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Abstract

We consider an optimal dividend and capital structure problem for a firm which
holds a certain amount of debt to which is associated a financial-ratio covenant between
the creditors and the firm. We study optimal policies under a bankruptcy framework
using a mixed reduced and structural approach in modelling default and liquidation
times. Once in default, the firm is given a grace period during which it may inject
more capital to correct the situation. The firm is liquidated if, by the end of the grace
period, assets do not exceed the debt.

Under this setup, we maximize the discounted amount of dividends distributed mi-
nus the capital injected up to the time of bankruptcy. It gives rise to a two-dimensional
singular control problem leading to a non-standard system of variational inequalities.
Beyond the usual viscosity characterization, we completely solve this problem and ob-
tain a description of the continuation, dividend and capital injection regions enabling
us to fully characterize the optimal policies. We conclude the paper with numerical
results and illustrations.
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1 Introduction

We consider an optimal dividend and capital structure problem for a firm which holds a
certain amount of debt to which is associated a financial-ratio covenant between the creditors
and the firm. To be more precise, we study dividend and issuance of equity policies under
a new bankruptcy framework.

The theory of capital structure is at the center of corporate finance problems. A firm’s
capital structure is an inherent feature of many mathematical models of credit risk and
optimal dividend and investment problems. Made popular by Merton [19], the structural
approach to credit risk consists in modelling the dynamics of a firm’s assets and debts,
and making assumptions about the default and liquidation mechanism. The Merton model
assumes a very simple debt design that consists of a single bond with a fixed maturity. The
firm defaults if its assets are lower than the face value of the debt at the time of maturity.
Black and Cox [2] extended this model by considering the debt structure which allows default
at any time before maturity. Under the above and simple definition of a firm’s default, the
objective of both Merton [19] and Black and Cox [2] is to study the firm’s credit risk, in
particular the pricing of its debt and its enterprise value.

It is under this simple capital structure framework that most optimal dividend and
investment problems have so far been investigated. For instance, Jeanblanc and Shiryaev
[11], Asmussen and Taksar [1], Choulli et al. [6], Choulli et al. [7], Sethi and Taksar [21],
Décamps and Villeneuve [9], Ly Vath et al. [17], Jin et al. [12], and Chevalier et al. [5]
assume that the firm goes bankrupt and ceases operations when its cash reserves (as a proxy
for the firm’s assets) hits zero. In other words, the level of debt held by a firm is assumed
to be zero.

Jeanblanc and Shiryaev [11] and Asmussen and Taksar [1] are among the first studies on
optimal dividend policy and consider a stochastic process which represents the cash reserves
of the firm. Since then, many studies on dividend policy have been carried solely or in com-
bination with other control problems such as investment policies. Choulli et al. [7] propose
a model in which a firm must decide between different production options with differing
expected returns, with restrictions on dividend rates. Décamps and Villeneuve [9] and Ly
Vath et al. [17] study the interactions between dividend policies and investment decisions
in a growth opportunity and under uncertainty whereas Chevalier et al. [5] considers an
optimal dividend and investment problem under liquidity constraints.

Chevalier et al. [4] consider a more complex debt structure in which the manager may
decide to incur more debt at the cost of higher interest rates. Once again, they assume
that the firm defaults and gets liquidated when the cash reserves fall below the current debt
level, which is, however, no longer assumed to be zero. Other studies focus on the combined
optimal dividend and issuance of equity problem, see for instance Lokka and Zervos [16], Z.
Jin et al. [14], Z. Jin and G. Yin [13], and Keppo and Peura [15].

As stated earlier, all the above discussed studies assume that when a firm’s assets value
reach its debt level, the firm goes bankrupt and gets liquidated. However, in practice, the



Optimal dividend and capital structure with debt covenants 3

liquidation of a firm is a more complex event. For instance, Makarov et al. [18], and Yildirim
[22] price defaultable bonds in a setup in which the liquidation mechanism assumes that the
firm’s assets must first cross a default threshold and then spend a cumulative amount of
time below that barrier in order for the bondholders to be allowed to step in and liquidate
the firm. This distinction between default time and liquidation time may be best illustrated
by the US bankruptcy code and its Chapters 11 and 7, see for instance Broadie et al. [3].
Indeed, firms may file for protection from liquidation under Chapter 11 and get a grace
period to restructure its debts and activities. Chapter 7, i.e. liquidation, is only triggered
when the company has not managed to get itself out of default during the allowed time.

In this paper, we are assuming a similar standard bankruptcy process which distinguishes
default and liquidation times in the study of our optimal dividend and issuance of equity
problem. We consider a firm that holds a certain amount of debt to which is associated a
financial-ratio covenant between the creditors and the firm. We assume that the firm may
get into default when it is under financial distress, i.e., when its debt-to-assets ratio is less
than one. Once in default, the firm is given a grace period during which it can inject more
capital to correct the situation. The firm is liquidated if, by the end of the grace period,
assets do not exceed the debt. Moreover, as part of the debt covenants, the firm can only
pay out dividends to stockholders when its debt-to-assets ratio is less than one. However,
in the modelling of default time, we do not consider the usual structural approach as in
Broadie et al [3], Makarov et al. [18], and Yildirim [22] which assume that default occurs
exactly at the time when an underlying process hits a bound, i.e. the very moment when
the firm goes under financial distress. In our study, we consider a reduced model for default
which occurs at the first jump of a counting process once an underlying process representing
the firm’s assets value is below a threshold D corresponding to the firm’s debt level. In
our case, default time is no longer predictable as required in most credit risk models. Our
liquidation time is still based on structural model and occurs when the firm’s assets value
hits zero or has not reached the upper threshold D before the end of the grace period.

Our objective is to study a dividend and issuance of equity problem under this new frame-
work using a mixed reduced and structural approach in modelling default and liquidation
times. To our knowledge, this approach is the first attempt to study optimal dividend and
issuance of equity while incorporating such complex capital structure constraints. In terms
of mathematical modelling, this gives rise to a two-dimensional singular control problem
leading to an atypical and non-standard system of variational inequalities. It is well-known
that two-dimensional non-degenerated singular control problems are a major challenge when
one expects to get beyond the usual viscosity characterization and obtain a full qualitative
description of the optimal policies. This is precisely the results we obtained, a complete
description of the continuation, dividend and capital injection regions enabling us to fully
describe the optimal policies. This complete qualitative description of different regions may
only be obtained by introducing an optimal stopping time on a related reflected diffusion
process. Solving this optimal stopping-time problem allows us to characterize the optimal
issuance of capital policy during the grace period.
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In the next section, we present the model and some basic properties. In Section 3,
we show that the value function is the unique continuous viscosity solution of a system
of variational inequalities. In Section 4, we describe the regions of the domain where it
is optimal to inject capital and payout dividends. We conclude the paper with numerical
illustrations in Section 5.

2 The model and first properties of the value function

The firm holds a fixed amount of debt D > 0. Associated to this debt are covenants between
the creditors and the firm. We consider a debt covenant based on the firm’s debt to total
assets ratio. Under this debt covenant, the firm’s financial statement may be audited at any
time. If the financial ratio constraint is not satisfied, the firm is declared under default and
a grace period starts. Creditors then declare the firm bankruptcy at the end of the grace
period if the situation has not improved which means that the ratio constraint has not been
satisfied and the default still uncleared before the end of the grace period.

2.1 The model

Under the total assets ratio, the firm is in financial difficulty when the total value of its
asset at time ¢, denoted by X;, is less than D, the value of the debt. The firm can increase
its capital at any time by issuing more equity, including during a grace period in order to
decrease its debt to asset ratio to less than 1. However, the firm is not allowed to borrow
more at this time to increase assets since this action would also increase the debt level. On
the other hand, the firm can pay out dividends when it is not in financial distress. The
cumulative sum that has been injected into the firm at time ¢ is denoted by K;, whereas the
total amount of dividends paid up to time ¢ is Z;.

