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Consensus and Flocking in Cooperative Systems with Random
Communication Failures

Benoit Bonnet*, Emilien Flayac! and Francesco Rossit

Abstract— We study sufficient conditions for con-
vergence to consensus and flocking of non-linear
multi-agent systems subject to random-in-time com-
munication failures. Our approach is based on Lya-
punov methods adapted to this non-stationary set-
ting, under a persistence of excitation condition. This
assumption has an interpretation in terms of average
connectedness of the interaction graph.

I. INTRODUCTION

The study of emerging patterns in dynamical systems
describing collective behaviour has been the object of an
increasing attention in the last decades. There is now
a large literature devoted to the analysis of consensus
formation in the class of so-called cooperative systems, see
e.g. [1]. These systems are widely used, for example, to
study crowd motion [2], robot swarms [3], [4] and animal
groups [5], [6] such as bird flocks or fish schools.

Since the seminal paper [7] by Cucker and Smale, a
great deal of interest has been manifested towards the
analysis of the so-called flocking behaviour (see Definition
4 below), which describes the appearance of alignment
patterns in second-order cooperative multi-agent sys-
tems. In [8], the authors proposed an alternative proof of
the emergence of asymptotic flocking, based on Lyapunov
methods. This method was then extended both to finite
and infinite dimension [9], and to specific time and state-
dependent interaction topologies [10]. It also allowed to
control key models towards consensus and flocking [11-
14].

When communications between agents are subject to
random failure, it is clearly crucial to verify whether
convergence is still guaranteed. For discrete-time first
and second order systems, opinion formation models have
been thoroughly investigated in a graph theoretic frame-
work, see for instance the seminal paper [15]. Further re-
sults allowed to incorporate asymmetric communication
rates and random communication failures e.g. in [16],
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[17]. However, to the best of our knowledge, there is no
general proof of convergence for general time-continuous
systems subject to random communication failures.

In this paper, we investigate sufficient conditions for
both asymptotic consensus and flocking formation based
on Lyapunov methods. The main ingredient is the intro-
duction of a condition of persistency of excitation (see
Definition 3 below). This type of condition appeared
quite recently in stability theory, and has proven its
adaptability to build strict Lyapunov functions, see [18—
20]. Besides the interest of having a strict Lyapunov func-
tion, e.g. for studying input-to-state stability, persistence
of excitation has a both deep and simple signification
in cooperative dynamics. Indeed, it transcribes the fact
that, on average on a given time window, the interac-
tion graph describing a multi-agent system is connected
with a prescribed lower bound on the intensity of this
averaged interaction. This type of average connectedness
assumption is standard when studying general time-
varying interaction topologies (see e.g. [15], [21]), and
it is even proven to be necessary for consensus in a large
number of cases in [15]. In the way we formulate it, this
condition further encodes the idea that one only requires
the system to be persistently exciting with respect to the
agents which have not yet reached consensus.

The structure of the paper is the following. In Section
II, we prove the asymptotic consensus for persistently
excited first-order dynamics. We then extend this result
in Section III to asymptotic flocking for Cucker-Smale
type systems with strongly interacting kernels in the
sense of (13), which is the main result of this paper. We
provide numerical examples in Section IV and conclude
with open perspectives in Section V.

II. CONSENSUS UNDER PERSISTENT EXCITATION FOR
FIRST-ORDER DYNAMICS

In this section, we introduce the tools used in the
article, in the particular case of consensus formation. We
study first-order cooperative systems of the form

E(t) = ]bi&juw(m(w — i ()]) (a5 (1) — (1),

;(0) = a7, (CS1)

where (29,...,2%) € R¥ is a given initial datum. We
assume that the interaction kernel ¢ € Lip(Ry,R%) is
strictly positive.



