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Abstract

In this paper, we provide an extension of the Grant and Quiggin (2015)
model of preferences subject to surprises to an intertemporal setting. We
show that even if decision makers have correct information about the
relative likelihoods of the states they are aware of, differential unawareness
will in general lead to belief heterogeneity: agents with identical awareness
partitions need not have identical beliefs and "less aware" agents might
entertain beliefs closer to the truth than "more aware" agents. We use
these findings to study the issue of survival with differential unawareness
in the form of a restriction of the state space. We show that partially aware
decision makers behave as if they restrict their portfolio choice to a subset
of the available assets with payoffs measurable w.r.t. their awareness
partition and thus avoid "surprises". Such a heuristic allows the partially
aware agent to survive, but only if his beliefs on his awareness partition
are at least as close to the truth as the beliefs of a more aware agent with a
finer partition. Introducing aversion to unforeseen unfavorable surprises,
as in Grant and Quiggin (2015), allows us to establish survival of partially
aware agents, regardless of whether their beliefs are correct. Such agents
hold a minimal number of bonds in their portfolios. Asset prices in such an
economy reflect the potentially incorrect beliefs of the fully aware agents
and replicate the well-known equity premium puzzle.

*This research was supported by IUF and by an Australian Research Council Laureate
Felllowship. An alternative version of this paper, entitled "Heuristic Modes of Decision Making
and Survival in Financial Markets" has been submitted to DTEA 2018.

tUniversity of Grenoble-Alpes, CNRS, INRA, Grenoble INP, GAEL, 1241 rue des Rési-
dences, 38400 Saint Martin d’Heéres, Tel.: +33 4 56 52 85 78, email: ani.guerdjikova@univ-
grenoble-alpes.fr

fUniversity of Queensland, School of Economics, Faculty of Business, Economics and Law,
j-quiggin@ugq.edu.au, Tel.: +61 7 334 69646



1 Introduction

Boundedly rational agents (that is, possibly existent agents) can never be aware
of all the possibilities relevant to a decision. The attempt to integrate this self-
evident fact into decision theory has produced a large literature, centered on
the concept of unawareness (Schipper 2018 gives a bibliography). An issue that
has received relatively limited attention (Halpern and Rego, 2009, Karni and
Viero, 2013, 2014) is whether, and in what sense, agents can be aware of their
OwWn unawareness.

Grant and Quiggin (2013a) argue that agents cannot be aware (in the modal-
logical sense) of unawareness. Nonetheless they can reason inductively from
past surprises (discovery of states/propositions of which they were previously
unaware) to the conclusion that they will be surprised in future.

Hence, as is argued by Grant and Quiggin (2013b), sophisticated but bound-
edly rational agents will infer from experience that they are likely to be surprised
by unforeseen contingencies. Such agents will choose to constrain their choices
by heuristics designed to reduce vulnerability to unfavorable surprises (and, if
possible, to remain open to favorable surprises).

Grant and Quiggin (2015) provide an axiomatization of choice subject to
surprise. In this model, agents understand the possibility of an unfavorable
surprise, but are subject to bounded awareness of the states of nature in which
such a surprise may take place. They can however, judge whether available
actions are subject to unfavorable surprises. Under the given axiomatization,
agents always prefer actions that are not subject to unfavorable surprises.

The exclusion of actions subject to unfavorable surprises may be seen as an
example of a heuristic constraint on choice. Goldstein and Gigerenzer (1996)
and Gigerenzer (2007) argue that heuristics may be ’ecologically rational’ in
the environments to which they are adapted and provide examples related to
portfolio choice, see Gigerenzer (2007, Chapter 2).

The model of Grant and Quiggin (2015) represents one-shot decisions subject
to surprise. In this paper we propose a model of intertemporal decisions with
aversion to surprise. We extend the axiomatization of Grant and Quiggin to
this case.

A natural application of this analysis is to financial markets!. Trades in
a financial market may be seen as ‘betting one’s beliefs’ about the relative
probabilities of different states of nature, and the resulting returns on assets.
Blume and Easley (2006) and Sandroni (2000) argue that traders who correctly
judge these probabilities and make rational investment choices based on their
beliefs will accumulate wealth at the expense of others. In the limit, only these

IThe concept of restricted awareness is closely related to the idea of Black Swans’, which
has received considerable attention in popular discussions of financial markets and financial
crisis, Taleb (2007). This concept has received more limited attention in the economic and
finance-theoretic literature, see Orlik and Veldkamp (2015), Chichilnisky (2010) and Modica
et al. (1998). In particular, there has been little discussion of the implications of unforeseen
contingencies for financial market efficiency and for the dynamics of survival in financial
markets, except for the work of Guerdjikova and Quiggin (2016), who analyze the case of
coarsening of the state space.



rational well-informed traders will survive, and market prices will reflect their
beliefs.

However, agents with preferences of the kind modelled here do not simply bet
their beliefs. Rather their decisions are constrained by heuristics that help them
to avoid unfavorable surprises. The portfolios of such agents are characterized
by a strictly positive lower bound on bond holdings, which ensures that agents
averse to unforeseen unfavorable surprises survive regardless of their beliefs.
That is, these heuristics are ecologically rational.

The paper is organized as follows: in Section 2, we provide an axiomatization
of the inter-temporal version of the Grant and Quiggin (2015) preferences used
in this paper. Section 3 defines financial assets and financial markets in an
infinite-time setting, taking account of the possibility of surprises. In Section
4, we derive our main results on survival in markets with differential awareness
and show that having correct beliefs (over a coarse partition of the state space)
is a necessary condition for the survival of a partially aware agent. Section
5 introduces aversion to unforeseen surprises and shows that partially aware
agents who are averse to unforeseen unfavorable surprises survive regardless of
whether their beliefs are correct. Section 6 deals with the role of heuristics and
the contrast between heuristics and rational optimization. Section 7 concludes.

2 Axiomatization of Intertemporal Preferences
Subject to Surprise

2.1 The Model of Differential Unawareness as a Restric-
tion of the State Space

In this paper, we look at decision makers who trade in financial markets, without
being aware of all relevant contingencies. While the actual model of the economy
is described by a set of states S such that in every period one of the states is
realized, the decision maker is only aware of a subset of these states, S* C S.
Despite his limited knowledge, the partially aware agent understands that there
are contingencies he might not be taking into account. Formally, for each state
s € 9, there is a corresponding state a’ (s) € S with the interpretation that
the partially aware consumer is aware of a’(s), but is also aware that some
unforeseen contingencies (s) might occur instead of a’(s). We postulate that
for s € S, a’(s) = s, i.e., whenever the agent is aware of a state, he is also
aware that no unforeseen contingencies can occur in this state. The awareness
of each agent 7 is thus described by two elements, S* C S and a’ : S — S°.
Let W denote a partition of S with elements

w={s" €8S ]|a(s")=s for some s € S}.

