the last item of the proposition and we assume dj _; < d < d} = Np.
From (121) |with d’ = d} _,| we get hex — HY > A&QZP + 0(1). On the other hand,
A1
from the definition of £}, we get

%*
133 hex — HY > =L 1).
( ) c1 — MQ + O( )
Before ending the proof of (130) we prove that (131) holds and, for sufficiently small
e, D € 2;. Assume that there exists ¢ = &, | 0 s.t. D is independent of ¢ and
dy_, <d< Ny.
From Lemma 66.2 [with d’ = Ny| we have

W, — Wa

134 hex — HO < —20 "<

(134) © 7 Mq(No —d)

Using (133) with (134) we get #7* < Wy, — Wa)/(No—d). Lemma 67 [with d} | <

d < No| gives Wn, — Wa)/(No — d) < #;*. Therefore, Wy, — Wa)/(No —d) = #}*

and then by combining (133) and (134) we deduce that, if for some sequence e = ¢, | 0
we have dj _; < d < Ny, then (131) holds.

+ o(1).
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Arguing as above, [using (119) with dy = Ng|, one may prove that for sufficiently
small € we have d € 7 and thus D € ;.

We complete the proof of (130). Assume that hey is sufficiently large in order to
have d = Ny [here we used (131)]. It suffices to use (120) [with d = Ny and d’ = Ny+1]
in order to get the remaining part of (130).

O

10.2. Secondary critical fields for d > Ny + 1. The case d > Ny + 1 is easier to
handle than the case 1 < d < Nj.
For k € N*, we let

I 1 2
K'Y = HO + A, xnHY + A,
where Ag\l,[)) " k&A% 4, are defined in Lemma 63. We have the following proposition.

Proposition 69. Assume that (5) holds and X, 0, hex, K satisfy (2), (3) and (4).
Let {(ve, Ac) |0 < e < 1} C S be a family satisfying (17)&(77) which is in the
Coulomb gauge.
Let k € N*. If for a sequence € = e, | 0 we have d. = Ng + k then

[hex =K = 0 and [he — 5] = 0.

Proof. The proposition is a direct consequence of (120) [with d = Ny + k and d' =
No+k+1] and (121) [with d = No + k and d' = No + k — 1].
O

APPENDIX A. PROOF OF ESTIMATE (26)

Consider a conformal mapping ® : D — Q. From a result of Painlevé [see Footnote
4 page 9], the maps ® and ®~! may be extended in Q and D by smooth maps. Then
there exists C, > 1 s.t.

(135) V|| ooy, [V | oo () < C.

Write @, := a. o ® and U. := U. o ®. Since the function U. is a minimizers of E~’€, the

analog of E. in D, U, is a solution of

8,,(72 0 on §!

with w = Jac ® is the Jacobian of ®.
Define V. : B(0,2) — [b2,1] by

(z) = {UE(I) itreD
U/ |z?)  ifxe B(0,2)\D

Then —AV, = —AU. in D and —AV.(z) = —|z| *AU.(z/|z|?) in B(0,2)\ D. Thus
V. € H*(B(0,2),C).

First note that if » < e, then (26) is given by (24).

Let r > € and 2 € Q be s.t. dist(xg, dw:) > r. Let n := as(xo) — Ve in B(xo,7/2).
From Lemma A.1 in [3] and (25) we get, for z € B(wo,7/4), |VV-(2)]* = |Vn(z)|?
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where

4
Vn@)? < O (180l tea oy + gl e iz ) Il a2

IN

Ce—%

g2
In the previous estimate the constants are independent of e, and xy. From (135) we
then get (26).

<

APPENDIX B. PROOF OF THEOREM 5

Assume that (5) holds and ), §, hey, K satisfy (2), (3) and §2|Ing| < 1.
Consider a family of configurations {(v., 4:)|0 < e < 1} C S which is in the
Coulomb gauge and s.t.

F(ve, Ae) < injff]:—i— O(In|Ineg|).

We drop the subscript €. From Lemma 12, we may consider 4, € H(Q,R?) s.t.
(v, Ay) is in the Coulomb gauge and (39) holds.
We then have

(136) Fv,Ay) < F(v, A) < in%gff—i— O(In|Ine|) = O(R2).
Proposition 10 gives the existence of C, ey > 0 [independent of €] s.t., for € < €9, there
exists a family of disjoint disks {B;|i € J} with B; = B(a;,r;) satisfying :

(1) {lv] <1—|Ing|7?} C UB;

(2) Sori < |lne[710,

(3) writing p = |v| and v = pe*? we have

1
(31) 3 / P?|Vip — A2 + |curl(A) — hex|* > 7|d;|(| Ing| — C'ln|Inel),
B;

where d; = degyp, (v) if B; C Q and 0 otherwise.

From now on, the notation C' stands for a positive constant independent of ¢ whose
value may change from one line to another.
B.1. A substitution lemma. As in [15], we first state a substitution lemma.
Lemma 70. There exists (0, fl) € I which is in the Coulomb gauge and s.t., writing,
p=v],v=pe* and p = |9|, v = pe'? we have

(1) (0,A) satisfies (39) and p <1,

(2) p=1and ¢ =¢ in Q\UB,,

(3) 19(V = A) = 3(V$ ~ D) 320 = o(1),

(4) |lcurl(4,) — curl(A)||2L2(Q) < C|lne|72,

(5) F(5,A) < F(v,Ay) + o(1).

Lemma 70 is proved in [15] [Lemma 1] for « = 1. The adaptation to our case is

presented below.

Proof of Lemma 70. The proof of the lemma follows the same lines than in [15].
We define a continuous function x. = x : [0,1] — [0, 1] by letting
xz)=2 if0<x<1/2
x(x)=1 ifzx>1~—|lng/ 2
x is affine if 1/2< 2 <1—|lng|?
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x(p)

We then let ¢ := v e H'(Q,C) and we let A = A; given by Lemma 12. Letting

- p
h = curl(A) we then get

(137) — Vth = a(id) - (Vo — 1A0).
Exactly as in [15] we have
(138) o A VU =0 AVB|F20) < C|lne| 2

As in [15], from (7), (39) and (137) we obtain PDE of the second order satisfied by
A and A.
By considering the difference of these PDE we get

(139) —A(A—A)+a(A—A) =a(@AVI—vAVV) +a(l — p?)A+a(l - §?)A.

From (20), (136) and (138), the RHS of (139) is bounded in L?(2) by %
n

Since ([1 — A) v = 0 on 909, by elliptic regularity, we deduce Assertions 3&4 of
the lemma.
The end of the proof is exactly as in [15] O

From now on we replace (v, A,) with (9, fl) and we claim that the valued disks
given by Proposition 10 is valid for (v, A,) and (#, A) and getting the conclusions of
Theorem 5 for (7, A) implies the same for (v, A).

In order to simplify the presentation we write (v, A) instead of (7, A).