When the firm is in financial distress, it may go to default at any time. The probability that
a default occurs in the time interval [t, ¢+ dt) is Adt, with A > 0. In other words, the default
time is given by the first jump of a Poisson process N with intensity A. The firm enters a
grace period if X; < D at the default time. When the firm is under default, bankruptcy is
defined in terms of a grace period of § units of time. In other words, the firm is declared
bankrupt when it has spent a continual period of time ¢ in financial distress from the last
default time or if the value of its assets hits zero (which can happen even if the firm is not
currently declared under default). As such, we introduce the default process defined as

d[t - ]I{Xt<D}<1 - [t)dNt - Itd]l{thD} (21)

The default indicator equals 1 when the firm is under default, and 0 otherwise. The process
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X is assumed to satisfy the following stochastic differential equation:
dXt = /L(Xt)dt + O'(Xt)th + (1 — li[t)th - (1 + HI)dZt, (22)

with kg < k1, k' constants in (0,1). The constants kg, x1 and &’ respectively represent
proportional costs that must be paid to inject capital in favorable and unfavorable cases
and to payout dividends. The functions p and o defined on R are deterministic, Lipschitz
continuous, and satisfy the following linear growth assumption:

| (@) [+ [ o) |[< OO+ [z ). (2.3)

We also define the duration =; that X has spent under D since the last time before ¢ that
the firm went to default:

E¢ = Zolint{s<t:1,=0)>5-z} + 1 —sup{s < t: [, =0}, (2.4)
with the convention sup () = 0 and inf ) = +o00. The dynamic of Z is the following
d=; = ly—1ydt + = dI,. (2.5)
The bankruptcy time is given by
T=inf{t >0: X, <0or = > d}. (2.6)
We define the state space (with a slight abuse of notation) as § = S° U S', with
S"=[0,400) and  S'=][0,6] x [0, D]. (2.7)

The firm is in financial distress and under default (/; = 1) when (Z;, X;) € S*\ ({0} x [0, D)).
Note that when (=, X;) € {0} x [0, D) both I; =1 and I; = 0 are possible.
Value functions of the optimization problem are then respectively defined by

T
vo(z) =  sup Ex,()/ e d(Z,— K,), wed8°, (2.8)
(Z,K)EA 0
T
vi(s,z) = sup Egml/ e d(Z, — K,), (s,7)€S (2.9)
(Z,K)eA 0
when the firm is not under default (I = 0) and when it is under default (I = 1).
Here, p > 0 is a discount rate, E. ,; is the conditional expectation given that X,_ = «z,
=0 =< and Ip_ =i (< is omitted when the firm is not under default), and

+oo
A= {(ZK)eTz: Vt>0, Z,— Z < (X,- —D)* and / lg7,-1ydZ, = 0}
0



Optimal dividend and capital structure with debt covenants 6

is the set of admissible dividend and capital injection policies. Zg denotes the set of non
decreasing and F-predictable processes. We also use the notation

A" ={K :(Z,K) € A, Z =0}.

2.2 Upper bound for the value function

Throughout the paper, we make the following standing assumption:

sup(p(z) — px) < +o0.
x>0

This condition will guarantee that the value of the firm is finite as in the next proposition.

Proposition 2.1. For any x > 0, we set f(z) == 155 + /1) sup,so(p(r) — pz), and we have

vo(z) < f(z) on S®  and  wvi(s,z) < f(z) on S*.

Proof: We introduce an arbitrary control a = (Z, K) € A. For m > 0, we set
. - 1
Op =inf{t >0:2,>0——, or Xy <1/m}.
m

Notice that ¢, ,/* T a.s. when m goes to infinity. We apply It6’s formula to (e™ f(X;)),5¢
between 0 and 6,, :

Om Om
P f(Xa,) = SO0+ [ s - ppXdt— [ ez - KD
0 0

+ 3 PG - G + /0 et (X)) f(X,)dB,.

0<t<Om

where Lf(x) = %W% + u(x)2L, Z¢ and K¢ are the continuous parts of Z and K.

9z
As f(z) == 155 + C where C 1= & sup,>(u(z) — pz), we have

1
p

1 brm
I S(Xa,) = ) [ e ) — X = pC)
0
A
1
- > e X - X

1+ K oSt
I

1 // e_th(Xt)dBt.
+ K" Jo
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As k', ko, and k1 > 0, by taking expectation in the above equation, we get

E [ f(X,)] < f(Xo)—E [ /O " e‘Ptd(Zt—Kt)}.

Recall that f(y) > 0, by sending m to infinity, it follows from Fatou’s lemma that:

f(Xo) > E { /O ' e Pd(Z, — K;) + e T f(XT)} >E { /0 ' e *td(Z, —Kt)] (2.10)

As this is true for any initial state (Iy, Zg, Xo) and any arbitrary control (Z, K) € A. This
concludes the proof.

O

2.3 Dynamic programming

We start this section with the introduction of a notation that will be used throughout the
paper.

Hitting times: For y € [0, D], we define the hitting times
0" =inf{t >0: X; <y} and 0¥t =inf{t > 0: X; > y}. (2.11)
In this setting, the dynamic programming principle (DPP) that we shall use is the following:

Dynamic Programming Principle (DPP):
Let 7 = inf{t > 0 : I; = 1} be the first default time. For all stopping times v and all z € S°,
we have the following dynamic programming principle for vy:

vATAT
e

vo(T) = SUD(z K)ea E%O[ 0 A Zs — Ks) Fe P uo( X)) Lperary (2.12)

+e Ty (07 X‘r) ]l{TSV/\T} .

For all (¢,z) € S' and stopping times v taking values in [0,6 — ¢|, we have the following
dynamic programming principle for v;:

vAGD-+ —ov —_
vi(S, ) = SUP(zK)ea Ec,wvl[_ Jo e dR, e U1 (E0, X ) erpor+y - (2.13)
+67P9D’+/U0(X9D,+)]I{QD,—Q—ST/\V} .
Remark 2.1. Note that {67 =T} =0 and vi(6,z) = g(x), where we have set

g(x) := max(vy(D) — (D — x)/(1 — k1),0), on [0, D). (2.14)
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Indeed, for x € [0, D], one could issue capital up to D or go to bankruptcy, so we obviously
have v1(6,x) > g(x). Moreover, equation (2.13) gives that

n(o,z) = max(sup[—a+UO(D+(1—m)a)}—D_x- o)

a>0 1—ky
1-— D —

< max sup[—a+v0(D)+ Kla]— a:; 0
a>0 1 — ko 1 -k

— (UO(D) - f__ﬁf; o) _ g(a).

Under default, we guess that, when it is optimal to clear the default, capital has to be issued
up to D and not more. Indeed when default is cleared the cost of issuing new capital is then
lower. Consequently, we now prove that we can restrict the set of admissible strategies to
these strategies. The following Corollary of the DPP states that if default is cleared at time
t before Z; = 9§, we can assume that X; = D.

Corollary 2.1. For all (¢,x) € S' and stopping times v,

(VAP +AT)—
vi(s,r) = (s, x) := sup Eg,x,1[—/ e "MdK, — e P AK, Iy crpon s—o))
KeA° 0

+e (0, Xo) Lyyerpor s ai—cy + € 7 9(Xo-) Tiy—(5—ynop <1 | -
Note that, starting from (s,z) € S', we have Z, = v +con {v < T AP T A (5 —¢)}.

Proof: On [0, D], we havevg(x) < vo(D) 4+ (x — D) /(1 — ko) < vo(D) + (z — D) /(1 — k1).
Hence, by Equation 2.13, on 8!, v; is less or equal to 0.

For any K € A°, consider the strategy K such that K = K, for all s < § — <, and

Koo = (Xo—9 = D) /(1= k1), ifs=6—q,
Ks = KgD,+ - (XQD,+ - D)/(l - /4;1), if s = QD’+,
K, otherwise.

Then, (Z, K ) € A and, if we denote by X the process X controlled by K, T its bankruptcy
time and 077 its associated hitting time of D. Notice that we have P+ = P and T =T.

Therefore, we have
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l//\éD’+/\T - - iD,+ ~
vi(s,z) = E[ B /0 e PdK, + e (S, XV)I[{V<T~/\9~D7+} +e UO(XéD’+)]1{éD’+<T/\V}:|

(vAOP-+TAT)—
= E[ — / e_ptth - e_pV(AKV - Ul(Ey, XV))H{V<T/\9D,+/\(5_§)}
0

_ (gD, _
+e p(OPTA(S §))g(X9D7+/\(§_<))Il{@D,+/\(5_<)<T/\1/}:|’

Therefore, vi(s, ) > 1(s, x). O

2.4 Analytical properties of the value functions

In this section, we study the limit of the value function on the domain boundaries, establish
some monotonicity results and prove that the value functions are continuous.

