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STATIONARY SOLUTIONS TO
COAGULATION-FRAGMENTATION EQUATIONS

PHILIPPE LAURENCOT

ABSTRACT. Existence of stationary solutions to the coagulation-fragmentation equation is shown
when the coagulation kernel K and the overall fragmentation rate a are given by K (z,y) = 2%y® +
2Px% and a(x) = 27, respectively, with 0 < a < 3 <1, a+ 3 €[0,1), and v > 0. The proof requires
two steps: a dynamical approach is first used to construct stationary solutions under the additional
assumption that the coagulation kernel and the overall fragmentation rate are bounded from below
by a positive constant. The general case is then handled by a compactness argument.

1. INTRODUCTION

The coagulation-fragmentation equation is a mean-field model describing the time evolution of
the size distribution function f of a system of particles increasing their size by pairwise merging or
reducing it by splitting, no matter being loss during these processes. Denoting the coagulation kernel,
the overall fragmentation rate, and the daughter distribution function by K, a, and b, respectively,
the coagulation-fragmentation equation reads

atf :Cf_l'ff ) (t,l’) € (0’00)2 > (11&)
fO)y=f", 2€(0,00), (1.1b)

where the coagulation term Cf is given by

)= [ Ko =nfe-nfo) - [ Kenf@im . e>0. (L1

and the fragmentation term F f by
Fi(w)i=~a)f(@) + [ alwble.p) @) dy. a0, (11d)

The first term in (1.1c) accounts for the formation of particles of size x > 0 as a consequence of
the merging of two smaller particles with respective sizes y € (0,z) and  — y. The second term in
(1.1c) and the first term in (1.1d) describe the depletion of particles of size x > 0 due to coalescence
with other particles and fragmentation, respectively. Finally, the breakup of a particle of size y > x
produces fragments of various sizes ranging in (0, y), including fragments of size x according to the
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2 PHILIPPE LAURENGOT

distribution b(z,y) as indicated by the second term in (1.1d). We further assume that there is no
loss of matter during the breakage process, which amounts to require that b satisfies

v
/:cb(:c,y)dx:y, y>0, and b(z,y) =0, r>y>0. (1.2)
0

Since there is also no loss of matter during coalescence, the total mass of the system is expected to
be invariant throughout time evolution; that is,

/Ooxf(t,x) dx:/ooxf(o,x) do , t>0. (1.3)
0 0

Though this property may fail to be true when, either the coagulation is too strong compared to the
fragmentation, a phenomenon known as gelation, or the overall fragmentation rate a is unbounded
as r — 0, a phenomenon known as shattering, both are excluded in the forthcoming analysis and we
refer to [10,11,16,17,21,22] and (3,13, 23], respectively, for detailed information on these issues.

Our interest in this paper is rather related to the possible balance between coagulation and frag-
mentation, which are competing mechanisms. Indeed, the latter increases the number of particles
and reduces the mean size of particles, while the former acts in the opposite direction. It is then of
interest to figure out the outcome of this competition and, in particular, whether it could lead to
stationary solutions. This is the issue we aim at investigating herein.

The first example of coagulation-fragmentation equation featuring steady state solutions is the
case of constant coefficients [1]

0,1 (1) = / [t — ) f(ty) - Aof(t,2)] dy

- (1.4)
2 / D) f(hy) — Aof(tz+ )] dy,  (ta) € (0,000,
0
which is obtained with the choice
9
K(z,y)=2, a(r) = Agz b(fﬁ,y)zi O<z<y, (1.5)

in (1.1). For any z > 0, the function Q. defined by Q.(x) := Age*™*, x > 0, is a stationary solution
to (1.4) and @, has finite total mass if and only if z € (0,1). The example (1.5) is actually a
particular case of coagulation and fragmentation coefficients satisfying the so-called detailed balance
condition: there are a non-negative symmetric function F defined on (0,00)? and a non-negative
function @) defined on (0, c0) such that

1

() = 5 /OF(:C:C Ce)de. . ab(z,y) = Flzy—1), O<z<y, (1.6a)

K(z,1)Q@)Q(y) = F(z,y)Qx +y) .  (x,y) € (0,00)%. (1.6b)
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Note that we recover (1.5) from (1.6) by setting F' = 24, and @Q = Ay. Thanks to (1.6), the equation
(1.1) reads

ot~ | K (e — ) fltx— ) f(ty) — Flyo— y)f(6a)] dy
2.Jo (1.7)

- / T K@) f(ta) [t y) - Fleg)ftaty)] dy.  (ta) € (0,000,

and Q, : x — Q(x)e*™™* is a stationary solution to (1.7) for all z € (0,00). Whether @), has finite
total mass then depends on both the value of z and the integrability properties of (). We refer
to [5,6,18,20] for a more detailed account on the various situations that may happen.

Coagulation and fragmentation coefficients satisfying the detailed balance condition (1.6) are how-
ever far from being generic and different approaches have to be designed to investigate the existence
of stationary solutions to (1.1) when (1.6) fails to hold. When the coagulation and fragmentation
coefficients are given by

2
K(Zlf,y) = k0+kl(x+y) 9 CI,(ZL’) :on ) b(!)ﬁ',y) = g 9 0<x< Yy, (18)

the existence of a stationary solution to (1.1) having total mass ¢ > 0 is proved in [9] for all o > 0,
the proof relying on a fixed point argument performed on the stationary version of (1.1a). It uses
in an essential way the specific form of the coefficients and does not seem to extend to handle more
general cases. Uniqueness and local stability of steady states are also established in [9]. In the same
vein but with a completely different approach, a complete description of stationary solutions to (1.1)
is obtained in [7, Theorem 5.1 & Remark 5.2] when

K(z,y) = kolaey)V?,  alz) = Ax™?,  bla,y) = 3 ,  O<z<y, (1.9)

for some A\ € [0,2], ko > 0, and Ay > 0. Two steps are needed to obtain this result: first, when
A =0, kg = 2, and Ay = 1, given an integrable stationary solution f to (1.1), its Bernstein transform

U(s) ::/Ow(l—e_sx)f(x) dz | >0,

solves the integro-differential equation

U(s)2—|—U(s):§/sU(r)dr, s>0, U0)=0. (1.10)

This equation turns out to have an explicit solution U, which is the Bernstein transform of a non-
negative function f, € L'((0,00), (1 + z)dz) satisfying

/f* dx—/oooxf*(x)dzzl, (1.11)
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and any solution U to (1.10) is a dilation of U,; that is, there is p > 0 such that U(s) = U,(us) for
s > 0. Moreover, / /

—2/3 9z .
In particular, f, features an integrable singularity as  — 0. To handle the case A > 0 in (1.9), it
suffices to note that, if f is a stationary solution to (1.1) corresponding to coagulation and fragmen-
tation rates given by (1.8) for some A € [0,2], kg > 0, and Ay > 0, then = — ko2 f(x)/2A, is
a stationary solution to (1.1) corresponding to coagulation and fragmentation rates given by (1.8)
with A =0, kg = 2, and Ay = 1. Consequently, there is u > 0 such that

f(x) = 2’2—3%-”%(%) L (0,00 (1.13)

It readily follows from (1.12) and (1.13) that f also features a singularity as © — 0 which is not
integrable if A > 2/3. However, the total mass of f is finite for all A € [0,2]. Stability of stationary
solutions is also investigated in [7] when A =0, ky = 2, and Ay = 1.

The just described results only deal with very specific coagulation and fragmentation coefficients,
and the approaches used in both cases exploit their particular structure. They are thus rather unlikely
to extend to a wider setting. As far as we know, the only result handling a fairly general class of
coagulation and fragmentation coefficients is to be found in [12], the coagulation and fragmentation
coefficients being given by

(1.12)

K(z,y) =2y’ +2%~,  (z,y) € (0,00)%, (1.14a)
and X
CL(QE) = CL(]LE‘PY ) b(l‘,y) =-B <§) 5 O<zx< Y, (114b)
) )
where
(a,8)€0,1)*, B—-ac0,1), >0, a >0, (1.14c)
and
B is a non-negative function in L'((0, 1), (z + 272%)dz) . (1.14d)

Assuming further that (5,v) # (1,0) and («, ) # (0,0), the existence of a non-negative stationary
solution to (1.1) with total mass p is shown in [12, Theorem 4.1] for all o > 0. Furthermore,
this stationary solution belongs to L'((0,00),z™dz) for all m > —2«a and, under the additional
assumption that B € L*°(0,1), it belongs to LP(0,00) for all p € [1,00). The approach developed
to prove this result is of a completely different nature and actually relies on a dynamical approach.
Roughly speaking, the basic idea is to find a suitable functional setting in which the initial value
problem (1.1) is well-posed, along with a closed and convex set Z which is compact for the associated
topology and is positively invariant for the dynamical system associated to (1.1) (in the sense that
f(t) € Z for all t > 0 as soon as f(0) € Z). If a fixed point theorem is available in this functional
setting, then a classical argument guarantees the existence of at least one stationary solution, see
2, Theorem 16.5], [15, Proof of Theorem 5.2], and [12, Theorem 1.2], for instance. Though this
method merely gives the existence of a steady state solution without any information on uniqueness
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or stability, it is far more flexible than the previous ones and we shall partially employ it in the
forthcoming analysis. Let us mention that it is also the cornerstone of the construction of mass-
conserving self-similar solutions to the coagulation equation [12,14,25].

