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Primal-dual formulation of the Dynamic Optimal Transport using
Helmholtz-Hodge decomposition

Morgane Henry*, Emmanuel Maitre*, and Valérie Perrier*

Abstract.

This work deals with the resolution of the dynamic optimal transport (OT) problem between 1D or
2D images in the fluid mechanics framework of Benamou-Brenier [6]. The numerical resolution of this
dynamic formulation of OT, despite the successful application of proximal methods [36] is still computa-
tionally demanding. This is partly due to a space-time Laplace operator to be solved at each iteration, to
project back to a divergence free space. In this paper, we develop a method using the Helmholtz-Hodge
decomposition [23] in order to enforce the divergence-free constraint throughout the iterations. We prove
that the functional we consider has better convexity properties on the set of constraints. In particular we
explain that in 1D+time, this formulation is equivalent to the resolution of a minimal surface equation. We
then adapt the first order primal-dual algorithm for convex problems of Chambolle and Pock [12] to solve
this new problem, leading to an algorithm easy to implement. Besides, numerical experiments demonstrate
that this algorithm is faster than state of the art methods for dynamic optimal transport [36] and efficient
with real-sized images.

Key words.
Convex optimization, optimal transport, proximal splitting, image processing, Helmholtz-Hodge decom-
position, minimal surface
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1. Introduction. Optimal transport is a growing field, having numerous applications
in different domains such as economics [13, 22|, machine learning [42, 33, 1, 43] or partial
differential equations [10, 30, 9, 8]. Above all, a lot of applications have arisen in image
processing [32], such as color image processing [20, 21], color transfer [40], segmentation
[38] or image interpolation [36, 14, 15]. This last application is particularly relevant for the
optimal transport, since it defines a metric between densities [45]. Several recent works
investigate new formulations for the optimal transport to make the interpolation more
physical [7, 34]. From the numerical point of view, while the application of proximal meth-
ods [36] was successful, the development of efficient new algorithms for the calculation of
the dynamic optimal transport between two densities, due to the lack of strict convexity,
is challenging (see [37] for an up-to-date tour on optimal transport).

In this paper, we focus on the image interpolation problem and the numerical resolution of
the L?-optimal transport problem, for which few numerical methods have been developed
so far [6, 24, 36]. The pioneering work of Benamou-Brenier [6] places the problem in the
context of fluid mechanics by adding a time dimension, leading to a new formulation called
the dynamic optimal transport.

The Benamou and Brenier algorithm is based on the minimization of a functional which
preserves the mass, through an augmented Lagrangian approach. In contrast we propose
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to work directly in the space of constraints for the functional to minimize. Indeed, existing
algorithms [36, 6, 21] require a projection onto the divergence-free constraint at each iter-
ation, which amounts to solving a 3D Poisson equation for 2D images. The fact that the
functional has better convexity properties in the set of constraints, which we will justify in
this paper, motivates our approach. To work in this space, defined by a divergence-free and
regularity constraint on the density and the velocity fields with boundary conditions, we
use the Helmholtz-Hodge decomposition: it separates any vector field into a curl-free and
a divergence-free component, and is often used in the context of partial differential equa-
tions [23, 31]. This change of unknown leads to a new formulation of the problem, which
in 1D + time, is equivalent to the resolution of a minimal surface equation on each level
set of the potential, equipped with appropriate Dirichlet boundary conditions. Another
approach to handle the new formulation is to use the first order primal dual algorithm for
convex problems developed by Chambolle and Pock [12], which can be easily adapted in
our case. The Chambolle-Pock method is nowadays widely used [16, 26], since it leads to
fast implementations and can be speed up on parallel architectures. Therefore our method
will provide a fast algorithm, simple to implement on imaging problems.

This paper is organized as follows. In section 2, the dynamic optimal transport framework
is introduced and the convexity of the functional in the set of constraints is studied, justify-
ing our approach. Then, introducing the Helmholtz-Hodge decomposition, we reformulate
the problem directly in the set of constraints. In 1D-+time, we establish that the solution
satisfies a minimal surface equation. Section 3 is dedicated to the application of a primal-
dual algorithm adapted for our functional. Finally numerical experiments are conducted
to compare our algorithm to state of the art on several test cases, including real images,
proving the validity and efficiency of our method. Part of this work has been published in
a conference paper [[28]. In the present paper, we added theoretical developments on the
functional on the constraint space, an equivalent formulation in the 1D+t case in terms
of a minimal surface resolution, leading to an alternative algorithm, and several numerical
experiments.

2. New formulations of the Monge-Kantorovich problem.

2.1. Introduction. Let Q = (0,1)", and (po, p1) € (LQ(Q))z, with n € N*, be two
positive, bounded densities with

/on(x)dx:/gpl(a:)dx = 1.

If |.| denotes the Euclidean norm in R™, the L?-Wasserstein distance (see for example [45])
between pg and p; is defined by

da(po, p1)” = inf / M (2) — o p0()de,
M Jq

where the infimum is taken among the maps M transferring pg to pi, which means that

VACQ, [cqpi(z)de = fM(:p)GA po(z)dz. The Monge-Kantorovich problem (MKP) con-

sists in finding an application M (the optimal transport) which realizes this infimum.
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Benamou and Brenier [6] placed the problem in the continuum mechanics framework. Let
us consider a time interval (0, 1) for sake of simplicity, set @ = (0,1) x Q and

(1) V(Q) = {f € (L*(Q)"*", diveq f =0}

Let us introduce the time-dependent density p(¢, z) > 0 and the vector field v(t, z) € R"
verifying the continuity equation

(2) divtﬂ?(p(ta 1’), p’U(t, .’L')) - 8tp(t7 1’) + V- (p’l})(t, Z’) =0
for t € (0,1) and x € €2, equipped with the initial, final and boundary conditions

3) p(0,2) = po(z), p(1,2) = p1(z), Vo €,
(4) pu(t,z) v =0, Vt € (0,1), x € 09,

where vq is the outward normal of €. As proven in [6] (see also [45]), the square of the
L?-Wasserstein distance between py and p; verifies

1
o, pr)? =it [ [ plt.)lo(t. )P dodt,
0 Q

where the infimum is taken among all p,v satisfying (2) and (3). To obtain a convex
problem with linear constraints, Benamou and Brenier introduced the momentum m = pv
and obtained the following formulation

1
(5) min J(p,m) where H(p,m)—/ /J(p(t,a:),m(t,m))da?dt,
(pym)eC 0 Ja
with
m]? if p>0
2p p ’
(6) V(p,m) € Ry xR™, J(p,m) =14 0, if (p,m) = (0,0),
400, otherwise ,

and the set of affine constraints reads
(7) C:= {(P, m); divt,m(pv m) =0, m(.,$).yg =0, Vx € 09, p(Ov ) = Po, p(17 ) = pl}'

We will detail in the following an algorithm working directly in the set of constraints C.
This is crucial for our method since, as it will be proved in the next section, J has better
convexity properties on that set.