Proposition 2.2. The function v, satisfies the following limits on the boundary of S*:
i) limpo Sup,ep,py [v1(0 — b, z) —v1(6, 2)[ = 0, and v1(5, z) = g(x), for all0 <z < D,
i) limp,yov1(s, D — h) = v9(D) = vi(s, D) for all 0 < ¢ <4,
iii) limpov1(s, h) exists for all 0 < ¢ <.
Proof: We first note that g(z) < vi(s,z) on S'. Indeed, if x > D —wvy(D)(1— k1), we consider
a strategy K such that AKy = (D —z)/(1 — k1) and obtain
v1(s,2) > —AKo+ vo(x + (1 — k1)AKy) = —(D — ) /(1 — k1) + vo(D) = g(x).

Otherwise, if © < D —vo(D)(1 — k1), g(x) = 0, and obviously v;(s,z) > g(x).
Let 0 <h < dand 0 < e < z. Define v = h AOPT A95~. From Corollary 2.1, it follows that

vi(d —h,z) = sup E[ - / e PdI; — e " (AK, — Ul(EuaXl/>>]1{u:9€’—<h/\9D’+}
0

(Z,K)eA

+€7p9D’+g(D)]l{gD,+§h/\9e,—} + €7phg(Xh>]l{h<gD,+}] .
Hence, if we define the process X := (D A Xi)y>0 and set

Op(z) = ;UEO Es he [e_py(—Ku +9(X,) + v1(Zpe-, 5)Il{u:c9€’*<h/\9Dv+}>i| :
c

we obviously have that v1(d — h,z) < 0,(x). Also, it is clear that g(x) < ().
It only remains to show that o, (x) converges to g(x) uniformly in x, as h — 0. In order to
do so, first note that

9(X)—K, < glot / (WX ds + o(X)dW,).
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Consequently, it follows from Proposition (2.1) that there exists C' > 0 such that

op(z) < IESEOE[ g(x /y( (Xs)ds + o(X )dWs))+C’]1{,,de,_<h}}

< g(z) +1 sup E‘ / s)ds + o(Xs)dWs)) + Cﬂ{y:96,7<h}’.

— R1 KeA0

It follows from the linear growth assumption (2.3) that sup, |u(X;)| + |o(X,)]| is finite since
X, < D for all s < v. Sending h — 0, we find

lim sup |op(x) —g(z)] =lim sup sup P(6°" < h) =0,
h=0 4e[0,D] h—=0 3¢[0,D] KeA°

by standard SDE bounds. Concluding, the inequality

lim sup |v1(6d —h,z) —v1(0,z)] < lim sup |v x
im sup (6~ h.a) ~(8.0)| < i sup [in(e) — g(o)]

and the fact that g(x) = v1(0, x) give the desired result.
We skip the proof of the second limit as it could be done similarly.
To prove that lim, o v1(s, ) exists, note that for x <y < D

T
sup Ec.n (/ e P(dZs — dKS))
(Z,K)eA :AKo=(y—z)/(1—r1) 0

= —(y—2)/(1 — K1)+ sup E (/OT e " (dZs — sz))

(Z,K)
= —(y—2)/(1— k) + vi(s,p). (2.15)

v

v1(s, )

Consequently, the function y — vi(s,y — # is non increasing on [0, D]. Especially, this
gives that vy (¢, 0+) exists. O

Proposition 2.3. For any x € [0, D], the function vi(-,x) is non-increasing on [0, ] and
for any < € [0, 0], the functions vy and v,(s,-) are non-decreasing respectively on [0, D] and
R*.

Proof: For x € RY, we denote by X* the unique strong solution of equation (2.2) such that
X& =ux. Wealsoset T =inf{t >0: X¥ <0} and 02" :=inf{t >0: XF > D}

Monotonicity of vi(s,-). Let ¢ € [0,0], 0 <z <y < D and notice that 77 > 6%, If we
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set v = inf{t > 0: X7 = X/} AOD", from equation (2.13), we have

vAT®
vi(s,z) = sup Ec,; [ — / e P dK, + e vy (2, Xff)]l{l,<Tz}]
(Z,K)eA 0
vAT®
< sup E(,x,l |: - / eipt th + eipylvl (E'w ngxl)]l{u<TI}i|
(Z,K)eA 0
< U1(§, y)a

because v AT* < v ATY and XJ = X/ on {t > v}.

Monotonicity of vg. It is clear that, as distribution of dividends is allowed for X greater
than D, we have v(y) > vo(z) + (y — x)/(1 + £') > vo(x) for any D < z < y. Now, let
0 <z <y < D and set again v = inf{t > 0: X} = X{} A9, From equation (2.12), the
prohibiting of dividend distribution below D and the monotonicity of v;(0, -), we have

UATNT?®
vo(x) = sup E,p [/ e P d(Zs — K) + e "o (X)) Lpcrnrsy
(Z,K)eA 0

+e Ty (07 X;]-c) H{TSV/\TT}] .

vATAT®
< sup Ez,o [ o / e PdKs+ e oy (Xg>ll{l/<7/\T}
KeAo 0
+€7PT’U1 (O, Xg) ]I{TSI//\TE}] .
< wo(y).

Monotonicity in duration. Let x € [0, D] and 0 < ¢; < ¢ < §. Let € > 0. By re-writing the
dynamic programming principle (Corollary 2.1), we know that there exists K* € A% such
that, if we set = P+ AT, (associated to the pair (2, X) started at Zy = ¢ and Xy = )
then we have

0
’U1<§2,ZE) < EQ,IJ[ (—/ e_ﬂtdK: + G—PGD’+UO<D)) ﬂ{9<5,<2}] (2.16)
0

(6—<c2)~
‘|‘Eg2,a;71[ (_/ €_ptdK£k + 6—0(5—€2)9(X5_g2)> ]1{9:5,§2}] + €.
0

If we apply the same strategy, up to time 0 — ¢y, to the pair (Z, X) starting from the
state (¢1,2) and then issue capital up to D at time d — ¢, we obtain

0
vi(s1,z) > IEQJM[(—/ e_ptdK:Jr@_P@D,*UO(D)) Il{9<57§2}:|
0

(0—c2)~
"’Eq,x,l[ (—/ e—ptth* + e—p(é—@)g(X(;_Q)) ]1{9:579}}
0
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which is equal to the right side of (2.16) (up to &) because the coefficients p and o are
time-independent. Therefore, we get

v1(S2, ) — v1(s1,2) < e, foranye >0,
which concludes the proof. O

Proposition 2.4. The value function vy is continuous on S', and vy is continuous on S°.

Proof: vy is obviously continuous on S° because, from Proposition 2.3 and equation 2.12, it
satisfies the following inequalities:

—(y —2)/(1 — ko) + vo(y) < wo(x) < wply), forallz<yeS°.

We turn to the continuity of v;. Once again, by monotonicity (see Proposition 2.3) and
inequality (2.15), v;1(s, ) is continuous, uniformly in ¢. So we only need to prove that for
each z € (0,D), vi(-,x) is continuous on [0,0]. The right-continuity of vy(-,z) at ¢ = ¢
follows from Proposition 2.2.

Let x € [0,D] and 0 < ¢; < g2 < 4. Let ¢ > 0. From Proposition (2.3), we have vy (s, z) —
v1(s1,2) < 0. By the dynamic programming principle (Corollary 2.1), we know that there
exists K* such that, if we set = 02T AT for the pair (2, X) started at 2y = ¢ and X = =,
then we have

0
Ul(Cl,iU> < ]E|: </ —efptth* + €P9D,+,UO(D)) ﬂ{0<5—§2}]
0
(6—c2)~
+E[ / —e K] + e 0701 (6 — (¢ — 1), Xo—,) 11{9:5—<2}] +e
0
From the dynamic programming principle again, we have
0 b
v1(se, ) > E[ (/ —e UK e UO(D)) ]1{9<5_§2}}
0
5
+E[ / e K] 4 e PO g( X5 ) 11{9:5_9}}
0
Therefore, we get

v1(S2, @) — vi(s,T) > E[efp(éfgg) (9(Xs5-,) —v1(6 = (2 — 1), Xs5-o,)) ]1{0:6—@}}

As in the proof of Proposition 2.2, we can prove that for ¢ going to ¢, sup,e¢p pjl9(z) —
v1(0 — (&2 — 1), )| = 0, so that |vy(s2, ) — v1(s1, x)| converges to 0 as ¢ — ¢1| — 0. O
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3 Viscosity solution of variational inequalities

3.1 Variational inequalities

In the next section, the value functions v; are shown to satisfy, in the viscosity sense,
the following system of variational inequalities, associated to the Dynamic Programming
Principle presented in the previous section.