According to the previous description, no result on the existence of steady state solutions seems
to be available for the classical coagulation kernel

K(z,y) = Ko (2°y" +2°y*) . (z,y) € (0,00)*, (1.15a)
with
0<a<B<l, M=a+Bel01), (1.15b)

and the purpose of this paper is to fill this gap for a rather large class of fragmentation coefficients.
More precisely, we assume that there are

¥y>0, a>0, p>1, (1.16a)
and a non-negative function
1
B LM(0,1), 2d2) N I7(0, 1) | / B(2) dr =1, (1.16b)
0
such that
1
a(z) = apx” b(z,y) =-B (f) ; O<z<y. (1.16¢)
Yy Yy

Note that the class of coagulation kernels (1.15) includes the sum kernels corresponding to o = 0
and § = A € [0,1) and the product kernels corresponding to a« = = A/2 € [0,1/2). The constraint
on B in (1.16b) stems from the conservation of matter (1.2) during fragmentation events. Examples
of daughter distribution functions satisfying (1.16b) include the power-law breakup distribution

B(z) = B1,(2) == (v +2)2", z€(0,1), v>-—1, (1.17)
and the parabolic breakup distribution
B(2) =By, (2) =(v+2)(v+1)2""(1-2), 2€(0,1), v>0. (1.18)

Indeed, By, given by (1.17) satisfies (1.16b) for any po > 1 when v > 0 and for any p, € (1,1/|v])
when v € (—1,0). Similarly, By, given by (1.18) satisfies (1.16b) for any py > 1 when v > 1 and
po € (1,1/(1 —v)) when v € (0,1).

Before stating the main result, let us introduce some notation. Throughout the paper, for m € R,
we set

X, = L*(0,00),2™dx) , My (h) = / "h(z) dz, he Xy, (1.19)
0

and denote the positive cone of X, by X,-. We also denote the space X,, endowed with its weak
topology by X, .

Theorem 1.1. Assume that the coagulation and fragmentation coefficients satisfy (1.15) and (1.16).
Given o > 0 there exists at least a stationary (weak) solution ¢ € X to (1.1) with the following
properties:
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(81) Ml(QO) = 05
(s2) there are p1 € (1,po) and my € (A, 1) such that

p € L"((0,00), 2™ da) N [ Xom

m>\

(83) for all¥ € O, := {h € W-®(0,00) : h(0) =0},
% /0°° /0°° K(z,y) [9(z +y) — d(z) —d(y)]e(r)e(y) dydz

= [T atiret) o) - [ ot a] oy

It is worth pointing out here that Theorem 1.1 (s2) does not exclude a non-integrable singularity
of ¢ as * — 0, a situation which may indeed occur, as we shall see below. This feature is not
encountered for the coagulation and fragmentation coefficients given by (1.14) and considered in [12]
when « < 0, as the unboundedness of the coagulation kernel for small sizes implies the vanishing of
the stationary solution as x — 0. This possible singular behaviour for small sizes is actually the main
difficulty to be overcome in the analysis carried out below and requires a more involved approach,
which we describe now.

The proof of Theorem 1.1 is carried out in two steps. We fix ¢ > 0. Using the dynamical approach
already alluded to, given ¢ € (0,1), we first construct a stationary solution ¢. € Xj to

atf :Cef‘l’]:ef> (t,l’) S (O> 00)2 )
f(()):fma ZL’G(0,00),

satisfying Mj(p.) = o, where the coagulation and fragmentation operators C. and F. are given by
(1.1c) with K. := K + 2¢Kj instead of K and (1.1d) with a. := a + age? instead of a, respectively.
For this choice of coagulation and fragmentation coefficients, we actually build a closed convex and
sequentially weakly compact subset Z. of X such that solutions to (1.20) starting from an initial
condition in Z. remain in Z, for all positive times. Recalling that, according to the Dunford-Pettis
theorem, sequential weak compactness in X; requires to prevent concentration and escape of mass
for small and large sizes, finding Z. amounts to derive time-independent estimates in X,,, N X,, N
LP2(0, 00) for some suitably chosen my < 1 < m and ps > 1. While some of the moment estimates
can be obtained directly for e = 0 (Section 2.1), it does not seem to be possible to derive uniform
integrability estimates without the positive lower bounds on K. and a. (Section 2.2). Besides the
construction of Z, (Section 3.2), we also show the well-posedness of (1.20) in Section 3.1, as well as the
continuous dependence of solutions to (1.20) in X ,, with respect to the initial condition (Section 3.3).
To justify rigorously the computations performed in Section 2, an additional approximation is needed
and we shall actually work with truncated versions of K. and a.. Thanks to this analysis, it remains to
apply [12, Theorem 1.2] to obtain the existence of a stationary solution . € Z. to (1.20) (Section 3.4).
To complete the proof of Theorem 1.1, we are left with taking the limit ¢ — 0. To this end, we
realize that, since we have payed special attention to the dependence on ¢ of the estimates derived in

(1.20)
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Section 2, there is a sequentially weakly compact subset Z in X such that Z. C Z for all € € (0,1),
see Section 3.5. Consequently, there are ¢ € Z and a subsequence (., )r>1 of (¢z)ec(0,1) such that
©:, — ¢ in X;. We finally combine this convergence with the properties of Z and (¢, )x>1 to prove
that ¢ is a stationary weak solution to (1.1) as described in Theorem 1.1 (Section 3.5).

Theorem 1.1 only provides the finiteness of the moments of ¢ of order larger than A and thus does
not provide much information on its behaviour for small sizes. In fact, the small size behaviour de-
scribed in Theorem 1.1 (s2) does not seem to be accurate. Indeed, formal asymptotics indicate that,
if  is a stationary weak solution to (1.1) satisfying the properties (s1)-(s3) stated in Theorem 1.1
and

o(x) ~ Az as x — 0 (1.21a)
for some A > 0 and 7 > 0, then 7 can be identified and depends on the values of «, 3, v, and possibly
on B. Specifically,

— if v > a, then
T=a+1+m,, (1.21b)

where m, is defined in (1.22) below;
— if vy =a < B, then

T=a+1; (1.21c)
— ify=a = and B = By, see (1.17), then
T:a+i<a—|—1; (1.21d)
v+3
— if v < a, then
T=A+1—17. (1.21e)

In particular, the prediction (1.21d) perfectly agrees with (1.13) when v = o = 5 = \/2 € [0,1/2)
and v =0 (B = Byp). On the one hand, (1.21) implies that ¢ may have a non-integrable singularity
as x — 0 and, in particular, it is not expected to belong to X, when v < a. On the other hand,
different behaviours are predicted in (1.21), which vary according to the sign of v —«, and seem to be
sensitive to the behaviour of B(z) as z — 0 when v = a = . We shall not attempt a complete proof
of (1.21) herein but, as a first step in that direction, we provide additional integrability properties
of ¢ which complies with (1.21).

Proposition 1.2. Consider o > 0 and let ¢ be a stationary weak solution to (1.1) satisfying the
properties (s1)-(s3) stated in Theorem 1.1.

(m1) If v > «, then ¢ € X, for any m > o + m,, where
1 —po
Po
Moreover, if my, > —oo and B ¢ L'((0,1),2™dz), then ¢ ¢ Xoim,;
(m2) if v =a < 3, then p € X,,, for any m > B;
(m3) if v =a =, then p € X,,, for any m > «a;

m, :=inf {m €R : B € L'((0,1),2"dz)} < <0. (1.22)
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(m4) if v < a, then v € X, for any m > \ — 7.

The proof of Proposition 1.2 is carried out in Section 4 and relies on the choice of suitable test func-
tions in Theorem 1.1 (s83). Comparing (1.21) and Proposition 1.2 reveals that the properties (m2)
and (m3) are not optimal. Improving Proposition 1.2 so that it matches (1.21) in these cases seems
to require a finer analysis which we have yet been unable to set up. We however hope to return to
this problem in the near future.

2. A TRUNCATED APPROXIMATION

Let o > 0 and assume that K, a, and b are coagulation and fragmentation coefficients satisfying
(1.15) and (1.16). Also, let f™ be an initial condition satisfying

fe XN Xo, with M(f™) =o0. (2.1)

We now introduce the approximation to (1.1) we are going to work with in this section. Besides
requiring a positive lower bound on the coagulation kernel and the overall fragmentation rate as
already mentioned, we also truncate both of them as in [12]. Specifically, we fix a positive integer
j > 2 and a positive real number ¢ € (0,1) and set

K;.(z,y) == 2eKy + K (min{z, j}, min{y, j}) , (z,y) € (0,00)%, (2.2)
aje(x) := ap (min{z, j}7 + &%) , z € (0,00) . (2.3)

Since K. and a;. are bounded, we may proceed as in [4,12,26,28] to show, by a Banach fixed point
argument in Xy = L*(0, 00), that there is a unique non-negative strong solution

fie € C'(]0,00); Xo)
to the coagulation-fragmentation equation
Orfje =Cjcfic+ Ficljc s (t,x) € (0,00)*, (2.4a)
fie(0)=f",  x€(0,00), (2.4b)

where the coagulation and fragmentation operators C;. and F; . are given by (1.1c¢) with K. instead
of K and (1.1d) with a;. instead of a, respectively. A first consequence of (2.4a) is that, for ¢ > 0
and v € L>(0, c0),

i OOO ( ).f]a t 113' / / l’ Y Xﬁ(l’ y)f]a(t l’)fjg(t y) dyda:

dt (2.5)
- / 03 () No () ety ) dly

where
xo(z,y) =0z +y) —0(x) —9(y) ,  (x,y) € (0,00)%, (2.6a)

Ny(y / P x)b(z,y) y € (0,00) , (2.6b)
0
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Owing to (1.16¢), an alternative formula for Ny reads

Noy) = 9(y) / My)B(z) dz,  ye (0,00). (2.60)

For the particular choice ¥(x) = U,,(x) := 2™, z > 0, for some m € R, we set x,, := X, and
Ny, := Ny,, for simplicity.

