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We show that the effect of initial non-Gaussian clustering can significantly enhance the event rate for
primordial black hole (PBH) coalescence. The impact of such clustering is studied in a specific scenario of
multistream inflation. Initial clustering enables the possibility of detecting massive PBH coalescence by
space-based gravitational-wave interferometers such as LISA and DECIGO/BBO. The parameter regime
for the ground-based detectors to detect PBH coalescence is also extended.
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I. INTRODUCTION

Black holes of a variety of masses could have formed
in the early Universe. They are known as primordial
black holes (PBHs) [1-3]. PBHs with initial mass less
than 10" g have already evaporated by now through
Hawking radiation [4]. More massive PBHs, once
formed, are still present in the Universe today, constitut-
ing part of the dark matter. See [5-7] for production
mechanisms and observational constraints on PBHs of
different masses.

Recently, stellar-mass PBHs have received renewed
interest [8—10] since the first detection of gravitational
waves (GWs) from the coalescence of a black hole binary
[11]. Stellar-mass PBHs could have formed sufficiently
frequently in the early Universe so that mergers of PBHs
may be observable by ongoing and/or planned ground-
based gravitational-wave interferometers, such as LIGO
[12], Virgo [13], and KAGRA [14].

Targeting much lower frequencies, future space-based
gravitational-wave interferometer experiments are planned,
such as LISA [15], DECIGO [16], Taiji [17], and Tianqin
[18]. It thus becomes interesting to consider the possibility
of observing mergers of PBHs with heavier masses.

In the simplest PBH formation scenarios, mergers
of massive PBHs in the sensitive frequency ranges of
space-based interferometers are unlikely to be detectable,
due to tight constraints on the PBH abundance from
various astrophysical observations. This can be seen
by noting that, in [10], assuming a uniform distribution
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of PBHs' and a monochromatic PBH mass function, the
probability that the coalescence occurs in the time
interval (¢,f+ dt) can be estimated as dP, « T=3/3dt
for t <1, and dP, « T~3/8:/*dt for t > t., with t,,
T « M~3/3. Hence, the event rate is P, «x M~32/37 or
P, < M~2/21  This shows that, for more massive PBH
binaries, to get a reasonable event rate (say, 1 Gpc™3 yr™!),
we need a greater PBH fraction f = Qpgy/Qpy. However,
several constraints have been put on large f by Eridanus II
[26], Planck [27], wide-binary disruption [28] and milli-
lensing of quasars [29]. Hence, massive PBH mergers in
such a simple setup are unlikely be observed by future space-
based interferometers.

The inclusion of initial spatial clustering of PBHs
changes the story. The possibilities of clustered PBHs
are discussed in [30-33] and references therein. We show
that initial clustering can significantly enhance the detect-
ability of gravitational waves from massive PBHs. This is
because of an increased formation rate of PBH binaries
inside PBH-rich regions.

II. A MODEL OF INITIAL PBH CLUSTERING

To construct a simple model of clustering, we consider
the scenario of multistream inflation [34-37] (see also

'Even for PBHs that are formed from Gaussian primordial
fluctuations, strictly speaking, this assumption is oversimplified;
see [19-23] for the effects of clustering for Gaussian cases. Also,
[24,25] thoroughly revisited estimates of the PBH merger rate.

© 2019 American Physical Society
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FIG. 1. Illustration of clustered PBH production in multistream

inflation. The left panel shows the field space trajectory during
inflation involving two fields. The inflationary trajectory has
bifurcated. In most cases, the inflationary trajectory is along the
black line. However, with a small probability, the trajectory
follows the blue line for a period during inflation, where
fluctuations are enhanced around a particular scale and hence
PBHs can be formed later. In our current Universe, the black and
blue trajectories manifest themselves as region A (most of the
observable Universe) and patches B with their combined volume
fraction f;.

[38,39] for a similar model). As illustrated in Fig. 1, the
inflationary trajectory bifurcates at an encounter of a
potential barrier in field space. Most of the observable
Universe (region A) follows one trajectory, while as rare
events, a different trajectory with PBH formation® leads
to the generation of small bubbles (patch B) in the
observable Universe. Various inflaton potentials involving
an inflection-type or plateau-type feature have been pro-
posed to produce PBHs in single field inflation models, and
one can assume any of such potential shapes along the
trajectory B. Then the curvature perturbation is enhanced
on small scales only in B patches, and when these
perturbations reenter the horizon during radiation domina-
tion, a fraction of those would collapse to form PBHs. That
is, only in B patches PBHs are formed during radiation
domination. The volume fraction of B patches in our
observable Universe can be controlled by the potential
shape at the bifurcation point, and the radius of the B
patches is determined by the inflaton field value at the
bifurcation point. The mass of PBHs, formed only inside B
patches, is controlled by the location of the inflection-type
or plateau-type feature along the B trajectory, and the
abundance of those PBHs can be controlled by the shape of
such a feature, which determines the degree of the