B.2. Energetic Decomposition. We have the following lower bound:

Proposition 71. Let h := curl(A), hg := A& = 1+ &, f := h — hexho and let
{B; = B(a;,ri)|i € J} be the disks given by Proposition 10. We have:
(140)

1 1
F(v, A) 2hngo—l—Z]:[(v,A),Bi]—i—%rhexZdigo(ai)—i—E /Q\ N |vf|2+5 ) F2—0(1)
UB;

where
(141) Fl(v, A), B;] > 7b?|d;|(|Ine| — C'ln|Inel).
This estimate is the starting point of the main argument of [15].
Proof of Proposition 71. Let € := Q\ UB;. With (141) we get
Fl(v, A),UB] > 7b*> " |di|[|Ine| — CIn|Ine]].

On the other hand, letting f := h — hexho and since o| Vv —1Av|? > |Vh|?, we get

1
—/ Vv — 140> + |h — hex|?
2 Ja

1
> hiXJ0+§||f||§{1@)+hcx/QVf~V(ho—1)+f(ho—1)+o(1).

Before refining the above lower bound we make some preliminary claims. We first
note that from (137) we have ||h — heXH%Il(Q) < C||Vv - ZAUH%Q(Q) = O(hZ%,). Then
I1flI%1 () = O(hZ,). Consequently for g € {f,h} we have

(142) hcx/ . Vg - V(ho = 1)+ |g(ho = 1)| < Cligllm @yhex Y r: = o(1).
uB;N
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We also observe that
(143) / — AV (hy — 1) + h(ho — 1) = 0.
Q

With (23) we get [|Al|f(q) < Chex and then [with (137)]

/ B p(ho — hola:))
OB;

/ (ho —ho(ai))(a_lvj‘h—i—A) T
OB;

B;CQ B;CQ

IN

/ Oéil(ho - ho(al))&,h
OB;

If B; C Q) we have

/ O[il(ho - ho(al))&,h
0B;

_/Bi

/B (ho — ho(ay))div[v A (V1o —1410)]

i

a 'Vho - Vh+ (ho — ho(ai))div(a_lvm‘

IN

=+ O(heXTi)

IN

/ ho — ho(a:)[[2[010 A dav| + 4V ([ [|A] + [0]*A]] + O(hexrs)
B;

IN

C’I”i hzx

And then

(144) >

[ ot~ ma(e)| < ¢ Y i,
oB;

B;CQ

If B; ¢ Q, then ||ho — 1| (B,nq) < Cr; and

/ (hO - 1>87'90

/ [Vho - VA| + |ho — 1] [2/810 A O2v] + 4|V (o)) ||A] + [v]*|A]]
B:NQ

IN

(145) < Crih2,.

By combining (144) with (145) we deduce:

(146) Z/ (ho — 1)dr =21 Y di(ho(a;) — 1) + o(1).
OB; N

We used that if B; ¢ € then d; = 0.
We end the preliminary claims by noting that

(147) / la™" = 1||Vh-V(hg — 1)] < Chex||a™ = 1| 12(0) = o(hgl).
Q

+ CthTi:| .

51
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On the one hand, since —Af + f = —Ah + h, we have with (142), (143), (146), (147)
and integrations by parts:

[ Vf . V(ho — 1) + f(ho - 1) = / 0471Vh . V(ho - 1) + h(h,o — 1) + O(hgxl)
Q Q

= o(hgl) +2r Z di&o(a;).

B;CQ

On the other hand, since || f||L4(q) < Chex, We get / %= o(hzt), and this estimate

ends the proof.
O

B.3. Estimate related with the signs of the d;’s. By Proposition 71 we have:

0 > 7rb2Z|d||lna| Cln|ln5|)+2wheXZd§0 a;)

1 2y 2 _ o
(148) w5 ), g [

Denote I :={i € J|d; >0}, [ :={i€ J|d; <0}, D:=3 7|dil, Dy := > ey, di
and D_:= > |di|.

With (148) we obtain 2hexDy|ollz~) > b2D|Ine| (1 — SPEEL) 4 o(1) and
then:

Cln|lne]l

149 D_<D
( ) S Py X |1n€|

+ o(1).

B.4. Estimate related with dist(a;, A). From Lemma 1, there exist n > 0 and
M > 1s.t., for a € Q, &(a) > min &y + ndist(a, A)M.
We let Io := {i € I |dist(a;,A) < |Ine|~27 } and Do := ¢y, |dil-

If i ¢ To, then |€(a;)] < [0l Lo (e — ﬁ We thus have
Zdzfo(ai) < Z di€o(as)| + Z di&o(a;)
i i€lo i¢Io
n
< Dolléoll Loy + (D — Do) (||§O|Loo(sz) - |ln5|)
n
< Dléollzeo) — (D — Do)

E

[Ine

From (148) we may deduce

2hex (D|§0||Loo(m — (D — Dy) |717n5|> > b2D(|Ine| — Cln|lng|) — o(1)
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and consequently

In|1
(150) D - Dy < cp el

- V/|Ine|

B.5. Estimate of the two last terms in (148). We let ¢ > |Ine|~ 27 > |In¢|
and then ¢ > § since ¢| 11t1<€|1/2 <1.

On the one hand, from Lemma E.1 in [6], by denoting €; a circle with radius ¢t we
get:

(151) / (1—071):/ 1 —a™t < Cpit.
CNQY NN

We assume now that the center of %, is in A and ¢ is s.t. 4, € Q = Q \ UB;. We
denote also B; the disk bounded by %;. On ¢; we have |v| = 1 and then v = ¢*¥ with
 locally defined.

By direct calculations, we have [with f = h — hexho, v the outward normal unit
vector to €; and 7 = vt |

/ ato,h = —/ [Orp — A-7] = —2md, —|—/ h with d; := dege, (v).
Gt € B

t t

+ o(1).

—1/2

On the other hand / a'd,hy = / ho +/ (™' = 1)9,ho. Note that
So&t Bt <gt

"th(al — 1)0,ho

Then for € > 0 sufficiently small: —/ a o, f + f = 2nd; — CAhext. Conse-
G B;

< ||vh0||Loo(Q)/ |1 — a71| < Cb)\t”Vh()HLoo(Q).
Ct

quently we obtain

2/ 072/ 0, f1? + 27> | f? > 4nd} — CtAhey|di]
@ G Be

and thus, by denoting m; := / a2, we get

Cs
2 2 12

1/ 10, /12 + i/ 25 di Ct}\hex|dt|'

2 [7A 2mt B, my g
Since 27t < m; < b~*2rt, for sufficiently £ > 0 small we obtain

1 t wd? wd?

152 - o fI> + = 2> 0Pt — Oy |dy| > 0P —L.
(152) 5 oottt v a2 1

Following exactly the argument in [15] we get

1 1
5/ IVFI2+ 5/ f2>C'D*In|lng| + o(1).
Q\UB»; Q

With (148) and &o(a;) < —|[|&o||Le(q) there are C1,Cy > 0 [ independent of €] s.t.