Le., each element of the partition W contains a state s € S? of which the agent
is aware, as well as all those states that he is unaware of and which are mapped
into s by a’. It follows that the partition W* has }S’| elements. A special case
is given by the fully aware agent, for whom W' = {{s} ¢}



Remark 1 Our framework generalizes the model of Grant and Quiggin (2015),
in which the partition of S (as defined in our paper) consists of tuples, i.e.,
for each state in S*, there is a single corresponding state in S\S®, of which
the decision maker is unaware. Formally, Grant and Quiggin (2015) separate
the states in S into two disjoint subsets, (s;0) € Sy, i.e., those states of which
the decision maker is aware and (s;1) € S1, the unforeseen states (surprises).
This corresponds to S* = Sy, a(s;1) = (s;0) and the corresponding partition
is given by W' = {{(S;O);(s; 1)}sesi}' In particular, the generalization we
propose allows us to model decision makers who face the same set of objective
contingencies, S, but differ w.r.t. their degree of awareness. Our next definition
formalizes this statement.

Consider two agents, i and j such that S7 C S* and a’(s) = a’ (s) for all
s € S\SY, i.e., all states that i and j are both unaware of are mapped into
the same states that they are both aware of. The corresponding partition W7
will then be strictly coarser than W*. This gives rise to the following definition
which provides a partial ordering of agents w.r.t. their awareness level.

Definition 2 Agent i is "more aware"” than agent j if S C S* and W' is a
refinement of WJ.

2.2 Introducing Time

Let N = {0;1;2;..} denote the set of time periods. Denote by s; € S the realiza-

tion of the state at time ¢ > 1. We set Sy = {sp}. Denote by Q = H S the set of

teN
all possible observation paths, with representative element o = (sg; $1; $2...S¢...).
t

Finally denote by ; = H S the collection of all finite paths of length ¢, with
=0

representative element o; = (Sg; $1; $2...5¢). Each finite observation path o

identifies a decision/observation node and the set of all possible observation

paths © can also be seen as the set of all nodes.

We can represent the information revelation process in this economy through
a sequence of finite partitions of the state space €. In particular, define the
cylinder with base on o; € Q, t € N as Z(0y) = {0 € Qo = (0+...)}. Let
F, = {Z (04) : 0+ € Q:} be a partition of the set Q. Clearly, F = (Fy...F;...)
denotes a sequence of finite partitions of 2 such that Fo= and F; is finer than
F;_1. We assume that all fully aware agents have identical information and that
the information revelation process for them is represented by the sequence F.

Let F; be the o-algebra generated by partition F;. Fy is the trivial o-algebra.
Let F be the o-algebra generated by UienF;. It can be shown that {F;},.y is
a filtration.

From the point of view of agent i, who perceives the state space as a partition
W, the event tree of the economy can be seen as a coarsening of the set of
paths Q. Rather than observing s; at time ¢, agent ¢ observes the corresponding
element of his partition, w?, which contains s;. Therefore, for a partially aware



consumer 4, the paths he is aware of can be written as Q¢ = HWl with a

teN
representative element w’ = (wg = so;w} ... w}...). Denote by Qf the set of
paths of length t.

In analogy to the construction for the objective information process, define
the finite partitions of the set 7, (F%) +en and the corresponding o-algebras by
Fi. Let F' be the o-algebra generated by UienF;. Obviously, F is finer than
F.

2.3 Representing Intertemporal Preferences Subject to Sur-
prises

In our framework, agents express preferences over consumption streams c : ) —
Ry . Since we will assume that the initial endowment of the economy is uniformly
bounded above, we will further restrict the set of consumption streams to those

with image in a convex and closed interval®, ¢ : Q — {l: ’ﬁl:|, with [ > 0 and
m > 0. For agent i, define a preference relation ~¢ over consumption streams
c:Q— [l~ ; ﬁ%} .

We follow Grant and Quiggin (2015) to model the preference of partially
aware agents over such infinite consumption streams. Note that in general, the
consumption stream of a partially aware agent, ¢, is not measurable w.r.t. .

Yet, a consumer who is not aware of some of the contingencies, will in general
not be able to form beliefs over the general state space 2. Rather, our repre-
sentation below will have the property that the subjective beliefs of consumer
1, m* are defined on his awareness partition, (Ql; F ’).

The fact that consumption streams are in general not measurable w.r.t. 0’
means that consumer ¢ will in general associate with each node wj € Q° a set of
possible outcomes / levels of consumption:

C(wi) = {c(at) | oy € wﬁ}

This set is a singleton, only when the consumption at w? is "surprise-free" in the
language of Grant and Quiggin (2015), i.e., ¢ (o) = c¢(o7}) for all oy, o} € wt.

We propose the following extension of the representation of Gul and Pe-
sendorfer (2014) and Grant and Quiggin (2015) to a multi-period setting: ¢ = ¢/
iff Vi (c) > Vi (c'), where V{ is defined as:

Vi (€) = u; (c(0g)) + Z Z Bir (w}) u; (min {C (wi)} ; max {C (@) })
t=1 wieqj
where (, is agent ¢’s discount factor.

In two special cases, the representation above boils down to discounted sub-
jective expected utility maximization: the first is when the decision maker is

~ 20ne might wish to set [ = 0 and 7 = m/ for the representation used in Section 4 and
I =L, m = M for that used in Section 5.



fully aware and thus, Q' = §; the second is when the consumption streams are
restricted to be measurable w.r.t. the awareness partition ¢, and thus, the sets
C (wi) are all singletons. In general, however, there are two major differences
between this representation and the standard EUM model. First, subjective
probabilities 7? are well-defined only for coarse events, i.e., those in ¢, but
not for those events, on which surprises can occur. This in turn, implies that
in states associated with surprises, the consumer must take into account two
different outcomes — the minimal and the maximal possible consumption —
when evaluating his utility of consumption in this state. This second property
leads to the utility function u; over outcomes being defined over intervals rather
than single values.

In principle, many different specifications of u; are possible. Here, we will
concentrate on the case of?

e (€ () = s (min {C* () ) )
Intuitively, if the consumer is partially aware, but perceives the possibility of
a surprise, he concentrates only on the worst possible outcome. Furthermore,
under this specification of the utility function preferences are convex and we
can thus use standard results to characterize the optimal choices and show the
existence of an equilibrium.
We thus start by axiomatizing preferences over consumption streams repre-
sented by:

Vi (0) =uilc(o0) +d_ D> B (wi) wi (min {C (w})}) (2)
t=1 wiecq
This representation will be used in Section 4 to study equilibria in markets
with differential awareness.

2.4 The Axiomatization

To obtain the representation in (2), we combine the axiomatization for the
static case of Gul and Pesendorfer (2014) with Koopmans’ (1960) intertemporal
framework and with Grant and Quiggin’s (2015) model of preferences subject
to surprises.

Denote by C the set of all consumption streams ¢ : @ — [Z, ﬁz} Note that
at each period, ¢, the consumption stream c uniquely identifies a Savage act
ci:Fy — F ; fn} , a mapping from the partition of the state space (2 relevant at ¢

into outcomes. Denote by C; = {ct Fy — [l~, ﬁz} } the set of all acts measurable

w.r.t. F;. Furthermore,

Ci1 = {ct+1 :Fy — [l~, Th}} oC; = {Ct+1 Fp — V, Th]}

31t is part (iv) of Axiom 3 below that restricts u; to be only a function of minC (w?).
Dropping this condition gives the more general formulation above.



and hence, the set of all such Savage acts can be written as:
C= {U?ioct}

In turn, any consumption stream c¢ can thus be represented as a sequence of
Savage acts.

Our first two axioms state that consumer i has well-defined preferences
over consumption streams and that these preferences correspond to well-defined

(time-independent) preferences over Savage acts, ¢ : {0 € Q} — [Z, m}:

Axiom 1 Preferences over C, 7Z', are complete and transitive.