Owing to the boundedness of K. and a;. and the integrability (1.16b) of B over (0, 1), we infer
from (2.5) by an approximation argument that f;. is mass-conserving; that is, f;. € L>((0,00), X1)
and

Mi(fj ) =0, t>0. (2.7)

Moreover, a similar approximation argument allows us to show that, if f™ € X,, for some m > 1,
then f;. € L>((0,T), X,,) for any 7' > 0. We shall refine this result in the next section.

We now derive several estimates for the family {f;. : j > 2, ¢ € (0,1)}, which do not depend
on j > 2. We also pay special attention to the dependence on ¢ € (0,1), if any. Throughout this
section, C' and C};, ¢ > 1, denote positive constants which depend only on Ky, «, 3, ag, v, B, and p.
Dependence upon additional parameters will be indicated explicitly. For further use, we set

1 1
b, = / 2" B(z) dz for m >m, and Bp:= / B(z)? dz for p € [1,po] , (2.8a)
0 0

which are finite by (1.16b) and (1.22), and satisfy
b<1l <= m>1 (2.8Db)
due to (1.16b). Also, Young’s inequality and (1.15) entail that
K(z,y) < Ko (2 +9") (z,y) € (0,00)* . (2.9)

2.1. Moment Estimates. For m € R we set

Mo 3= sup {Mo(£:(1))} € [0, o0 (210)

and begin with the behaviour of f;. for large sizes.

Lemma 2.1. Let m > 2 and assume that f™ € X,,. There is a positive constant pi,,, > T'(m + 1)o™
depending only on Ky, o, B, ag, v, B, 0, and m such that

Mo e < max{M,,(f™), tm} -
Proof. We first recall that there is ¢,, > 0 depending only on m such that

Xm (@, y) <o (zy™ '+ 2™ y) , (z,y) € (0,00)7 (2.11)
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see [5, Lemma 2.3 (ii)] for instance. Let ¢ > 0. We infer from (2.5) with ¥ = 9,,, (2.8), (2.11), and
the symmetry of K that

5 m(fie(t) / / "y +ay™ ) fie(t @) fie(ty) dyda
(1—b,) / o7, (@) fyo(t, ) da
<em / / 2y VK () e (1,2) f (1 y) dyda
—ap(1—b,) /0 2 min{z, 1) ;. (¢, ) dz

On the one hand, by (2.7),

o0

/ 2" min{z, j}7 f; (¢, ) de > / ™ min{x, 7} f; (¢, x) dz
0 1
2/ szj,a(taz) dz
1

- Mm(fj,e(t)) - /0 xmfjﬁ(t’ x) dz
M (fje(t) — o -

On the other hand, it follows from (2.7) and Holder’s and Young’s inequalities that

/0 /0 2y (8 2) fie(t y) dyde < oMy, (f50(1))
< My (3.0 (8) "2/ TY My (f(2)) VY

ap(l—b )
< W m(fje(t)) +C(m) .

Similarly,

/ / ey mindy, P fo (6, 2) fi (£ ) dyda
0

< oMpir-1(fje(t))
< oMo (fj ()" AR OTUM, (f o (2)) 0V 0

ao(l b )
S mMm(]c] E( )) (m) )
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and
/0 / oy min{a, 71 (1, 2) fe () dyda
< Muga(f5e(8) M1 (f;2(2))

< ng(fjﬁ(t))(m“‘2)/(m‘1) Ml(fjﬁ(t))(m—)\)/(m—l)

a()(l — bm)
4CmK0

Collecting the previous inequalities and using (2.9), we obtain

2 01 = ) Mo (1)) + )

- 0,0(1 - bm) (Mm(f],a(t)) - Q)

—%(1 — b)) M (f52(t)) + C(m) -

Integrating the previous differential inequality gives

IA

Mo (fe(t)) + C(m) .

d
M (f:(1)) <

<

My (f2(t)) < emeoli=omilipg (pim) 4 —20) (1 it

CL(](l - bm
for t > 0. Therefore,

My(3:(0) < max {21, (1), UL ez,

from which Lemma 2.1 follows. ]

From now on, we fix a positive real number

o >max {1, o, fi2, flot~} (2.12a)
such that
max { Mo (f™), Mo (f™)} <o . (2.12b)
A first consequence of (2.7), (2.12), Lemma 2.1, and Hélder’s inequality is that
Mty <oand My;. <o . (2.13)

Next, owing to (2.7), (2.12), and (2.13), another application of Hdélder’s inequality provides a
similar bound for moments of order m € (1,2), which we report now.

Corollary 2.2. Form € (1,2),
Mm7j7g <o.

We next turn to the behaviour for small sizes and, to this end, derive estimates for moments of
order smaller than one.
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Lemma 2.3. Let m € (A, 1). There is pi, > I'(m+1)0™ depending only Ky, «, B3, ag, v, B, o, and

m such that '
Mo e < max{M,,(f"), pm + 0} .

Proof. Let m € (A, 1) and t > 0. We first argue as in [14, Lemma 3.1] to estimate the contribution of
the coagulation term to the time evolution of M,,(f;.), see also [4, Lemma 8.2.12]. More precisely,

since j > 2, xm <0, and K;.(z,y) > 2K,(zy)"? for (z,y) € (0,1)?, we obtain

2Ko/ / Kje(2, y)xm(2,y) fie(t, 2) fe(t y) dyda
- 2Ko/ / 2" 4y = (2 +y)" Ko (2, y) fie(t ) fie(t,y) dyda

/ / 2™ 4y — (2 +y)"] ()M et 2) £t y) dyda
Since m < 1, it follows from the convexity of x — ™! that, for (z,y) € (0, 00)?,

"yt =y = 2" =@ +y) "y [y = @y
> 2(1 —m)xy(x+y)™?

Therefore,
Pi(t) > 2(1 —m) / 1 / 1(93 +y)" P ay)EVEL () fie(ty) dyda
Introducing v
zp =i YN and Pj(t,4) := /xl gV f (tx) da i>1,
Zis1

we further obtain
Pat) > 201 —m Z [ @) dyda
Ti+1 v Ti+1
> 2" N1 —m meszetz

It next follows from the Cauchy—Schwarz inequality that

JEEERTED o) ETRUERTED o N
Ti41

1/2 1/2

(Zx?iml2)\2m) <me 2P ) )

x?j-nl 2— )\x? m < (2 ) 2(24+X2— 2m)/(m—)\)i—2(2—m)/(m—)\) _ 4(2+)\—2m)/(m—)\)i—2 :

Since

(2.14)

(2.15)

(2.16)
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the series in the right-hand side of (2.16) converges and we deduce from (2.15) and (2.16) that
2

Pt i) ([ ooty ar) (217

Furthermore, as

1 [e'e]
Malfie®) = [ a"ficttoa) dos [~ amfiu(eo) da
1 o)
" ,e\by d 7,e\by d
S/Oa:fj,(ta:) :B+/1 xfj(t,z) do

1
< [ fieltn) dotg
0

by (2.7), we infer from Young’s inequality that
1 2 2
M, (fi-
(/ W f () dx) > M ey (2.18)
0

Combining (2.14), (2.17), and (2.18) provides the existence of two positive constants Cy(m) and
C3(m) such that

%/OOO /OOO Kj,e(x, y)Xm(x, y)fj,e(t7x)fj7g(t, y) dydx < Cz(m) — C3(m)Mm(fj,€(t))2 . (2'19>

Consequently, recalling that b,, > 1 by (2.8) as m < 1, it follows from (2.5) with ¥ = 9,,, (2.13),
(2.19), and Young’s inequality that

d m(fie(t) / / (2, Y)Xm (7, y) fi(t, ) f5(t, y) dyda

+ ag(by, — 1)/0 ™ (e* 4+ min{z, j}7) f;-(t,z) dz
< Cy(m) — Cs(m) My, (F.0(t))? 4 a0bm My (fio(t))
+ aobm52Mm(fj,a(t))

2 ao[’nﬂ
< Co(m) — Cs(m) My, (f;(t))" + meﬂfj,e(t))

m

1
+ apby, {m + 1] M (f5(t))

< Cy(m) [1 4 My (f.2(t)) + 0] — Cs(m) My (f5.2(1) .

C’4(m)
203(77’1) ’

M (fe(t))* +
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we finally obtain

M (F:(0) < ~Calm)M (.0) + Catm) |14 G o) 20
5(m)
Integrating the previous differential inequality gives
Mo (fj.e(t)) < e”CatmINL (F7) + { gigg; + a} (1 —e-Catmiy t>0.
Therefore,
My (3:0) < mox { ()14 G oz 0,
’ Cs(m)
from which Lemma 2.3 follows. 0]

The next step is devoted to the derivation of additional estimates for small sizes but now with a
strong dependence on €.