The functions &;; € L> (R4, [0, 1]) represent commu-
nication rates, taking into account potential commu-
nication failures that can occur in the system (when
&;(t) < 1). We require them to be symmetric, i.e.
&;(-) = &i(). One of the main motivations for this
choice of communication rates is to study consensus and
flocking when random interaction failures occur. This
article is the first step towards a more general theory
for such systems, in which the &;;(-) will be realizations
of stochastic processes.

From now on, we use the notation ¢ = (x1,...,2x)
for the state in RV and & = %Zf\ilxl for its mean
value. For systems of the form (CS;), we aim to study
the formation of asymptotic consensus, defined as follows.

Definition 1: A solution x(t) of (CS1) asymptotically
converges to consensus if lim |z;(t) — &(t)| = 0 for all

t—+4oo
ie{l,...,N}.

As a consequence of the symmetry of the rates &;;(-),
(CS1) can be rewritten as

&(t) = —L(t, z(t))z(t), (0) = o, (CSM,)

where L : Ry x RN — L(RV) is the so-called graph
Laplacian, defined by

(Lt @)y)i = 52500 E5 (D9l — i) yi — ;). (1)

In the following, we will also use L¢(-) defined by

(Le(B)y)i = 42 jm & ()i — j)- (2)

Observe that both L(-,-) and L¢(-) depend on the
time-dependent communication rates &;;(-), that are L™
functions, thus defined for almost every ¢ € [0,+00).
For simplicity, we will drop this ’almost everywhere’
definition from now on.

The structure displayed in (1) is fairly general and
allows for a comprehensive study of both consensus and
flocking problems in a unified way via Lyapunov meth-
ods. With this goal in mind, we introduce the following
bilinear form in the spirit of [11], [12].

Definition 2: The variance bilinear form B(-,-) is

B(z,y) = £ (@i yi) — (2,9). (3)

It is symmetric and positive semi-definite.

Such bilinear form is the squared distance of a given x €
RN from the so-called consensus manifold ¢ = {x €
RN st. 1 = --- = zy}. As a consequence, B(x,x) = 0

if and only if 2; = & for any index i € {1,..., N}, i.e. if
x is a consensus.
We now list useful properties linking B(-,-) and L(-,-).
Proposition 1: The graph Laplacian L(t,x) is

positive-semi definite with respect to B(-,-). Moreover,
vectors of the form L(t, x)y have zero mean.

Proof: By summing over ¢ € {1,..., N} the com-
ponents in (1), the mean of L(t,x)y is zero. As a
consequence, and by symmetry of the communication

rates &;(-), it holds

By 9) = e 3 €00 =2, o )

N
e 2 (00 — il — il 2 0.

|
We now introduce a definition of persistence of excita-
tion adapted to our study.
Definition 3: Let T, u > 0 be given parameters. We say
that the persistence of excitation condition (PE, )
holds for (CSM;) if

B (% tt+TLg(s)ds) sc,:t:) > uB(z, ). (PE;,.)
Remark 1: Condition (PE. ) only involves the com-
munication weights &;;(-) through L¢(-) and not the
state of the system. Moreover, it is formulated using the
bilinear form B(-,-), representing the fact that one only
needs the persistence to hold along directions orthogo-
nal to the consensus manifold €. Finally, (PE; ,) can
be interpreted as a connectivity condition of the time-
averaged interaction graph of the system, which is fairly
common in the literature, see [15] and [21, Chapter 2].

In the following theorem, we state a general result of
convergence for (CSM; ), when (PE; ;) holds.

Theorem 1 (Main result - Consensus): Let ¢(-) be
positive and non-increasing. Let &; € L*(R4,[0,1])
satisfy (PE.,) for some 7,4 > 0. Then, any solution
x(-) of (CSM;) asymptotically converges to consensus.