(C1D? — C3D)In|Ine| < g(g) with g(g) — 0 for e — 0.

C
This estimate implies D < Fl Therefore with (149) and (150) we get the three first
2

assertion of the theorem.
It remains to get (32) whose proof follows the same lines as in [15] [Section 4].
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APPENDIX C. PROOF OF PROPOSITION 11

Let Cy > 1, (v5)0<5<1 C Hl(Q,C), (hcx)0<5<1 C (0,00) and (55)0<5<1 C H(:)L N
H?2 N WhH*(Q,R) be s.t. (34) and (35) hold. For simplicity of the presentation we
omit the index €.

Let {(B(as,7i),d;) | € J} be as in the proposition and write B; := B(ai, ;).

In this proof the letter "C" stands for a quantity bounded by a power of Cy whose
value may differ from one line to another.

Q\UB; if jv| #1/2in Q
Q if |v] >1/2in Q2
consists in estimating the quantity [, (v A Vv) - A in (30).

We first get with the help of (34) and (35) that if [v[ % 1/2 in Q then [, vAVo-
A= o(1).

We also claim that, letting w := v/|v| in Q: Jow AV —wAVw)-A=o(l).

In particular, if [v| > 1/2 in Q then we have [,(vAVv)-A = o(1). We thus assume
that |v] ¥ 1/2 in Q.

Then, with an integration by part we get

—/v/\Vv~A
Q

= — a; w J_’LU'V — a; w w) v
- {sm/m( A V) +/aBi<§ £(a)) (w A V4u) }+

B;CQ

We let A =V+¢ and Q = { . The heart of the proof

(153) + Z/ EwA Vi) -

For B; C 2 we immediately have :

(154) / (w A V+w) - v = —2rd;.
oB;

v inQ
in B; N Q. By the Dirichlet principle we have for all i:

(155) IVull 2200y < [VV]L2(Bi00) = O(|Inel).

We define u := { where u; is the harmonic extension of tryp,n0) (v)

It is easy to check that (w A V*w) - v = |u|~2(u A V*u) - v on U;0B,. For i€ J,
we let

fi: g_g(ai) 1fBlCQ EHzﬂwl’Oo(BimQ)-
From (35) we get
(156) IV fill Lo (Binqy < C|lnel.

Our goal is now to estimate fa(B»mQ) filw A V+w) - v. We first consider the case

where i € J is s.t. |u| > 1/2 in B; N Q. In this case we may write in B;: u = |u|e'®
with ¢ € H*(B;,R), ||¢]|a1(5,) < C|Ine|. We then have with (156) and an integration
by parts

(157)

/ Filw AVEw) 0| < IV fill e 00 |Vl L2 sngy < Cllnelr.
o(B;NN)



PINNED MAGNETIC GINZBURG-LANDAU ENERGY 55

We now assume i € J is s.t. |u| # 1/2 in B; N Q. By smoothness of |u;|* €
C>(B; NQ,R), there exists t; €]1/5,1/4], a regular value of |u;|?, s.t. w; := {|Ju;]? <
ti} # 0. We denote D; := QN [B; \ @;]. Since |u|?> > 1/4 on dB; N ) we have
OD; = (0B; N Q) U dw; U (0Q N D).
Letting W := ° AVE <i) we then get
|ul |ul
aDi D;
It is standard to check that div (W) = 0 in D;. Moreover:

‘/Divfi'W

Consequently using (158) we may deduce

< 2| V€| L2iney I VUll L2(Bine) < Cllnel*r;.

(159) fiW v

0D;

On the other hand, from (156), £ = 0 on 9Q and div (u A V+u) = —201u A du in
B; N Q, we get

< Cllnel?r;.

fiW'V—/ filw AV w) v
oD; o0B;NQ

fiW-I/

1
(160) =
We may conclude by using (153), (154), (157), (159) and (160):
—/ vAVv-A=2r Z di&(a;) +o(1).

Q

B;CQ

< Cllnel’r;.

/ —2f;0uNOu+ Vf;- (u A VLU)

The rest of the proof is exactly the same than in [17].

APPENDIX D. PROOF OF SOME RESULTS OF SECTION 6.1.1

D.1. Proof of Proposition 30. We use the same notation than in Proposition 30.
In this proof, the letter C' is a quantity which depends only on Q, N and 7, |d;], its
value may change from one line to another.

We argue as in [13]. We let =Y ¢ No<p<2WHP(Q,R) N HL (2\ {21, ..., 28}, R)
be the unique solution of

{A@iz’d) =27 N dis., inQ

= =0 on 99
and let ®z € H'(Q7,R) be the unique solution of
A(I); =0 in Qf
‘1)7: =0 on 0f)
(161) ®; = Cte; on dB(z;, F)

/ 0,97 =2nd; forallie{l,..,N}
OB(z:,7)
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We then have V2@ = D A vy and V=Y — @D A ™Y 1t is
important to note that if w € H'(Qz,S!), then |Vw| = |w A Vw|
We may decompose <I>( =) as @iz’d) =5Y";d;®,, where, for z € (2, ®, is the unique
solution of
A®, =276, in Q
{@z =0 on 90
With a standard pointwise bound for the gradient of an harmonic function [see (2.31)

|-, L (Q\B(zi,7/4))
Loo(Q\B(z4,7)) — r

Zi |di|H(I)ZiHL°°(Qi/4)
F .

in [10]] we have |[V®,, . Thus

(162) VY| ey < C

Moreover, it is easy to check that ®,, = In|z — z;| + R,, where R, is the harmonic
extension of —In |z — 2i||5q. From (162) and by the maximum principle we get for
7 < min {[diam(Q)]~1;1/4}

(163) vol=Y| < n Q;

C(1+ |In7|) ;
r
which proves (56).
If there is n > 0 s.t. A > 7, then ||R.,[|c1(q) < €y where C,, which depends only
on n and Q. We thus get ||v¢£Z)d)HLoo(QT.‘) < % [where C,, depends only on 7, N,
>~ |d;| and ] and this estimates implies (60). '

We now define R, qy := >, d; R, in order to have &,
From Lemma 1.4 in [4] we have

@;—Q)(z’d) o (0n) < sup In|lz —z;| — inf In|x — z;
=0y 3| Sk sl Shle—)

164 R f R
(164) +Z|:8BSLLE),T) (z,d) aBl(Ii ) (Zd)}

@d) — =Y idiln|z—z|+ Rz q).