0 = min (pvo — Lvg — T (vo, v1), 1o, 0y + Ljp 4o0) [v{) 1 i H/] : 150 — v6> on ‘520, (3.17)
0 = min (pvl—ﬁvl—%—?,ﬁ—%> on 50'1, (3.18)

0 =min (Ul, A f’g—) on [0,6) x {0}, (3.19)

0 =min (U()(O), S ug(())) (3.20)

where Si is the interior of S* and we have set

ov 1 0?
Lv = u(x)a—; + 502(1:)8—;2) and  J(v,w) = Mo pj [w(‘, 0) — U]

Recall that we have set
g(x) = max(vo(D) — (D — z)/(1 — k1),0) on [0, D].
The value functions v; satisfy the following boundary conditions:

v1(s, D) = (D) for ¢ € (0,4], (3.21)
v1(d,z) = g(x) for x € [0, D]. (3.22)

3.2 Viscosity property and comparison theorem

We start with proving that (v, v1) is a viscosity solution to the previous system of variational
inequalities.

Proposition 3.5. The value function v := (vg,v1) is a viscosity solution of (3.17)-(3.22).

Proof: The proof of Proposition 3.5 is postponed in the Appendix.

We now turn the uniqueness property.
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Theorem 3.1 (Comparison Theorem). Let u; (i = 0,1) be a nonnegative viscosity subsolu-
tion of 3.17-3.20, satisfying 3.21-3.22, and w; (i = 0,1) a nonnegative viscosity supersolution
of 8.17-3.20, satisfying 3.21-3.22. Then, u; < w; (i =0,1) on S.

Proof: The proof of Theorem 3.1 is postponed in the Appendix.

4 Optimal strategies description

In this section, we describe the following regions of the state space:

, 1
K° = {ze8": vy(z") = T KO}
(%1 1
KL= {zel0,D]: S =——} K'= | ({shx k)
) Ox I=r 5€[0,0] '
L 1
D = {ZE[D7+OO): UO(Z ):1_'_/{/}
Cl — Sl \ ’Cl
c’ = (/CO UD)C

for all ¢ € [0,d]. The set K’ represents the region where it is optimal to inject capital in
S' and D is the region where it is optimal to payout dividends in S°. The set C’ is the
continuation region, where it is neither optimal to inject capital nor payout dividends.

In this section, we turn to the complete resolution of our problem, i.e. obtaining a complete
description of the continuation, dividend and capital injection regions enabling us to fully
describe the optimal policies. To do so, we shall consider the case in which p and o are
constant. This complete qualitative description of different regions may only be obtained
by introducing an optimal stopping time on a related reflected diffusion process. Solving
this optimal stopping-time problem allows us to characterize the optimal issuance of capital
policy during the grace period.

4.1 Optimal strategies during default

We first recall that as part of the debt covenants, the firm is not allowed to pay out dividends
when its debt-to-assets ratio is greater than one, which is the case when the firm is declared
in default.

We now begin by recalling the function g and introducing the following function h defined
on R*:

g(x):(vg(D)— ! (D—x))+ and  h(z) = — (x+ﬁ).
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We also define the following threshold:

2} 3= (1= ) ((D) = (D)) = D+ = = (1= s )up(D). (4.23)

Proposition 4.6. Assume that 7 < 0 then we have vi(s,z) = g(x) on 8! and K' = S'.

Proof: The pair v; = g and vy is a viscosity solution of (3.18)-(3.22). O

Throughout the rest of this section we shall therefore assume that

£} > Oie. (D) < h(D) = - ! (D + ﬁ) | (4.24)

— kR P
In this case, h is an upper bound for v;:
Lemma 4.1. For all (s,x) € S, we have v (s, z) < h(z).

Proof: 1t is easy to check that the function h is a supersolution of (3.18)-(3.19) with (3.21)-
(3.22). O

Lemma 4.2. For all s € [0, 9], we define z75(<) as the smallest solution of the equation

D—z

]_—Iil

vi(s,z) = g(x) = (UO(D) — > on [0, D]. (4.25)

We have the following results:
i) We have (23(s), D] C K! and

1
1—/431

ri(6) = supfa € [0.D): P %) <

1.

ii) For all ¢ € [0,0), xi(¢) > min(z], D).
iii) The function ¢ — z75(<) is non increasing on [0, d].

Remark 4.2. Lemma 4.2, points i) and ii) clearly state that when in default, at any given
time ¢ before &, there exists a threshold x7;(<) for the assets value above which, it is optimal
to ingject capital to move the firm’s assets value up to D and get out of default.

In Point ii1), the threshold x75(<) is proved to be non increasing in . Economically, it means
that the more time the firm has before the end of the grace period, the more patient it should
be. In other words, when it is still far from the end of the grace period ¢, it is optimal to
wait until the firm’s assets value is close enough to D before injecting more capital to get
out of default.
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Proof: As, vi(s, D) = vo(D), there is in fact a smallest solution z75(s) to (4.25).

We first prove assertion 7). As the function z — v (g, 2) is increasing, for any y € [z} (<), D]
we have

Y 8’01

o) < vrlsey) = ws.ai(e) + [ T G S u i) + N

Hence, v1(s,y) = g(y) on [z3(s), D] and that proves assertion 7).
Recall that 27 > 0. By contradiction, assume that there exists ¢ € [0,6), such that
z1(s) <y = min(z], D).

We notice that

01(6,5) > 10(D) = 2— L > min(u(D), —L—) > 0.
TEY 1—ry — "p(1 — k)

Therefore, we deduce from the monotonicity of v; with respect to ¢ that there exists n > 0
such that

vi(s,z) =g(z) >0  on(s,c+mn) X (¥, —n,9))
The above leads to a contradiction as, on (5,5 +n) X (y; —1,y]), we obtain
vy P

< Lo — L= — %) <0,
0< —Lu e l_m(x 1) <0

Consequently, we have shown that zj(s) > y] = min(z], D).

Finally we prove that the function ¢ — z7(<) is non increasing on [0,4]. Let 0 < ¢y < ¢ <9
and define the following function on S*

v1(s, ) if ¢ <¢porx<xi(s)

Vis,z) = { vo(D) — (D — x) if ¢ > ¢p and x > 273 (sp) (4.26)

We can check that V is a continuous solution of equations (3.18)-(3.22) on &' so V =
and z3 (<) < z3(s1)- O

Remark 4.3. On one hand, we have shown that, for any ¢ € [0,0),
1(s) = min (z7, D).
On the other hand, it is easy to check that

27(6) = (D — (1 — k1 )vo(D)) " < 2}
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Hence we may have a jump in the optimal threshold ¢ — x73(s) at time §.
Remark 4.4. If D < z7 then x3i(s) = D for any s € [0,0).
The following lemma is a direct consequence of the monotonicity of v(-,0):

Lemma 4.3. There exists a threshold ¢* € [0, 8] such that
01(6,0) >0 for0<¢<<¢" and v1(5,0)=0 for¢" <g¢ <.

In order to give a complete description of K, we will prove that the value function v;
corresponds to an optimal stopping problem.

Due to the previous lemma, we can define the following auxiliary optimal stopping problem.
For (¢,z) € [0,6) x [0, D], we first introduce a pair of processes (X*, K*) with the following
dynamic:

dX] = pdt + odW, + dK;, Xi ==z, K =0. (4.27)

where X; > 0 for t € [¢,¢*] and K* is a non-decreasing process which satisfies

t
/ Lix:—pdK; = K, forall 0 <t < (¢"— §)t, and dK; =0, for (¢* —¢)T <t <§—c.
0

(4.28)
We now define the following optimal stopping problem:
1 VAON(s* —¢)T
w(s,x) := sup E[e‘p”Aeg(XjAg) — / e PdK |, (4.29)
v€To,5—¢ - K1 Jo

where we have set 6 := 07T A 0~ with
0P =inf{s >0: X >D} and 6% :=inf{s>¢": X! <0}

We now give the following theorem which allows to fully describe the capital issuance
region K when the firm is in default. The corresponding continuation region C! may equally
be obtained.