2.2. Convexity of the functional in the constraint space. We prove in this section a
convexity result for J on the constraint space, provided some regularity assumptions on the
velocity field v. Fortunately, thanks to Hug [29], we have at hand two important regularity
results.



Proposition 1 (Hug). The velocity field v = % derived from optimal transport belongs
to WHL(Q). Moreover, let M > 0 and py,p1 € L>®(Q) of equal mass and such that
0 < po,p1 < M. Then, the time-dependent density p, solution of (5-6), is in L*°(Q) and
0<p<M.

From now on, we will assume that pg,p1 € L*(€2). The set of constraints can then be
restricted to:

Coo 1= {(pvm) eCpe LOO(Q)a p=0and m = pv, withv e LI(Q)}’

without changing the minimizer.
Proposition 2. The set C is non empty and conver.

Proof. First, C is non empty. Indeed, because of proposition 1, the solution of the
optimal transport problem (p,m), for pg, p1 in L*°(€2) and positive, belongs to Cu.
We now prove that Cy is convex. Let (p,m) and (p’,m’) be in Cx and « €]0,1[, then
(Pasma) = (ap+ (1 —a)p’;am + (1 — a)m/) is in C which is convex and p, € L>®(Q) is
positive. Let us now check that m, = pave with v, € L(Q).
Because p and p’ are positive, we have, if p, # 0,

[0ad Ma am+ (1 —a)m am (1—a)m’
o] = |Te| —
| pa ap+ (1 —a)p ap+(1—a)p| |ap+(1—a)
am (1—a)m/ , 1
< = €L .
<o |G o e @)
The case p, = 0 corresponds to p = p’ = 0 which occurs only on a measure zero set since
v= %,v’ = ’I’;—/, € LY(Q2). Thus v, is in L'(Q) and C is convex. [ |

Using these properties we can derive the following result for the optimal transport
problem:

Proposition 3. The functional J defined in (5,6) verifies:
. J 1s a proper convex lower semicontinuous function on C.

2. Let (p,m) and (p',m') be in C and « €)0,1[, such that

(8) Ia(p,m) + (1 —a)(p',m')) = ad(p,m) + (1 — a)3(p',m),
then 6p = p — p' verifies

vifp>0
where w=< v ifp >0
0 otherwise

{ 9:(0p) + Va(wdp) =0
dplag =0,

and v =" if pp’ > 0.

Proof. The first point was proven for example in [4].
To study the convexity of g, let « €]0, 1], (p,m), (p',m’) € dom g satisfying (8)

/ J(a(p,m) + (1 —a)(p/,m'))dzdt = / (aJ(p,m) + (1 —a)J(p',m')) dzdt.
Q ; Q



Because m = pv, m’ = p'v', and mqy = pave with v,v',v, € LY(Q), we have for almost

2
every (t,x) € Q, J(p,m) = %va _ %

2 2 /12
o\ Pa p p

_ / (!maﬁpp’ ~almPpad ~ (1 —a>rm'12pap> e
Q Papp

/ lapv + (1 = a)p'v'Ppp’ — (ap'|pv]? + p(1 — ) |p'V'|*) (ap + (1 — a)p)
Q

and so we obtain:

dxdt

(ap+ (1 —a)p)pp/
Expanding and collecting terms gives:
/ 2a(1 = a)p*p(v-v) = a(l = a)p*po —a(l —a)p?p2 ',
xdt = 0,
Q (ap+ (1= a)p)pp’
and finally, dividing by «(1 — «) # 0 we obtain:

Py o2
/dedtzo_
Qap+(1—a)p

This leads to

9) pp v — UI‘Q = 0 for almost all ¢,z € Q,
Thus v = v’ if pp’ > 0 and we can define
vif p>0
w=< vifp >0

0 otherwise,
w € LY(Q) because |w|z1 < |v]z1 + |[v/|z1. Moreover, since (p,m), (p',m’) € Cxo,
(10) Oep+Ve m=0p+ Vi pv=0p+ V- wp
Oip) +Vy-m/ =0ip + V- pv) =0p + V- wp
and we obtain the desired result for dp = p — p'
04(5p) + Va(wbp) = 0.
|

Remark.

e The proposition 3 shows that dp = p — p’ € L°(Q) is solution of the continuity
equation with homogeneous Dirichlet boundary conditions, associated to the veloc-
ity field w € L'(Q). As proved in [19, 2], if the velocity field would be in W1(Q),
there will be a unique solution and thus dp = 0. However for w € L'(Q), we are
not able to prove the unicity of the solution.

e From another point of view, if we would add the assumption v € W(Q) in the
set Cy, we could not prove that Cy, remains convex.

In the following we will only consider positive densities pg, p1 in the space L™ ().
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2.3. Reformulation of the problem using the Helmholtz-Hodge decomposition. To
work directly in the constraint space C, we use the orthogonal decomposition of L?(Q)'*™,
for n = 1 or 2, detailed in [23]. Any vector field v = (p,m) € L?(Q)**" has the following
Helmholtz-Hodge decomposition:

(11) (p,m) =V x ¢+ Vh,

where we will denote V = V;,, in the following. Moreover, h € H'(Q)/R, and for
n+1=2, ¢ € H}(Q) whereas for n +1 =3, ¢ € (H}(Q))?, and V - ¢ = 0. Furthermore,
if (p,m) € V(Q) (defined in (1)) is divergence-free, the potential h satisfies:

(12) Ah=0in Q,
s = (p,m) - vg on 9Q,

where v is the outward normal of @ and (p,m) - vg represents exactly the boundary
conditions in C. In practice, we have first to solve the system (12) to obtain h, which is
no more than a Poisson equation with known boundary conditions. Then, knowing h, we
have to find the minimum of the new energy

(13) E(¢) = 3n(V x &) = /Q J(V x é(t,z) + Vh(t,z)) dudt,

where J has been defined in (6). Note that, as a composition of an affine operator with a
convex function, J, is still convex.