If N = 1, then the first term of the RHS in (164) is 0. Otherwise, as in [17] [Proposition
5.1], we have

Cr
(165) Z[ sup Zln|x—zj|— mf Zln|x Zg|]—m

OB(z;,T)

h
And for 7 € {1,..., N}, by harmonicity of R, q), for 0 < p < 5 We get

CllRz,a)ll L= 1+ |In(n)|
1 oo ) < : < .
(166) IVR(z,a)llLo(B(zi0) < dist(z;,00) — p ~ ¢ h
Then
7(1+ | In(h)])
167 sup R, 1nf R, <(C——F———=.
(167) Z LB@ o ) = 500 ) ) 3
We let
7(1+ |h1n(h)|) EN =1
(168) Y= 7 P :
7 7(1 4 |In(h)]) N> 2

min#j |Zl — Zj| h
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By combining (164), (165) and (167) we get

(169) @7 — Y| oo () < CY-
From (163) and (169) we immediately get

0 < /|V<1>iz’d>|2—|v<1>,:|2+|V(c1>§z’d>—q>f)|2
(170) < CYFmZaX||3u‘1’£z’d)||Loo(aB(zi,f))-

On the other hand, for ¢ € {1, ..., N}, we have [with (166)]

z 1 1+ |In(h
() 10,2 L (e < C (% N %) '

Using X defined in (57), from (170) and (171), we get

(172) 0< / Vo= Y12 — Va2 + |V(@EY — )2 < OX.

7

From (172) we deduce (59) and since [, (¢ — ¢7) = 0, with a Poincaré inequality
we obtain (58).

D.2. Proof of Proposition 31. Let (z,d) = (z,d)(n) € (QV)* x ZY and denote
h := min,; dist(z;,09Q) > 0. Assume that dy,...,dy are independent of n. Let 7 =
7 — 0 be s.t (50) holds.

In this proof the letter C stands for a quantity which depends only on Q, N, Cy
and Y, |d;|, its value may change from one line to another.

By Remark 29 and an integration by parts we have

1 (z,d)2 _ 1 (z,d) 2 1 (2.d) 5 g (2.d)
(173) —/ VPP == [ |[volr Y2 = = Do, o=
2 Ja. - 2 Ja, 2; OB(z;,7) - *

For ig € {1,..., N}, we fix z;, € 0B(z;,,7). Then [with vipEd) = (=D A Vwiz’d)]

/ oD g oD
OB (2 7)

(174) = / [ D — oD (2;)] 0,05V + 27d;, DY (a5,).
aB(Z»;O,’F)

On the one hand, arguing as in the proof of (169), we get for z € 9B(z;,,7) :

0=V (2) — o= V(2 ) < sup Y- inf oY <cv
dB(ziy,7) 0B(ziy,7)

Then, using (171), we obtain

(175) >

%

On the other hand, for ig € {1, ..., N}

(Z,d) — >
Y (@iy) = Rz (2i0) = —dig| 7| + Y djIn|ai, — 2] + [Rza) (i) = Riza) (24)]
Jj#io

/ [ — oV (a)] 9,00V| < CX.
OB(z;,T)
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C(1+ |Inh|)7
and with (166) we get |R,a)(iy) — R(z,a)(zi,)| < w We then immedi-
ately get:
(176) Y (5) = Regay (2i0) — dio | In7| + Y djIn|zi, — 2] + O(X).

J#io
With (174), (175) and (176) we may prove that (173) may be rewritten into

1 z ~

5 /Q VD)2 =237 [ 7| - diRga)(z)] — 7Y did; In|z; — 2] + O(X)
7 i J#i

where "O(X)" is quantity bounded by C X with C' depending only on N, and " |d;|.

D.3. Proof of Proposition 33. Let (z,d) = (z,d)(n) e (VM) xzZN, 7 | 0 and
1 > 0 be as in the proposition.

In this proof the letter C' stands for a quantity which depends only on 2, N and
>~ 1dil, its value may change from one line to another.

We first claim that, for i # j, B(z;,n) N B(zj,n) # 0, B(zi,n) C Q and n = x7
with x — oo. In particular we assume n sufficiently large to have n > 7.

Since VJ%I)iz’d) = wiz’d) A Vwiz’d), for ig € {1,..., N} and z € Q\ {21, ..., 25}, we
have

w* Y AV (2) = diy V(I ]z = 2 ) + VE | Riay(2) + D djln|z — 2]
J#io

Z—Zj

For j € {1,..., N}, let 6; be the main determination of the argument of and

|z = ]
let R be an harmonic conjugate of R, q). In Q\ {z1,..., 2y} we have

w*Y AV —d;, Vo, =V |3 dif; + R
J#io

— . dig
Then for z € B(zi,,n) \ {z,} we have w=Y (2) = (|Z ZZ°|) e*%i0(?) with ¢;, =
Z — Zig

> it d;f; + R + Cte;, where, for j # ig, ; is a determination of the argument of
% which is globally defined in B(z;,,7n). Note that ¢;, € H(B(zi,,7n),R).
zZ— Z;
~ C
; ; oo ) < =
On the other hand, by direct calculations, we have Hzﬁém d; Vo, HLOO(B(ZI_OW)) <%
and, since R, q) is harmonic, we also have from the definition of R

R z,a)ll () < C|ln(h)| + 1'

Rllpee(B(ziym) = IVE w(Blzi ) < C
VRNt esy oy = IV B@a = Bei0m) < Oirpte, oy, 00) < h
We thus deduce
1+ |In(h)| 1
(177) ”v(pioHLoo(B(ziom)) <C (T + ; i

We switch to polar coordinates by letting for ¢ € {1,..., N} and p €]7,n[, @¢:(p,0) :=
©i(z; + pe'®). We then get, by (177) and a mean value argument, the existence of

P €]/XT, 0] 8.t

27 2
3 C [n(n(h)| +1) }
. 2 < —_ 7
% /0 |00 Pi(pn,0)]7 db < I x { - + 1| .
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We let Z := 1 {M
In y i

1 27
We denote, for i € {1,...., N}, m; = o / Pi(pn,0) df in order to have
T Jo

2
+ 1} and by assumption we have Z — 0.

2w
0

We then define ¢; € H'(B(zi, pn) \ B(2i,7),R) using polar coordinates:

bi(s,0) = P+ __Tfsé(pn,ﬁ) with s € (7, pn).

r— pn pn
For z; 4+ se® € B(z;,pn) \ B(zi,7), we let ¢i(z; + se'?) := ¢(s,0). By standard
calculations we get IVei|? < CZ.

B(Z'van)\B(zi;F)
We conclude by defining

(Z,d) . j _ X di
v — Wi %Il Q \ UB(Zupn) _ with ul(z) _ ( 2=z ) .
uie' in B(z;, pn) \ B(zi,T) |z — 2]

It is clear that v € H'(Q7,S!) and that for i € {1, ..., N} we have v(z; +7e'?) = Cte;u;
[with Cte; = e"™|. Note that since degyp., 7 (wiz’d)) = d; we have
1 1 .
—/ V|2 < —/ Va2
2 B(zi,pn)\B(zi,T) 2 B(zi,pn)\B(zi,T)

and
1 1

1
5/ |V(uie’¢i)|2 = 5/ |Vul|2 + 5/ |V¢l|2
B(zi,pn)\B(z:,T) B(zi,pn)\B(zi,7) B(zi,pn)\B(zi,7)

Consequently using (177) and p,, < 1 we obtain
1 1 )
3 _/ Vo> < —/ Vu* V]2 +0Z.
7 2 JB(eipn)\B(z17) 7 2 JB(e1,pn)\B(z1.7)

1 1 )
Thus 3 / |Vol? < 3 / |Vw£ ) |4+ CZ. The last estimate and (59) end the proof.
Q; Qf‘

APPENDIX E. PROOF OF PROPOSITION 39

Proof. Step 1. Selection of "good" points
Let d € N* and consider D € A4 which minimizes (72).
For k € {1,...No}, if Dy > 1 we let (3",...2%)) € [B(pk, hex/")P*]* which

minimizes the infimum in the left hand side of (64) with R = ;{1/ 4, p = pr and

D = Dy,.