Proof: Let ¢ be the operator norm of L(-,-) with
respect to B(-,-), i.e.
= sup [|L(-, )]s

t,x

= sup
(t,z,y)

{VBL{2)y, Lt 2)y) s.t. Bly,y) =1}

Denote by X (-) the standard deviation of x(-), given by
X(t) := v B(x(t), (1)),

By definition of B(,-), (-) asymptotically converges to
consensus if and only if , 1131 X(t)=0.
—+00
Define the time-dependent family of linear operators
¥y Ry — L(RINV) along the trajectory a:() by

Vo (t) = L ))dods. (4)
Then, 1, (-) is Lipschitz with pointwise derivative
be(t) = L(t.2() - L[/ Lis,@(s)ds. (5)
By definition, it further holds
VTX(t) < /B, )z, ) < /(1 +c2)7X(t).  (6)
Define the candidate Lyapunov function
Z.(t) = AX(1) + VB 0z, 2(0)  (7)

where A > 0 is a tuning parameter. This type of con-
struction is rather recent in the design of strict Lyapunov

(1 +c )TIdN




function under persistent excitation assumptions: see e.g.
[18-20]. By (6), it holds that

A+ VT)X(t) < <A+VA+eH)T)X(E). (8)

By Proposition 1, any solution x(-) of (CSM;) has
constant mean, i.e. &(-) = &o. By invariance with respect
to translation of (CSM;), we assume without loss of
generality (-) = 0 from now on. We now aim to prove
a strict-dissipation inequality of the form

2, (t) < —aZ(t), )
for some « > 0. With this goal, we first compute
2 (t) = —%B(L(t,m(t)),m(t)) I CAOLIOEIG)

2¢/B(W-(H)z(t),2(t))
_ BL(t,z(t)x(t), wf(t)m(t))
VB ()z(t),z(t))

By (5)-(6), it holds

2:(t) < fWB((é TL(s, (s))ds)y, y)
+ xa B((7 LTI dUdS).%L( Y)y)

+ 7xm(z — V4 ) —fA Y)Y Y),
(10)
where we wrote y = x(t) for conciseness.

To estimate the first line of (10), recall that first-order
cooperative systems have uniformly compactly supported
trajectories, see e.g. [14, Lemma 1] . Since ¢(-) is positive
and continuous, there exists a positive constant C(x)
such that

min; ; ¢(|ai(t) — 2;(t)]) = C(zo)

for all times ¢ > 0. By definition of L(-,-), this implies

C
> Slag) wa )y — y;
1,j=1

= C(z0) B(Le(t)y, y),
for any y € R, By using (PE,,,), it holds

B ((l s, a:(s))ds) a:(t),oc(t)) > O(ao)uX2(t).
(11)
For the second line of (10) one has that
B(A(JT [ L(o,@(0)dods)a(s), L(t, o (t))a(t))
rEX(t \/B L(t w(t))w(t) L(t, x(t))x(t))

2X (1) Lt (1) %] 5 \/ BL( 2 () (), 2(1))
7¢? (X (1) + 5. BL(t, 2 (t)2(1), 2(1))) ,

(12)
for any € > 0, by definition of || - |p and Young’s

inequality. Merge (10)-(11)-(12) and recall that L(-,-) is
positive semi-definite to obtain

% kg AT
() < - (ngjit; - fe) X(t)

. (2\[ NG )\) B(L(t, x(t))z(t), z(t)).

B(L(t,z(t))y,y

IN

IN

IN

Choose
_ _ C=op _ 1 AT
€= 2¢374/(1+c2)’ A= 2VT T 2e °

Using (8), we recover (9) for a positive constant
alp, ¢, 7,C(xp)). Then, it holds tligl Z-(t) = 0, thus
)

, li+m X (t) = 0 by (8). By definition of X (-), this implies
—+00
that x(-) converges to consensus. ]
III. FLOCKING FOR CUCKER-SMALE TYPE SYSTEMS
WITH STRONG INTERACTIONS

In this section, we derive sufficient conditions for the
asymptotic convergence to flocking of general Cucker-
Smale type dynamics subject to random communication
failures. These systems are of the form

