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Summary
Many imaging methods cannot localize precisely unstationary sources in confined and noisy envi-
ronments. In this paper, the use of a Time Reversal acoustic sink (TRS) method is proposed, in
conjunction with a Field Separation Method (FSM). The proposed time reversal (TR) process is
based on the measurement of the sound pressure field and its normal derivative on a double layer
hemispherical antenna, which bounds the region of interest (ROI). These data are time-reversed and
numerically back-propagated to a surface, 0.5 cm away from the source plane. As most imaging
methods, the efficiency of this process relies on the use of the most suitable Green functions, which
depend on the propagating environment. A way to improve the TR process is to transform numeri-
cally the confined space problem into a free field case, for which the Green functions are well-known.
The proposed FSM consists in expanding the measured fields on the spherical harmonics functions,
thus allowing to compute the outgoing waves. This process allows a precise localization and charac-
terization of the source placed under the antenna, using free-field Green functions. Thanks to this
method, the influence of reverberation and acoustic fields radiated by sources outside the ROI can
be suppressed. The measurements presented in this paper are performed in an anechoic room, using
two acoustic sources. The first one to image in the ROI emits a filtered pulse and the second one,
placed outside the ROI, is driven by a Gaussian white noise. In order to assess the reconstruction
quality of the proposed imaging process, a reference field is measured in an anechoic room on the
back-propagation surface, corresponding to the pressure values when the source laying in the ROI is
radiating alone. Comparisons with back-propagated pressures using TRS in conjunction with FSM
show a good accuracy both in space and time domains.

PACS no. 43.60.Tj 43.28.We 43.60.Fg 43.58.-e

1. Introduction

TR imaging is a precise method, both in time and space
domains, for unstationary sources localization. This pro-
cess is based on an invariance principle [1]. In other words,
considering the pressure field p(

�!
r , t) as a solution of

the waves equation, the time reversed pressure p(

�!
r ,�t)

is a solution too. The accuracy of this imaging method
relies on the Green function knowledge, which depends
on the propagation medium. A way to improve the TR
imaging process is to make it insensitive to the measure-
ments environment. In this paper, we propose the use of a
Field Separation Method (FSM), a technique based on the
spherical harmonics expansions and on the use of double-
layered antenna giving access to the complete acoustic
field (p ; @

n

p). This process separates the so-called "outgo-
ing" field, which comes from the source to image, from the
"perturbating" field, which is due to the noise source con-
tributions and the environment influence [reverberation,

(c) European Acoustics Association

reflections and/or diffraction from objects laying outside
the region of interest (ROI)]. The main advantage of FSM
is that this process transforms, numerically, the confined
problem into a free-field case that makes possible to use
TR imaging in any measurement environment.

2. Methods

2.1. Time reversal imaging

The TR process can be split into two phases (see Fig. 1).
The first one consists in the measurement of the complete
acoustic field
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on a closed surface,

called time reversal mirror (TRM) [2]. The second one is
the numerical back-propagation of these data, which are
time reversed, focusing back to the source position. The
resolution of the TR imaging method depends both on
the antenna aperture and on the frequency content of the
source signal [1]. In an homogeneous medium and with a
full aperture TRM, the width of the focal spot cannot be
smaller than �

2 , where � is the wavelength. This limitation
is due to a diffraction phenomenon, corresponding to the
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Figure 1. TR principle - left : measurement step; right :
back-propagation of the time reversed data.

superposition of a convergent wave and a divergent one
[3][4]. Complementary to the TR process, several methods
have been proposed, such as MUSIC [5], DORT [6] or TR
sink (TRS) [7]. In this paper, we propose to use a method
based on the TRS which has the main advantage of
improving the imaging resolution. This method consists
in creating a numerical source which interferes with the
divergent field created during the focusing step.

Using classical TR imaging, the time reversed field
p

TR

(

�!
r , -t) can be reconstructed at each points �!

r

included in the volume delimited by the TRM via the
Helmholtz-Kirchhoff integral. This equation depends on
the knowledge of the Green function and its normal
derivative (which are the propagators and thus are linked
to the medium), and of the measurement of the pressure
field and its normal derivative at �!

r

s

, laying on the TRM :
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The efficiency of this TR imaging process obviously
relies heavily on the Green function knowledge. If the
measurement environment is free-field, the integral
components can be computed as shown in the equations
system (1), where cos(�

s

) =

(�!r
s

-�!r ).�!n
s
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s
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is the
normal vector to the measurement surface (S) :
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In order to calculate the time-reversed back-propagated
field, the use of monopolar and dipolar sensors is nec-
essary. In our experiments, the transducers array is
composed of pressure-pressure (p-p) probes with two
microphones separated by 3 cm and arranged on a double
layered hemispherical antenna (see Fig. 2 and Fig. 3(a)),
giving access to p

m

(

�!
r

s

,�t) and its normal derivative.