We then have the existence of C' [depending only on © and d] s.t. |pr — 2l(k)| <
Chex? and if Dy, > 2 then [ — 2V > hel /2 /C for i # 5.

We may choose [in an arbitrary way]| zi(k) € B(Zi(k), §)N[6(ZxZ)]. Since 6vheyx — 0,
we still have [up to change the value C] |px — zl(k)| < Chet!? and if Dy > 2 then
2 — 20| > bl 2O for i # .

For i € {1,..., Dy} we let xgk) = zi(k) + Adxg where zy € w is an arbitrary point of
minimum of W™ [defined in (70)].

Step 2. Construction of the test function
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We construct test functions in subdomains of Q2 and then we glue the test functions.
o We let wj!a € Hl(Qh;xl (z),S') be a minimizer of I;?;i} (z,d) [defined in (52)]
withd = (1,...,1) € Z¢ and z € (Q%)* is a d-tuple s.t. {z1,..., 24} = {zl-(k) |k e
{1,...,No} s.t. Dy >1and i€ {1,..,Di}}.
e For k € {1,..,No} st. Dy > 1 and i € {1,...,Di}, we let wmicm €
H'[B(z (k),hex )\ B( )\(52) S'] be a minimizer of the right hand side of
(67) with 2z, = zi(k), xTe = :Cl(-k), R = hl and r = \6? [from (73) we have
R/r — o0].
We let also ug; € H'[B(z{*) A6?),C] be a minimizer of

2
— = 1-
s o O = P

with the Dirichlet boundary condition u(z{¥ + \2e*) = c*¢.

By considering well chosen constants Ctek o) Cte,f) and Ctey, we may glue the above
test functions and we define v € H*(Q,C) :

wyaere in Q,-1(2)

Ctey, in B(z( ) h ) if D=0

ke {l,..,No}tst. Dy >1
and i € {1,..., Dy}
ke {l,..,No} st. Dy >1

and 7 € {1, ...,Dk}

v=1{ Ctej Jwpiee in B={" hz)\ B(z{”, \60?)

Ctegzum in B( (k) )\52)

Step 3. The energy of the test function

1
We first note that the configuration (z,d) is s.t. hi(z) > —dist(A, 0Q) and for i # j
ol

we have | | — 0, then we may apply Propositions 30, 31 and 33. We may also
Zi — %

use Proposition 35. From these propositions we get

1
s[ wer
2 Ja, 1(z)

(178) = wdlnhe + WE(p, D) — Z Sz - 2+ o(1).
s.t. Ek>2 i
For k€ {1,....,No} s.t. Dy > 1 and ¢ € {1,..., Dy} with (67), (68) and (69) we get:
l/ alVu|?
2 JBW ha\B® As2)
(179) = 7| In(Abhex)| + b27| In(8)] + W™ (z0) + o(1).

Note that |[Vo| < Ce™!. From Lemma IX.1 in [4] and (25), for k& € {1,..., No} s.t.
Dy > 1 we have
1

(180) 5 /B( ) 269 alVu|? + —(1 — [v]*)? = b2 In(bAG? /) + by + o(1)

where v € R is a universal constant.
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In conclusion, by combining (178), (179) and (180) [note Adhex — 0]:
F(v) < dr[b?|lne|+ (1 —0%)|In(A6)[] +d [W™(x0) + b*>y + b*w Inb] +

No
(181) +wEeepD) —x > Y Inf® 2P|+ o(1).
k=1 i#j
s.t. Dp>2

Step 4. Definition of the magnetic potential and conclusion
Let A(, 1) be given by Definition 19 with (a,d) = (z,1). It is clear that we have

No
-7 Z Zln|zi(k) - z§k)| < C|1lnd|

ot D2 7
where C' depends only on d and §2.

Consequently, for ¢ > 0 sufficiently small and Cy > nd we have F(v) < Cp|Ine|.
Therefore, with Remark 20, the configuration (v, A, 1)) € A is s.t. F(v, Az 1)) <
F(v,0) +o0(1) < Co|Ine|* + H2(Q)h2,.

Using Propositionll and Lemma 18 we get

d
Fw,A@1) = haJo+2mhe »  &o(zi) + F(v) + V(1) +o(1)
=1

where ((, 1) is the unique solution of (42) with (a,d) = (z,1).
We now use Assertion 3 of Proposition 23 in order to get V[C(z,l)] = V[C(p,D)] +o(1)
and then

d
(182) F(v, A1) = hJo + 27hex Y _ &0(2i) + F(v) + Vig1) [ pp)] + 0(1).
i=1
We claim that, from the choice of the points zi(k), 2516) we have & (zl(k)) - 50(21-(k)) =

O(6/+v'hex). Thus with Proposition 36 we have

No NO
T Z Z In |Zz'(k) _ Z](k)| + 27 hex Z Z & (Zi(k)) — 2dheyx Hgn &
k=1 i#j k=1 i
s.t. Dp>2
N() Dk
= > |- > mEP -2V 27rhcxz {50(21-(’“)) _ ngngo} +0(1)
st Dt | e =1
Yo [ h
- Z _(Dl%_Dk)ln< CX)+Opk1Dk:| +o(1).
o 12 Dy
s.t. Bkzl

We may now conclude:

Ny
F(v,B) = h2Jo+dMq [~hex+ HC] + gln he Y (DP—Dy)+
s.t.k[:)i21
™ No
+Wat > (Dr—Dj)InDy +o(1).
k=1

s.t. Dp>1
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This estimate ends the proof of the proposition. (I

APPENDIX F. PROOF OF PROPOSITION 40

Let hex and (ve, Ac) be as in Proposition 40. Note that we may assume that
A = A,, given by Lemma 12 and then [|A. |z ) = O(hex). We drop the subscript
€. We first note that, by smoothness of Q, there is to > 0, s.t. letting Q, := {x €
R? | dist(z, Q) < to}, we may extend by reflexion v € H'(Q2,C) into u € H'(Q,,C)
letting « = v in Q and u = v 0 Sq in 4, \ Q where

SQ : Qto \ﬁ — Q
x = I(z) — dist(z, 0Q)vp(e)

Here IT : 4, \ Q — 09 is the orthogonal projection on dQ and, for o € 99, v, is the
normal outward at o.