’For the PBH generation mechanisms, see, for example, [40—
43]. Our discussion does not depend on the details of these PBH
formation mechanisms, though for simplicity we assume the
mass function is monochromatic. In addition to PBHs, ultra-
compact minihalos can also be formed in B patches after matter-
radiation equality [44]. However, they would not significantly
affect the subsequent discussions, though they themselves would
have interesting observational implications (see [44] and refer-
ences therein).

enhancement of the curvature perturbation. Multistream
inflation may not be necessarily embedded in string theory,
but its motivation may best be understood in the context of
the string landscape, where inflation may have taken place
in a multidimensional field space with a very complicated
potential. Such a situation has been modeled by random
potential in the literature. [45] showed that bifurcations of
the inflaton trajectory can be common for such a random
potential in high-dimensional field space.

We expect that our analysis should qualitatively apply
for general models with significant initial clustering.
However, the continuous variation of PBH densities in
those models makes the analysis complicated. Thus, in this
work, we focus on the clustering from multistream infla-
tion, where there is no PBH in region A, and the PBH
density is approximately constant in B patches. We leave
the detailed analysis of general clustering and continuously
varying PBH density to future work.

Let us denote the volume fraction of B patches by f; (the
standard cases with small initial PBH clustering correspond
to f; = 1), and the volume fraction of regions collapsing to
PBHs inside B patches by f,. Then the initial abundance of
PBHSs is f = pppu/pPraa = P12, Where the ratio should
be evaluated at the moment of PBH formation. This
is related to the present-day density fraction of PBHs

f = Qppy/Lpm via [46]

B M 1/2
pr10% (305 ) (1)

In order to be consistent with observations, we need f < 1
for PBHs without significant initial clustering. See [5] for
limits on f for different PBH masses, where no PBH initial
clustering is assumed. The smallness of 3, controls the
amount of initial clustering of PBHs for fixed f or f. The
local abundance f3, is enhanced by B7!(> 1) for fixed f,
which leads to enhanced merger probability in B patches,
as we show below.

There are several conditions restricting the parameter
space of this model. Let us use 1/k; to denote the comoving
scale that exits the horizon at the time of bifurcation (and
thus determines the size of B patches), and use 1/k, to
denote the comoving scale that exits the horizon at the
time of the enhancement of fluctuations during inflation
which later leads to PBH formation. The number N of
PBHs in each B patch is roughly N = (k,/k;)3$,. We
assume N > 23 or

ky <2718k, (2)

Note that f, :ﬂl‘lﬂ and f is related to f as Eq. (1)
indicates, and also k, is related to the mass of PBHs as [46]

M —1/2
: (3)
30 M,

ky ~7.5 x 10> Mpc™! <
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Hence, the above inequality can be regarded as providing
an upper limit on k;, for each (f;, M, f).

We also assume that gravitational-wave experiments can
cover a large number Ny of B patches. The observable
volume depends on the sensitivity of experiments. For
simplicity, we fix the observable distance to be k\ =1Gpc.
We express the above condition as

Ny = (kl/kobs)3ﬂ1 > 23 (4)

In addition, we also focus on f, < 1, so that gravita-
tionally bound clusters of PBHs (PBH clusters) are not
formed during radiation domination. This is to ensure the
validity of the calculations of [10], which we use later. This
condition can be quantified as follows. Let us denote the
formation redshift of PBH clusters by z., which would be
determined by k, and f3,. The calculations of [10] are only
applicable before the formation of such PBH clusters. The
formation redshift z, can be estimated as follows. PBH
clusters would be formed approximately when B patches
become locally matter dominant during radiation domina-
tion, since the dynamical timescale of the would-be cluster
then becomes comparable to the Hubble timescale. Noting
the ratio between the energy density of PBHs and that of
radiation grows in proportion to the scale factor in B
patches, we find f3,(z./z.) = 1, or z, = p»z., where z, is
the redshift when PBHs are formed. We focus on the
parameter region where z, < z¢q is satisfied, so that the
analysis of [10] can be used.

Noting f, = 7'~ p7' f(a./ae), the condition z, <
Zeq Can also be rewritten as

f<p (5)

This condition is roughly equivalent to the condition that
PBHs comprise only a subdominant component of the dark
matter in B patches.

III. THE MERGER RATE OF PBHS WITH
INITIAL CLUSTERING

With these constraints, let us now calculate the enhanced
merger rate of PBHs with initial clustering.