Since the complete acoustic field is measured on the
antenna, two kinds of time reversal processes can be ap-
plied : TR focusing and TR imaging. TR focusing is an
experimental approach and consists in replacing the mi-
crophones with loudspeakers radiating the time-reversed
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Figure 2. (a) Microphones array where the red points rep-
resent the probes position - (b) Two microphones spaced
by 3 cm on the same probe

recorded data [4][8][9]. In that case, the more the prop-
agation medium is random and/or reverberant the more
the TR focusing is accurate [10]. In our case, we use an
imaging process based on a back-propagation step in a
simulated medium (Fig. 1). As seen before, TR imaging
efficiency heavily depends on the propagators knowledge,
which are accurate enough in free-field spaces, and fail if
the medium is not modeled accurately enough [7].

Looking for a method which is usable whatever the
propagation medium, we propose to apply a FSM. By sep-
arating the contributions coming from outside and inside
the volume circumscribed by the antenna, this method can
reconstruct the field which would have been measured in
free-field, allowing the "denoising" of measured data and
the use of the free-field Green functions G0.

2.2. Field separation method

Several studies have already shown that FSM has the
advantage to numerically change the confined problem
to a free-field situation [11][12]. The method presented
in this paper is mainly based on Weinreich’s work [13].
Generally speaking, with the e

i!t convention, a pressure
field measured on a sphere of radius a can be mathemati-
cally expanded onto spherical harmonics functions basis
using Eq. (2), where the acoustic pressure is p(a, ✓,�),
h

(2)
n

(ka) is the spherical Hankel function of the second
kind, j

n

(ka) is the spherical Bessel function of the first
kind and Y

nm

(✓,�) is the spherical harmonics functions.
The parameters ↵

nm

and �

nm

are the unknown quantities:

p(a, ✓,�) =
X

n,m

⇣
↵

nm

h

(2)
n

(ka) + �

nm

j

n

(ka)
⌘
Y

m

n

(✓,�) (2)

This pressure formulation separates inherently the ra-
diation of the source to image, expressed using the Han-
kel function contribution, from the influence of the noise
sources and the confined environment, expressed using the
Bessel function contribution. In our measurements, the
hemispherical array lays on a surface which is assumed to
be perfectly rigid, thus allowing us to compute the com-
plete acoustic field on an entire sphere being the union of
the hemispherical array and its image mirror. Taking ad-
vantage of this symmetry, only half of the spherical har-
monics are used (even n + m) . Using 36 p-p probes on
the antenna, the expansion order is limited to N = 7 [12].

Since we use p-p probes, we can assess the pressure field
on two antenna layers whose radii are a1 = 14.5 cm and
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a2 = 17.5 cm. The measured data are then expanded in
the spherical harmonics basis :
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Solving this equations system (3) gives access to the
quantities ↵

nm

and �

nm

, allowing to extract the acoustic
field p

out

(

�!
r

s

, ✓,�) of the source of interest, which would be
measured in free-field without any perturbating sources.

The expansions on spherical harmonics is only valid if
ka2  N . This condition introduces a cut-off frequency
for the use of FSM, which is f

c

⇡ 2180 Hz for a2 = 17.5

cm. A way to get a higher f

c

consists in reducing the
antenna radius, or alternatively in using more probes on
the antenna. For the several further experiments, the
signals used are accordingly low-pass-filtered with this
cut-off frequency.

Thanks to FSM, knowledge of the propagation medium
and of noise sources is unnecessary to perform TR
imaging. Indeed, from the acoustic field measurements,
the outgoing waves are separated from the incoming
ones before being time-reversed and numerically back-
propagated. As a consequence, the Helmholtz-Kirchhoff
integral is applied with G0 as propagator.

Based on velocity and pressure fields knowledge, a sim-
ilar approach can also be used. These quantities can be
obtained either with p-u probes or by computation on a
hemisphere of radius hai =

a1+a2
2 from the double layer

antenna recordings. A previous study [12] shows that the
performances of these two approaches are comparable, al-
though the best results are obtained when the FSM tech-
nique matches with the probes type. In other words, to
obtain the lowest separation errors, the p-p approach must
be used with p-p probes. Likewise, p-u probes with the p-u
approach.