Lemma 2.4. There is pig > 1 depending only on Ky, ag, B, and o such that
Moje < max { Mo(F™), 0+ 22}

Proof. 1t follows from (2.5) with J = 1, (2.8), (2.13), and Young’s inequality that, for ¢ > 0,
d
f]a :__/ / ZL’ Y f]a(t x)f]a(t y) dydI

—ap(l — bo)/ (5 + min{x,j}“’) fie(t,x) do

0

< _5K0M0(fj,€(t)) + a0b052M0(f] (1) + aOboM'y(fj,E(t))
< —<KaMo(fel6) + TS0 My (f.(0)

N

#aato (5 +1) Ma(F.(0)
< —eKoMo(f;())? 4 agboo + 2agboMo( f;-(t)) -
By the Cauchy-Schwarz inequality,
dagboMo(f-(t)) < eKoMo(f;e(t))” + 4;;;:]2 '

Hence
d 4a 262
— My(f;e(t)) + 2a0boMo(f;(t)) < agboo + K,
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Integrating this differential inequality, we find

iny,—2a g 2a0bg 9
Mo(fie(t)) < Mo(f™)e %" + (§ TR, ) (1 — e72000r)

; 2a0b0
< max § Mo(f™
_max{ o(f"), 0+ 5K0}

for t > 0, as claimed. OJ
The previous result actually extends to some moments of negative order.

Lemma 2.5. Let m € (m,,0) and set

L. Koo?
= = 1, , 2.9
Em, — min { Tagb., } (2.20)

where m, and o are defined in (1.22) and (2.12), respectively. There is j,, > 0 depending only on
Ko, ag, 0, B, and m such that, if f" € X,, and € € (0,&p,,), then

Moo < max { My, (f™), pmo’e0F22m
We may also assume that p,, > T'(m + 1)0™ when m > —1.
Proof. For § € (0,1), we set ¥, 5(x) := (x4 0)™, « > 0, and notice that
Xt s(Z,y) < —(x+0)" <0, (z,y) € (0,00)* .
Let € € (0,em,) and t > 0. We infer from (2.5) with ¥ = ¥,, 5 that
d [

E 0 ﬁmﬁ(z)fjﬁ(t’ :L') dr < —eko /OOO /ooo(x + 5)mfj,€(t> af)fj@(t, y) dydI

o0 Yy
+/ aj,€(y)fj7€(t7y>/ ﬁm,a(x)b(x,y) dl‘dy .
0 0
On the one hand, by (2.7), (2.13), and the Cauchy-Schwarz inequality,

0" = My(f;c(t))? < Mo(f;(t)) Ma(fc(t)) < oMo(f;2(t))
so that

%Aﬂﬁiémlm@+ﬁWﬁAt@ﬂAtwdwm
= Molf (1) /0 Sle 4o f () de

2 oo
> [ s@fiatta) do
g Jo
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On the other hand, we infer from (1.16¢), (2.13), and the negativity of m that
o0 y
Vit)i= [ e)elt) [ Omatalbio.v) dody
0 0
0o 1
= / aj,e(y)fjﬁ(t,y)/ (yz+0)"B(z) dzdy
0 0
0o 1
S/ aj@(y)fj,a(t,y)/ (yz 4+ d2)"B(z) dzdy
0 0
< aobm/ (z+6)" (¢ + min{z, j}") f-(t, z) dz .
0

Since

2/

/oo(a: +6)" min{z, j}7 f;.(t,z) de < & / (x+06)"f(t,z) dz
0 0

+ 52(7”_1)/7/ 2T (t2) da
I3

2/y

<2 / (24 0)™ () da + 2™ DM
0

IA

g / (2 +8)"f;-(t,x) da + oe2m=D/Y
0

by (2.13), we further obtain

Vie(t) < aoby, (252 / O () fi(t, ) da + 052(m—1)/v) '
0
Collecting the previous estimates and using the definition (2.20) of €, , lead us to the differential
inequality

d [ eKoo?
pm i Ums(2) fie(t,z) do < — .

+ 2a0bm52/ V(1) i (t, 2) dz + agb,,oeX ™D/
0

/0 T Ds (@) fa(t 2) da

< 2a0bpne(e — 26m.0) / Orms () f.(t, ) A + agby, 0”0/
0

< _2“0[’1%55%0/ Om.s(2) fe(t, ) da + agbpo®™ /7
0
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After integration with respect to time, we end up with

/ Ums(x)f:(t,z) de < 6_2“0[’7”“7”’”/ 19m75(:c)fi"(93) dz
0 0

—(v+2-2m)/vy
oe 1— €—2a()bma‘€m,gt)

2em,0
< max {Mm(fi”),umaza_('”z_zm)/”} , t>0.

Since the right-hand side of the previous inequality does not depend on ¢ € (0,1) and is finite, we
may pass to the limit as 6 — 0 and thereby complete the proof of Lemma 2.5. O

Remark 2.6. It is worth mentioning here that the positivity of v is only used in the proof of
Lemma 2.5.

2.2. Integrability Estimates. We now turn to weighted LP-estimates and actually derive two dif-
ferent estimates, one depending on £ but not on ¢, and the other one depending on ¢ but not on e.
For m >0, p > 1, and h € LP((0,00), z™dx), we set

Lo y(B) = / 2B d (2.21)
0
Lemma 2.7. Consider m € (A, 1) and p € (1,po| satisfying
m+1 m+ 7y
1 < 2.22
<p<)\_|_1 and p < ol (2.22)
and assume that f € LP((0,00),2™dxz). Then
in 5'76 m,p
a0 < mx { L), 2522 (2.23)
and
1 t * m s . 1 n
L[ e minge () dads € Ly (7) 4 Se0mp) (2.24)
o Jo 0
where
._ 2
Sje(m, p) := 2p8£ (M?m+1+v—p)/p,j7e T M€M+l+vp—p)/p,j7e Te MI()erl—p)/p,j@)

and B, is defined in (2.8a).
Proof. We first note that (1.16a) and (2.22) ensure that
m+1+yp—p N m+1l+y—p N m+1—p
p N p N p
so that S;.(m,p) is well-defined and finite by Lemma 2.3.

>\,
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Let t > 0. We first deal with the contribution of the coagulation term. As already observed
in [4,8,18,24], the sublinearity of x +— 2™ and the monotonicity of x — K (x,y) for all y > 0 allow
us to show that this contribution is negative. Indeed, it follows from the inequality

(z+y)" <z™+y™, (z,y) € (0,00),

the symmetry of K., and Fubini’s theorem that
Piclt)i=p [t Gty ) do
[ [ e K ) (e 0P L) ) i
o [ K e i) o) duda
<P [ @ e Ko (ratto + ) ) o) dda
—p/ / Kie(@,9) (5t 2)) Fe(tsy) dyde
o [ [ K e il )P ) () dy
o [ e it 0 e 9) duda
We next deduce from the convexity inequality

pUP YWV < (p—1DUP+ VP, (U V)e€0,00)?,
that

) < (p—1) / Kt )P Ft) dyds
~=1) [ [ K le it a) ot ) duda
<(p-1) / / (2 = )" Ko = 3, 9) (fyelt, ) fy(t,y) dady
~w-v [ / K () e (6 2))P e y) dady

Now, the monotonicity of z — 2™ and x — K .(z,y) implies that

(x—y)"Kj(z—y,y) <a"K; (z,y), O<y<uw.
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Consequently,
Pi.(t) <0. (2.25)

Concerning the contribution of the fragmentation term, it reads

Qj,a(t) ::p/O xm(fj,a(tax))p_l(fj,afj,a)(taz) dx
= —paoA; (fje(t)) — paoe® Lmp(fic(t)) + R;(t) (2.26)
where
L (Ge®) = [ o minfe, gV (felt,)) do
0
and
Ree®)i=p | aiu@)fiettn) [ 5" p) (el a) " dody
0 0
[e'e] Yy
= pag / min{y, 1}y f(t,y) / 2" B (zy~") (fj(t, )P~ dady
0 0
+pa062/0 y_lfjﬁ(t,y)/o "B (:L’y_l) (fje(t, z))P~! dady .
We infer from Holder’s inequality that
[ amB ) (Bt da
0

Y
— / 2P min{x,j}_“’(p_l)/pB (:L'y_l) 2mp=1)/p min{a:,j}w(p_l)/p(fjva(t, :1:))7’_1 dz
0

(p—1)/p

< ([ amminge )08 (o) o) ” ([ amminte. iy (te. 00 o)

Since
1/p

Y
</ 2™ min{z, j} 7" V([B (zy™ )PP dx)
0

Yy 1/p

< (/ (2@ ™) [B (zy~h)]P dx)

0

1 1/p

< y(m+1—“/(p—1))/p (/ zm—'y(p—l)B(Z)p dz)

0

1 1/p
+ ylm D/ ( / 2" B(z)P dz) ,
0
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we further obtain

/0 B (ay ) ()P da

1/p

1
< ymti=ve=1)/p (/ M=V B(z)P dz) Aj(fj,a(t))(p_l)/p
0

1 1/p
w0 ([amper az) a0
0
Similarly, by Holder’s inequality,

/oy 2B (wy ") (fi(t, 7)) do

Y
= / 2™/PB (a:y_l) xm(”_l)/p(fjvg(t,a:))p_l dr
0

< (/Oy 2™B (zy~")]P d;):) . </0y 2™ (f;e(t,2))P d:):) w=uip

sw“W(AZwmavmymmwmamW””.