() = vi(t),

bi(t) = %JZ:Z §ij (D) (|ai(t) — 25(8)])(v;(t) — vi(t))-

(CS2)

Similarly to Section II, (CS2) can be rewritten in matrix
form using the graph Laplacian defined in (1):

{:fc(t) = v(t),

z(0) = xo,

v(0) = vo. (CSM)

o(t) = —L(t, z(t))v(t),
We now recall the definition of flocking.
Definition 4: A solution (x(-),v(-)) of (CSMsz) con-
verges to flocking if for any ¢ € {1,..., N} it holds

o(t)| = 0.
For this problem, we always assume to have ¢(-) €
Lip(R4,R% ) non-increasing and such that

+oo
/ o(r)dr = +oo.
0

Equation (13) is known as a strong interaction con-
dition, since it describes the fact that the interaction
between agents does not decrease too fast when their
distance goes to infinity.

Remark 2: When ¢(-) is uniformly bounded from be-
low by a positive constant, then flocking in the full-
communication setting occurs, see e.g. [7], [8], [14]. In
our framework, this result is a simple consequence of
Theorem 2. For positive kernels not satisfying (13),
one can easily construct examples of initial conditions
(zg,v0) for which flocking does not occur, see [7].

Solutions of (CSM,) satisfy

z(t) = v(t), v(t) = 0.

By invariance properties, we assume Z(-) = v(-) = 0 from
now on, with no loss of generality. Define

X(t) = /Bl),z®), V() :=/Bo),o)

As a consequence of symmetry of &;(-), system (CSMy)
is weakly dissipative in the sense that

X(t)<V(t), V(t) <0,

() — z(t d lm |ui(t) —
§1>1£>|15() Z(t)] < +oo and  lim fvi(?)

(13)

(14)



along any solution (z(-),v(+)).

In their seminal paper [8], Ha and Liu produced a
concise proof of the Cucker-Smale flocking based on the
analysis of a system of strictly dissipative inequalities: if
it holds that

X(t) S V(t), V(t) < —p2VNX(1)V (),

where ¢(-) satisfies the strong interaction condition (13),
then the system converges to flocking. Our aim is to
adapt their strategy while taking into account possible
communication failures. We prove the following, main
result of this paper.

Theorem 2 (Main result - Flocking): Let (PE; ) hold
and ¢(-) be positive, non-increasing, and satisfying (13).
Then, any solution of (CSMs) converges to flocking.

The proof of this result relies on the construction of a
strict Lyapunov function for (CSMy), for which a system
of inequalities akin to (15) holds only on a bounded
time interval. This finite-time strict dissipation allows
us to recover the asymptotic flocking of the system as
a consequence of the weak dissipativity (14) of (CSMy).
To the best of our knowledge, this combination of strict
Lyapunov design and flocking analysis via systems of
dissipative inequalities has not been covered by the
existing literature.

We first prove a technical lemma.

Lemma 1: Let (x(-),v(-)) be a solution of (CSMy). If
(PE,,,) holds, then one has

B ((% tHTL(s,m(s))ds) w,w)
> pg(2VN(X(t) + 7V(0))) B(w, w)

(15)

(16)

for any w € RV,

Proof: By definition of L(-,

B ((% :+TL(S, w(s))ds) w,w)
N

e 3 (A6 6)6(es) — i (o))ds) s = vy

2
i,

-), it holds

Z3

N
b 3 (HTE(5)9@VENX (5))ds) o vy, (17)
i,j=
where we used that ¢(-) is non-increasing. As a conse-
quence of the weak dissipation (14), one further has
X(s) )+ [P X

for all s € ¢, t+7']. By (17), and recalling again that ¢(-)
is non-increasing, it holds

B ((% tt+TL(s,a:(s))ds> w7w)

o(2VN(xX(t)+7v(0)) & -
> sl § (3 o) o

$(2VN(X () +7V(0))) B (( T Le(s )ds) w, w)
> ud(2VN(X(t) +7V(0))) B (w, w),

where we used (PE-,) in the last inequality. u

7)o < X(t) +7V/(0).