In [10], the merger probability and event rate of PBH
binaries were calculated for the standard cases with negli-
gible initial clustering, i.e., #; = 1. The merger probability
crucially depends on f = Qppy/Qpy. For more initial
clustering cases with f; < 1, the merger probability is
determined by the fraction f| of PBHs to the dark matter
inside B patches, that is, f = f,f,. For the same f, f; is
larger when | < 1, so the merger probability is enhanced
relative to the standard cases with #; = 1. Note that when the
number density of black holes ngy is multiplied by the
merger probability per time dP,./dt calculated in [10], in
order to obtain the merger rate at some time ¢, the

corresponding number density should be the average num-
ber density of black holes in the observed volume, instead of
the local number density in B patches. And if the condition
(4) is satisfied, then f (instead of f;) should be used for the
calculation of ngy. That is, with clustering we have

Qpmp.(t) dP
(e‘]ellt rate) :::Zl__lzﬁﬁfo_g_z.___Ji S
Mgy dt |,

(6)

where p,. denotes the critical density.

For a fixed event rate, the fraction f as a function of M is
plotted in Fig. 2. With clustering, smaller values of f are
needed to achieve the given event rate, as a result of
the enhanced merger probability, controlled by the param-
eter f; < 1.

In Fig. 2, we have also included limits on massive PBHs
[6]. It is important to note that these limits only apply for
the case without initial clustering (#; = 1), in which case
the parameter space for detecting PBH merger event from
space-based interferometers is almost vanishing. However,
they should not be interpreted as constraints for the cases
of i < 1.
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FIG. 2. The fraction of PBHs f = Qpgy/Qpm as a
function of PBH mass M, needed to realize an event rate of
1 Gpc=3 yr~!. We compare the cases of no clustering (5, = 1)
with those of enhanced initial clustering (3, = 1072, 10™*). We
have taken Qpy = 0.27, Hy = 70 kmMpc~' s™!, z,, = 3000 and
to = 13.7 Gyr. The space-based experiments are sensitive to the
frequency range 1073 ~ 1 Hz. Limits from Eridanus II [26],
Plank [27], wide-binary disruption [28], and millilensing of
quasars [29] are also plotted. Note that these limits are calculated
assuming no initial clustering (#; = 1) and hence cannot be
directly applied to cases with initial clustering (; < 1). We have
selected a few bounds that are relatively simple for discussions on
the impact of clustering, and see [7] for a more complete
collection of observational bounds. We also show the frequency
of gravitational waves for each mass of merging PBHs along the
upper horizontal axis, for which we use the frequency at the
innermost stable circular orbit [47].
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Three types of limits have been considered in Fig. 2. We
briefly discuss the implication of clustering on these limits
here: (1) Limits from the local density of PBHs within the
local group, including Eridanus IT [26] and wide-binary
disruption [28]. When f; <« 1, the MWG halo and the
Local Group are very unlikely to be in a PBH-rich region
(patch B). So these limits do not constrain the case with
strong initial clustering at all. (2) Millilensing of quasars
[29]. The validity of this limit depends on the number and
size of PBH-rich patches. If there are unlikely to be PBH-
rich regions along all lines of sight between us and the
quasars, the limit does not apply. Otherwise the quasar
bound can apply. (3) Cosmic microwave background
(CMB) limits [27] (see also [48,49]). The effect of PBH
accretion (which is an indirect limit depending on astro-
physical assumptions) mainly affects the reionization
history and thus modifies the temperature and polarization
power spectra at low Z. In addition, for larger mass PBHs
(which is the focus of this work), the ionization effects shift
to lower redshifts and thus affect even lower 7. However,
the initial clustering of PBHs is a high ¢ effect when
1 < 1. Because of spatial inhomogeneity, the affected ¢
should be determined by the size of PBH-rich regions and
the size of reionization bubbles, which correspond to
smaller 7. It remains interesting to work out the precise
CMB limits considering initial clustering. We provide
additional remarks on this issue later. Our results also
imply that the constraints on PBHs based on the PBH
merger rate shown in [24,50] are tentative, and they can get
progressively stronger for increased clustering level.

We have assumed that the merger probability of PBHs up
to the present moment P,.(;), which can be calculated from
the formulas in [10], is sufficiently small so that the
evolution of PBH population is negligible. This leads to
an additional constraint on the model parameters. Let us
require

P,(ty) < 0.1. (7)

Let us check whether the model parameters in Fig. 2
satisfy the conditions on the parameters. First let us
consider the conditions that do not depend on k;, that is,
Egs. (5) and (7). Each solid line in Fig. 2 is terminated at
some large M so that these two conditions are satisfied
along the lines. It turns out that Eq. (5) is more restrictive
than (7).