Theorem 4.2. We have v1 = w and
Kt = 0,¢") x {0} U{(s,2) € St 2> a%(s)} (4.30)

Remark 4.5. Theorem 4.2 states that the capital issuance region includes two disconnected
domains.

e The first domain which corresponds to Ki :={(s,z) € 8': = > x3(s)} is as described
in Lemma 4.2 and Remark 4.2. When in that domain, it is optimal for the firm to
increase the capital by D — xz75(<), net of issuance cost.
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e The second domain is defined by K} := [0,¢*) x {0}. While in default and the firm’s
asset value goes to zero, if there is enough time, i.e. ¢ < ¢*, it is still optimal to
imject capital to keep the firm afloat, i.e. to keep the firm’s assets value just above zero
and avoid bankruptcy. The assets value process may evolve favorably and reach K.
However, at ¢ > <*, there is not enough to reach K1, it is therefore optimal to let the
firm go bankrupt.

Proof: We first prove that w < vy. Let (¢, z) € S!. We define the following process
Kt = K:/\’T* _|‘ (D - ZET(C + T*))ﬂ{tET*}a

where we have set
=inf{t >0: X; >aj(c+1)}

We can check that K € A" and therefore, the dynamic programming principle leads to:

TAOD+
01(6,0) 2 B [ (T AP Xpgo) = [ K] = wisn).
0

In a second step, we prove that w > v;. By construction, it is easy to see that w satisfies
(3.21)-(3.22). To prove w > vy, we can therefore show that w is a supersolution of the HJB
equation (3.18)-(3.19). We first prove that

ow 1
— <
8x_1—/<;1

in the viscosity sense. Let (¢,z) € [0,0) x [0,D) and h > 0 such that x +h < D. Let
¢ € C2(8Y) such that ¢ < w and ¥y (s,2) = w(s,z). We define the pair of processes
(X" K*M) with the following dynamic:

AX;" o= pdt + odW + lyeydK; ", X2 =2+ h, K" =0.

where X*" > 0 and K*" is a non-decreasing process which satisfies
t
/0 ﬂ{X;,hZO}dK;"h = K", forall0 <t <0é. (4.31)

From the uniqueness of solutions of the stochastic equation (4.31), we have X*" > X*. Let
o = 0" A 007 with

0T =inf{s >0: X*">D} and 6% :=inf{s>¢: X" <0}
If we set 0" :=inf{t > 0: 2 +h + ut + oW, = 0}, we have

*,h . e *
K + = Kt/\(g*fg)+ -

tA(c*—¢) tAB) T A(s*—¢)+
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for t <0 —¢, and

X - Xy =h—-K;

NOY T A(s* =) F

for t < 9.
Let € > 0. There exists 1" € Ty 5_. such that:

w(s,z+h) < E [e_pew’_w(Xe* o, ) A{unngnsgro—y + e_pVhAehg(X*h}i\ah)ﬂ{vh/\eh<6* 0.~}

1 VR AP A0 = A(s* —)T
— / e’deK:’h] + €
1— K1 Jo

Moreover, it follows from the definition of w, that

—prhngh * 1 HAORATOTAS =) —ps *
’LU(§,ZI?) 2 Ele g(XVh/\gh)]l{Vh/\ghgg*,O,—} — 1 o e dKS .
- 0

Therefore, we get
w(s,z+h) —w(,z) < E[e O (070 Xg*0 Jgunpgh>ge0.-y
_pyh/\eh < Vh/\Hh — (X:h/\gh)> :[l{yh/\ghgg*,o,f}}

v AP NGO A (6F —<) T
/ e*PSdK;} e (4.32)

since v; > w. As, for all (y,y') € [0, D], g(y) — 9(v/') < (y — ¢') (1 — k1), we get

]_—:‘431

— ol AR *, "
E|e?"" (9(Xl,hhwh) - Q(th/\eh))ﬂ{uhAehge*vof}]

1 —prhngh * "
1 _ K/IE |:€ P N0 (XI/;L};\Q}L - leh/\eh’) ]l{yh/\ghge*,o,f}]

1

].—Hll

<

<

E [ (h— K*) ﬂ{ywhsg*,o,f}} .

where we have set 7 := v® AG* AG*O~ AG)T A (¢* —<)T. Furthermore, from (2.15), we find

h— K.

E e_pe*,o (0* 0,— 9* O )]I{Vh/\gh>9* 0,— }:| S E |: 1
— K1

Lignsooy|  (433)
Plugging this in inequality (4.32), using the fact that ¢ < w and letting € go to 0, we obtain

h

b+ h) — (1) < Blh— Kt [ eran:] e
0

IN

(4.34)
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In particular,
1 0
min (w, 1——/4;1 — 8_15;)) > 0 on [0,6) X {O}
since w > 0.
Now, we turn to the proof of w being a supersolution of (3.18). Let (¢,z) € S! and
Y € CH2(S1) such that ¢ < w and (s, z) = w(s, z). We already know that

0 1
R

1-— K1 ’
Assume that there exists n > 0 such that
pi(s, o) = LY(,z) < —n. (4.35)

Since 1) € C2(S?), we can assume that there exists € > 0 (e < min(z, D — 2,¢,8 — <)) such
that the above inequality is also satisfied for all (s, z) such that |z — z|? + |s — ¢| < €. Let
6=inf{t >0:|X;—x]>+|t—<|>€}

By 1t6’s Formula,
0
Bla) = Bona [P0l 0.X5) 4 [P puls + 0.X7) — Lols + 8 X))
0

0
- [Cemiter txnar]
0

< Bt [e (s + 0, X5) — gu —e ).

< Ecza [e_pew(g +6,X;) — Q(l — e_”e)]
P

From the DPP, we have

1 0
/ et th*].
1 - /{/1 0

U(s,x) =w(s,z) > Ecuq [e_pew(g +0,X;) —

= E..1 [e‘pew(g +46, Xg)] )

It leads to a contradiction since Ee ” < 1. Therefore w is a supersolution of the HJB
equation (3.18)-(3.19), (3.21)-(3.22), and from the comparison Theorem (3.1) we know that
w > vy. |

4.2 Optimal strategies before default

We first turn to the complete description of the dividend region, which is a given interval
D = [zd, +00).
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Lemma 4.4. Dividend region
There exists a threshold & > D such that D = [z, +00). If vo(D)
else x¢ is the unique solution in (D,~+00) of the following equation.:

d _
> (1+lf$/)p then zfj = D

I

Moreover, on (D, +00), vy is twice continuously differentiable.

Proof: First we assume that vg(D) <
there exists z¢ > D such that

u . : . .
(FOre As vy is continuous and increasing on [0, +00),

dy _ M
puo(xp) = 11w
Now we define the following function
vo(x) if z < xd
V(t,z) = . Owd) o (a . 0 (4.36)
7 0 o(xf) if x > xf

We can easily prove that V' is a viscosity solution of equations (3.17) and (3.20) then V' = vy.
If vo(D) = 7z, we can show in the same way that vo(z) = vo(D) + 7 (x — D) for all

x > D. Hence, D = [D, +00).

We turn to the proof of concavity on (D, +o0) for the function vg. From equation (3.17),
we deduce that on (D, zd):

1
3070 < pvo — e
< 1
v J—
> Plo Ml T
< 0.
As g is linear on [z, +00), vy is concave on (D, 4+00). O

Lemma 4.5. Capital issuance out of financial distress region
We have K° N (D, +o0) =0

Remark 4.6. The above Lemma /.5 states that when the firm’s assets value is strictly
greater than D, it is not optimal to inject additional capital, which is coherent with the
results obtained by Lokka and Zervos [16] in the case when D = 0.

Proof: Assume, by contradiction, that K° N (D, +00) # ). From the concavity of vy on
(D, +0c0), we deduce that there exists zg > D such that (D, z) C K° N (D, +00). We then

h
ave 1

1—/€0

vo(D) = vo(z) — (x — D) on (D, ).
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From equation (3.17), it follows that

0 < pu(D)+ (p(x = D) —p)

1 — Ko
Moreover, it follows from Proposition 4.4 that vy(D) < T
1

7 on (D, 400). Hence we obtain

else we should have vj(z) =

(K" + ko) p
0= “Gimiony TPk

It leads to a contradiction when letting x go to D.
OJ
We now turn to the description of the capital issuance region K°. We will separate several
cases depending on the value of z7.

Proposition 4.7. We consider the case x7 < 0. then we have

D—=x
1 — Ko

o

KO =(0,D) and vo(z) = go(z) := (UO(D) —

)+, for xz € [0, D]. (4.37)

Remark 4.7. In Proposition 4.6, when z; < 0, we have K' = S', i.e. K! = (0,D)
Vs € [0,0]. The above Proposition 4.7 states that when the firm’s value is below D but still
not in default, the optimal strategy is to straightaway inject capital and not take the risk of
being declared in default given the higher issuance cost when in default.