We now define the candidate Lyapunov function

V(1) = MOV () + VB (t)v(t), v(t))

where ), (+) is defined in (4) and A(+) is a tuning curve,
smooth with the respect to time. We have the following
lemma.

Lemma 2: For any ¢y > 0, there exists T > 0 such
that for almost every ¢ € [0,277), it holds

(18)

. ¢(2\/N(X(t)+'r§/ (O)))
< _k V .
A//T(t) — 2\/(1 02)7' (t) (19)

Proof: Following the proof of Theorem 1, we have

3 +25t VTA()
< (=7 U )B<L<t,x<t>>v<t>,v<t>>

- (Rl - o -do)vo
(20)

The two differences with respect to the proof of Theorem

1 are the choice of time-dependent families of parameters

(A(+),€(+)) and the use of (16) instead of (PE; ).
Choose

Yo(t) <

1 ST
PN EOR

A(t) = (21)

SV é(t). Choose

This implies in particular that A(t) = — 520

now €(-) as the solution of
é(t) = €(t), €(0) = eo,
for a given constant ¢y > 0, i.e. €(-) defined by

lt) = (22)

for t € [0,1/2€2). Then, (20) reads as

- 1o (2VN(X(®)+7V(0)
< —
V(t) < o @
and (19) holds with 277 = 1/2¢3. ]

Observe that (19) involves both #;(:) and V(). We
now aim to find an estimate involving V(-) only.

Proposition 2: There exists a constant Xj»; > 0 such
that sup X (¢) < Xp. Moreover, for any ¢, € (0,1] it

>0
holds
V(T*) < a1+ﬁ160) V(0) exp H¢(2\ﬁ(XM+TV(0))))
€0/ — \ az+fz2¢0 4(asz+PB3eo0)eo
(23)
where {ay, ﬁk}%zl are positive constants depending on

(¢, ) only.

Proof: Choose ¢y € (0,1] and denote by (A(+),€(+))
the corresponding functions given by (21)-(22) respec-
tively.

Similarly to (6), it holds that

VTV () < VB, (H)v(t),v(t) < V(1 +2)TV ().
By definition of ¥;(-) in (18), it then holds that

7:(0) < (VI )7+ 5= + S2) V(0),
72(0) = (VT + 535 + ) v,




for any ¢t € [0,77 ], where we used the fact that e(t) <
V/2€o on this time interval. By simple identification of
the coefficients, these estimates can be rewritten as

720 < (2 + 81) V(0) and %5(0) = (22 +8,) V(1)

for positive constants {ax, B }7_,; depending on (c, 7).
Integrate (19) on [0, t], to obtain

V(1) < 77(0)
- Nﬁfot (2VN(
that in turn implies
v(t) < (282 ) v (0)
it Jod(2VN(X

where (a3, 33) = 21/(1 + c¢?)7(az, f2). Recall now that
X(s) < V(s) by (14) and apply the change of variable

X(s) 4+ 7V(0)))V(s)ds.

(24)

(s) +7V(0)))V(s)ds.

r = X(s) in (24). It then holds that
V() < (2582 ) v (0) o
. X(t
— e [2062VN(r + 7V (0)))dr.
Define V' := V(0)/ep and observe that the strong

interaction condition (13) implies

V < et Jx 0 @VN(r + 7V))dr.