2.3. Surfacic numerical integration

The use of TR-FSM imaging process requires the complete
acoustic field

⇣
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, t);
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on a closed surface.

Under the assumption that the source plane is perfectly
rigid, the back-propagated field can be calculated using
a surfacic integration on a sphere which corresponds to
the union of the hemispherical measurement array and its
mirror image. Surfacic integration on a sphere having been
proved to be efficiently computed using Lebedev points
and weights [14][15], we propose to compute the back-
propagated acoustic field precisely using the Helmholtz-
Kirchhoff integral and the use of M = 86 Lebedev nodes
on the spherical surface (M depends on the spherical har-
monics order N). The main idea is to propagate numeri-
cally the "denoised" field p

out

, which is the result of the
FSM process, to a larger sphere, in order to avoid edges
effect during the integration process. The radius of this
sphere is chosen to a

sph

= 65 cm. The weighted field is
then time-reversed and back-propagated to the imaging
plane, 0.5 cm away from the source plane.

3. Error criterion

In order to assess the reconstruction quality, the computed
field is compared to a reference pressure field measured
at the same location. Several error indicators are used to
quantify the differences between the reconstructed field
and the reference one. The imaging method developed here
must be accurate both in time and space domains. There-
fore we use three error criterion [16]. The first and the
second error criterion evaluate the spatial reconstruction
quality. T1 (Eq. 4) and T2 (Eq. 5) are maps computed on
each points (x

i

, y

j

) of the reconstruction plane and are re-
spectively sensitive to phase and to magnitude differences.
Ideally, T1 = 1 and T2 = 0, when no reconstruction errors
occur.

T1(x
i

, y

j

) =
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ref
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p

ref

(x

i

, y

j

, z

ref

, t) and p(x

i

, y

j

, z

ref

, t) are respectively
the time evolutions of the reference and the back-
propagated field.

The time dependence quality of the back-propagated
field is evaluated with the indicator E

n

(eq. 6). The best
value for this criterion is 0.

E

n

(t) =

rD⇥
p

ref

(x, y, z
ref

, t) � p(x, y, z
ref

, t)
⇤2E

sD
p

rms

ref

(x, y, z
ref

)
E

s

(6)

4. Results

4.1. Experimental set-up

The results presented in this paper are assessed from mea-
surements performed in an anechoic environment, with a
source placed outside the ROI, that produces the pertuba-
tions of the acoustic field radiated by the main source. In
the studied cases, we measure the pressure field studied on
a hemispherical double-layered antenna, which consists of
72 phase and amplitude-calibrated pressure microphones
mounted on 36 p-p probes.

(a)

CaA

d

(b)

Figure 3. (a) Double-layered antenna in front of the mov-
ing baffled loudspeaker A (b) Loudspeaker A location in
the source plane z = 0 and position of the antenna (dotted
circle with a cross symbolizing the antenna center C

a

)

The source plane is a rigid baffle with one 2" Aura-
sound loudspeakers mounted on it (see Fig. 3). The several
sources are independently driven by filtered pulses signals
using a M-Audio® external soundcard.
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The acoustic field is measured at a sampling frequency
of 32768 Hz, via a National Instruments® 96 channel PXI
acquisition system controlled by the Labview® software.

4.2. Signal-to-noise ratio calculation

In this work, we investigate the influence of the signal-
to-noise ratio (SNR) on the field reconstruction quality.
We consider two positions for the source to localize : (1)
centered (d1 = 0 cm) and (2) off-centered (d2 = 10 cm).

The SNR is expressed in dB using the main and the
"perturbation" pressure fields, which are respectively de-
noted in Eq. (7) by p

rms

s

and p

rms

n

. These two quantities
have been measured separately.

SNR = 20 log

✓
prms

s

prms

n

◆
(7)

In Eq. (7), RMS values are computed on a specific
time-window. Since the emitted signal is unstationary and
therefore contains many zeros, in contrast to the filtered
white noise perturbation, measurements are windowed to
only take into account the significant part of the "main"
field for the SNR calculation. The window is defined from
pressure level thresholds, chosen as a percentage of maxi-
mum outgoing field. Fig. 4 illustrates the windowing pro-
cess. The light grey line is the white noise signal and the
dark grey line is the pulse signal. From the thresholds
(dashed black lines), chosen to be equal to ±2.5 % of the
maximum magnitude of the signal source, the window can
be defined. In other words, the SNR calculation is com-
puted considering the time signal parts delimited by the
two vertical black lines represented on Fig. 4.
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Figure 4. Measurement windowing for the SNR calculation