Proposition 4. In the particular case n = 1 (dimension one in space), looking for the
minimum in H}(Q) of the energy E(¢) defined in (13), with the constraint p = dy¢+0h >
0, and h being known, is formally equivalent to solve the equation:

. Vo -V xh
14 divy, =2 — Y XM _
(14) Ve eV x BV

Proof. Since Jj, is convex, we search for ¢ € H}(Q) cancelling dE:

dE(¢)(¥) =0, V¢ € Hy(Q).
E(¢) = [ J(V x ¢ + Vh)dadt, with, by (6), J(X,Y) = 3% a.c.. Then:
2
S 2x2
Using V x ¢ = (0,0, —0.¢), the differential of E is given by

oxJ(X,Y) = and dy J(X,Y) =

Pl =<

AE () () = / OxJ(V X 6+ VR)uth — By J(V x 6+ Vh)Oys] dadt

Q

B (=0 + D:h)? —0u¢ + O:h

- [, (- oot - S o) o
(1 (=04 + Orh)? —O1p + O.h

= /Q 5395 (W) ¥+ O (M) 1 dzdt.

6



Then dE(¢)(1) = 0 for all ¢ € H}(Q) if and only if

— 0y + Osh 1 (=0kp + 0:h)*\ _
(15) o (Govan) 1 (Garar) =0

[ o . 8m¢+8th
<u)_vx¢+Vh_<—8t¢—|—8xh)7

If we now denote

equation (15) rewrites:

0=0, (%) + %833 <E>2 _ (Oru)v — udpv L (Ozu)v — udyv

V2 v V2
(Opu)v? — wwd + Oy — 2OV
— = )

Remarking that:
Vé—V xh= ( _Z > and |V — V x h|*> = u® + 2,

we compute:

) (—u,v) B —u v
dives ((UQ Toniz) O (W2 + 02)1/2 + 0y (W2 + 02)1/2
(16) B _6tu(u2 +v?) — w20 — wwdw  Opv(u? + v?) — vudpu — v20,v
- (u2 —|—v2)3/2 (u2 —|—v2)3/2
—(Opu)v? 4+ uvdyv + (Opv)u? — vudyu
(u? + v2)3/2

(0 (%) + 20 (4)) ()

Since we assumed v = 0,¢ + dsh > 0, (15) is equivalent to

die ( (—(= 84 + 8zh), Dot + Oih) ) 0
PN (8 + 8h)2 + (D00 + Bh)2)1/2 '

which is the expected equation (14). [ |

Remarks.

1. The result of proposition 4 stems from different facts. First, let us observe that in
dimension two the Hessians H; and H of respectively the functionals J(X,Y) =
% and J(X,Y) = VX2 +Y? are proportional, which is no more true in higher
dimensions. Indeed,

g (0xxJ OxyJ\ _ 1 (¥Y? XY
T \oxyJ OyyJ) X3 \—-XY X2

7



and
e 1 Y? XY
J (X2 +y2)3/2 - XY X?

Now, define

E(¢) = /QJ(V x ¢(t,x) + Vh(t,z)) dedt = /Q |V x ¢(t,z) + Vh(t,x)| dzdt.

Then dE can be rewritten in terms of E. For all 1 € H}(Q), using anew the
notation (v,u) =V x ¢ 4+ Vh,

dE(9)(¢) = /Q [OxJ(v(t, z),u(t,z))0z0) — Oy J(v(t, z),u(t, z))0p)] dxdt

= —/ [0:0x J (v, u) — 0Oy J (v, u)] 1 dxdt
Q

= —/ [0:v0x x J (v, u) + Oyudxy J (v, u)
Q
—0wixy J(v,u) — Qwudyy J (v, u)]yp dxdt

Oz¥  Ogu
= —/QHJ(U,U) : <—3tv —8tu) Y dzdt

_ (v +u?)*? - S Opv Opu
__/QHJ(v,u). e O ) dadt.

V3

where ” ;" denotes the euclidean dot product between two matrices.
Because v? + u? = |V x ¢ + Vh|? is non zero, we obtain:

dE(¢)(¥) =0 <= dE(¢)(1) =0

Moreover, the norms |V¢ — V x h| and |V x ¢ + Vh| are equal, so minimizing
/Q IV x ¢(t,z) + Vh(t,z)|dzdt

is equivalent to minimizing
/Q |Vo(t,x) — V x h(t, z)|dzdt

which Euler-Lagrange equation is (14).

. The minimisation of this new functional is simpler than the minimization of J as
we will see in section 3.

. The L? orthogonality of V¢ and V x h provided by the decomposition (11) and the
orthogonality of V¢ — V x h and V x ¢ + Vh allowed to simplify the calculation
(16).



4. This proposition does not hold in the 2D+t case because -in particular- H; and
H ;7 are no more proportional.
In conclusion, in 1D, searching for the minimum of F in (13) amounts to the resolution
of a minimal surface equation on each level set of the potential ¢ equipped with appropriate
Dirichlet boundary conditions. Finally we obtain the following systems:

Ah=0in Q,
17
(17) {gjg:(p,m)mona@
and
: V¢—-Vxh __
(18) let,a: 7|V¢—V§h| = 0,
¢ =0 on 0Q.

The equation (18) is the Euler-Lagrange equation of the functional (convex as the compo-
sition of a linear operator with a convex function)

(19) Gms (V) :=/Q\V¢>—Vxhl dedt = ||Vé—V x 1.

Section 3.1 will detail the minimization of this new functional J,,s, instead of directly
solving the equation (18).