Lemma 72. Let Cyp > 1 and let {(ve, Ac) |0 < & < 1} be a family in the Coulomb
gauge of quasi-minimizers of F in J€ for an intensity of the applied field hex =
hex(€) > 0 s.t. [|[V]vl]| L) < Coe™ !

Under these hypotheses, for n € (0,1) there exists €,,Cy, > 0 [depending on Cy]
s.t. for 0 <e <egy, if z€Q s s.t.

2 2 b2 2\2 Cn
b Vul? + (1= [u’)? < 2| Ing|
B(z,/2/2) € 3

v in Q
ith u = —, th > .
with u {v 0 So i\ 0 en [v(z)| >n

In order to prove Proposition 40 we need the following lemma.

Lemma 73. There exists eq > 0 depending only on Q s.t. for 0 < e < eq, z € Q
and v € HY(Q,C), by defining u as in Lemma 72, the following inequality holds:

b2 b2
/ a2+ 1 P < 3 / Vo + 2 (1~ uf?)2.
B(z,1/2/2) € B(z,v/€)NQ €

Proof of Lemma 73. In order to prove the lemma it suffices to check that by smooth-
ness of ) we have HV(S&l)HLm(Q), |liac (S§I)|‘LW(Q) = 140(1). We then immediately
obtain

2 VP 22 o VP 22
Val” + (1= [u")” < 1 +o(1)] [Vol” + (1 —[v]%)".

/B(z,\/E/Q)\Q Sa[B(2,v/e/2)\0) €
On the other hand, if z € B(z,/€/2) \ Q then |Sq(z) — z| < [1 + o(1)]y/e/2 <
for sufficiently small ¢ > 0 [depending only on Q]. Then Sq[B(z,v€/2) \ Q]
B(z,+/2) N Q. The lemma follows from the monotonicity of the integral.

NG
C
O

By combining both lemmas we get Proposition 40.

Proof of Lemma 72. We argue by contradiction and we assume the existence of n €
(0,1), e =&, | 0 s.t. for all n > 1 there are (v, A) = (v, An) € I, 2 = z,, € Q and
hex = A > 0 s.t. (v, A) is a quasi-minimizers of F in JZ satisfying:

[Inel
<11

b2
(183) / Wl + L ) <
B(z,v/e/2) £ n
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v in Q
’UOSQ in th \ﬁ
assume |v| <1 in Q.

We are going to prove that (183) implies

1
(154) S [ =P,
€% JB(z,e3/1)NQ

On the other hand, ||V|v|||f() = O(¢™!) and then, from an argument in [4] [The-
orem II1.3|, we will get, for sufficiently large n, |v(z)| > n. Clearly this contradiction
will end the proof.

with v = u,, = { and |v(z)] < n. Up to replace v by v we may

Vel2 q b2 1
Since for n > 1 we have / —pp/ |Vul|* + (1 - lu|?)? < | na|, there
e3/4/2 P dB(z,p) €
b? 4
exists p, € (£/4,1/€/2) s.t. pn/ |Vu|? + —(1- |u|?)?> < —. Then we get :

OB(z,pn) € n
b2 4
(185) po [ P SR
0B(z,pn) € n

We switch in polar coordinate and we denote () := u(z + p,e'?). Estimate (185)
becomes

2 2 .2
b p 4
~12 n ~1212
(186) /0 |Optr|” + = (1—la]*)* < e

2m
2v/2
On the one hand, |9p|i||? < |9p@|? and then / |0g|a|] < VT Consequently in
0

vn
2/2
[0, 2] we get (1 — |@[2)? > max(gax (1 — [[2)2 — =—. From (186) we deduce

NG

4e? 2 . N 2027
g / (1 —1al*)? = 2 | max(1 — [a*)* —
rr —Jo [0.27] vn

and thus for sufficiently large n we get 0 < maxpg 2. (1 — |@[?)? <

BE

For a further use we define

Xn - B(Zapn) — [071]
24 pet? o (|a(9)|—1)pﬁ+1-

By direct calculations we have

1 1
187 / vXn2+—1—x32=0(—).
(187) B(z,pn>| | 252( )

n

1
On the other hand, for n sufficiently large, |ul?> > 3 in 0B(z,pn). We thus may

1
compute the degree of u on 0B(z, p,) and we find ’degaB(z7pn)(u)’ =0 (E) which

implies, for sufficiently large n, degyp(. ,,)(u) = 0. Consequently, we may write
u = |ule' with ¢ = ¢, € HY(0B(z,pn),R). Moreover, up to multiply u by a
constant in S!, we may assume faB(z oy =0.
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We then consider ¢ : [0,27] — R defined by ¢() = ¢(z + p,e*?), and thus

1 2m ~
o (—) = pn/ Ve|? > / |06 21*.
n OB (z,pn) 0

2 2m 1
Since / ¢ = 0, this estimate implies / ’=0 (—)
0 0 n

Letting ¢ = v, : B(z,pn) — R, z + pe? ﬁcﬁ(ﬁ), it is direct to check

1 n
[ wee=o(s).
B(prn) n

We are now in position to end the proof by considering V = V,, = y,e®¥ €
HY(B(z, pn),C) in order to have V = v on dB(z, p,) N Q,

1 1 1
5/ |vv|2+ﬁ(1—|V|2)2:0(—).
QNB(z,pn) € n

and [with || Al 1<) = O(hex)]

/ a(V AVV) - A
QNB(z,pn)

Since V. = v on 9B(z,p,) N Q we have w = {

By P
< C—==—= =0(1).
_C\/ﬁ o(1)

v in Q\ B(z,pn)
V in B(z,pn) NQ
Considering the comparison configuration (w, A), from the quasi-minimality of (v, A)
and the above estimates we get

€ HY(Q,C).

1 1
[ PPt [ ORIV o) = of1)
QNB(z,pn) 2e QNB(z,pn) 2¢e

Since p,, > 3/* we get (184) and thus this estimate ends the proof. ([

APPENDIX G. PROOF OF PROPOSITION 42

The proof of the proposition is an adaptation of the arguments presented in [2]
[Section V] and also used in [17] [Proposition 3.2]. It is also inspired of the bad disk
construction in [4]. Let u, A, §, (v, A) and hex be as in the proposition.

Step 1. A first covering of {|v| < 1/2}

For 0 < & < e1/3 [e1/2 > 0 is given by Proposition 40 with = 1/2] we consider
a covering of Q by disks {B(27,4v/¢€), ..., B(z%_,4v€)} s.t., for i # j, B(xf,\/e) N
B(x5,1/¢) = 0 and z§ € Q.

For the simplicity of the presentation we omit the dependance in €.

We say that B(z;,4/€) is a bad disk if E.[v, B(x;,8/) N > C} /2| Ine| where for
a disk B we denoted

1
E.(v,BNQ):= / |Vol? + (11— |v]?)?
BNQ €
and (/o > 0 is given by Proposition 40 with 7 = 1/2. Let
J =J:={ie{l,...,N.}|B(z;,4y/¢) is a bad disk}.