4.3. FSM efficiency

The first computation step in the TR-FSM process con-
sists in removing the acoustic contributions coming from
the outside the ROI. The results presented in Fig. 5 show
the ability of the FSM method to retrieve the field which
comes from the source to image for two SNR values. For
SNR = 10 dB, the main source emission can be identi-
fied on the measurement (Fig. 5(a)), and FSM allows to
retrieve efficiently and accurately the reference wave (Fig.
5(b)) by removing the perturbating field. For lower SNR
value, such as SNR = 0 dB, the proposed method is still
efficient at cleaning the measurements from perturbations.
The reference field is retrieved (Fig. 5(d)), even if it is un-
noticeable in the measured field (Fig. 5(c)) . The method
begins to fail, though, for SNR  �5 dB (results not
shown), which is understandable by looking at the mea-
surements obtained for SNR = 0 dB.

0 0.01 0.02 0.03

−1

−0.5

0

0.5

1

Time(s)

Pr
es

su
re

 (P
a)

(a)

0 0.01 0.02 0.03

−1

−0.5

0

0.5

1

Time(s)

Pr
es

su
re

 (P
a)

(b)

0 0.01 0.02 0.03−2

−1.5

−1

−0.5

0

0.5

1

1.5

Time(s)

Pr
es

su
re

 (P
a)

(c)

0 0.01 0.02 0.03−2

−1.5

−1

−0.5

0

0.5

1

1.5

Time(s)

Pr
es

su
re

 (P
a)

(d)

Figure 5. Time signals - Measurement with SNR = 10

dB (a) and SNR = 0 dB (c) - Comparison between the
reference field (dashed line) and the reconstructed field
with the FSM process (grey line) with SNR = 10 dB (b)
and SNR = 0 dB (d)

4.4. Reconstruction of the main source emis-

sion

Thanks to FSM, the measurements are "denoised". Ac-
cordingly, the reverberant medium can be numerically
changed into a free-field environment. The data are then
time-reversed and back-propagated using G0, focusing to
the main source position.

4.4.1. Back-propagated field

Fig. 6 and Fig. 7 show the great interest of using the
FSM process to suppress the acoustic perturbations
and to compute the back-propagated field. When the
source emission is masked or perturbated by noise
contributions and when the FSM method is not used,
the back-propagated field is composed by the main
and the perturbations contributions, reducing drasti-
cally the TR imaging efficiency (Fig. 6(b), 6(c), 7(b)
and 7(c)). That’s why the use of FSM is essential to
clean measurements and to have access to a more accu-
rate localization of sources (Fig. 6(e), 6(f) , 7(e) and 7(f)).

These figures also highlight the collapse phenomenon
described in section 2.1, limiting the resolution of the TR-
FSM imaging method to �

2 ' 14 cm, the source signal
frequency being centered at 1200 Hz. In these conditions,
the main source can be localized, but not precisely (Fig.
6(e), 6(f) , 7(e) and 7(f)). When the SNR is at its limit
of validity (0 dB), we begin to observe the perturbations
influence on the reconstructed field (Fig. 6(f) and 7(f)). In
other words, when the source noise energy is much more
important than the main source contribution, TR-FSM
begins to be sensitive to the perturbative contributions.
In order to localize and characterize the source with high
precision, we propose to improve the TR imaging resolu-
tion using a method based on the TRS [7].

4.4.2. Resolution improvement

TR-FSM resolution is limited by the superposition of con-
vergent and divergent waves that can be mathematically
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Figure 6. Reconstructed fields with TR imaging process
when the main source is centered - Top : without FSM
and without TRS : (a) reference field, (b) SNR = 10 dB,
(c) SNR = 0 dB ; Middle : with FSM and without TRS:
(d) reference field, (e) SNR = 10 dB, (f) SNR = 0 dB
; Bottom : with FSM and with TRS : (g) reference field,
(h) SNR = 10 dB, (i) SNR = 0 dB
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Figure 7. Reconstructed fields with TR imaging process
when the main source is not centered - Top : without FSM
and without TRS : (a) reference field, (b) SNR = 10 dB,
(c) SNR = 0 dB ; Middle : with FSM and without TRS
: (d) reference field, (e) SNR = 10 dB, (f) SNR = 0 dB
; Bottom : with FSM and with TRS : (g) reference field,
(h) SNR = 10 dB, (i) SNR = 0 dB

expressed using Eq. (8), where �!
r is a point of the imaging

plane and �!
r

o

is the main source position.

p

TR
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!
(8)

Around the source position, Eq. (8) becomes :

p

TR

(�!r ,�t) =�!
r !�!

r

o

1

4⇡c

@s(�t)

@t

(9)

where s is the signal emitted by the source to image.
The divergent part of Eq. (8) can be suppressed

by emitting its exact opposite using a numerical sink
[7]. This sink is positioned where the back-propagated
pressure is at its maximum value and its emission signal
is computed by integration of the extracted data at the
sink position, according to Eq. (9).