Proof: From Proposition 4.6, we know that if vo(D) > h(D) then v(t,z) = g(z) on S*.
It follows that the function go is solution of the HJB equation (3.17) and (3.20). From the
comparison Theorem 3.1, we deduce that vy = go on [0, D] O

Proposition 4.8. We consider the case 7 > 0. We define xf; as the smallest solution of
the equation

D—x

1'—*K0

v0(z) = go(z) == (v()(D) - >+ on (0, D). (4.38)

We then have [z, D) C K° and z}, = sup{z € [0, D] : vj(z) < —=1.

1—ko
Furthermore, if 7 > D -1-% (M)} then we have x} = D.

1—ko
Proof:
We assume 2} > 0. Notice that we should have go(xf) = vo(zf;) > 0. For any y € [zf, D] we
then have i D
* y—r —Y
9o(y) < voly) < wo(ap) + T—— = vo(D) — < 90(y)-
1 — Ko 1-— Ko
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Hence, vy(y) = vo(D) — 2=% on [zf, D] and that proves the result.

1—ko

We now assume zj > D + £ (%), Le. pug(D) < £

We can easily show that zjy = D. Indeed, if there was an ¢ > 0 such that (D — ¢, D) C Ky,
we would have vy(z) = go(x) and H(x) := pvo(z) — Lug(z) — T (vo(z),v1(0,2)) > 0 on
(D — ¢, D). However it would lead to a contradiction because H(D) = pvo(D) < ——£= <0

1—ko

and H is continuous.
OJ

5 Numerical results

5.1 Numerical procedure

There are two main difficulties in numerically solving the system of variational inequalities
by finite difference methods. The first is due to the boundary conditions in S'. However, if
v(D) is known, we can use Theorem 4.2 to solve this part of the domain as a stopping time
problem with a reflected process at 0. The second difficulty is the coupling between regions
S% and S! through the value v(D). Consequently, the numerical procedure we propose
consists in a fixed point problem around v(D). Given v(D), each parts of the domain can be
solved independently. It then remains to check if the variational inequality is also satisfied
inx=2D.

The procedure is as follows.

First step: For a > 0, let v¢ be the solution of the following variational inequality on S*:

min (pv — Lv— g—z, gt — v) =0 on S, (5.39)
1
min (U, 1_—,{1 — %) =0 on [O, 5) X {0}, (540)
v(d,x) = g%x) for z € [0, D], (5.41)
where ¢%(z) := (a — f)_;;l")*. To solve this system numerically, we can use explicit finite

differences to solve the system by comparing at each point in time ¢ the solutions with the

boundary conditions v%(s,0) = 0 and 24 (¢, 0) = =, and keep the largest solution of the

oz
two at each point in time.
Notice that we have

For any b > a, vf < vll’, on St.

Indeed, for b > a, it is easy to show that v® is a supersolution of the previous HJB equation
and so, greater than the solution vf.
It follows from the Lipschitz property that:

For any b >a, 0<v’'—v{<b—a, onS. (5.42)
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Second step: Compute the solution of the following variational inequality on [0, D):

1
min (pv — Lv — J(v,v7]), T v') = 0Oon (0,D), (5.43)

min <v(0) —U'(O)) — 0, (5.44)

v(D) = a (5.45)

71—50

As before, this can be solved numerically by considering the boundary condition v(0) = 0
and v'(0) = ﬁ, and select the largest of the two. We denote by v§ the solution on [0, D).
Once again we have

For any b > a, v <wvj, on [0,D].

Indeed, for b > a, it is easy to show that v} is a supersolution of the previous HJB equation
and so, greater than the solution vg.

Now we can use the property (5.42) to prove that, for b > a, v§ + b — a is a supersolution of
the HJB equation satisfied by v. We obtain that

Forany b>a, 0<uv}—vi<b—a, onl0,D). (5.46)

Third step: Compute the solution of the following variational inequality on (D, c0):

1 1 ,
R —v) = 0Oon (D, o0), (5.47)
v(D) = a. (5.48)

min <pv — Lv, v —

We denote by v§ the solution on (D, 00). Once again we have
For any b > a, vf < vg, on SY.

Indeed, for b > a, it is easy to show that v is a supersolution of the previous HJB equation
and so, greater than the solution v{.

Now we can use the property (5.42) to prove that, for b > a, v§ + b — a is a supersolution of
the HJB equation satisfied by v§. We therefore obtain that

For any b >a, 0<v)—vi<b—a, onS" (5.49)

Fourth step: Find the unique value of a that solves the equation v§(D) = a. We have just

proved that a — v§(D) — a is a Lipschitz and nonincreasing function. We obviously have
v)(D) > 0. Now we want to determine lim, ;o v3(D) — a. Let a > max (E%; D) and, on

S°, define the function 1 by

a

Vi) =

(px + pu) -
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With a large enough, we can check that uiapa €[5 jﬁ,, 1_1,%]. It follows that * is a superso-

lution of HJB equations (5.39)-(5.48) and then
vi(s,r) <P*(x), onS' and v§(x) <%(x), on S

Hence, we get

(D) —a< - (a-D)<o. (5.50)

We can conclude that there exist solutions to the equation v§(D) = a and that they belong
to [0, max (#p; D)] According to the comparison result (see Theorem 3.1), there exists a

unique solution that can be found by dichotomy methods.

5.2 Numerical illustrations

We present in this section a number of numerical examples that illustrate the above theo-
retical results. Figure 1 gives an example of a region S! in which there is no reflection at
x = 0 in S!, but the optimal capital injection happens before x = D. The effect of x; on
the capital region is illustrated in Figure 2 in which we see that larger values of x; make the
region smaller and more to the right.

0.5

0.4

03 F

time

0.2

0.1r

X

Figure 1: Optimal strategy in S'. Parameters are D = 2,6 = 0.5, kg = k1 = & = 0.1, \ =
5,1 =0.05, p=0.1 and 0 = 1. The black area represents the region where it is optimal to
inject capital in S!, ie. v! = g.

On the other hand, Figure 3 shows the case where it is only optimal to reflect the process X
on the boundary z = 0 and ¢ € [0,¢*], as defined in Lemma 4.3. For this particular choice
of parameters, it is not optimal to inject capital for other values in S'. We notice that for
values of k1 = 0.07 or less, the reflection of the process X is for all ¢ € [0, J].
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0.5

0.4

03[

time

0.2

0.1

Figure 2: Boundaries of the optimal strategy in 8. Parameters are D = 2,6 = 0.5, kg =
k'=0.1,A=5u=0.05 p=0.1and 0 = 1. The values of the parameter k; varies from
0,0.05,0.1,0.15,0.2 to 0.25, from left to right in the figure.
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11F

Derivative
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Time

Figure 3: Value of W for various values of k;. Parameters are D = 0.2, = 0.3,k =

0.1, = 0.01,A =5, = 0.05, p = 0.1 and 0 = 1. The values of the parameter k; varies
from 0.07,0.08,0.09,0.1 to 0.11, from bottom to top in the figure. Circles show the value ¢*
of Lemma 4.3. The largest value of the derivative is ﬁ for ¢ € [0,¢*].

Figure 4 shows how the value function v° depends on the debt level D. The value function

at the point xd starting at which it is optimal to issue dividends is shown to equal m,

which is independent of D (see Proposition 4.4).
Figures 5 and 6 show the derivative of the function v° on S° for varying values of D. For
D =0.1,0.2 or 0.3, (Fig. 5) it is optimal to inject capital only at = 0. It is never optimal

to inject capital for the other values of D considered (Fig. 6). Furthermore, note that the

derivative of the function goes below the value ; jn/ = 0.909 for some values of z less than

D, for D =0.6,0.8,1 and 1.5. This is only possible because it is not permitted to distribute

_1
1+k/

dividends for those values of z < D. In other words, the constraint vj(z) > does not

apply.
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Figure 4: Sensitivity analysis of the value function vy(z) in terms of D, taking values in
{0.1,0.2,0.3,0.4,0.5,0.6,0.8,1,1.5} (from left to right in the graph). Other parameters are
fixed to 6 = 0.3,kg = k1 = 0.25,x =0.1,A =1, = 0.07, p = 0.1 and o = 0.3. Blue squares
represent the value function at = D. Dashed line is at level ——£—=, the value at which it

p(1+k")
is optimal to pay dividends, independent of the value of D.