Since 0 <m —y(p—1) <m and p € [1,po] by (2.22), we infer from (2.8a) that

1 1
0 0
Gathering the above estimates and using Young’s inequality, we end up with
Rj’e(t) < paOBpM(erlJrv—p)/p(fj,e(t))Aj(fj,e(t))(p_l)/p
+ paoBy My 14p—p) /o (f1. (8)) Ny (f2(£)) P07
+ paongpM(m'H—P)/P(fj,s(t)) [Lm,p(fjﬁ(t))](p_l)/p

-1
S P 5 aoAj(fjﬁ(t)) + 2p_1a08£./\/lp

(m~+1+y—p)/p,j.e

p—1

+ aoAj(fjﬁ(t)) + 2p_1a085./\/lp

(m+1+yp—p)/p.j:e
+ (p — 1)aoe® Ly p(f;-(t)) + aosngMme_p)
We then deduce from (2.26) and (2.27) that

Qs=(t) < —ao [Aj(f5e(t) + € Lingp(fe(1))] + aoSje(m,p) -
Combining (2.4), (2.25), and (2.28) leads us to the differential inequality

%Lmvp(fj,a(t)) +ao [Aj(f5e(t)) + € Linp(fi.c(t))] < a0Sje(m, p)

/pogse

(2.27)

(2.28)

(2.29)
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for t > 0. We first infer from (2.29) that, for ¢ > 0,

d

ﬁLm,p(fj,s(t)) + a0e® L p(f(t)) < aoS;(m,p) .

Hence, after integration with respect to time,

c2

< max {Lm,p( ), La(m’p)} .

e2

/ ) Linp(fc(t)) < e L (F™) + Sje(m;p) (1 _ e—aoe%)
0

from which (2.23) follows. We also infer from (2.29) that, for ¢ > 0,

d

ELm,p(fj@(t)) +aolj(fie(t)) < apSje(m,p) .

Integrating with respect to time and using the non-negativity of L,,,(f;:(f)), we obtain

t
0o [ AS(F3205)) d < Lung(F) + oty m. )
0
for t > 0. Dividing the above inequality by agt gives (2.24). O

Combining the outcome of Lemma 2.5 and Lemma 2.7 leads to an e-dependent LP-estimate for
(fj.e)j>2 for a suitable value of p.

Corollary 2.8. Let my € (my,0), my € (A, 1), and p1 € (1,po) be such that

1
Mt g <Y (2.30)
y

1< <
Pr="717

Fore € (0,epy5) and t > 0,

Loy (f3.2(1)) < max { My, (f7), prrmooe™ CF272m0)/7

+ max {Lml,pl(fm)> 75]‘76(?217]31) } )
where
D2 = mlnzlmo +p1m1|nz0|mo c(Lp) .
Proof. Since
i mg + Mml =0,

mp — My mp — My
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we infer from Young’s inequality that, if h € X,,, N LP*((0,00), 2™ dx), then h € L7?(0,00) and

%MM=W$=A(W%@WWWWWw%meWWde

my

IN

7/ 2™ ()| dx+ﬂ/ 2™ |h(z)[” dz
m1 —mo Jo m1— Mo Jo

< Moo ([]) + Liny i (h) - (2.31)

Now, consider ¢ > 0. As ¢ € (0,&,,,,,) and p; satisfies (2.30), Corollary 2.8 readily follows from
Lemma 2.5 (with m = my), Lemma 2.7 (with (m,p) = (my,p1)), and (2.31) (with h = f;.(¢)). O

2.3. Time Equicontinuity. The last estimate to be derived in this section provides the time
equicontinuity of the sequence (fj.);>2 in L'(0,00), which is needed later to apply a variant of
the Arzela-Ascoli theorem.

Lemma 2.9. There is a positive constant Cs5 > 0 such that
10 f5e()lh < Cs (0 + MGy) 20,
Proof. Let t > 0. It follows from (2.4a), (2.9), and Fubini’s theorem that

ool <5 [ [ Koot o) filton) dydo
+ (1 +bg) /00 aj-(2)fje(t,x) do
0
BKO/ / 4y —I—QE) fie(t,x)fi(t,y) dyde

+ ag(1 + by) /0 ) () do

< 3Ko [My(f;(8) Mo(f52(t)) + Mo(f;(1))?]
+ ao(1 + bo) [M,(f;e(t)) + Mo(f;(1))] -
We then infer from (2.7), (2.12a), (2.13), and the inequalities
<14z, <14z, x>0,
that
10: f1.e ()l < 3Ko [Mo(f5.(1) Mi(f(8)) + 2Mo(f5.<(1))?]
+ ao(1 + bo) [My11(f2(t)) + 2Mo(fje(1))]
3Ko [0° +3MG ;] +ao(1+bo) (0 + 1+ M; )
[3Ko(0 + 3) + 2a0(1 + bo)] (o + Mg ;)
and the proof is complete. O]

<
<
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3. STATIONARY SOLUTIONS BY A DYNAMICAL APPROACH: ¢ € (0,1)

In this section, we fix € € (0,1) and study the coagulation-fragmentation equation (1.20) with
coagulation kernel K. and overall fragmentation rate a. given by

K.(z,y) = K(z,y) + 2cKy , a.(z) = a(z) + ape? | (z,y) € (0,00)%; (3.1)

that is,
Of =Cf+Ff, (ta)e€(0,00)7, (3.2a)
f0)=f", x€(0,00), (3.2b)

where the coagulation and fragmentation operators C. and F. are defined in (1.20).

Several results are established in this section. We begin with the well-posedness of (3.2) for a
suitable class of initial conditions, the existence of solutions being obtained by passing to the limit as
Jj — oo in (2.4) (Section 3.1). We also establish the continuity of the solutions to (3.2) with respect
to the initial condition for the weak topology of X; (Section 3.3) and construct an invariant set for
the dynamics of (3.2) (Section 3.2). Combining the outcome of this analysis with a consequence of
Tychonov’s fixed point theorem provides the existence of a stationary solution to (3.2a) (Section 3.4).
The estimates derived in the previous section are of course at the heart of the proofs of the results
of this section.

We fix
mo € (m,,0)N(—=1,0), my € (A1), p € (1,po) , (3.3a)
such that 1 N
my my 7
l<p < d pp < : 3.3b
D1 P and p; > ( )
We recall that (3.3) implies that
1 - 1 -
ms € (A, 1) and mg<mle i p1<m1—l— +m p1§1+7, (3.4a)
p1 b
where 1
my = AT TP (3.4b)
b1
We also fix o > 0 and o > 0 satisfying
o> maX{L 9, M2>M2+’y} ) (35)

recalling that pu,, is defined in Lemma 2.1 for m > 2.
We next define a subset V. of X as follows: h € ). if and only if

he XN X NXoyy,  Mi(h)=o, (3.6a)
max{Ms(h), My (h)} <o, My, (h) < pim, + 0, (3.6Db)
Mo(h) < 04 poe™,  Mpy(h) < pimgoe” 0F272mo)/v (3.6¢)
Loy py () < 00672, (3.6d)
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where
oy = 2" B0 207" + 3(pm, + o)
and B,, is defined in (2.8a).

(3.7)

3.1. Well-posedness of (3.2). We begin with the well-posedness of (3.2) in )., along with several

estimates for its solutions.
Proposition 3.1. Consider € € (0,e,,) and f™ € Y., recalling that

1 . Ko0?
Emg,c = —Min 4 1,
o 4a0bm0

is defined in (2.20) with b,,, given by (2.8a). There is a unique weak solution
U.(-, f) = f. € O([0,00), X5) N C([0, 00), X1,
to (3.2) which satisfies
d o

_/0 aa(y)Nﬁ(y)fa(t>y) dy ’

G| s =3 [ [ K@it dp

(3.8)

for allt > 0 and 9 € L®(0,00), the functions xy and Ny being defined in (2.6), and possesses the

following properties:

M (f-(t)) =0, t>0,
g

sup My, (fe(8)) <o, me(1,241],

£>0

sup M, (f-(t)) < max {Mm(fi"),a + um} , m e (A1),
>0

sup Mo(f-(t)) <o+ poe ™t
>0

StliloD M, (fe(t)) < ,Umo(725_(7+2_2m0)/w )

sup Lm17p1(fa(t)) < 0'15_2 )
>0

D Lopa(fo(8)) < iz i= iy’ 2T 472
t>

and

~+ | =

t

1 .

/ Lm1+’Y,P1(f€(S)) ds < _Lml,pl(.fm) +o1, t>0.
0 CLOt

(3.10a)

(3.10Db)

(3.11a)

(3.11b)

(3.12)
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Moreover, if f* € X,, for some m > 2+, then f. € L>((0,0), X,,,) and
sup M (f2(8)) < max{ My, (™), pim} (3.13)

the constant i, being defined in Lemma 2.1.