Y~ )

To state the next axiom, for a consumption stream ¢ and a Savage act
c € (Y, denote by ¢;¢é_; the consumption stream which differs from ¢ only in its
t*" component, which is replaced by the Savage act c:

Ctéft = (C1~~~Ct71; Cy; Ct+1...CT...)

Axiom 2 For any two Savage acts measurable w.r.t. F:, ¢} and ¢} € C;, any
t’ >t and any consumption streams c, é,
cic_y o icle_yiff
Cg/éft' i ng/E,t/
Note that a repeated recursive application of Axiom 2 implies that
ciey o ichey iff (3)

~

" v
CpC—yr i th/C_t/

This axiom provides a strong time-separability condition, which states that
the comparison between two Savage acts in C; available in a given period does
not depend on the period at which they are obtained, nor on the rest of the
consumption stream.

This axiom allows us to define a static preference relation on Savage acts
=ton C defined by:

¢y =hch

~/S

iff there exists a ¢ > max {t'; ¢} and a consumption stream ¢ such that

/ i I
C,C_¢ >_t CiC—g.

~

Note that =% is complete and transitive.
For any two Savage acts ¢; and ¢}, and event E € F, we write ¢,gc}, for the
Savage act, which coincides with ¢, on E and with ¢}, on E°.
We will now show how preferences 7%combined with our definition of par-
tial awareness can be interpreted in the spirit of Gul and Pesendorfer’s (2014)

Expected Uncertain Utility. We first recall the definition of an ideal event:



Definition 3 A subset E € F is an ideal event if for every pair of Savage acts
c; and ¢}, € C
Ct 7 CiECy

implies
!/ /
CiECy 7 Cp-

Let T denote the set of ideal events in F.

Gul and Pesendorfer (2014) explain that ideal events correspond to events, on
which subjective probabilities are well-defined. In our context, ideal events are
events on which the decision maker does not experience any surprises, provided
that the Savage act is measurable w.r.t. such an event. In particular, for agent
i, the elements of the partition F? correspond to ideal events. E.g., a Savage
act which is constant across nodes o; belonging to the same w?, ¢; = f (w;) for
wjy € F; is measurable w.r.t. to ideal events and thus, not subject to surprises
from the point of view of agent i. As explained above, agent i will be able to
assign additive probabilities to such ideal events.

In contrast, if both oy and o} € w, neither of the events oy and o} are ideal.
Indeed, an act ¢; with ¢; (0¢) # c; (0}) is subject to a surprise from the point
of view of agent 7. Furthermore, agent ¢ will not be able to assign probabilities
to such events. Nevertheless, the probabilities of certain non-ideal events can
be bounded by probabilities of ideal events. For instance, the probabilities of
o+ and o} can be bounded above by the probability assigned to the ideal event
w! (and below by 0).

In contrast, there are certain non-ideal events, the probability of which can
only be bounded (trivially) by the universal event 2 and the empty set. Suppose,
e.g., that each w’ contains at least two elements and consider all wi € Qi. For
each w} select exactly one oy (wi) € wj. The probability of the event D =

{(at (w%))weﬂ} can now be bounded above only by that of 2, 1 and below by

the empty set. Such an event is called diffuse. Hence, an event is diffuse if no
non-null ideal event is included in the event, or its complement.

Definition 4 A subset E € F is a null event if for every pair of Savage acts
c; and ¢}, € C
Ct ~ Cj pCt.

Let N denote the set of null events.

Definition 5 An event D € F is diffuse if for any E € I\N, END # & and
En(Q\D) # o.

As in Grant and Quiggin (2015), the fact that the decision maker is subject
to unquantifiable uncertainty in the face of non-ideal events and hence, faces
the possibility of a surprise, is captured by a utility function defined on sets
of payoffs, denoted above by C' (w%) As shown in Gul and Pesendorfer (2014,
Lemma 1) for the purposes of the desired representation, each such set can be
uniquely identified by its lower and upper bound, [minC’ (wi) ;max C (wi)] It



is then on such intervals that the utility function u is defined. Since ideal events
(in particular, w?) are assigned unique probabilities, 7, the uncertainty expected
utility representation combines in a multiplicative way the utility function u
defined on sets of outcomes obtained on ideal events with their probability.

We now impose the axioms of Gul and Pesendorfer (2014) and Grant and
Quiggin (2015) on =% to obtain the static EUU representation:

Axiom 3 (EUU-representation)
(i) Every event in F* is ideal.

(#4) Any set of the type {(0 (wl)) } ¢ Fi, where o (wi) € w' is diffuse.

wieN?
(i7i) Preferences over Savage acts 7% satisfy Axioms 1-6 of Gul and Pesendorfer
(2014).

(iv) Let D be a diffuse event and consider a Savage act cpc’ with ¢ (0¢) = a
for all oy and ¢’ (0y) = b for all o4, ™ > a > b > 1. Then, cpc’ ~c'.

Part (4i7) imposes the axioms of Gul and Pesendorfer (2014) on preferences
over Savage acts, 7-t. Indeed, the representation of Gul and Pesendorfer (2014)
implies the existence of a representation of preferences on the set of ideal events
7 with a non-atomic prior on Z. Parts (i) and (i7) are the counterparts of
Axiom 1 (i) and (é¢) in Grant and Quiggin (2015) and serve to specify the
set 7, as well as the set of diffuse events. These two conditions imply that
the probability distribution 7* will be defined on (Qi;]-" ’) Note that if some

{(a (wi))wiem} € F?, then all such sets are in F* — this corresponds to the

scenario, where Q° = Q and the decision maker is fully aware. Finally, Part (iv)
implies that the function u; depends only on min C (wi) We obtain:

Proposition 6 Preferences over Savage acts =% satisfy Aziom 3 iff there evists
a countably-additive and non-atomic probability measure 7 on (Ql; ]—'z) and an
interval utility® u; such that 2% are represented by:

U;(cy) = Z 7t (wi) Uu; (minC (wi)) .
wied

We now provide the intertemporal part of the representation. We do so by
combining the framework developed so far with the Koopmans’ (1960) setting.
We first note that for each Savage act, c;, there is a constant Savage act denoted

x(cy) € [Z, ﬁz} such that:

Ct Ni T (ct)

4Interval utility u; is defined in Gul and Pesendorfer (2014) as a utility function, which is
continuous and strictly monotone in its arguments.



Next note that applying inductively Axiom 2 implies that each consumption
stream ¢ = (¢;);-, is indifferent to the consumption stream:

z(e) = (w (1) -

Let X denote the set of all certain consumption streams. We can apply to the
preference relation =° restricted to the set X the axioms of Koopmans (1960)
to derive the discounted utility representation.

Since part of Postulate 1 and Postulate 3 are implied by Axiom 1 and Axiom
2, respectively and since Koopman’s postulates are stated in terms of utility
rather than preferences, we here restate the necessary conditions:

Axiom 4 Preferences =' on X satisfy:

() Uniform Continuity: For z, 2/, 2" € X if 2’ > x > 2", there is a § such
that for any y € X, lim;_, o sup |z; — y¢| < ¢ implies 2’ > y = z”.