Figures 5 and 6 correspond to sensitivity analysis of the derivative of the value function vy in
terms of D. Other parameters are fixed to § = 0.3, kg = k1 = 0.25,x' = 0.1, A =1, u = 0.07,
p = 0.1 and 0 = 0.3. Dashed lines are at levels ﬁ = 1.3333 and ﬁ = 0.909. Blue
squares represent the value of the derivative at x = D.

0 0.1 0.2 0.3 0.4 0.5 0.6

Figure 5: D takes values in {0.1,0.2,0.3} from left to right.



Optimal dividend and capital structure with debt covenants 28

I
0 0.2 0.4 0.6 0.8 1 12 14 16

Figure 6: D takes values in {0.4,0.5,0.6,0.8,1,1.5} from left to right.

Appendix A : Proof of Proposition 3.5

Proof: Equations 3.21 and 3.22 have been proved to be satisfied in Proposition 2.2.
The proof of the supersolution property is classical, so we omit it and focus on the subsolution

property.

Let (s, z,y) € St x 8% Let ¢y € C%(S8°) and ¢, € CH2(S?) such that ¥ (s, z) = vy (s, z),
Yo(y) = vo(y) and ¢; > v;, i = 0,1. We have to prove that (i, ) satisfies (3.17)-(3.20)
with = replaced by > . Suppose that it is not true:

Case (1) Assume that the inequality coming from (3.17) is not true for some z > 0.
There exist 7 > 0 and 0 < € < min(z, 1) such that for all y satisfying |x — y| < e,

po(y) — Lo(y) — A(vi(0,y) — ¢o(y)) > n and (1 — ko)p(y) <1—nify <D,
pto(y) — Lio(y) > n, (1 + &)i(y) > 14+ n and (1 — ko)y(y) < 1 —n otherwise.

Consider £y = x + € and €9 = = — € (as positive constants), and set § = inf{s > ¢ :
| X? — x| > €}. Let £ =inf{s > 0: I, = 1}, and notice that | Xy — x| = € on {6 < £}, for any
(Z,K) € A. Recall that dZ; = 0 on {X; < D}. Consequently, (1+x")}(Xy)dZ; > (14n)dZ;,
for all ¢ > 0. We can therefore show that

ONE
E.o0 [/ e (dZ; — dKy) + e ug(Xp) Ljpey + €01 (0, X9)1{§§6}}
0
ONE ONg
< E.po { / e P dZ, — dK;) + e PO ho(Xgne) + / Ae P (Yo (X;) — v1(0, Xi))1ix,<pydt
0 0
ONE ONE
< o(x) —nE, {/ e Pldt +/ e "(dZ; + th)] . (5.51)
0 0

By considering ¢(y) = C((y—x)*—€?), for some positive constant C' < min (4, m),
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we find that

Ce® = Eao e ”0(Xp)lip<ey — o(2)]

E
ONE
E.o [/ e Pt (—(p + Mx,<py)(Xy) +2Cu(X)( Xy — ) + Caz(Xt)) dt
0
ONE
+/ €7pt20(Xt — l') ((1 — /io)th — (1 + HI>dZt):|
OnE ’ OnE
S Em,O |:/ €_ptdt +/ €_pt(dZt + th) .
0 0

By taking a supremum over (Z, K) € A in (5.51) and applying the dynamic programming
principle (2.12), we find the contradiction:

vo(z) < tho(x) — nCe® < o(x) = vo(x).

Case (2): Assume that inequality associated to (3.18) is not satisfied.
There exists n > 0 such that

p1(s, ) — Ly(s,z) >n, and (1 — /il)aai(q x) < 1—mn. (5.52)

Since 1h; € C12(S?), we can assume that there exists € > 0 (¢ < min(z, D —z,¢,8 — <)) such
that the above inequality is also satisfied for all (s, z) such that |z — 2z + |s —¢| <ee.

Consider €1(s) = z++/€ — (s — <) and 5(s) = x—/€ — (s — ), for s < ¢+e€, €1(s) = e3(s) =

x otherwise. Let (Z, K) € A. Then, if we set 6 :=inf{t >0: |Xx—x|2+_t—g > ¢}, we have
| Xy — z|?> = € — 0, by definition of A. Furthermore, § < T AP+ and | X; —z|* + 5 —¢ < €
for all t < 6.

By It6’s Formula,

0
i(s,2) = Eqzn [efpewl(E(a,Xe) +/ e P (pn (Zg, Xy) — L1 (S, Xy))dt
0

[}
9
—/0 e (1 — )%@t,xt)dm

- Z e (1 (B, Xoe + (1 — m1) AKY) — 1 (2, X)) |-

0<t<0

Due to (5.52), (1 — ml)awl (B, Xi) <1 —mnand 1 (E, Xoe + (1 — k1) AKL) — 1 (5, X)) <
(1 —n)AK;. Consequently,

0
(s, x) > Ecun [ — / e "dK, + e’p"wl(Eo, Xe)]
0

0 0
+E 21 [/ e " (ph1 (Bp, Xy) — L1 (B, Xy))dt + 77/ 67’)1;th]
0 0
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Combining the previous inequality with the fact that ¢; > v, and (5.52), we get

0 0
vi(s,z) > Ecan [—/ e P dK, + e vy (Zg, Xp) + 77/ e Pt (dt + th)} . (5.53)
0 0

Let (s, 2) =

C((z—xz)?—e+(s—c)), for some positive constant C' < min(#, ; )
in which

pe+2ji/e+a2+1

ji= sup p(x),5 = sup o(x).
z€[0,D] z€[0,D]

By 1to’s formula,
Ce = Ecun [e0(Z0, Xp) — (s, 2)]
0
< Ecun {/ eipt(_PSO(Et, Xt) + ZN(Xt>C<Xt— - 55) + 0‘72(Xt) + C)dt
0

0
+Ec,x,1 |:—/ €_pt20(Xt7 — .T)(l — /ﬁl)th:|
0

0 0
E¢ 1 [/ e_ptdt+/ e_ptth} .
0 0

Taking a supremum over (Z,K) € A in (5.53) and applying the dynamic programming
principle (2.13), we find the following contradiction:

IN

vi(t,z) > vt z) + nCe.

Case (3) Assume that inequality coming from (3.19) is not verified for some (s, 0) € [0, 0] x
{0} : there exists n and ¢ > 0 such that for alle > 0,0 <z <e and ¢ < s <¢+t

vi(s,x) > n, %(s,x) <3 —1/<51 —mn and ¥1(s,0) < ¢1(5,0) + C(s — ), (5.54)

due to the continuity of v; and %. Here C' = sup <,y 8%(;’0). Assume further that

e <min(D,v(¢,0)/n) and t < J —«.

We consider 0 := inf{s > 0: X > ¢} and deduce from (5.54) and the dynamic program-
ming principle (2.13) that,

01(5,0) = sup Ko [ — I + e 01 (29, €) Lggarnsy + € "v1(Er, Xo) Liconty
(Z,K)eA,Z=0

< sup Ecpa [ — I + 6_’)9%(59, 6)]1{9<TAt} + Aol{tSQ/\T}:|
KeA°

where Ay = supg<,<. v1(E, ), a finite quantity, and I; stands for OQATM e ”dK,. We can
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therefore bound the value v;(s,0) above by

_ — 1

sup Ecop| — 11 +e pe(%(:a, 0) + (1— - 77)6)]1{0<Tmf} =+ Aol{tgeAT}]

KeA0 — kK
< Y1(5,0) —ne+ sup E g, [ - I + 67’)9(09 + ) Lgocrnsy + Aol{tgeAT}]

KeA0 — k1
1
< ui(s,0) =ne+ sup E o, [ — 5L +C0O+ 67”91 - Xolipcrney + Aol{tgaAT}]
— K1

KeA°

ONT N
X,) — pX,
< v1(s,0) —ne+ sup Ec oy [C@ —i—/ e e (M) ds + Aol{tgeAT}]
KeA0 0 1 — £
S Ul(g, 0) — e + (C + Cl) sup Eg,O,l[‘g] + A()P(t S (9)
KeA°
2CH+C' + Ayt
< 01(90)_775"’6( o2 0/)’
where C' = sup,.p (’@—;ﬁ) < 00. We find a contradiction by taking e strictly less than
ng’
(C+C"+ Ap/t)

Case (4) Assume that the inequality coming from (3.20) is not verified : there exists n > 0
such that for all e > 0

vo(z) >n and Yj(x) < —nforall0 <z <e, (5.55)