Proof. Step 1: Existence. Let j > 2 and recall that f;. is the strong solution to the coagulation-
fragmentation equation (2.4), see Section 2. Since f™ € )., it follows from (2.7) that

My(fje®) =0, t=0,j>2, (3.14)
and from (2.12), (3.5), Lemma 2.1, and Corollary 2.2 that
Sup My (fio(t) S0, me(L,24+4], j>2. (3.15)
>0
Next, (2.12), (3.5), (3.6b), and Lemma 2.3 guarantee that
SUp Mo, (f32(1)) < pimy +07, - § 22, (3.16)
while, since ¢ € (0, &y,,,5), we deduce from (2.12), (3.5), (3.6¢), Lemma 2.4, and Lemma 2.5 that
sup Mo(fe(t)) <o +poe™,  j>2, (3.17)
>0
D Moy () < fomgr?e 7220007 > (3.13)
>0
Finally, by (3.4), (3.15), and Holder’s and Young'’s inequalities,
Y
Mms149-p1) /pr (f1.e ()7 < G m2>M1+A,(fj7€(t))p1
n(l+y—m) =~
Mm j,E )"
p1(1+7_m2) z(f], ( ))
<o’ + Mmz (fjﬁ(t))pl )
and
Mt Use O S 1 My (o) + o M ()
’ Tl y—my ’ 1+vy—mg ’

< 0P A+ Mo, (fje(8)™
for t > 0 and 7 > 2, so that, using also (3.7) and (3.16),
S]}E(mbpl) = 2p13§i Sﬁgg ]\4(m+1+v—pl)/101(f]ya(t))p1

+ 2p18£i igg M(m+1+vp1 —p1)/p1 (fj,e(t))pl
+ 2p18£i52 sup My, (f;.:(t))™
>0

< 2P BB 207 4 3 (pny, +0)] =01 (3.19)
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Combining (2.23), (3.6d), and (3.19), we conclude that
sup Loy (fi(t) <oe™®,  j>2. (3.20)
(24

A straightforward consequence of (3.3b), (3.5), (3.9), (3.18), (3.20), and Corollary 2.8 is the bound
SUD Lo o (fie(t)) < pamgo2e 027207 45072 = j>2. (3.21)
>0

Now, introducing the set
h € Xy N Xopy N LP2(0,00) :
W, = , (3.22)
My (h) <o, max{Mp,(h), Loy, (h)} < ke
it readily follows from (3.15), (3.18), and (3.21) that
while the Dunford-Pettis theorem ensures that
W, is a relatively sequentially weakly compact subset of X, (3.24)

for any m € (mg,2 + 7), and in particular of Xy. Moreover, it follows from (3.17) and Lemma 2.9
that, for 0 <t; <ty and j > 2,

[ fie(ta) = fie(t)r < / 2 10:f5.(8) | dt < Cs [0 + (o + uos—l)z] (ty — 1) . (3.25)

t1
Consequently, (f;:);>2 is equicontinuous at each ¢ > 0 for the norm-topology of L'(0, 00), and thus
it is also equicontinuous for the weak topology of L!(0,00). This property, along with (3.23) and
the relative compactness (3.24) of W., allows us to apply a variant of the Arzela-Ascoli theorem [27,

Theorem A.3.1] to conclude that there are a subsequence of (f;.);>2 (possibly depending on e but
not relabeled) and f. € C([0,00), Xo,,) such that

fie — fo in C([0,T], Xo,) foral T >0. (3.26)

A first consequence of (3.26) is that f.(t) € X for all ¢ > 0. It next follows from (3.14), (3.15),
(3.17), (3.18), and (3.26) by a weak lower semicontinuity argument that f. satisfies (3.9b), (3.10a),
(3.10b), and

Mi(f(t) <o, t2>0.
A similar argument allows us to deduce (3.9¢) from Lemma 2.3 and (3.26). We then combine the
just established property (3.9b) with (3.15) and (3.26) to improve the convergence (3.26) to

fie — f- in C([0,T), X1, N X,) forall T>0. (3.27)

Recalling (3.14), we readily infer from (3.27) that f. satisfies the mass conservation (3.9a). We
employ again weak lower semicontinuity arguments to deduce (3.11) and

1 t R 1 )
—/ / 2" (fo(s,x))P deds < — Ly, p, (f™) + 01, t>0, R>1, (3.28)
t o Jo CL(]t ’
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from (2.23), (2.24), (3.3b), (3.6d), (3.19), (3.20), (3.21), and (3.26). As the right-hand side of (3.28)
does not depend on R, we may let R — oo in (3.28) and use Fatou’s lemma to obtain (3.12).

Now, owing to (1.15), (1.16), (3.26), and (3.27), we may proceed as in [26], see also [4,10,12,19], to
deduce from (2.5) that f. is a weak solution to (3.2), in the sense that it satisfies (3.8). Furthermore,
we may argue as in the proof of Lemma 2.9 with the help of (3.9a), (3.9b), and (3.10a) to show that
Oy f-(t) belongs to Xy for any ¢t > 0 and satisfies

10.F-(D)|L < Cs [a +(o+ u05_1)2] . t>0, (3.29)

the constant C5 being defined in Lemma 2.9.

Step 2: Uniqueness. It is a consequence of [4, Theorem 8.2.55] (with £(x) = 1 + a™{17} 2 > 0,
and ¢ = 1), see also [12].

Step 3: Higher moments. Finally, if f™ € X,, for some m > 2+, then the proof of (3.13) relies on
a weak lower semicontinuity argument as that of (3.9b) and follows from (3.26) and Lemma 2.1. [

3.2. Invariant Set. As a consequence of the various estimates derived in Proposition 3.1, we con-
struct a subset Z. of ). which is left invariant by W.. Specifically, h € Z. if and only if

hedY.n [\ Xu. (3.30a)
m>2+4y
M,, (h)<,um, m>24+, (3.30b)
M,,(h) < me (1,2+7], (3.30¢)
My, (h) <o+ pi me (A1) . (3.30d)
Proposition 3.2. Consider € € (0,e,,) and f™ € Z.. Then V.(t, f™) € Z. for all t > 0.

Proof. Set f. := W.(-, f™) and consider ¢ > 0. We first deduce from (3.9a), (3.9b) (with m = 2 and
m=2+7), (3.9¢) (with m = msy), (3.10), and (3.11a) that f.(¢) € V.. In addition, f.(t) € X,, for
all m > 2+~ and satisfies (3.30b) by (3.13), while (3.30c) and (3.30d) follow from (3.9b) and (3.9¢),
respectively. O

3.3. Dynamical System in X;,. We go on with the continuity properties of the map f™
U_(., f™) defined in Proposition 3.1 and actually show that W, is a dynamical system on ). for the
weak topology of Xj.

Proposition 3.3. Consider ¢ € (0,&,.0), ™ € Ve, and a sequence (fi"),>1 of initial conditions in
Y. such that
fim— i X . (3.31)
Then, for any T > 0,
U f") — W, f7) in C([0,T], X10) -
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Proof. For n > 1 we put f., := ¥.(-, fi*). On the one hand, it follows from (3.9b), (3.10b), and
(3.11b) that

fe,n(t) E WE b t Z O bl n 2 ]- bl (332)

recalling that the set W, is defined in (3.22). On the other hand, let 0 < #; < ¢t and n > 1. We infer
from (3.29) that

[ fen(t2) = fon(t)llh < Cs [U + (‘7 + /~L05_1)2] (t2 —t1) .
Combining this estimate with (3.9b) gives, for R > 0,

/0 2 fonltns©) — fon(tns )] dz < Rl fonlta) — fon(t)lls

+ % /}:O ,j(;2 (fe,n(t%x) + fe,n(tlu ZL’)) dz

2
< Cs [a + (0+u05_1)2} (to —t1) + % )

Now, taking R = 1//t; — {; in the previous inequality, we end up with

/OO:L’ |fon(ta, @) — fon(ty, )] do < {05 [a + (U + M08_1)2:| + 20’} Vis — 1 .
0

Consequently, the sequence (f.,)n,>1 is equicontinuous at each ¢t > 0 for the norm-topology of X
and thus also for the weak topology of X;. Recalling (3.24) and (3.32), we are again in a position to
use the variant of the Arzela-Ascoli theorem stated in [27, Theorem A.3.1] to deduce that there are
F. € C(]0,00), X;,,) and a subsequence (f: ., )k>1 of (fen)n>1 (possibly depending on ¢) such that

fe,nk — Fs il’l C([O, T], Xl,w) (333)

for any 7" > 0. Since f. ,, satisfies (3.9), (3.10), (3.11), (3.12), and (3.33) for £ > 1, we can argue as
in Step 1 of the proof of Proposition 3.1 to establish that F. is a weak solution to (3.2) with initial
condition f™ and also satisfies (3.9), (3.10), (3.11), and (3.12), along with

fem, — F2 in ([0, 17, Xow N X%w)

for any T > 0. The uniqueness assertion in Proposition 3.1 then guarantees that F. = W_(-, f™).