Next, let us consider the other conditions that depend on
ky, which are (2) and (4). Of these, (2) gives the upper
bound on k;, whereas (4) gives the lower bound on &, for
fixed f, M, and ;. Let us denote the upper bound on k;,
determined by (2), as kj;, and the lower bound determined
from (4) by k,,,. If k,, < ky;, there exist values of k;, which
satisfy both conditions for fixed f, M, and f;. It turned out
that these conditions are much less restrictive than the
condition given by Eq. (5).

IV. CONCLUSION AND DISCUSSIONS

To summarize, we have studied the detectability of PBH
coalescence with initial clustering, with an emphasis on the
more massive PBHs to be detected in the future by LISA-
like experiments.

In this work, we have adopted a simple model of initial
clustering of PBHs, where the PBH-rich regions have sharp
boundaries. But one may also generalize our discussions to
other situations, such as other kinds of primordial non-
Gaussianity causing initial clustering of PBHs [51,52].
Non-Gaussianity can also alleviate the fine-tuning problem
associated with PBH formation [53]. CMB distortion limits
on massive PBHs [54,55] would also be avoided by
clustering [38], since it is suppressed by f; in our model.
However, if 3 is not so small, our scenario may also lead to
CMB p distortions observable by future high-sensitivity
experiments for massive PBHs [55]. Our scenario may be
tested by investigating spacial distributions of gravitational-
wave events in detail in future. Though we have restricted
attention to the coalescence of PBH binaries at very low
redshifts, following [10], it would also be interesting to
discuss high-redshift PBH mergers. It would also be
worthwhile to investigate stochastic gravitational-wave
backgrounds for PBHs of different masses with initial
clustering. Depending on the model parameters, our sce-
nario would cause inhomogeneous big bang nucleosynthe-
sis, which might lead to interesting observational traces [56].

We have focused our attention on the parameter region
f < p;. This intersects a large part of the parameter regions
of interest. However, we should note that this constraint is
for theoretical simplicity instead of an observational bound.
For f > f;, in B patches PBHs dominate over other dark
matter in energy density. Thus, the previous calculation of
the coalescence time needs to be reconsidered. We leave the
detailed calculation to future work, but add a few more
remarks.

Evolution of PBH binaries: We have assumed for
simplicity that the PBH binary evolution is solely deter-
mined by the emission of GWs, but in principle it should
also be affected by encounters between PBH binaries and,
most importantly, single PBHs. Based on theoretical
models and simulations, the authors of [25] claim that,
when PBHs are the dominant component of dark matter, it
is highly probable that PBH binaries are disrupted by other
PBHs. However, when the PBH fraction is much smaller
than unity, which holds true in the parameter space we
restrict our analysis to, the impact of the disruption events
seems negligible, as discussed there. See [57] for another
recent discussion.

Even with the 1% fraction of 1-100 M, PBHs con-
strained by PBH mergers rates, there is a substantial effect
on dwarf galaxies. At this level of dynamical heating of
ultradiffuse dwarf galaxies, the effects may actually be
positive: rather than destruction of objects such as Eridanus
II. [26], one can actually induce a core cusp transition [58].
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Moreover, some physical effects actually enhance coales-
cence, e.g., in dense clusters [59,60]. Also, this may be true
for galactic nuclei near a supermassive black hole [61].
Another example is the role of triples (which are very
common for massive stars, though admittedly we do not
know too much about triple formation for PBHs. But if
there are binaries there will be triples). See [62] for mergers
from triples. These have low spin; see [63,64].

Further clustering in the radiation-dominated era for
f > p,: PBHs may further evolve and cluster in the early
Universe. Inside such PBH clusters, binary formation may
be understood similarly to that in globular clusters [65—-68].
Runaway tidal capture may also take place [69]. GWs from
hyperbolic encounters of PBHs can also yield interesting
observational implications [70]. PBH clusters may also
eventually form supermassive black holes, observed as
high-redshift quasars (see [38] and references therein),
whose origin still remains to be understood.

Ultracompact minihalos and locally enhanced structure
formation: PBH-rich patches will be dark-matter over-
dense regions, which collapse much earlier than standard
structure formation, which may also be called ultra-
compact minihalos [71]. In addition, Poisson fluctuations
in the number density of B patches would also cause

enhancement of structure formation, similarly to arguments
for limits on massive PBHs due to the Poisson fluctuations
in their number density [5]. These effects would be con-
strained by observations of the Lyman-a forest. If these
constraints are too severe, one may consider some under-
dense regions to compensate the overdensities (which can
also be realized in multistream inflation). Also, binary
formation may be efficient in ultracompact minihalos.
Moreover, in ultracompact minihalos, PBHs are likely to
have relatively high velocities, so accretion effects
may be suppressed, which would further weaken the
CMB limits. Note also that small-scale structure formation
may also be enhanced inside B patches due to Poisson
fluctuations of PBHs, possibly leading to the formation of
smaller ultracompact minihalos, before B patches them-
selves collapse.
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