Remark. Optimal transport between two densities applies under a condition of iso-mass
of those densities. However in applications one might want to interpolate between to images
which are not of equal mass. This case referred as to unbalanced optimal transport has
been soon addressed [5, 39, 34, 14, 15]. Our present formulation could be generalized to
that context by incorporating a source term in the Laplace equation in h.

3. Two algorithms using a first order primal-dual formulation. Let now denote X and
Y two real vector spaces equipped with the same inner product (.,.) and norm |.| = (.,.)1/2.
Our formulation of the optimal problem (13) can be viewed as searching the minimum of
a functional of the form:

(20) min F(K(9)) + tco (),

where F' € T'g(Y), the set of proper, convex, lower semi-continuous (l.s.c.) applications
Y —- Ry, K: X — Y is a linear continuous operator and ¢, is the indicator function of
the set Cp := {¢ = 0 on 9Q} which is in I'g(Y). Such minimization problem falls into the
framework of Chambolle and Pock [12], who solve (20) using its primal dual formulation
(see [41]):

(21) m(gn mzax<K¢, z) + 1oy (@) — F*(2).

F* is the Legendre transform of F' (see [4]), and is defined by

. ] 9 —=[0,+00)
r ‘{y = max(z, y) — F(y).

9



The proximal operator of the function F* defined, for v > 0, by

9y =Y
ProXyp« * 4 x + argmin (%|a:—y|2 +7F*(y)) )
Y

and the norm of the operator K, ||K|| = sup{|Kz| : z € X,|z|] < 1}, are used in the
primal-dual algorithm, summarized as follows.

Algorithm 1 (General Chambolle-Pock). )
Initialization: 7,0 > 0,0 € [0,1], (¢*, 2" = K¢V, 9% = ¢V).
Iterations:

2 = proxp. (21 4+ 0(K¢Y))
o = Prox, (¢" — TK*2T)
éi-{-l — ¢i—|—1 + 0(¢i+1 _ ¢z)

Because the 1D case leads to a minimal surface formulation (see section 2.3), we will present
two different algorithms. The first one solves equation (14) minimizing the functional g,
defined in (19), whereas the second one minimizes the functional J;, defined in (13).

Convergence of the algorithm: Assuming that X and Y have finite dimension, and
that the problem (21) has a solution (¢, 2), it has been proved in [11, 12, 25] that for 6 = 1
and o7||K||> < 1, the sequence (¢?, 2') computed with Algorithm 1, converges to the exact
solution (¢, 2), for any initial condition ¢°.

We thus have the convergence of the algorithm for the discretized problem which will be
now detailed in both cases.

3.1. Primal dual algorithm for the minimal surface equation. We first detail the
algorithm when considering the minimal surface equation (14), which consists to minimize
Jms defined in (19), with suitable boundary conditions:

(22) min ||Vo — V X h||1 + to, (@) = min Jms(VP) + 1oy (P)

Here we took K = V, the gradient operator (linear continuous operator from X = H'(Q)
toY = (L?(Q))?) and F = J,s(y) = ||y — V x h||; which is proper, convex and continuous.
The primal-dual formulation of this primal problem is

min max(=.V6) + 10 (6) — Tis(2):

Stating the problem in a discrete setting, ||.||; writes, on a discrete centered bidimensional
grid G¢ which will be defined in 4.1: for = (z3)reqe, zx € R?,

lzlly = ) |ak| where zp, = (2',27), |zx| = \/(x})? + (23)2,
keGe
and we have,

prox. | ||, (x) = (prox,| | T )keGe-
10



For (a,b) = ((ak,bx))rege and (V X hy)rege the values of respectively V¢ and V x h on
the grid G¢,

Ims(a,b) = |[(a — Ozh, b+ Oph)||1 = Z Ims(ak, by) = Z |(ar — Ophu, by + Ohy)|
keGe keGe

where Jys(ag, br) = |(ax — Ophg, bp +0thy)|, V x hy being known. The following proposition
holds.
Proposition 5. For all ¢, vector valued on the grid G¢, one has:

(c—~V x h)

prOX,yg:ns (C) = min(C — ’Yv X h7 m

),

Then we can observe that prox.g: 1is a pointwise Euclidean projection onto a unit ball in
R?P where p is the size of the grid.

Proof. See appendix A [ |

Moreover, since t¢, is the indicator function on a closed, non empty convex set, its proximal
operator is the projection onto the set Cy (see [17]), which we will denote by P¢,.

Its computation merely corresponds to set the boundary values of ¢ to zero.

Finally, in this case we obtain the following algorithm:

Algorithm 2 (PDHHMS). B
Initialization: 7,0 > 0,0 € [0,1], (¢°,2° = V', ¢0 = ¢°).
Iterations:
i = Proxg. (2" + (V' =V x h))
¢i+l — (PC'() <¢Z _ Tv.2i+l)
(Z)H& _ ¢i+1 + 0(¢i+1 _ ¢)2)
It has been shown in [11] that for # = 1 and o7||V||? < 1, ¢' computed with the above
algorithm, converges to the solution of the discrete version of problem (22):

(23) min > Joms(Vor) + tey (k)

keGe

for any choice of ¢V.

3.2. Primal dual algorithm for the functional J,. We now want to minimize (13)
whose primal-dual formulation is:

(24) m(bin mjx(Kd), Z> + LCy (¢) - 3;;,(2)7

with K = Vx, the curl operator (linear continuous operator from (H'(Q))? to (L?(Q))?)
and J; : (L*(Q))® — [0,+0c) is a proper, convex, lower semicontinuous function. The
11



discrete objective functional J reads for (p, m) defined on the centered tridimensional grid
G¢ (defined in section 4.1):

(25) d(p,m) = Y J(pr i),
keGe

where the functional J is defined in (6), and then,

prox.4(z) = (prox. ;(zr))kege-

As proved in [6], the Legendre transform of J is the indicator function of a convex set,
J* = ip, where

Py = {(z1, 22); Yk € G°, (21,z22)k € P}}

Pr={(t,z) e Rx R", ¢+ 2= <0}
This implies that prox, ;. is the projection onto the paraboloid Pj, which we will denote

by P Py This is a consequence of the fact that J* is proper, convex, lower semi-continuous
and 1-homogeneous.