(11) Monotonicity: If z > z/, z = o'
(iii) Stationarity: For any (z¢);~,, (z})ie, such that zo = zf, (z¢)eg 2=
. oo
(xw/:)fio iff ($t+1):io z ($1/5+1)t:0'

Note that we have replaced Koopmans’ weaker Postulate 2, Sensitivity and
Postulate 5, Extreme Programs, by Monotonicity. The reason for this is that
monotonicity on X is implied by a combination of Axiom 2 in Gul and Pe-
sendorfer (2014) and our Axiom 2. Hence, we will need neither Postulates 2
and 5, nor Monotonicity in our final representation.

Proposition 7 (Koopmans, 1960) Azioms 1, 2 and 4 imply the existence of
a function v; : [i,fn — R and a discount factor 8; € (0;1) such that for any

consumption streams c, ¢,
z () x () iff
D Bivi(z(e)) = Y Bz (c))
t=0 t=0

Y

It remains thus to show that the function v; coincides with the function wu;
(i-e., that the utility index captures at the same time risk- and time-preferences).
Note, however, that while u; is unique up to an affine-linear transformation, the

same is not true for v;. Indeed, we can, w.l.o.g., normalize v; (l~> = 0 and

v; (M) = 1. For a given discount factor 5, and some outcome z € [Z~, m]7 the

utility of z, v; (2) is uniquely identified by the representation only if there exists
a (possibly infinite) set of periods, (7x), such that the act that pays /m on
all periods in (71), and I, else (and thus generates utility equal to Yo bik s
indifferent to the constant act that pays z at each period ¢:

(R ) ~i (200325)

10



In this case, clearly

vi(z) =67
k

is uniquely determined by the value of 3,. However, since time is discrete, such
a construction is in general not possible for each outcome® z.
To ensure that u; and v; can be chosen to be identical, we impose:

Axiom 5 Suppose that for some ideal event £ € F; and some sequence of
periods (7x)y,

then

for all z € [l~, ﬁz}

Proposition 8 If Aziom 5 holds, v; can be chosen to coincide with u; on [l: m] .

~S

and 5, iff there exist a countably-additive and non-atomic probability measure
T on (Q’;]—”), a strictly monotone and continuous utility function u; and a
discount factor 8; € (0;1) such that 7" is represented by:

Hence, =" and the corresponding =% satisfies Azioms 1, 2, 3, 4 (i) and (iii)

Vi (¢) = u; (c(o0)) + Z Z Bir (wi) Uu; (min {C’ (wi)}) .

t=1 wieqi

5 As an example, consider an outcome y € <l~, fn) with a utility value v; (y) provided by the

representation. Since v; (y) < 1, we have that 1% > v; (y). Assume now that v; (y) >

B
B 1-8°
Note that

1
max Bk = —
(Tlc)k ; ¢ 1-— /3
: B
Tk
(Tk)kh';?;éabxfor all k;ﬁz 1-8

i.e., the maximum is obtained when we sum over all possible periods, but this maximum is too
high to match v; (y). In fact, any sum that includes 7, = 0 will exceed 1 and thus v; (y). In
contrast, any sum that contains only periods 75 > 0 cannot exceed % < v; (y). We conclude
that on the interval of payoffs which correspond to utility values (%, 1), any monotonic
continuous transformation of v; will represent the same preferences.

11



2.5 Unforeseen Surprises

We next extend the model to introduce the possibility of unforeseen surprises.
An unforeseen unfavorable surprise is an outcome &, which is considered worse
than any of the foreseen outcomes. An unforeseen favorable surprise is an out-
come @, which is considered better than any of the foreseen outcomes.

As in Grant and Quiggin (2015), we can define for a given consumer i, the
set of consumption streams not subject to unforeseen surprises:

C={c|{or€Q|ci(or)N{S;®}} €N for all t}.

The set of consumption streams subject to unforeseen unfavorable surprises is:
C*™ ={c|{ot € Q| ci(or) =6} &N for some t}

and that of consumption streams subject to unforeseen favorable surprises is:
c ={c|{os € U |ci(0r) =B} ¢ N for some t}.

Here we axiomatize preferences over consumption streams c representable

(c(o0)) + . 5
SE emw (v >() <mm{c(wt>}> | icee
u; ( +u (! . \
i (o) — if ce Cv®
=y sE s, egzﬁ  (wh >(z§ mm{0<wt)}) ] )
ui ( if c € Cul\Cu
DI egzﬁ m (wé) Ui (mm{C(wt)}) ] =

(4)

To obtain such an axiomatization in a one-period setting, Grant and Quig-
gin (2015) impose three additional axioms on preferences: strict aversion to
unforeseen unfavorable surprises, preference for unforeseen favorable surprises
and comparability of unforeseen surprises, which we restate below to apply to
infinite consumption streams:

Axiom 6 The preferences =* exhibit strict aversion to unforeseen unfavorable

surprises, i.e., <[[) > ¢ for any c € C*".

Axiom 7 The preferences =° exhibit preference to unforeseen favorable sur-
prises, i.e., ¢ =* (h...m...) for any ¢ € C*F\C*".

Axiom 6 (which corresponds to Axiom 2 Strict aversion to unforeseen un-
favorable surprises in Grant and Quiggin, 2015) states that all consumption
streams that contain unfavorable surprises are considered worse than the con-
sumption stream that delivers the worst perceived consumption [ at all oy.
Axiom 7 (which corresponds to Axiom 3 Preference for unforeseen favorable
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surprises in Grant and Quiggin, 2015) means that consumption streams than
contain favorable, but no unfavorable surprises are considered better than the
consumption stream that pays the maximal perceived outcome m at all o;. The
implication of these two axioms is that the decision maker will at all cost avoid
being exposed to unforeseen unfavorable surprises and seek to be exposed to
exposed to unforeseen favorable surprises.

As in Grant and Quiggin (2015), we define for each consumption stream c,
its projection, a consumption stream ¢ such that ¢ coincides with ¢ whenever ¢
contains no unforeseen surprises. If ¢ contains unforeseen surprises, an unfavor-
able unforeseen surprise is "replaced" in ¢ by the minimal perceived outcome, [.
Symmetrically, an unforeseen favorable surprise, is replaced in ¢ by the maximal
perceived outcome, m. Formally,

clon) ife(n) ¢ (o0}
clo) =1 1 ifc(oy) =6
o ife(o) =@

Let C be the set of all projections.
The last axiom of Grant and Quiggin (2015) ensures that acts within one of
the three sets defined above can be compared using their projections:

Axiom 8 The preferences =° permit comparability of unforeseen surprises if
for any pair of acts ¢ and ¢ if either ¢, ¢ € C, or if ¢, ¢ € C*, or if c,
c € cuf\C", then
cridiffertd

Comparability of unforeseen surprises requires consumption streams which
belong to the same category (C"*, or C*\C"*) to be ranked identically to their
projections, C.