The results of the TR-FSM process combined with the
TRS show excellent agreements between the reference and
the reconstructed fields (see Fig. 6(h), 6(i), 7(h) and 7(i)).
At first sight, for the two considered SNR values, the
source to image is well located and the pressure level of
the back-propagated field corresponds very well with the
reference one.

4.5. Reconstruction quality

In order to assess precisely the field reconstruction qual-
ity, we use the indicators defined before, T1, T2 and E

n

.
They are shown in Fig. 8 (SNR = 10 dB) and Fig. 9
(SNR = 0 dB) when the source to image is off-centered.
These figures compare the classical TR imaging method
using

⇣
p

m

(

�!
r

s

, t);

@p

m

(�!r
s

,t)
@n

s

⌘
quantities (top of the figures)

with the results of the simultaneous use of FSM and TRS
(bottom of the figures).
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Figure 8. Error criterion for the off-centered source for
SNR = 10 dB - Top : without FSM and without TRS :
(a) E

n

(t), (b) T1 map, (c) T2 map; Bottom : with FSM
and with TRS : (d) E

n

(t), (e) T1 map, (f) T2 map

The obtained results using only classical TR back-
propagation (Fig. 8(a), 8(b), 8(c), 9(a), 9(b) and
9(c)) show that the pressure field is not accurately
reconstructed on the imaging plane, due to external
perturbations and due to the collapse phenomenon. E

n

,
T1 and T2 exhibit high error rates.

Thanks to FSM and TRS, external perturbations and
limited resolution effects are suppressed. For the two SNR
values, E

n

(t) time evolution exhibits a higher value when
the source is radiating, but TRS and FSM methods allow
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Figure 9. Error criterion for the off-centered source for
SNR = 0 dB - Top : without FSM and without TRS : (a)
E

n

(t), (b) T1 map, (c) T2 map; Bottom : with FSM and
with TRS : (d) E

n

(t), (e) T1 map, (f) T2 map

to drastically reduce these errors (Fig. 8(d) and 9(d)).

When the FSM and TRS methods are used, T1 maps
(Fig. 8(e) and 9(e)) show that the shapes of the back-
propagated pressure are precisely reconstructed nearby
the main source position. T2 maps (Fig. 8(f) and 9(f))
show an accurate back-propagated field computation on a
large region around the source to image, that means the
pressure levels aren’t exactly recovered on the source lo-
cation, but remain extremely satisfactory, especially for
SNR = 10 dB. One can notice that T1 and T2 maps are
degraded for SNR = 0 dB. In this case, the FSM process
reaches its own performance limits : the back-propagated
field is composed with the main source emission and the
perturbations contributions that have not been filtered by
FSM process. That’s why the TR process efficiency de-
creases near the perturbative white noise source position,
whereas this decreasing is not observed for SNR = 10 dB.

5. Conclusions

The imaging method presented in this paper is based
on the measurement on a double-layered antenna of⇣
p

m

(

�!
r

s

, t);

@p

m

(�!r
s

,t)
@n

s

⌘
. Thanks to the use of a field sepa-

ration method, based on spherical harmonics expansions,
a double layer time-reversal imaging method can be used
without any a-priori knowledge on the medium. This study
shows that TR-FSM efficiency depends heavily on the abil-
ity of the FSM process to suppress the perturbations in-
fluence. We show that the method remains extremely ac-
curate and succeeds, unless the main emission is totally
masked by the noise contributions (SNR � �5 dB). The
source to image is precisely localized and characterized.
The resolution of the TR imaging process has also been
improved using a numerical time reversal sink, taking ad-
vantage of the double layer measurements, thus giving an
analytical formulation for the sink to introduce in this pro-
cess. Precise comparisons with reference measurements in
an anechoic room show that the proposed double layer TR
imaging using FSM and TRS, allows reconstructing very
accurately the pressure field of the source of interest in
both time and space domains.
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