A consequence of the above analysis is that W.(-, /™) is the only cluster point of the sequence
(fem)n>1 in the space C([0,T7], X;,,), whatever the value of T' > 0. Together with the compactness of
(fen)n>1, this observation ensures that it is the whole sequence (fz ,),>1 which converges to W (-, /)
in C([0,T], X;,,) for any T' > 0, thereby completing the proof of Proposition 3.3. O

3.4. Stationary Solution to (3.2). Thanks to the outcome of Sections 3.1-3.3, we are now in
a position to prove the existence of at least one stationary weak solution ¢. to the coagulation-
fragmentation equation (3.2) for € € (0, €, +), along with some estimates on ¢, which will be needed
in Section 3.5 to carry out the limit ¢ — 0.
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Theorem 3.4. For ¢ € (0,&,,,), the coagulation-fragmentation equation (3.2a) has a stationary
weak solution p. € Z. N LP*((0,00), x™ T dx) satisfying

%/(;oo /OOO Ka(f,y)X0($,y)Qpa($)¢a(y) dydz = /(;oo aa(x)Nﬁ(l')QOE(ZL') dx (334)

for all 9 € L>(0,00) and
LM1+%P1(90£) <o, (335)

the constant oy being defined in (3.7)

Proof. Let € € (0,&m,). By Propositions 3.1 and 3.3, ¥, is a dynamical system on Y. for the weak
topology of X; and, according to Proposition 3.2, the subset Z. of ). is invariant under the action of
W,; that is, U.(¢, Z.) C Z. for all t > 0. Since z — o~ 'e™®/¢ belongs to Z., the set Z. is a non-empty
convex and closed subset of X;. In addition, owing to the Dunford-Pettis theorem, Z. is a sequentially
weakly compact subset of X;. Thanks to these properties, we infer from [12, Theorem 1.2] that there
is p. € 2. such that V_(¢, p.) = ¢, for all £ > 0. In other words, ¢, is a stationary solution to (3.2)
as described in Proposition 3.1, and the weak formulation (3.34) readily follows from (3.8). We also
deduce from (3.12) that, for ¢ > 0,

I 1
Lonioan (09 = 7 [ Donoan (0 45 < o L) 01
0 aot
Letting ¢t — oo in the above inequality gives (3.35) and completes the proof of Theorem 3.4. O

3.5. Proof of Theorem 1.1. We are left with investigating the limit ¢ — 0 (if any) of the family
(e )ee(0.my,0) Of stationary weak solutions to (1.20) constructed in Theorem 3.4. To this end, we first
observe that, since . € Z. for all € € (0, &,,,,), it satisfies

Ml(goa) =0, €€ (Oagmo,a) 9 (336)
My (pe) < i m>2+v, €€ (0,6mp0) s (3.37)
M, (o) <o, me (1,247], € €(0,empo) » (3.38)
M, (o) <o+ pim me (N1), €€ (0,emp0) s (3.39)
and
LM1+’YJD1 (306) < o1, €€ (O?gm()ﬂ') ) (340)

see the definition (3.30) of Z.. We claim that these estimates guarantee that

(e ) (0,6mg ) 18 Telatively sequentially weakly compact in X, for any m > A . (3.41)
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Indeed, let F be a measurable subset of (0, c0) with finite measure and R > 1. We infer from Hélder’s
inequality that, for € € (0, ep0.0),

1/R R
/ 2" (x) do < / ™. (x) dz —i—/ 2" 1p(r)ps(z) do
E 0 1

/R

+/ ™. (z) do

R
R

1/R
< RA-m)/2 / N2 (1) d + R™|E|@-D/m ( /
0 1

1/p1
e ()P dx)
/R

+R_2_7/ " () da
R

< RO My a(ie) + RO B0 L (02)
+ R Mipgory(p2) -
We now infer from (3.37), (3.38), (3.39), and (3.40) that

/ "o (z) dz < Ay (RAT™/2 4 Rimprtmitn/ey| p|er=D/on o =277y (3.42)
with :
Amo = Ee(glalp ) { Mimi2/2(02)} + 01" + fimagy < 00 .
Introducing o
nx,, (0) := sup {/Exm%(x) de : |E|<§, €€ (O,amw)} ) 5 e€(0,1),

we deduce from (3.42) that
nx,,(6) < Ao (R(/\—m)/2 + Rmprtmity)/prger—1)/p1 R—2—v) )

Hence, since p; > 1,

limsupnx,,(0) < Ao (R()‘_m)/2 +R7*7) .
6—0

We finally let R — oo to conclude that
limnyx, (6) =0 . (3.43)
6—0

Similarly, for € € (0,¢&,,,,,) and R > 1, it follows from (3.37) that

/ ™. (x) do < R_2_7Mm+2+w )
R

and thus

lim  sup { / " () dx} - (3.44)

R=%0 ce(0,6my,0) LR



STATIONARY SOLUTIONS TO COAGULATION-FRAGMENTATION EQUATIONS 31

The claim (3.41) is then a consequence of (3.43), (3.44), and the Dunford-Pettis theorem.
We now infer from (3.41) and the reflexivity of LP*((0, 00), ™" 7dx) that there are a subsequence

(e, )i>1 of the family (%)ee(o,emo,a) and

p € X{ N LP((0,00), 2™ da) N (] Xon (3.45)
m>A\
such that
Y., — @ in X, m> A\, (3.46)

©e, — ¢ in LP((0,00), 2™ dz) .
A straightforward consequence of (3.36) and (3.46) (with m = 1) is that
M(p) =0 - (3.47)

Let us now check that ¢ is a stationary weak solution to (1.1), as described in Theorem 1.1 (s3).
To this end, we consider ¥ € O, and first note that

o (2, y)| < 2/|¢||oo min{z,y},  (z,y) € (0,00) (3.48)

and
INg(2)] <2[]|oez, >0, (3.49)

by (1.16¢) and (1.16b).
Let us begin with the coagulation term. By (3.36), (3.39), and Holder’s inequality,

261 Ko / / X0 (@ §)0e, (@) e, () dydz
0 0

< AenKol| V' loo Mirt1)/2(02,) Ma-n)2(0,.)

< 45kK0’|79/HooM(,\+1)/2(805k)M1(goek)(1_’\)/2M0(goek)(1+/\)/2

< Aol a0+ pa sy 2) 0N My ) N2
Since ¢., € 2., C Y.,, we further deduce from (3.6¢) that

261 Ko / / 30 (&, 9) e () pe, () dyda
0 0

< 4e Ko||9 || oo (0 + prar1y2) 0V (0 + proey )TN/
< 4K oo (0 + p1agry2) 02 (0 4 1) V2TV,

Consequently,

tin 258 [ [ ole ) (@6 y) dyde =0 (3.50)
o0 0 0

Next, by (3.48),

X9\, Y /
@ Loy

2(2AH1=0)/2¢)(20+1-3)/2 = (z,y) € (0,00) ,
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and, since

Xo(2,9) (14+X)/2

o, B (1+X)/2
Xo (2, Y)2°Y e, () (y) = —gs ECE ek 0o ()Y

©e, ()

it follows from (3.46) (with m = (14 A)/2) that

k—00

. Xo(2, ) A A
= lim / / G S )\/2 (2a+1_)\)/2$(1+ )/2<Pak(af)y(l+ )/290619(?/) dydx

lim/ / xo(z,9) 2y’ oo, (2) -, (y) dyda

k—o0
X0 (@, y) 140)/2 14)/2
/ / 2 @BFI=N/2y (2a+1—)\)/2I( IR (2)y I 20 (y) dyde
/ / xo (@, y)zy p(2)p(y) dyda . (3.51)

Similarly,

lim / / xo(z,9) 2"y e, (2) -, (y) dyda
0

k—o0 0

= /OOO /OOO xo(z, 9) 2y () (y) dyda .

For the fragmentation term, it readily follows from (3.36) and (3.49) that

(3.52)

S 2a05z||19/||ooM1(906k> = 2a062||19/“00Q :

aoei/ Ny(x)pe, (z) da
0

Hence,
lim ages / Ny(z)p., (v) dr =0 . (3.53)
k—o00 0

We finally infer from (3.46) (with m = 1+ ) and (3.49) that

oo oo

fim [ a7 Nof@)pn, (0) do = tim [ 2Dt (@) do

[e.e] N [ee]

:/ M:)slﬂap(x) dx :/ 27 Ny(x)p(z) dz . (3.54)
0 X 0

Collecting (3.50), (3.51), (3.52), (3.53), and (3.54) allows us to take the limit ¢, — 0 in (3.34) and

conclude that ¢ is a stationary weak solution to (1.1) in the sense of Theorem 1.1 (s3). Recalling

(3.45) and (3.47), we have shown that ¢ satisfies the properties (s1)-(s3) stated in Theorem 1.1.
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4. SMALL S1ZE BEHAVIOUR

This section is devoted to the proof of Proposition 1.2. The starting point is the finiteness of some
moments of order lower than A when v > a.

Lemma 4.1. Let ¢ > 0 and consider a stationary weak solution ¢ to (1.1) satisfying the proper-
ties (s1)-(s3) stated in Theorem 1.1.

— If v > a, then ¢ € X4,
— Ify=q«, then ¢ € Xp.

Proof. For 6 € (0,1), we set (o 5(2) = zmax{z,d} 1, 2 > 0. Then (o5 € ©; and satisfies

XCoa(xv ) > 1( 00)2 (SL’ y) ) (x,y) S (0700)2 >
— Ny 5 () < bol(s00)(7) z>0.

It then follows from Theorem (1.1) (s3) that
Ko(/ )(/;Oyso dy)I%/(Soo/;oK(x,y)w(x)so(y)dydx
< ——/ / K(z,y)x¢ (2, y)p()p(y) dydz
_ _/0 a(#)Ng, , (@) )dxgaobo/fxw(x) de . (4.1)

— If v > «, then we infer from Theorem 1.1 (s2) and Holder’s inequality that

00 o0 1/(+y—a) oo (v—a)/(14+7—a)
/ 2Vo(z) do < (/ r%p(x) dx) (/ o o(z) dx)
5 5 5

) 1/(1+y—a)
< My )00 ([ ()
4

" yely) dy - < ([ o) ay T yely) dy o
5 5 5
<Ml [ oot dy

Combining (4.1) and the above inequalities gives

Ma()"™! ( /6 " ely) dy) - < /5 " aop() dx) et

apb _a o
< %MH (p)(me)/(tr=a)
0

and
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s (2-8)(14+7—a) /(=) poo
< /6 yo(y) dy) /5 r%p(z) d

anba M. 1-8\ +r=a)/(v—a)
< My () (%) :

Owing to Theorem 1.1 (s1) and the positivity of g, we can take the limit 6 — 0 in the previous
inequality to deduce that ¢ € X,.