1-— Ko
due to the continuity of vy and . Assume further that e < min(D,vy(0)/n). As before,
consider 6 := inf{s > 0: X; > e}, { = inf{s > 0 : I, = 1}, and notice that | Xy — z| = ¢
on {# < ¢}, and Xy < D, for all t < 6. We also set [ := fOGATAE e PdK, and deduce from
(5.55) and the dynamic programming principle (2.13) that

’UO(O) = (Z K?UJ]E‘)Z O]EO |: — IO + Bipeﬂo(ﬁ) ]1{0<T/\£} + €7p§1)1 (0, X£)1{5§9/\T}:|

s cA,Z=
< ;ugo Eo [ — Io + e "o (€) Ljg<rney + € 01 (0, Xs)l{ggeAT}}

c

1

< sup Eo [ = Io+ e (v0(0) + (7= P n)e)Liprrey + e 01 (0, Xs)l{gseAT}]

S

1
< v(0) —me + ;16150 Ko [ — I, +e " - Xolgerngy + € v (0, X£)1{§§6’AT}:|
ONTNE X,) — pX
< 9(0) — ne + sup Ey [/ e (M + )\vl((),e)) dt]
KeA° 0 1 — Ko

< vo(0) — ne + C sup Eolb],

KeA°
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for some C' > 0.
Let K € A° X, = fota(Xs)alI/VS and 6 = inf{t > 0: X, > ¢}. Since X > X it is clear that
0 < 0. Moreover,

& —E[%,]* > o’E [f]

where ¢ = inf,.p o(x) > 0. Combining this result with the above inequalities, we find that
v(0) < vp(0) — e + C;—Z. By taking e small enough, we find a contradiction.
- O

Appendix B : Proof of Theorem 3.1

Let 0 < 0 < min(lfﬁ,, o, 1) and h(z) = A+ 2 where A > max (9, %(5 + sup, (u(x) —
px))). Direct calculation shows that ph—Lh > 0, and if 0 < v < 1, then w; := vh+(1—~)w;,

(i =0,1) is a strict viscosity supersolution of 3.17-3.20:

16 < min (pud — L0 — T, wd), o) + T oo [(03) = 2],

1 _1% —@f)) on & (5.56)
79 < min (pw? — Lw] — 851?’ N _1/{1 - 0812)5) on S', (5.57)
79 < min (wi’, N _1%1 - aa—uf> on {0} x [0, 4], (5.58)
0 < min (w0) 1 - @), (5.59)

and u] := —yh + (1 +7)u;, (i =0,1) is a strict viscosity subsolution of 3.17-3.20:

—vd > min (pug — Luj — T (ug,ul), Ljo,p) + L 400 [(ug)' - ﬁ} :

1 _150 —()) on &, (5.60)
—v0 > min <pu¥ — Lu] — aaug, 1 —1/{1 — aazf) on S, (5.61)
76 > min <u;, 1 _1/{1 - %—lf) on {0} x [0,4], (5.62)
06 > min (ug(()), 1 _1/_% _ <ug)'(0)) | (5.63)

Assume that

M:= sup u(t,x) —w/(t,z) > 0.
(t,x)eS,i=0,1
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First, we note that

lim ug(z) — wj(x) = —oc. (5.64)
T—00

This is due to the fact that wy is a supersolution and ug is a subsolution so that there exists

C > 0 such that wo(z) > 55 and uo(z) < C' + 7 for x large enough. Hence we know

that M = u] (to, z0) — w] (tg, xo) for some (tg, x9) € S and some i = 0, 1.

(a) Suppose i = 0. For € > 0, define ®“(x,y) = u}(z) — w](y) — ¢(z,y) with

1
1—

1 4, 1 2
T,Y) = —|r — x| + T — + T —1Yy).
de(w,y) = Zlo — ol + |~y =)
For each ¢ > 0, the function ®¢ attains its maximum value M, at some point (z.,y.) €
8% x 8Y. Classical results in comparison theory for viscosity solutions show that by taking
a subsequence, we can assume that the sequence (z.,y.) converges to (zg, o) as € — 0, and

11II1 |xe - ye|
e—0 €

=0. (5.65)

Consequently, M, — M as e — 0, and M, > 0 for ¢ small enough. By Theorem 3.2 of [§],
there exist &, (. € R such that

(2 — yo) e + (e — m0)® + 1# &) € J2Hug(x), (5.66)

(e = e+ T=—10) € P ui(y0), (5.67)

)

and

( % 2 ) < D2¢e<x67ye) +€(D2¢5($E’ye))2

)

which implies that

U($6)2§€ - U(yE)QCe < %(U(xE) - U(ye))Q - 60($5)0(ye)($e - $0)2
490 (2¢)* (e — 10)* + 9eo (2)* (ze — 0)*

IN

C
?’xe — 4l + O+ 25)(Jae — wol* + |z — wol*).

If y. = 0, then by (5.59)
v < min (wg (Ye), — (e — ye)/€) .

By sending € to 0, we obtain a contradiction for e small because of (5.65). If z. = 0, we find

—8 > min (ug(0), —(ze — ye) /€ — (ze — 39)?) .
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Therefore, when € is small enough, u](z.) < —vd. A contradiction arises from the fact that
wg(ye) > 0 but M, = uf(x.) — w](ye) > 0. Consequently, zo > 0 and z.,y. > 0 for € large
enough.

By (5.60) and (5.66), we get

min (o) — p(w)pe — 3l — T (i) (2)),

1 3
1+n/>’_(x5_y6)/6_(xe_“f0>) < =79,

ljo,py + ]1[D,+oo)<pe —

with p. = (2. — y.)/e + (v — 20)® + ﬁ By sending € to 0, we see that the only possibility
1s

pug(we) — p(we)pe — %0(1’6)2& — T (ug(xe),u](z.)) < —70.

By (5.56) and (5.67), we also have

1

) = ) (o= e+ 1= ) = 5000076~ T, 01 (0) 2 26

Combining these last two inequalities, we get

1
11—k

— pu(xe) (we — 20)”
)

3o ()G~ o+ T (i), 0l () = T (), ] ()

D) — () = 296+ (u(ye) — u(z) (<xe—ye>/e+

The right side of this inequality converges to
276 + Mo py(wi (2o, 0) — w{ (x0) — ui (20, 0) + ug (o))
which is bigger or equal to 2v¢ since
ug (o) — w(z0) = M = ui(xo,0) — w{ (2o, 0).
On the other hand, the left side converges to —pM < 0, hence the contradiction.

(b) Suppose i = 1.
If tg=06 or xg = D, then

(1 =) max(uo(D) — (D — x0)/(1 — K1),0)

—(1 =) max(wo(D) — (D — x0)/(1 = K1), 0) — 27h(z0)
(1 =) max(uo(D) — wo(D),0) — 2vh(zo)
max(ug (D) — wg(D),0).

ui (to, wo) — w{ (to, Zo)
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This is therefore equivalent to the case 1 = 0, xg = D, which we have already treated.
We can therefore assume xq < D and tg < 9.
For € > 0, define ®°(¢,x,y) = u] (t,z) — w] (t,y) — ¢(t, z,y) with

1 1 1 1
(1 = |t —to]? + |z — zo[* + — |2 — y|? — ).
Gelt, ) = 5t~ 1ol + glo = wol* + golr o+ f= (e~ )

1—

For each € > 0, the function ®¢ attains a maximum at (¢., z, y.). By taking a subsequence,
we can assume that the sequence (t., x., y.) converges to (to, xg, zo) as € — 0, and

11111 |fL’€ - ye|
e—0 €

=0.

For e small enough, we can therefore assume z.,y. < D and t. < §. By Theorem 8.3 of [§],
there exist b, &, (. € R such that

1
(be + 2(t — to), (ze — ye)/€ + (xe — w0)* + ﬁ?fE) € J*Fug(te, x.),
- 1

1 _
(bea (xe - ye)/€ + 1—7 Ce) € J2’ wg(tea ye)a
and
C
(@) e — oy < —lre =yl + CL+ag) (e — ol + |ze — wol*),

as before. Furthermore, we can show that x.,y. > 0 for € small enough. Therefore,

min (pu () — plwp, — 5006 — b — 2t — t0), ~(re — y) e — (e —m)?) < =0

with p; = (IE - ye)/e + (xe - xO)g + L ) and

1—k1

() = ) (o = v fet T2 ) = 500 = b (=) =

As before, we find a contradiction by sending € to 0.
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