Using Theorem 3 in Grant and Quiggin (2015) and combining it with the
result derived in Proposition 8, we obtain:

Proposition 9 =' and the corresponding =% satisfies Azioms 1, 2, 3, 4 (i)

~S

and (iii), 5, 6, 7 and 8, iff it can be represented as:

(c(o9)

L P Zw th Bt ‘ (w

Q\_/

z<m1n{c<wt>}> ] fecc

)
(i)
P 1Zw ewﬁt l(w)
(0)+
Ju

ifce C*™

(mm{C («i)}) 1

Zt 1 Zw ieqQi ﬂt ' (w (mln{C (wi)}) ]

Remark 10 Just as Grant and Quiggin (2015), for the purposes of the azioma-
tization, we take the partition W and the implied partition ' on the event tree
of the economy as given and observable. In fact, the axiomatization of Gul and

S
v&v

if c € Cvh\Cue
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Pesendorfer (2014) used to establish the results does not require such observabil-
ity. Without additional assumptions, in our context, a direct application of their
theorem would imply a partition of Q, QF. However, in general, this partition
need not satisfy the multiplicative structure Q° = 112 W' imposed above. We
conjecture that adding the following axiom characterizing the set of ideal events
would provide a sufficient condition for the multiplicative structure assumed:

Axiom 9 For any t subsets of S, w'..w' C S, w; = {(s0;51...5¢) | 51 € w'...sp € w'}
is ideal iff all of the events w} = {(s0;8) ¢, } are ideal.

The representation derived in Proposition 9 will be used in Section 5 to
model financial markets, in which agents are averse to unforeseen unfavorable
surprises. To avoid non-convexities, we will assume that the unforeseen favor-
able surprises occur only for consumption quantities which exceed the maximal
possible endowment of the economy. We will see that aversion to unforeseen
unfavorable surprises ensures the survival of partially aware agents even when
their beliefs 7 on Q¥ are not objectively correct.

3 Financial Markets with Unforeseen Contin-
gencies

In the standard Blume-Easley model, all traders are fully aware, and financial
markets are implicitly assumed to span the state space. Traders may therefore
be regarded as choosing consumption paths, without specifying the associated
portfolio of assets. There is no loss of generality in assuming that the set of
assets consists of Arrow securities, one for each node ;. Any redundant assets
may be priced in terms of the replicating portfolio of Arrow securities.

These features of the model remain even if some traders incorrectly impute
zero probability to some events that are in fact possible. Such traders will seek,
to the extent permitted by market constraints, to short-sell securities that pay
off only in such states.

The situation with reduced awareness is different. We will show below that
traders will voluntarily choose to not trade in assets specific to contingencies of
which they are unaware. Hence, their portfolio cannot be represented entirely
in terms of Arrow securities. This creates a non-trivial role for ‘traditional’
securities such as bonds and equity.

To understand this fundamental difference, we will first specify the "true"
process of the economy and compare it to the beliefs formed by partially aware
agents. In particular, we will show how differential awareness can cause belief
heterogeneity even when all agents have access to the same correct information
about relative likelihoods of states they are aware of.

3.1 The True Process of the Economy and Agents’ Beliefs

We define on (€; F) a probability distribution 7 and throughout we assume
w(Z (o)) > 0 for all o;. Intuitively, m describes the evolution of the state
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process in the economy. In what follows, for brevity, we abuse notation slightly
by denoting 7 (Z (0)) = 7 (0+) = 7 (80; 81; $2...5t). The one-step-ahead proba-
bility distribution 7 (s¢11 | 0+) at node o is determined by:

s (So...St; St+1)

for any s;11 € S
7 (S0..-S¢)

7T(St+1 | O't) = 71'(80...8,5; St+1 | So...St) =

In words, 7 (s¢41 | 0¢) is the probability under distribution 7™ that the next
observation will be s;;; given that we have reached node o;. We will assume
that the true process of the economy is i.i.d. and write 7 (s;11 = s | 0¢) =: 7 (s).
Note that this does not restrict the endowment process to be i.i.d..

From the point of view of consumer i, the information revelation is described
by finite partitions of the set 2’ and the corresponding o-algebra F?. Obviously,
F is finer than F*¢ and hence, any probability distribution 7 on (£2; F) specifies
a probability distribution on (Qi; F i) with

m(w}) =7{o¢| s €wlforallT € {1...t}}.

The one-step ahead probability distribution 7 (w; iy wi) is defined analogously
to m (s¢x1 | 01).

The subjective beliefs of consumer 4, 7* are defined on (Qi; F Z) and need not
in general coincide with the truth. i’s beliefs are correct if they coincide with
the restriction of 7 to Q7.

For the rest of the paper, we will restrict attention to beliefs which describe
an i.i.d. process, 7 (w,ﬁﬂ = w' | wi) =7t (wz)

Just as in the case of a fully aware agent, our theory cannot and does not aim
to explain how agents choose their priors®. Here, we will show that even agents
who have correct information about the likelihoods of the events of which they
are aware, might end up with heterogeneous beliefs as a result of differential
unawareness. Formally,

Definition 11 We will say that consumer i, has awareness-biased beliefs if the

relative likelihoods assigned to states he is aware of are correct, %(;,)) = % for
any s, s' € S* and if the probability assigned to an element of the partition W?,
w' equals the probability of the state s € wN S* of which i is aware, (w‘) =

7t (wﬂSi).

Awareness-biased beliefs are correct w.r.t. to the states of which a consumer
is aware in that the relative likelihoods assigned to such states coincide with the
truth. However, lacking any further information about the likelihood of states he
is unaware of, such a consumer identifies the probability of an event containing
states he is unaware of with the probability of the states he understands. It is
clear that in general, the awareness-biased beliefs 7* will not be correct.

6Dietrich (2017), as well as Ahn and Ergin (2010) provide axiomatizations, in which the
beliefs of partially aware agents and depend on the partition used by the decision maker.
Thus, beliefs under partial awareness are consistent with beliefs derived for the finest possible
partition only in special cases.
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Note that whenever 7 (s) > 0 for all s € S (as in Assumption 3 below),
7t (wi) > 0 will hold for all w® € W*. Hence, i’s one-step ahead beliefs will be
absolutely continuous w.r.t. the truth. The extent to which ¢’s beliefs w.r.t. W*
are "wrong" can then be quantified by the Kullback-Leibler distance between /
relative entropy of 7 (s | Si) and 7 (wz), ie.,

i m (w')
Z 7 (w') In TwinSi s (5)

wieW?

Our definition of awareness-biased beliefs shows that differential awareness
can lead to belief heterogeneity even when agents share the same information
about likelihoods. The following two remarks will help illustrate this point:

Remark 12 The awareness-biased beliefs of two agents with identical aware-

ness partitions need not coincide. Indeed, consider agents i and j, who form a
common awareness partition on the state S = {1;2;3;4}, W = {w = {1;2};w’ = {3;4}}.
If i is aware of states S* = {1;3}, whereas j is aware of states S7 = {1;4}, and

unless w(3) = w (4), agents’ awareness-biased beliefs will satisfy

Remark 13 An agent with a coarser awareness partition can entertain awareness-
biased beliefs closer to the truth than an agent with a finer awareness partition.
Indeed, consider S = {1...5}, suppose that m (1) =3, 7 (2) =7 (3) =7 (4) = &
and 7 (5) = L. For two agents, i and j, let S* = {2;3}, 57 = {2;3;5} and

who= {w ={1;2;};w” = {3;4;5}}
wio= {w! = {Lix )0’ = {314} ;u’" = {5}}

According to our definition, agent j is thus more aware than agent i. Yet,
1 awareness-biased beliefs are correct:

7 () =7 (0) = 5 =7 () =7 (u"),

2
whereas those of j w.r.t. to i’s partition” are not:

P (i) = L (i) = 3
o (wf) = 7,70 (w) =

Our results below, see Proposition 21, will demonstrate that markets select

for agents who have correct beliefs in the sense defined above, i.e., agents for

whom the relative entropy in (5) is 0, unless the wrong beliefs are compensated
by a finer awareness partition.