By strict positivity of ¢(-), one can choose Xp; > 0
independent from g such that

b's
V< (a1+,81)(a3+ﬂg)f M (2\/> 7" + TV))
Going back to V(0) and recalhng that ¢p € (0,1] and &(+)

is non-increasing, it holds

V(0) <

€opan XM
(a1 +B1eo)(as+pPzen) J X (0

¢(2VN(r +7V(0)))dr.
Plugging this estimate into (25) yields
V() < s [T 0(2VN(r + 7V(0)))dr.

asz+Bzeo
Since V (+) is a positive quantlty by definition and ¢(-) is
strictly positive, one necessarily has that X (¢) < X; on
[0, T ]. Since the uniform bound X/ is independent from
€0 and hn% T? = +oo0, it holds sup;>q X () < X

€0—>
Since ¢(+) is non-increasing, it further holds

SQ2VN(X (1) +7V(0))) 2 6(2VN(Xar + 7V(0))).
for all times ¢ > 0. Then, (24) implies

v(t) < (282 ) v (0)

— g (2V/N(Xp + 7V(0))) [y V(s)dr

az+Bseo0

By Gronwall’s Lemma, it holds
V(T;) < (2812 ) V(o) exp (-

where we used the fact that T = 1/4¢3. |
We now prove Theorem 2, that is our main result.

u<z>(2\/ﬁ<XM+TV(0>>>>
4(az+PBze0)eo

Proof: By Proposition 2, it holds sup,~, X (t) <
X, hence for each ¢ € {1,..., N} it holds
sup |z;(t) — &(t)] < 4o0.
>0

We now prove convergence of the velocity vari-

ables. First fix 6§ > 0. In (23), observe that
S2VN(Xp+7V(0)) _ .
601£Ié+ exp (— ® 4(a3+§;60)60 ) = 0, hence there exists

e such that V(T7) < § where T = 1/4¢3.

Since (CSMy) is dissipative with respect to the velocity
variable, then ¢t > TZ implies V() < 4. Since this
estimate holds for any 6 > 0, it holds tiignoo V() =0

By definition of V(-), this implies that
Jim_Jui(0) — ()] =0,
forallie {1,...,N}. ]

IV. NUMERICAL EXAMPLES

In this section, we provide numerical simulations of
convergence to flocking for a system with a particular
class of random-in-time failures. We consider the 2D
Cucker-Smale system with interaction kernel ¢(r) =
1/(1 + r), that is strongly interacting. Given At > 0,
we take the &;;(-) to be realizations of piecewise constant
Bernoulli processes with parameter p € [0, 1], i.e

P(&i;()=1) =p, P(&;()=0)=1-p,  (206)

over each time interval [nAt, (n + 1)At] with n € N. We
sample randomly the initial state of the N agents with
uniform distributions in [0, Xo)? x [0, Vp]?.

We first study the case of N = 15 agents with
parameters Xo = 4, Vo = 2, At = 0.2, p = 3/4. In Figure
1-top, we plot the trajectories of agents in the plane,
while in Figure 2-top we plot the evolution of the norms
of the velocities in time. We compare these results with
the same dynamics with full communication rates, i.e.
when &;;(-) = 1, for which we plot both the trajectories
(Figure 1-bottom) and the evolution of the norms of the
velocities (Figure 2-bottom).

Clearly, the convergence to flocking of the system
with random failures is slower than in the full commu-
nication case. To better quantify this phenomenon, we
display in Figure 3 the first time T5 = Ts(p) at which
B(v(Ts),v(T5)) < 0 as a function of p. In this case, we
fixed At = 0.5, Xo = Vp = 0.5 and § = 1076, We aim to
prove this empirical result in much more generality in a
future work.

V. CONCLUSION AND PERSPECTIVES

In this article, we proved two main results of con-
vergence of multi-agent systems under random-in-time
communication failures. If communication rates satisfy
a persistence of excitation condition, then one has both
convergence to consensus for first-order systems (The-
orem 1) and convergence to flocking for Cucker-Smale
systems under an additional strong interaction condition
(Theorem 2).
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In the future, we aim to improve such results in two
directions. First, we will consider conditional flocking,
i.e. we aim to find conditions on the initial configurations
that ensure convergence even with non-strong interaction
kernels. Second, we will consider communication failures
as a result of a stochastic process and aim to estimate
the probability of convergence to consensus and flocking.
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