Proposition 6. The projection onto the paraboloid P; = {(a,b) e R x R?, a+ @ =0}
of a point (21, 22) € R x R? outside of P? is

—3 2
Prlav ) =51 e

where B is the real positive solution of the cubic equation:

—X3
2

—(1+421)X +|22]=0.

In order to prove this proposition we begin by studying the one dimensional case in space.

Proposition 7. The projection onto the paraboloid P} ={(a,b) e RxR, a+ % =0} is

_ 52
Ppi(z1,22) = <2,5)
where B is the real solution of the cubic equation, whose sign is the same as the sign of z9

_X3
2

—(1+21)X4+2=0.

Proof. To explicit the projection onto the paraboloid P}, we introduce:

(o, B) = ﬂ)P} (21, 22)
12



Remarking that the normal to the paraboloid at the point (a, ) is the vector (1, (), we
obtain the following equation:

(o, 8) = (21,22) // (1,B) & (@ —21)B — (B — 22) = 0.

Then we have the following system

{(a21)5g622) - (:}{ T -ta)ftn =0

To obtain the projection we have to solve the cubic equation in (5) which is done by using
Cardano’s method. The solution of the equation we are interested in is the real one whose
sign is the same as the sign of z,. |

We are then able to prove proposition 6.
Proof. Let (@,b) be the projection of (21, 22) onto the paraboloid P2, Since (z1, 22) is
on the normal to the paraboloid at (a, b), of orientation vector (1,b) we have:

(26) (21 — @, 20 — b) = \(1,b).

so A = z; — a. To find the projection in 3D we just have to project in 2D (z1,]|22|) onto
the paraboloid P!, which corresponds to the intersection between the paraboloid P} in 3D
and the plan which contains the time (z1)-axis and (z1, 2z2). Thus we obtain

- e
(@,b) = Ppa(21,22) = Ppi (a1, |22]) = <275>

where £ is the real positive solution of the cubic equation : *TX?’ — (1 +21)X + |22| = 0.
Then @ = —$%/2 and equation (26) leads to:

Z9 . Z9
T+ XA 14z +p2/2

)\221—(3221+62/2andl~>:

Let now check that 14 X # 0. If 1+ X = 0 then, from (26): 2y — b= —b and so 25 = 0.
The pair (21, 22) is outside of P? 50 z1 + |22]?/2 > 0 and in this case z; > 0. On the other
hand, the pair (@,b) is in P7 so @ < 0. But from (26) we have

zr=a+A=a—-1<0

which is not possible. Thus 1+ X\ # 0. |

Remark. Proposition 6 provides an exact and straightforward formula, usefull for the
computation of the proximal operator.

Now, looking at the functional g, we have for (a,b) =V X ¢:

In(a,b) = 3(a+ Oph, b+ Vah) = D Jular,br) = Y J(ar + Ohhi, b + Vahy).
keGe keGe
13



with Jp (ag, br) = J(ar + O¢hg, by + Vi hy). This enables us to deduce from J* the form of
Jj, and the form of prox, i from the one of prox. ;.. If we denote ¢ = (a,b) we have the
following proposition:

Proposition 8. One has for all ¢ € R1*"
Ji(c) = J*(c) — (Vh,c), and Prox. j« (¢) = prox, s« (c — yVh).
Proof. By definition of the Legendre transform:

Jr(c) = max (x,c) — Jy(z)

= max (z,c) — J(z + Vh)

T

=max (z — Vh,c) — J(z)

x

= J*(c) — (Vh,c).

The proximal operator is given by:

1
prox., j«(c) = argminilx —c? +7J;(2)
x
1
= argminilm —c|* +y(J*(x) — (Vh,z))
x

1
= argmin§]a: —yVh —c|* +vJ*(2)
x

= prox, j«(c +yVh). [ |

Finally, the primal-dual algorithm in our case leads to the PDHH-algorithm.

Algorithm 3 (PDHH). .
Initialization: 7,0 > 0,0 € [0,1], (¢°,2° =V x ¢%,¢? = ¢Y).
Iterations:

2 =P+ 0(V x ' + Vh))
6 =Py (¢" = 7V x 2T
qu‘—i-l — ¢i+1 + 9(¢i+1 o ¢2)

As before, for § = 1 and o7||K||> < 1, ¢' computed with the above algorithm converges
to the solution of the discrete version of problem (21). The computation of P p2 amounts
to solving a cubic equation by grid point, while P¢, merely corresponds to setting the
boundary condition to zero.

Remark. We can observe that analytically the curl operator is self-adjoint but since the
discrete curl operator depends on the discrete derivative, it might be not self-adjoint. That
is why we will keep both notations V and V*.

14



Nonlinear case. In [44], Valkonen proposes to extend the primal-dual algorithm to the
case where K € @? is allowed to be nonlinear. Introducing this idea in the above algorithm
PDHH leads to: instead of minimizing J, (K (¢)) with K(¢) = V X ¢, we minimize J(K (¢))
where K(¢) =V x ¢ + Vh. The extended algorithm reads:

Algorithm 4.
Initialization: 7,0,0, (¢¥, 2" = K¢Y).
Iterations:
¢i+1 = prOXTLCO (¢Z - T[VK(g[)z)]*ZZ)’
Gl = pitl 4 (¢ — ¢1)
2= prox,g. (2" + oK (1)),
where [V K] is the linearization of the operator K. Our operator being affine, its lineariza-

tion is just [VK] = Vx. Thus this algorithm for nonlinear operator K is in our case
equivalent to Algorithm 3 (PDHH).

4. Numerical applications and comparisons. In this section we first present the dis-
crete setting and then compare our algorithm to state-of-art methods.

4.1. Discrete setting. The discretization on uniform grids follows the discretization
method introduced in [36] and uses uniform staggered grids as in fluid dynamics.

4.1.1. Discrete settings for 1D+t images. We first describe the discrete grids used in
the computations for 1D+t images, which are the same when minimizing the functionals
(13) and (22).