Hence, even though the results we derive in Section 4 show that market

forces do not select against partially aware agents, the fact that it might be

"This is the relevant comparison for the results derived in Section 4.
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less likely that these agents have correct beliefs would imply that these agents
would also be less likely to survive and impact prices in the limit. In contrast,
our result in Section 5 does not depend on agents’ beliefs.

Finally, we remark that the results derived in Sections 4 and 5 do not depend
on the assumption of awareness-biased beliefs, but merely on the property of
such beliefs to be absolutely continuous w.r.t. the truth. Nevertheless, we
believe that this model of beliefs provides some useful intuition and allows us
to better evaluate the conditions under which survival occurs.

3.2 The Model of the Economy

There is a single good and I infinitely lived consumers, each with consumption
set Ry. Consumption plans are defined as in Section 2. Each consumer is
endowed with a particular consumption plan, called 7’s endowment stream and
denoted e’. e = Yier e’ stands for the total endowment of the economy.

We will consider consumers who maximize a utility function as in the rep-
resentations (2) and (4) axiomatized in Section 2.

We will impose the following assumptions on utility functions and endow-
ments, which are standard in the survival literature:

Assumption 1 The functions u; : Ry — R are twice continuously differen-
tiable, strictly concave, and satisfy lim._,o u}(c) = oo and lim._, u} (¢) =
0.

Assumption 2 Individual endowments are uniformly bounded away from zero
and uniformly bounded from above. Formally, there is an m > 0 such
that e’(o;) > m for all i, o;; moreover, there is an m’ > m > 0 such that
i€ (oy) <m’ for all oy.

Assumption 3 7(s) > 0 for all s € S and all agents ¢ € I have awareness-
biased beliefs. In particular, 7 (w') > 0 for all w’ € W'

Assumption 1 implies that the agent would never choose zero minimal con-
sumption on an event w! he believes to have a positive probability. Assumption 2
ensures that endowments are uniformly bounded away from 0 and above. Given
the i.i.d. structure imposed on the true process and on beliefs, Assumption 3
states that one-step-ahead probabilities of all states of the world are positive
and that all subjective beliefs assign a positive one-step-ahead probability to
every element in their respective partitions. As we showed above, the assump-
tion that agents form awareness-biased beliefs implies the absolute continuity of
subjective beliefs with respect to the true probability distribution (as in Blume
and Easley, 2006). Taken together, Assumptions 1 and 3 ensure that no agent
vanishes in finite time.

In economies with bounded endowments and complete markets, and popu-
lated by expected utility maximizers, only beliefs and discount factors matter for
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survival®. In particular, if all agents are equally patient, agents with incorrect
beliefs vanish a.s. in the presence of agents with correct beliefs. By contrast, in
unbounded economies, risk attitudes also matter for survival, and agents with
incorrect beliefs can survive. In order to disentangle the effects of partial aware-
ness on survival from those of risk attitude, we restrict our attention to the case
of bounded economies.

3.3 Assets

We have so far described the economy only in terms of state-contingent con-
sumption. We now introduce assets explicitly.
In particular, we define the set of period ¢ Arrow-securities in the economy
to be R
A(t) = {G‘Ut Wlth aUt (O’;) = 101} (6)

We will also define for each agent 7 and the corresponding partition Q?, the set
of unit-securities that pay conditional on events in Q*:

Al = {awi with ay: (o) =1if oy € wi,awi (0¢) = 0, else for all w € Qi}
_ (7)
A} is thus the set of assets with payoffs measurable w.r.t. to agent i’s par-
tition Q¢. Intuitively, such assets do not involve "surprises" from the point of
view of agent 1.
Note that while in general fli ¢ A, we have that for i = 1...n, the set of
payoffs generated by the set of assets in fli,

M =3 S 1,0 () | (60(wh),eq € R

wieQl

satisfies
NIE C N0 = R,

We can now rewrite the endowment of the economy in terms of assets in
A = U2 AY by assigning to each agent 4, an initial portfolio 8" with 6" (;) =
el (oy). Let (Hi (Ut))UtEQO denote the portfolio holdings of agent i. Clearly, his
consumption is then given by ¢ (a;) = 6 (o).

While a priori, each agent has access to all assets in ut[l?, we will see that
agent ¢ with preferences subject to surprises might find it optimal to restrict his
investments to the set Utfli, i.e., to the set of assets he understands.

8This result is conditional on the assumption that markets are complete, see Coury and
Sciubba (2012), as well as that endowments are bounded, see Kogan et al. (2006, 2011), Yan
(2008). Its robustness to preference specifications is still being explored, see Condie (2008),
Da Silva (2011), Eichberger and Guerdjikova (2018), Guerdjikova and Sciubba (2015), Easley
and Yang (2014), Borovicka (2014).
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4 Survival with Differential Awareness

We will now consider an economy with agents who are partially aware, but
aware of the possibility of surprises as described above. In this Section, we will
assume that agents maximize a utility function given by (2).

Definition 14 An equilibrium of an economy with partially aware agents who
are aware of their unawareness is described by consumption streams (ci)iej and
an integrable’ price system p (o) such that each of the consumers mazimizes
their utility function given prices in the economy and markets clear:

¢ = arg mz}x‘/g (') = arg max | u; (& (00)) + Z Z Bim' (w}) u; (min {C (w}) })

t=1 wieq

Zci (o) = Zei (0¢) Yor € Q

i€l i€l

It is easy to show that an equilibrium exists using Bewley’s (1972) theorem.
An alternative definition of an equilibrium can be states in terms of asset
trades:

Definition 15 An equilibrium of an economy with assets fl? with partially
aware agents who are aware of their unawareness is described by portfolio hold-
mgs (Hi)iel and an integrable price system p (o) such that each of the consumers
mazximizes their utility function given prices in the economy and asset markets
clear:

0" = arg max Vi (0") = arg max | u; (6" (00)) + Z Z Bimt (w}) us (minv {6" (01)}

7
—1 wiEQi orEW

S0 (o) =0 (01) Yor € Q

iel i€l

Clearly, the equilibria satisfying Definition 15 specify the same equilibrium
consumption and state prices as those satisfying Definition 14.

Our first result generalizes the main result of Blume and Easley (2006) to
apply to agents with bounded, but identical levels of awareness.

Proposition 16 Consider two agents i and j, with identical awareness parti-
tions, ' = QJ. Assume that the initial endowment of the economy is measurable
w.r.t. Q. If the two agents have identical beliefs, but different discount factors,
then the agent with the lower discount factor vanishes a.s.. If the two agents
have identical discount factors and different beliefs, the agent whose beliefs are

9 An integrable price system P(0t),,ex has the property that 3=,y >-,,ex, P(0t) e’ (o)
is finite for any uniformly bounded sequence €’ (o¢).
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further away from the truth vanishes a.s.. More generally, the agent with the
lower survival index:

m (w)
Ing, — Z ﬂ(w)lnm

weWw

vanishes a.s..