We make two fundamental claims:
(1) There exists My > 1 [independent of €] s.t. Card(J") < M.
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(2) If B(x;,4+/2) is not a bad disk then |v| > 1/2 in B(x;, 41/¢).

The first claim is a direct consequence of (32) and B(x§,/¢) N B(z5,/) = 0 for
i .

The second claim is given by Proposition 40. Then U;c s B(x;,4+/€) is covering of
{|v] £ 1/2} and Card(J") < M.

Up to drop some disks, we may always assume that for ¢ € J’ we have B(z;,4y/)N
{Jv] < 1/2} # 0. Consequently using Corollary 41, for i € J' and 0 < £ <
min{eg, €1/2} [0 given by Corollary 41] we have dist(x;, A) = O(| Ine[~*°).

If |v] > 1/2 in Q then there is nothing to prove. We then assume J' # ().
Step 2. Separation process

We replace the above bad disks with disks having same centers and with a radius
eh. Let 5,(}) > 0 be s.t. min{eg,£1/2} > ELl), for0<e< 5,(}) we have 4./ < e# and

. M < :
iy dist(B(z, ), A) € o

In particular U;c ; B(z;,e") is a covering of {|v| < 1/2}.

The goal of this step is to get a covering of {|v| < 1/2} with disks B(z;,e®) where
icJ=J.CcJ s=s.=2"8y K=K.€{0,..,My—1} and s.t. fori,j € J,i # j,
we have

(188) |z — a;] > e%/2

If Card(J’) = 1 or (188) is satisfied with s = p [i.e. K = 0] then we let J = .J/
and we obtained the desired result of this step. Otherwise, there are ig, jo € J' [with
io < jo| s:t. |2, — x4, < €*/2. In this case we let JM) := J'\ {ig} and we claim that
Card(JM) = Card(J’) — 1.

If Card(JM) = 1 or Card(JM)) > 1 with (188) holds with s = 271y [i.e. K = 1]
for all i, j € J [i # j] then the goal of this step is done with J = J™®) and s = 2714

Otherwise, there exits 4g,jo € J*) [with ig < jo| s.t. |zs, — 2j,| < £%/2. We then
let J@ := JM\ {ig} and thus Card(J®) = Card(JM) — 1.

By noting that Card(J’) < My, the above process stops after at most My — 1
iteration. We thus get the existence of K = K. € {0,..., My — 1} and §§ # J&) =

) e st Card(J)) = 1 or (188) is satisfied with s = s. = 27Xy and i,j € JK)

[i # Jl.

We then denote J := JF) | s = 27K, and we fix 0 < 5&2) < 5&1) s.t. for0 <e < 5&2)
we have

1
max dist(B(z;,%*),A) <

10~ dist(A, 092).
icJ In|lne| < ist(A, 00)

In particular B(z;,e%/*) c Q for i € J.

Step 3. Definition of r

With Corollary 5.2 in [5], for a.e. ¢ € Image(|v|) the set V(¢) := {z € Q| |v(z)| = t}
is a finite union of curve. Moreover if a such curve is included in €2 then it is a Jordan
curve.
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Following the same strategy as in [2] [Lemma V.1]|, we have the existence of ¢, €
[1—2|Ine|72,1 - |Ine|~?] s.t. V(t.) is a finite union of Jordan curves s.t.
(189) H [V (t.)] < Ce|lne|® with C is independent of e.

We fix 0 < e < &P st for 0 < e < £ we have Ce|Ine[5 < 1025,
We denote for i € J

(190) Ai = A5 = {pe e e®/% | |v] > t. on OB(xi, p)}.
From the continuity of |v|, it is clear that [%,£2%/3] = A; U B; U C; where
Bi =B :={pelee®/? |3z € OB(xi, p) s.t. v(z)| =t}

and
Ci=C:={pelee®?]||v] < t. on dB(xi,p)}.

We first claim that, since the function p — p is increasing, we have

O me) = [dp[  a-p?
C»; 8B(Ii,p)

> 27?(1—@2/ pdp

H(Ci)
> 27(1— t§)2/ pdp = m(1 — 2)*H(C;)?.
0

Then H'(C;) = O(e|Ine[/?).
On the other hand one may prove that if I is a connected components of B;, then
there is p1, p2 s.t. I = [p1, p2]. Since straight lines are geodesics, we obviously get

HI (D) = p2 — pr S H'[V(t) N B(xi, p2) \ B(xi, p1))-
Moreover one may prove that if [p1, p2] and [p], pb] are distinct connected component
of B; and if T' is a connected component of V(t.) s.t. T' N B(x;, p2) \ Bz, p1) # 0
then I' N B(x;, ph) \ B(x;, pj) = 0 |here we used (189)]. One may conclude: H!(B;) <
H(V(t:)) < Ce|lnel°.
Consequently
H(A) > H (5, €%]) = HH(By) — HM(Cy) > /% —* = HM (V (L)) — O(e| lne[*?).

Fix 0 < e <& st for 0 < e < () we have H1(A4;) > £25/3 — &5 — /2.
Define

(191) A=A =N A

It is clear that H'(A) > &23/3 — % — My,/e
Since p — 1/p is decreasing we have

dp
ofme) = [ LY, / Vol + (1~ o2
A e OB(zi,p)

525/3
— X inf / |Vv|? + (1—|v| )2
/825/3 H1(A) P PEAZ 9B(zi,p)

Consequently, there exist r = r,. € A, C, > 1 [C}, is independent of ¢] and 0 <
(5) < 5( ) st for 0 < e < 525) we have

v
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1
(192) Zr/ Vo2 + (1 [of2)? < G,
iej YOB@ir) c

We finally let J, := J, with (188) and (192) the result is proved.

APPENDIX H. PROOF OF PROPOSITION 49

The proof is an adaptation of the proof of (VI.21) in [2].

Let & = &, € L=(Q,[8%1]), (z.d) = (z,d)"™ € (") x Z" and u = u, €
H(Q,C) be as in the proposition.

We first claim that up to consider u instead of v we may assume |u| < 1 in §2. Note
also that if [ [Vu|* > 572 [, |V |2, then there is nothing to prove. We thus

may assume
/ Vuf? <5—2/ VD2,
Q7 Q7

Let w :=u/|u| € H(7,S'). From Lemma 1.1 in [4] we have wAVw = vioEd
VH with H = H. € H'(Q7,R) and

(193) / IVH|? < (5-1+1)2/ (Vo =D2,
Qr

Q5
Let ®; be the unique solution of (161). We have / VH -V*®: = 0. Then letting
o= lul "
/Q ap*VH - v+ = /Q (ap® —1)VH - v+o=d +/Q VH - (Vo= — vie,).

7

But, from (172), there exists C' > 1 s.t.