Centered grid. The evaluation of the dual variable z(t,x) is done on a regular grid G¢!
of size M x N, whereas the one of the primal variable ¢(¢, ) is done on a regular grid G
of size (M + 1) x (N + 1). These regular grids are defined by

G = {ti, wjh<icm, 1<j<N,

G? = {ti12, ;12 H<i<M+1, 1<j<N+1,
with t; = ﬁ, xj = ﬁ the discrete locations in the domain @ = (0,1) x (0, 1).

Staggered grid. We now introduce the grid G*', which provides a discretization coherent
with the divergence of (p,m) and which is defined by:

sl
Gi™ = {ti1/2, Tjhi<i<My1, 1<j<N,
sl
Gy = {ti, Tj_1/2 1<i<M, 1<j<N+1-
Interpolation operator. To evaluate the values of a vector u = (u!,u?) on the cen-

tered grid G°!, from the knowledge of its values @ on the staggered grid G*!', we need an
interpolation operator, whose first component is taken equal to:

. . 1 _ _
VI<i<M, VI<j<N, u};= §(u}+1/27j +;_y)95),

15



Figure 1: Grids for 1D+t images.

and its adjoint operator to go from v € G°! to v € G*!:

1)17]' le == 1
i 105 =9 Vij+ Vi1 f2<i<M
vM,j if 1=M + 1.

Curl, gradient and divergence operators. The curl, gradient and divergence operators
are discretized by using centered finite differences. The discrete gradient, which is a
vector of matrices, and the divergence operator, which is its adjoint, are

_ at * 82( _ a% *
V= (%) and V*. = <a;;>'_3t + 0.

The discrete partial derivative operator with respect to the first component reads:
Oy : Gt — G5Y, and for v € G°L:

(atv)iﬂ/zj = Vi41,5 — Vij, V1 <1< M — 1,V1 S] < N.

The adjoint partial derivative operator for 4 = (u!,u?) € G*! is defined by

5l e
“Y1t1/2,5 ifi=1
£ o 1 : ,
(0[0)i; = Ui171/2,j —Uit1/0, if2<i<M-—-1
UM—1/2,5 if i = M.

Regarding the curl operator and its adjoint, we consider:

VX_(—@) and V X_<—6;>_@w o .
16



On the second centered grid G2, the discrete partial derivative operator with respect
to the first component reads: 9; : G2 — G5!, and for ¥ € G:

(010)i j—172 = Vit1/2,5-1/2 — Vi—1/2,j—1/2, 1 <i<M, 1 <j<N+1,

and the adjoint partial derivative operator for u = (u',u?) € G*! is defined by

=2 e
_2u17j_1/2 , ifi=1
* —2 — — : .
(atu )i—1/2,j—1/2 = ui—l,j—l/Q - ui,j—l/Q lf 2 S 1 S M
uM,j—l/Q le:M+1

4.1.2. Discrete settings for 2D+t images. We now describe the discrete grids used
in the computations for 2D+t images.

Centered grid. The regular grid
G = {ti, Tj, Yr F1<i<M, 1<j<N, 1<k<P:

with ¢; = ﬁ, xj = %, Yp = % the discrete locations in the domain @, is used to evaluate
p(t,z,y) and m(t,z,y), to calculate the functional, and to evaluate the dual variable z.

Staggered grid. We introduce two staggered grids to evaluate the divergence and the curl
operators. The grid G*! provides a discretization coherent with the divergence of (p,m)
and is defined by:

sl

Gy = {ti—1/27 Ly, yk}lgigM-‘,—l, 1<j<N, 1<k<P;
sl

Gy ={ti, Tj_172: Yk 1<i<M, 1<j<N+1, 1<k<P;
sl

Gy = {t;, Lj, yk71/2}1§i§M, 1<j<N, 1<k<P+1-

Our staggered grid G*2 is used to evaluate ¢ such that V x ¢, because (p,m) = V x ¢+ Vh,
leaves on the staggered grid G*':

s2

Gi™ = {ti, Tj_1/2, Yp—1/211<i<M, 1<j<N+1, 1<k<P+1
s2

Gy ={ti—1/2, Tj, Yh—1/2}1<i<M+1, 1<j<N, 1<k<P+1,
s2

Gy = {ti—1/27 Lj—1/2 yk}lgigMH, 1<j<N+1, 1<k<P-

Interpolation, gradient and divergence operators. These operators are the same
as those described for 1D+t images.

Curl operators. Regarding the curl operator, in order to use the primal dual algorithm,
we need to define the discrete adjoint operator of the curl. Because the curl operator is
given by the following matrix

0 -8, 0,
Vx = 8y 0 - 8,5
-0z O 0

17



X 2 [ ] [ ]
+ + Yy

X t ¢ [

A grid G®! to evaluate the continuity equa- A grid G*2 to define (¢1, ¢2, ¢3) whose curl
tion for (p,m1,ms) =V x ¢+ Vh. lives on the staggered grid G*!.

Figure 2: Staggered grids for 2D+t images

the appropriate adjoint curl operator has to be the opposite of the curl derived from the
adjoint partial derivative operators:

0o o -
Vix=|-ar 0 g
oy 9 0

4.2. Numerical tests and comparisons. In order to evaluate the performances of our
methods, we need to define the choice of the parameter o used in the first step of the
primal-dual algorithm. To that end, we first have to compute a reference solution (ps, m5)
of the discrete problem by computing 10° iterations. We then choose o such that the errors
on m and p are minimal after a given number of iterations (<< 10°) for our algorithm
(PDHH, alg. 3). We also take the same o for the minimal surface formulation (PDHHMS,
alg. 2) and for the algorithm developed in [36] that we will denote PDPOP in the following:
more precisely, PDPOP?" will denote the code available on github!, whereas PDPOP will
denote the same method where we modified the computation of the proximal operator of
J*, to be more efficient, as seen later.

All our code is available for download on GitHub?. The o we obtain depends on the
initialization, the densities pg and p1, and the chosen number of iterations. The algorithm
(modified PDPOP of [36]) to which we compare is the resolution of the dynamic optimal
transport using the primal-dual algorithm. The only difference between this algorithm and
the PDHH algorithm is the decomposition (p,m) = V x ¢ 4+ Vh, which allows to remain
in the divergence-free space, and therefore the second step of the algorithm which is the
projection onto the divergence-free constraint and the boundary conditions. In PDHH, we
only need the projection onto the boundary conditions.