— If v = «, then (4.1) gives, since ¢ # 0 by Theorem 1.1 (s1),

/5 yoly) dy < ——

for 6 small enough, which obviously implies that ¢ € X3 after taking the limit 6 — 0. 0J

Consequently,

Proof of Proposition 1.2. First, the integrability properties (m2) and (m3) stated in Proposition 1.2
readily follow from Lemma 4.1 and Theorem 1.1 (s2) by interpolation.

(ml1): v > a. Consider m € (m4,0) and recall that b,, € (1,00) by (1.22) and (2.8b). We first
observe that, since v > «, f € [o,1), ¢ € X, N X144, and ¢ # 0 by (1.15b), Theorem 1.1, and
Lemma 4.1,

0 < Mp(p) < oo and M, (p) < oo . (4.2)
This implies that there is oy € (0, 1) such that
K, oo 1/(y—a)
rs = / yPo(y) dy >0, 5 €10,0) . (4.3)
2aobm 5

Next, for § € (0,8p), we define the function ¢, 5 by Cns(x) = zmax{z,d}™ ' x > 0, and note that
(m.s belongs to ©;. Moreover, since m < 0,

— for (z,y) € (6,00)?,

~Xeps (@ y) =" +y" = (x+y)" > 2™
— for (z,y) € (4,00) x (0,0),

“Xs (T, y) =2 + Yo" — (x+y)" >0 ;
— for (z,y) € (0,0) x (9, 00),

X (T, y) =26 +y" = (z+y)" >0 ;
— for (z,y) € (0,0)? such that z +y > 6,

Xy (@, y) =26y — (x4 )"
> (@+y) 0" = (@+y)" ] >0;
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— for (z,y) € (0,5)2 such that x +y < 9,
X (T, Y) = 20" 4yt — (r+y)d T =0,

Also, by (1.16¢) and (1.16b),
— for z € (0,9),

—Ng,, 5 (@) = 0" / yb(y,z) dy — 6™ 'z =0;
0

— for z >0,

T

)
—N¢,, s (r) = / Yo" b(y, ) dy + /5 y"b(y, r) dy — 2™
0

< / y"b(y, r) dy = ba™
0

We infer from Theorem 1.1 (s3) and the previous inequalities that

Ko/ / 2Ty o) p(y) dyd:v<Ko/ / Xews (2, 9)2%y o (2)p(y) dyda
/ / X s (@, 9) K (2, y)p(2) 0 (y )dydx—ao/ 2'Ng,, (2)p(x) da

0

< aobm/ 27 o(x) dr .
5

Therefore,

Ko (/;O v o(y) dy) /;O 2t p(x) dz < agb,, /;O 2 p(z) da . (4.4)

Now, since v > a, it follows from (4.2) and (4.3) that

0 rs o
aobm/ 2 p(z) do < aobmr;’_a/ M p(x) dr + aobmr?/ 2Vo(z) dz
5 5

s
< aobmrg_a/ M o(x) do + agb,ry M, (p) .
5

Combining this inequality with (4.3) and (4.4) gives
([ e an) [Ta ot o < abargan o).
Thanks to (4.2), we may let 6 — 0 in the above inequality and use Fatou’s lemma to find
%g(go) /00 2 p(x) do < agby,rg M, (@)
0

Hence, ¢ € Xo4sm, for any m € (my, 0) which, together with Theorem 1.1 (s2) and an interpolation
argument implies that ¢ € X, for any m > m,.
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To prove the second assertion in (m1) when m, > —oo and b,,, = 0o, we argue by contradiction
and assume that ¢ € X,1,,,. Then, owing to (1.15b) and the assumption v > a,
M = max {Masm, (¢), Mgsm, (), Ma(), Ms(@), My, ()} < 00 . (4.5)

Consider next R > 1. Since b,,, = oo, there is dg € (0, 1) such that

1
/ Bz dz> R, e (0,08, (4.6)
V5
Fix § € (0,0r). It follows from the negativity of m, and the definition of (,,, s that
0 < _XCm*,(S(x7y) < "™ + ym* ’ (xvy) < (07 00)2 )

and
—Ngm*’a(l’) >0, x>0,

while (4.6) entails that, for z > /6,

1 1
—Ne, s(x) > (/ 2™ B(z) dz — 1) "™ > (/ 2™ B(z) dz — 1) ™ > (R—1)z™
7 0/x Vo

Since (,, 5 € O1, we infer from (4.5), Theorem 1.1 (s3), and the previous inequalities that

wk=1) [ o) e < = [ o), @ele) da

< [T e, (@pta) do
_ ! / / K (2,9)Xe,, s (2, 9)0(2)p(y) dydz

=—Ko/ / Y X, (T, 1) () p(y) dyda

< Ko [Motm, (9)Ms(#) + Mg, (9) Ma(0)]
< 2K, M.

Hence, using again (4.5),

aOR/ T o(x) do < agMoyym, (@) + 2K M < aoM + 2K, M .
Vs

Taking the limit 6 — 0 gives

aoRM.y i, (¢) < agM + 2K0H2 )
The above inequality being valid for all R > 1, we let R — oo to conclude that M, ., (¢) = 0; that
is, ¢ = 0, which contradicts Theorem 1.1 (s1).

(m4): a > 7. As in the proof of Lemma 2.3, we use a decomposition technique in the spirit
of [14, Lemma 3.1] and [4, Lemma 8.2.12], along with a truncation procedure, to estimate the
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contribution of the coagulation term. More precisely, for m € (A —~, ), we deduce from (1.15b) and
the assumption a > v > 0 that

0<A—2a<A—2y<m—y<m<A<l1.

We define
w:=2/(m+~v—-X)>0, Y =1, i>1,

and set (;(x) := rmax{x,y;}"" 7, x > 0, i > 2. Clearly, (; € ©; for all i > 2 and we infer from the
convexity and monotonicity of z — 2™ 7! that,

— for (z,y) € (yi,00)?,
—x¢ (T y) =" +y" T = (x+y)"
=z [ =@y Ay [y = @)
> 21+ —m)ay(z +y)" 77
— for (z,y) € (yi,00) x (0, ys),
X (@, y) = 2" gy = (+y)"
= [2" T ()" T Ay [y (e y)" ] 20
— for (x,y) € (0,y;) x (y;,0),
~Xe(@,y) = ay! T Ay = ()" 20
— for (z,y) € (0,;)? such that z +y > v,

-1

m—y—1

—xe () = oy gy = ()
>(z+y) [y @y 205
— for (z,y) € (0,v;)? such that z +y < y;,

—Xe (2, y) = ay! T gy T T = ()Y T =0
Also, by (1.16¢) and (1.16b),

— for x € (0,y;),
—N¢,(z) = y?”_y_l/ yb(y, ) dy —y" e =0
0
— for z >y,

Yi x
—Ng(7) = /0 gy b(y, x) dy + / y" b(y, z) dy — 2™

Yi

< / Yy b(y, ) dy = by
0
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Let I > 2. Since

K(z,y)

2
L @) e (0,

(xy +xy):

l\DI»—t

(zy)?

we deduce from Theorem 1.1 (s3) and the above properties of (;, x¢,, and N, that

Ko(+7—m) [ ) / ()2 (@ 4 ) (2)ly) dyda

].‘|‘ m o) 00 N
< -1 / / ryK (z,y)(z +y)™ " o(z)p(y) dyds
I yr
1 o0 o0
<-z / K(z,y)x¢ (z,y)o(r)e(y) dyds
yr yr
<

_%/OOO /Ooo K(z,y)x¢ (7, y)p(2)p(y) dyde
:_/0 a(z)Ne, (z)p(z) dz

<oy [ a"p(o) do

yr

Next, (yIa 1) = U1gi§1_1(yi+1>yz’)> so that
/ / (1) D2(z + )" ()ply) dyda
yr yr
1 1
> / [ @ e dys
> Z / / YOI (4120 (2) () dyda
Yi+1 Y Yit1

>2m~/2zym~/2j2

where

Yi
J; ::/ e 2D20(2) da | i>1.
Yit1

(4.7)
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Next, since m < (A + 2)/2, it follows from the Cauchy-Schwarz inequality that

[ reta =3 [ et an <
yr Yit1
1/2 1 1/2
< (z ) ()

i=1

© 1 12 /1 1/2
< uiEmm)/2 <Z 1—2) <Zy§”‘7‘2ﬁ) : (4.9)

=1 =1

We then infer from (4.8) and (4.9) that there is ¢;(m) > 0 depending only on Ky, «, 3, ao, v, B, 0,
and m such that

Kot —m) [ T (ay) (@ 4 ) (@) ely) dyda

s s ([ o ) i

In addition, since m < 1, we infer from Theorem 1.1 (s1) that

(/:x%(x) dx>2 <9 (/ij%(x) dx)2 12 (/100x<,0(:c) dx)2
<2 (/yj "o (x) dx)2 +20% . (4.11)

Collecting (4.7), (4.10), and (4.11) and using the Cauchy-Schwarz inequality, we end up with

(/: ="e(a) dgj>2 = lem) /OO 2" p(z) dz + 20°

yr

1/ [ 2 2
<= x"p(x d:c) + +20% .
: </ ) o (m)?

/OO 2p(r) de < lem) (1+ cl(m)2gz)1/2 :

The above inequality being valid for any I > 2 with a right-hand side which does not depend on I > 2
we may take the limit I — oo to conclude that ¢ € X, and complete the proof of Proposition 1.2

Hence,

O
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