< C|IVH| 2 VX

/ VH - (VoY — vie:)
Qr

where X is defined in (57).
Consequently, letting C := 4C? /3% we get

2/ VH-vicbiz’d)+/ ap?|VH?
Qi Qr

7

= 2/ VH-(vlq>iz’d>—vl<I>,:)+/ ap?|VH?
Qr ;

7

Y

[32
IV E a0 (219 H 10,y — 20VF

-CX.

Y

Therefore

/ ap?|Vw|?
Qr

T

> [ wet R [ a-advelr R -2 [ (- vH|verY| - o).
Q5 Q -

7 7 Q7
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On the other hand, using (56) and Corollary 32, we get

/(1—&p2)IV<I>iz’d)l2 < /(1—p2)|v<1>iz’d)|2 + / (1 - a)|ve@d)?
Qi Qr Qs
z,d z,d
< VY| e (o IV Y| 1200, (K + L)

and with (193):

' | a-apivm|vai)
Qfr

= / (1= /) VH|[VeS Y| + ‘/ (1 - &)|VH||ve™ )
Q- .
< VO | oo VDYV 200y (K + L) (2671 +1).

The proposition is thus proved.

APPENDIX I. PROOF OF PROPOSITION 55

We prove the first assertion and we assume Card(J,,) > 2. We let x1 := 2hs} In hex,
—-1/2 —
X2 i= 2hex/ In hex and 2y, = Q\ UpeaB(p, x2)-
In order to get sufficiently sharp estimates to prove the proposition, we decompose
Q, in several subdomains. To this aim, we distinguish two cases for p € A : either

Card(Jlgy)) > 2 or Card(Jlgy)) € {0,1} where Jé” = {k € JW|yx € B(p,x2)} [the
yr’s are introduced in Definition 51].

If pe Alis s.t. Card(Jéy)) > 2, then with Lemma 48 [with P = 17 and n = x1/2],
there are k), = Kk, € {17, ..., 17M0~1} and JZE-”) C J,gy) s.t.

U B(yr, x1/2) C U B(yk, kpx1/2) and |yx — yi| > 8kpx1 for k,lejéy), k#1.
ke ke J Y
P P

We then let D), := B(p, x2) \ U, j B(yk, ipx1) and, for k € JIS”, we write dj, :=
“p
degs By, i,x1) (V). We denote also D), := Zkejfﬁ) dy,

If pe Ais st J,gy) = {k}, then we let D, = B(p, x2) \ B(yx,k6) with x given by
Definition 51. We let also D, := dj; := degyp(y, xs)(v)-

Recall that we denoted (see Definition 51), for k € J®), dj := degyp(y, re) (V)
Consequently, if Jé” = {k}, then D, = d;, = dj.

If J§¥) = 0 then we denote D, = 0 and D, = B(p, x2)-

The heart of the proof consists in proving that d;, = 1 for all k. Indeed, we know
that if i € J,, then degyp(., . (v) = 1. Consequently d; is the number of points 2;
contained in a disk of radius at least x;.

We let:

® R :=Uresw B(Yr, k) \ Uies, B(zi7), £ given in Definition 51.
e For pe Ast. Card(J]gy)) > 2 and for k € Jé” we denote

Qupi=Blyr.rpx)\ | Bly,rod).

leJW
Y1 €B(yr,kpX1)
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Moreover, by construction, we have [for sufficiently small ]

(194) U  Blwsdc U Bw.x1/2) C Blyk, rpxa/2).
1eJ® 1eJ®
YIEB(Yk,kpX1) Y1€B(Yk,kpX1)
Thus

1
5/ Vo2 > —/a|VU|2—|—Z /a|Vv|2
Q,

pEA
1
(195) + > > —/ o| Vol + 5/ o|Vol?,
pEA ke JWw) Ok, Qyo

Card(J)>2 "

From (101) and (102) we have
1
(196) 5/ a|Vol?> > dr [b?|Inr| + (1 — b%)[In A| — b°|Ind]] + O(1).
R

If J,gy) = {k}, then with Corollary 47.1 we get

1

(197) 5/D o[ Vol > nd? In (X2 ; 2) +0(1).

And if Card(J) > 2, still with Corollary 47.1:

1 2 21 X2
(198) 5/73 alVol> > 7 Y dil (—

keJtY X

)+0(1).

We continue by deahng with the case Card(Jp J )) > 2. From Corollary 47.1 applied
in Qp, for k € Jp [with (194)] we get

(199) 3 %/ avePzx S Y d21n(5>+(9()

keji()y) k.p ke ](y) leJ®
YIEB(Yk,kpXx1)

In order to end the proof, using Propositions 30 & 31 & 49, we get

1
(200) 5/ a|Vu)? > WZ D129| In x2| + O(1).
ey ey

We let

A= Z Zdi—l— Z d} and A := Zcii

PEA st o) pEA s.t. keJw)
Card(JW)>2 7 JW ={k}
p /= P
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From (195), (196), (197), (198), (199) and (200) we get

1
—/ alVu|?
2 Q-

> O1) +dr [t tnr] + (1= 83)[ I\ = P lof] + 7 > diin (22) +
5
pEA s.t.
JW ={k}

+7 Z Z diln(%)—l— Z Jfln(%) +7TZD127|111X2|

peEA kej}(?y) leJ(y) pEA
Card(J{¥))>2 Y €B(p,x2+\9)

> dr [b?|Inr| + (1= %) In(A6)[] + wllnxo| [ Y D2 —A | +a|Ind|(A—d)+
pPEA

trllnxa| > S a- Y & +o.

pEA kej(y) leJ(y)
Card(J(¥)>2 ? Y EB(p,x2+)8)

Since d;, ch > 1 for all £,1, from Lemma 54.1 we have ZpeA Df) >A> A > d and
moreover

A=d< (d,=1forall k)

and
A=d<(d =1 for all l).

On the other hand since for p € A s.t. Jé” = {k} we have d, = dj,, we get

A-A= ) > di- D &
pEA kej}(?y) 1eJW
Card(J{¥))>2 Y €B(p,x2+AJ)

Then (96) gives

Z1(d)

™

hex > | Y D2—=A | [Inxa|+ (A = d)|Ind| + (A = A)[Inxa| + O(1).
pEA

Since |In x1| = In(hex) + O[ln(In hex)] and | In x2| = In vhex + O[ln(In hex )] we obtain
d— D?
(zl(d) L 4= Yopen p) nh

m 2
(201) > (A =A)In Vhex + (A — d)| In(6y/ex)| + O[In(In hey)].
From Lemma 54.2 and the definition of %} (d) [see Lemma 37|, we have
fl(d) + d— Z;eADZQ) <.
T

Using (202) in (201), (4) and A —d > 0&A —A>0weget A—d=A—-A=0
and then A =d, i.e. d;, =1 for all k.

(202)
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On the other hand, with the help of (201) we may write

d— D;
) (fl(d) L4 e p)lnhexZO[ln(mhex)]'

s

gl(d) + d— ZpeAD;?)

™

We may thus deduce = 0 and then, with Lemma 54.2, for

p € A we have D, € {|d/No]; [d/Nol}.
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