All our computations have been performed on Intel Core i7 (Dual core, 2.8GHz).

"https://github.com/gpeyre/2013-SIIMS-ot-splitting
https://github.com/MorganeMartinHenry /Primal-dual-formulation-optimal-transport- Helmholtz- Hodge- decomposition
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4.2.1. Algorithms for 1D+t images. In the following we will use the parameters o = 1,
7=0.99/Lo and 6§ = 1. We chose o such that the errors on m and p are minimal after 50
iterations for the PDHH code. We computed 10 iterations in the case of the transport

0.07

0.06| >t

0.05F

0.041

B

0031

w

0.021

~

0.01f

ol < S

* L»
t -0,010

o

10 20 30 40 50 60 70
X

Figure 3: Display of different views of the density p(¢, z) obtained after 10° iterations, for
po and p; two Gaussians of the same variance.

between two isotropic Gaussians of the same variance, and we plot the estimated density
in Figure 3. The solution, which will be denoted (ps, ms), is displayed in black and gray,
black being 0 and white being 1, in the left image and displayed at different time values
superimposed in the right image. We use a grid of N = 128 discretization points for pg
and p; and M = 128 points for the time ¢.

Figure 4 displays, for the example of Figure 3, the L?-errors between p and ps and between
m and mg, the functional J, and the numerical complexity as function of the grid size
N, for 5000 iterations, for the three algorithms: modified PDPOP, PDHH and PDHHMS.
We choose 5000 iterations because this number allows to reach an accurate solution with
all of the algorithms. The curves show that despite PDHH has not the best convergence
rate during the first iterations, it still converges as quickly as the PDPOP algorithm,
while PDHHMS algorithm needs relatively more iterations than both these algorithms.
Indeed, the decrease of the functional in the constraint set has not the same behavior as
in the PDPOP algorithm, where one has to project onto the divergence-free constraint
space. Figure 4 also displays the computation time with respect to the number M = N of
discretization points in one direction. It shows that the complexity of the three algorithms
is linear in the number of discretization points M2, and that the PDHH algorithm is 42%
faster than the PDPOP algorithm, and that PDHHMS is 78% faster than the PDPOP
algorithm in terms of cputime.

We compare in Table 1 the number of iterations and the cputime required for the error on
p to drop under a given error. We observe that PDHH and PDHHMS need more iterations
to converge, but since each iteration runs faster, we need less cputime to reach the desired
errors. The explanation for this better cputime is that we don’t have to solve a Poisson
equation at each iteration in both algorithms. Moreover, the PDHHMS algorithm uses a
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Figure 4: Comparison at each iteration of the L2-error between p and p, (top left) and
between m and my (top right), the functional J (bottom left) and the numerical complexity
(bottom right), for 5000 iterations, between PDPOP [36], PDHH (algo.3) and PDHHMS
(algo.2) algorithms in the case of Figure 3.

simple projection onto a L2-ball while PDHH uses a projection onto a paraboloid which
requires the resolution of a cubic function, as in PDPOP.

Test between an oscillating and a compactly supported density.

Applications of the 1D optimal transport can include analysis of audio signals via Fourier
analysis. As an example in 1D we compute the density p(¢,.) for an oscillating density p;
(Figure 6). The results presented in Figure 5 are obtained for images discretized on a grid
2562 grid, taking po a triangular signal and p; the absolute value of a sinc function. We
observe on Figure 5 that each point of pg is pushed forward to p; along a straight line.

4.2.2. Algorithm for 2D+t images. We now consider the transport of two isotropic
Gaussians of same variance in two dimensions, and we plot the estimated density in Figure
7: the solution is displayed in black and gray, and will be denoted by (ps, ms). We use a
grid of N x P = 64 x 64 discretization points for pg and p; and M = 64 points for the time
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llpi — psl| || PDPOP PDHH Speedup | PDHHMS | Speedup
102 1557 (207) 2241 (157) 25% 2803 (67 67%
10-3 7986 (1'46”) 9408 (16”) | 38% 12676 (30”) 1%
104 56002 (12'36”) | 69894 (8'307) | 33% | 114295 (4°36”) |  63%

Table 1: Performance evaluation in the case of Figure 3. The entries refer to: number of
iterations (cputime) and the speedup of PDHH (algo.3) and PDHHMS (algo.2) algorithms
compared to PDPOP algorithm [36].

Figure 5: Display of the density p(t,.) obtained after 10° iterations for py a triangular
signal and p; the absolute value of a sinc function.

t.

Using 0 = 20, Figure 8 presents the results for the evolution of the functional, and
the errors for m and p of the example of Figure 7. We first observe that we obtain the
O(1/i) convergence rate proved by Chambolle and Pock [12] for the errors on m and p,
and also that the algorithm has the same behavior than in 1D. Figure 8 shows that even if
our algorithm has not the best convergence rate at the beginning, it still converges really
quickly until we obtain the O(1/i) convergence rate of the algorithm. Having to remain
in the constraint set, the decreasing along the functional is not the same as if we had
to project. Figure 8 also displays the computational time with respect to the number of
discretization points on a side (M = N = P), which shows that the numerical complexity
of the two algorithms is O(M?), i.e. linear in the number of discretization points. Beside
it shows that, on average, PDHH is 28% faster than PDPOP algorithm. This can be
explained by the fact that we don’t have to solve a 3D Poisson equation at each iteration.
But unlike PDPOP, we have to evaluate a curl operator, which is slightly time consuming.
We compare in Table 2 the number of iterations and the cputime required for the error on p
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t=20 t =0.25 t=0.5 t=0.75 t=1

Figure 6: Display of cross sections of the density p(t,z) obtained after 105 iterations for
po a triangular signal (¢ = 0) and p; the absolute value of a sinc function (t=1).

t =0.25 t =0.75

Figure 7: Display of the density p(t,.) obtained after 108 iterations.