As we showed in Remark 12, agents with identical awareness partitions need
not hold identical beliefs. The proposition shows that (for identical discount
factors), it is the Kullback-Leibler distance between the awareness-biased beliefs
and the truth on the relevant partition as defined in (5) that determines whether
an agent survives or not. This distance, in turn is fully determined by the set
of states of which the agent is aware, S°.

Our next Proposition extends these results to a set of agents with nested
awareness partitions.

Proposition 17 Consider a population of agents with awareness partitions or-
dered with respect to inclusion, equal discount factors and correct beliefs. As-
sume that the initial endowment of the economy is measurable w.r.t. the finest
awareness partition. All agents survive a.s.

Our result shows that whenever agents have equal discount factors and cor-
rect beliefs relative to their awareness partition and the awareness partitions are
nested, the agent’s level of awareness is irrelevant for survival. In fact, all agents
survive. Note however, that awareness-biased beliefs will be correct only in very
special cases. E.g., if all states are equiprobable, and all agents’ partitions
have the same number of elements, all agents will have awareness-biased beliefs
which are correct. In general, however, as shown above differential awareness
will imply belief heterogeneity and hence, the result above will not apply.

Nevertheless, the analysis of an economy populated by agents with correct
beliefs allows us to analyze the equilibrium allocation. Note that unless p (o,) =
0 for some o; € wi, we have ¢’ (0y) = ¢ (0}) for all oy, 0} € wi. Le., when
state prices are strictly positive, agent i’s consumption is measurable w.r.t. Qi.
We conclude that in equilibrium with strictly positive state prices, a partially
aware consumer ¢ behaves as if his investment opportunities were restricted to
belong to the set U;A? with payoffs measurable w.r.t. QF, even though in fact,
he has access to a richer set of assets, Ut/i,?. Thus, his portfolio will appear
underdiversified when compared to that of a fully aware agent. Furthermore,
he will be overinvesting in insurance across states oy € w!, which might involve
aggregate risk considered by agent 7 as a "surprise ". A more aware agent
j might provide such full insurance against aggregate risk. As a result, asset
prices in such an economy will be distorted: the price for insurance across
states belonging to the same elements of the partition w? will be higher than in
an economy with fully aware agents.

We conclude that in equilibrium, a partially aware investor will behave as if
he were following a heuristic to invest in a subset of assets he is familiar with
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and "understands", see Section 6. Furthermore, the result above implies that in
our model, such heuristics are in line with ecologic rationality, in that they do
not lead an investor to disappear. The phenomena generated by the use of such
heuristics will persist in the long-run, as long as all agents have equal survival
indices.

We next examine the impact of heterogeneity in discount factors and beliefs
on survival when awareness partitions are nested. We first show that a less
aware agent can only survive if his survival index is at least as large as that of a
more aware agent. In particular, for given identical beliefs, the less aware agent
can survive only if his discount factor is at least as high as that of the more
aware agent and, for given identical discount factors, the less aware agent can
only survive only if his beliefs are at least as close to the truth as those of the
more aware agent. As we showed in Remark 13, it is easy to construct examples
for which this is the case.

Proposition 18 Suppose that an agent i has a strictly coarser awareness par-
tition QO than that of an agent j, 9. Assume as well that the endowment of
the economy is measurable w.r.t. the partition 7. If

Bj i m (wl) i s (wl)
i vanishes a.s.

This result shows that in order for an agent ¢ with a coarser partition than
agent j to survive, it has to be that:

B i m (w') : ™ (v)
1“5+< 2 ) s e T & ”(w)1“7mw8j>>§0'

i wieWi wieWi

Hence, we will consider an economy, in which the agents with coarser aware-
ness partitions have (weakly) larger survival indices. To formulate our result,
we will have to understand when partial awareness matters in the long-term.
We will use the following definitions:

Definition 19 The unawareness of agent i, given by the partition O, is irrel-
evant in the limit if for any w* € Q' and any o, 0’ € W*

lim e(o¢) —e(oy) =0.

t—o0

The unawareness of agent i, given by the partition Q! is relevant in the limit if
for some w* € W*, s and s’ € w", there is an € > 0 such that for any o, o’ € W',

tlim sup [e (o4;8) —e(o};8')] > €. (8)
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The unawareness of agent i is considered irrelevant if, in the limit, the total
endowment of the economy is measurable with respect to agent i’s partition.
Such an agent is not exposed to surprises w.r.t. the total endowment process of
the economy in the limit. In contrast, agent ¢’s unawareness is relevant even in
the limit, if there are at least two states that ¢ cannot distinguish and in which
the total endowment of the economy remains distinct.

Definition 20 Let agent i’s awareness partition Q° be finer than that of j. The
unawareness of agent j given by the partition 7, is irrelevant in the limit w.r.t.
that of agent i given by partition Q" if for any w* € Q* and w? € ¥ s.t. W' C W,

lim min e(o¢) — min e (@}) = 0.
t—00 g, cwi @%gw{

The unawareness of agent j is relevant in the limit w.r.t. that of agent i if there
is an € > 0 such that for any w' € Q' and w? € YV s.t. W' C W,

lim sup | min e(0y) — min e (@) | > e.
t—o0 orEW} @iCw!

To understand the definition note that in general, the initial endowment
of the economy is not measurable w.r.t. to Q¢ or €/. Hence, if prices are
strictly positive, the maximum consumption ¢ can thus obtain given the initial
endowment of the economy is given by ming, ¢, € (o). Since 4’s partition is finer
than j’s, the maximum consumption j can obtain given the initial endowment
of the economy is given by minajggw{ e (JJ;) j’s unawareness is called relevant
in the limit w.r.t. to i’s whenever the maximal consumption streams these two
agents can obtain in the limit differ and irrelevant if they are the same.

Proposition 21 Consider a population of agents with nested awareness parti-
tions, Q' strictly finer than Q2... strictly finer than Q", and ordered survival
indices such that:

()

() /
=T () et < (o) o

whk’ wk’

holds for all k < k'. Assume that the initial endowment of the economy is
measurable w.r.t. Q. Assume that k is the agent with_the finest awareness
partition, whose unawareness us relevant in the limit (k > 1), whereas the

unawareness of all agents i < k is irrelevant in the limit. Then there exists
an equilibrium of the economy, in which

(i) agents k < (l; - 1) vanish a.s.;

(it) agent (/; - 1) survives a.s.;
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(7it) agent n > k > k — 1 survives a.s. if the unawareness of agent k + 1 is
relevant in the limit w.r.t. that of k and vanishes a.s. otherwise;

(iv) agent n a.s. survives.

The proposition demonstrates that partially aware agents can survive in the
presence of a fully aware agent as long as their survival index exceeds that of
the fully aware agent. In such an economy, an agent survives regardless of the
value of his survival index as long as the awareness of the agent with the finest
partition coarser than his is relevant in the limit and vanishes otherwise. This
result is interesting, because it shows that more aware agents can survive even
when their survival index is not maximal in the economy.

This requires however the presence of agents whose unawareness is relevant
even in the limit. In such a scenario, the partially aware agents do not wish
to consume the entire endowment of the economy: such a consumption stream
would expose them to surprises. Hence, it is the agents with lower survival
indexes, but higher awareness who consume in such states (hold the assets that
pay in such states) and thus survive.