to drop under a given error for PDHH, PDPOP (the code we implemented) and PDPOP9"
which we took on the github page of Peyre ®. There are two methods to compute the
proximal operator of J*. The first one calculates the proximal operator of J and then
uses the Moreau identity to obtain the proximal operator of J*, which is the method
used in PDPOPY". The second method calculates directly the proximal operator of J*,
which is done in PDHH and is less time consuming. Therefore we implemented PDPOP
(like PDHH) with the second method. Then, (modified) PDPOP and PDHH only differs
because of the Helmholtz-Hodge decomposition (p,m) = V x ¢ + Vh, and we can really
compare its influence on the method.
We observe that PDHH algorithm needs more iterations to converge, but is faster to run
one iteration, so it needs less cputime to reach the expected error, while PDPOP and
PDPOPY" algorithms need the same number of iterations. Indeed, these last two algorithms
use equivalent projections. In PDPOP we first test if (p,m) is already in the paraboloid
and we use the proximal operator of J* while in PDPOP9" the proximal operator of J
is used without test before projecting. Thanks to this new projection and the use of the
Helmholtz-Hodge decomposition, an iteration of PDHH is on average 51% faster than an
iteration of PDPOP9".

Test on non convex densities.. The next example of transport considers the case of
irregular, non convex and non connected densities with compact supports. Figure 9 shows

Shttps://github.com/gpeyre/2013-SIIMS-ot-splitting
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Figure 8: Comparison at each iteration of the functional J (bottom left), the minimum
value of p (bottom right), the L%-errors between p and p, (top left) and between m and m;
(top right) between PDPOP (modified algorithm of [36]), PDHH algorithm (algo.3), and
also PDPOPY" for the last figure (algo [36] on github), in the case of Figure 7.

the ability of our method to estimate the density p(¢,.) for such initial and final densities.

Test on real life images. As last example we compute the density p(t,.) for images
representing clouds in different positions. The results presented in Figure 10 are obtained
for images discretized on a grid M = 68 for the time dimension and N x P = 120 x 68 for
the space dimension.

5. Implementation in C++4. The implementation in Matlab is slow and can not be
used for large images. To overcome this problem we implemented the PDHH algorithm for
2D images in C++ using the PDPOP code developed by Nicolas Boneel, parallelized in
OpenMP, that can be downloaded at http://liris.cnrs.fr/~nbonneel /Fast Transport /.

If we consider again the table 2 and the real (wall time) execution time of Matlab
and C++ implementations for the algorithm PDHH, we obtain:
23
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llpi — ps|| || PDHH PDPOP Speedup PDPOPY" Speedup
102 1250 (3'15”) 1140 (3'58”) 18% 1140 (7'107) 55%
1073 7763 (21°277) 7382 (26°07”) 18% 7382 (45’48”) 53%
104 62616 (3:08'12”) | 60860 (3:35'55”) | 13% | 60860 (6:18'18”) |  50%

Table 2: Performance evaluation in the case of Figure 7. The entries refer to: number of
iterations (cputime) and the speedup of PDHH algorithm (algo. 3) compared to modified

PDPOP and PDPOPY" algorithms [36].

t=0.2

Figure 9: Display of the density p(

connected density with compact support.

t =04 t=0.6

t =0.8

t,.) obtained after 10° iterations of a non-convex, non

I1p* — p°|| | Matlab | C++ | Speedup
102 2°37” 137 x12
1073 810" 40” x12
1074 1:27°14” | 544” || x15

Table 3: Comparison of the execution time of the C+-+ and Matlab codes in the case of
algorithm PDHH.

6. Conclusion. In this article, we introduced a new algorithm for the dynamic optimal
transport problem between 1D or 2D images, which respects the divergence-free constraint
throughout the iterations, and therefore gets rid of solving a 3D Poisson equation at each
iteration in the case of 2D images. We also proved some convexity properties, on the
constraint set, of the functional used in this formulation. Besides, this algorithm is easy to
implement, faster than state of the art methods for this kind of formulation, and efficient for
real-sized images, thanks to a parallelized implementation in C+4. Moreover we explained
that in 1D+time, it is equivalent to the resolution of a minimal surface equation. Further
improvements of the method will include other divergence-free decomposition [27], or other
formulations of the primal-dual algorithm.

7. Acknowledgment. We would like to thank Nicolas Papadakis for his kind help.
This work was funded by the French Agence Nationale de la Recherche (ANR, Project
TOMMI) under reference ANR-11-BS01-014-01.

Appendix A. Calculation of the proximal operator of ||. — V x h||;. In this appendix
we compute the proximal operator of J,,s(z) = || — V x h|[;. On the discrete grid G
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Figure 10: Display of the density p(¢,.) of an image of clouds. The first line represents
p(t,.) obtained after 10° iterations of PDHH algorithm while the second line represents the
L? -interpolation.

defined in 4.1, ||.|| is written

lzllr = Z |z where |z = \/(z})? + (23)2,
kchl

and we will denote F'(z) = |z — V X h|. Then we have for o > 0,

ProXgg, () = ProXg|| —vxp||, (¥) = (ProX,| _vxn| Tk)kege! -

We have to compute
27 "= = in, + 24 Fy) = in, ~ 2 V xh
(27)  y = proxp(z) = argmin, g |y — 2|” + F(y) = argmin, S|y — 2" + |y — V x h|.

We know that the proximal operator of the /!-norm N(x) = |z| is given by:

proxy () = argmin, 2|y — of? + ly| = = max(0, ‘;p
Since F'(x) = N(x — V x h) one obtains:
proxp(x) =V x h + proxy(x — V x h)
(28) —Vxh+(@—Vxh) max(O,M)
For o > 0
prox, p(z) = argminlz — y|? +oly — V x b,
y
=V xh+(z—Vxh) max(O,l—ﬁ?XM).
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Thanks to Moreau’s identity [35] we then obtain

2]
3]

[4]

[6]
[7]

8]

(10]

(11]
(12]

(13]

(14]
(15]

(16]

PIOX, = (.’L‘) =T =7 prOXF/'y(x/’Y)

1
:$_7<V><h+(m/’y—Vxh)maX(0,1—’y’x/’y_vXM))
:x_yvxh—(g:—'nyh)max(O,l—m)
:$_7Vxh+(x—’nyh)min(O,m—1)
= min(z — vV x h,m)
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