Note that the results for an economy with naively unaware agents, who act
as if they assign O-probability to possible events, and that with agents who are
aware of their own limited perception of the world as in Grant and Quiggin
(2015) are qualitatively different. While the former vanish a.s. in finite time,
the latter effectively insure themselves against all unforeseen contingencies and
survive a.s., even in the presence of a fully aware agent with correct beliefs.

This result, however, hinges on the assumption that partially aware agents
can have a survival index which exceeds that of fully aware agents, or, for
equal discount factors, that they can adopt correct beliefs. While it is easy to
generate examples, in which this would be the case, in general, this assumption
need not be satisfied. In particular, if the most aware agent in the economy is
fully aware, then his (awareness-biased) beliefs would be correct and hence, the
partially aware agents would only survive if their beliefs were also correct. The
discussion above suggests that this is not likely. In the next section, we will
thus extend the model by introducing aversion to unfavorable surprises. This
extension will allow to establish survival results, which do not depend on the
assumption of correct beliefs for partially aware agents.

5 Aversion to Unforeseen Unfavorable Surprises

In this Section, we consider agents, whose preferences are averse to unforeseen
unfavorable surprises and can thus be represented as in (4). To understand
how this model of unforeseen surprises can be applied to our setting, assume
that an unforeseen unfavorable surprise occurs whenever the consumption at
some node is in the set [0; L). For instance, we could set, L < m, since m is
the minimal endowment of an agent with the interpretation that an agent is
not able to imagine an outcome that is lower than those specified by his initial
endowment stream. Similarly, we could say that an unforeseen favorable surprise
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occurs, whenever the consumption exceeds some value M. Since preferences for
unforeseen favorable surprises lead to non-convex preferences, we will here set
M > m/, the maximal endowment of the economy. In this way, while & priori
possible, unforeseen favorable surprises are de facto excluded by the specification
of the endowment process.

Proposition 22 Consider an economy, in which agents are partially aware and
aware of their unawareness. Assume as well that an unforeseen unfavorable
surprise is associated with a consumption less than L, with L < m and that
an unforeseen favorable surprise is associated with consumption larger than M,
M >m!. Consider, furthermore, a population of agents I = {1...n} with nested
partitions, Q' = Q strictly finer than Q2, ... strictly finer than Q™. Suppose
that the partially aware agents exhibit strict aversion to unforeseen unfavorable
surprises. Under assumptions 1—38 and if the unawareness of agent 2 is rele-
vant in the limit, there is an equilibrium of the economy, in which all partially
aware agents do not experience unforeseen surprises and thus survive on all
paths o, whereas the fully aware agent 1 (who does not exhibit strict aversion to
unforeseen unfavorable surprises) survives a.s.

Our last proposition establishes survival of partially aware agents, who are
averse to unforeseen unfavorable surprises, independently of their beliefs. Since
such agents wish at all cost to avoid consumption lower than L, their consump-
tion in equilibrium is always bounded away from 0 on all paths (even those they
are unaware of). In terms of asset holdings, such agents hold a minimal number
L of bonds paying on ; for each ¢t. Hence, they follow a heuristic consistent with
the precautionary principle described in Section 5. As in Grant and Quiggin
(2013a, b), this heuristic can be interpreted as an instance of the Precautionary
Principle, which avoids the worst possible outcomes, in this case, consumption
below L (or converging to 0) on paths with strictly positive probability.

An interesting case to consider is that of partially aware agents with incorrect
beliefs and a fully aware agent with correct beliefs. In this case, the economy
a.s. reaches a node, from which on the constraint requiring the agent to avoid
an unfavorable surprise is binding. From this point on, the partially aware
agents with incorrect beliefs consume L in each state of the world, whereas the
fully aware agent with correct beliefs will hold the rest of the endowment of the
economy. The equilibrium prices on such paths will then be determined by the
beliefs of the fully aware agent and thus be potentially biased. Furthermore,
since the partially aware agents create an excess demand for bonds, prices will
exhibit the equity premium puzzle.
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6 The Role of Heuristics in Financial Markets
with Partially Aware Agents

6.1 Optimizing versus Heuristic Approaches to Choice

It is usual, in discussion of decisions under uncertainty, to distinguish between
rational optimization and heuristics. However, this distinction is problematic.
Any complete and transitive ordering over risky prospects may be represented as
the maximization of an appropriately chosen function. (If the domain is specified
to include the set of alternatives as well as the prospect under consideration,
transitivity may be dispensed with, as in some versions of regret theory, and
similarly for completeness.)

This point obviously applies to heuristics such as ‘satisficing’ or the precau-
tionary principle. These may be interpreted as optimization taking account of
costs of search and cognition.

The crucial difference between heuristic and optimizing approaches lies in
the way in which they are justified. For optimizing approaches, such as expected
utility maximization, justification takes the form of a representation theorem.
Assuming preferences satisfy some set of axioms, typically presented as evidently
rational, a representation theorem shows that choices consistent with these pref-
erences will maximize the value of an appropriately chosen function. It follows
that an agent who assents to the axioms and who can specify the parameters
of the relevant function can achieve security; that is, the assurance that they
have made the best possible choice given their preferences, the choice set and
the available information.

Nevertheless, as noted by Forster (1999), such rules may not "fit to reality":
"according to such theories, decision makers act rationally even when their be-
liefs are entirely false or inappropriate"!?. As noted earlier, in financial markets,
agents with such false beliefs eventually disappear, suggesting that such rules
might not be adapted to the relevant environment and thus fail the criterion of
"ecologic rationality".

By contrast, heuristics may be justified (or not) as ecologically rational.
An ecologically rational heuristic is one that achieves an optimal outcome in
some given environment. However, it is not assumed that the agents who follow
heuristics can assure themselves that the environment is one for which their
heuristic is ecologically rational. At most, agents can work on the basis of
inductive reasoning as in case-based decision theory.

In this paper, we combine the two approaches by considering individuals
which are partially aware and thus, limited in their ability to formulate cor-
rect beliefs. We model the decisions of such agents as resulting from rational
optimization of axiomatized preferences, which however, takes into account the
agent’s limited understanding of the economic environment. We show that such
decisions can be related to the use of heuristics. Moreover, we demonstrate that
decisions which mimic the use of heuristics can indeed be ecologically rational,

10See also the discussion in Gilboa, Postlewaite and Schmeidler (2004).
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in that they allow partially aware agents to survive in environments, in which
fully aware agents with wrong beliefs would vanish.

6.2 Examples of Heuristics in Financial Markets

What kind of heuristics might be applied to trade in financial markets? Consider
a partially aware agent, who understands that they are not fully aware of all
relevant contingencies, and who can follow the reasoning that suggests that a
strategy of betting on incorrect beliefs will almost surely lead to the loss of all
wealth.

Such an agent might adopt two types of heuristics. The first is directly re-
lated to his level of understanding of the relevant state space. It amounts to
effectively restricting the set of available assets to those the payoff structure of
which the agent understands and which do not expose him to "surprises", i.e.,
differences of consumption levels, to which he cannot assign numerical proba-
bilities. This heuristic will have two effects on the agent’s portfolio. First, the
agent will be more willing to buy insurance across events he is only partially
aware of (i.e., he is less willing to expose himself to risks he does not under-
stand). With respect to such events, his portfolio will be safer than that of
a fully aware agent. Second, the agent’s portfolio will appear underdiversified
across events he understands and he might be exposed to some idiosyncratic
risk.

Both of these heuristics are commonly observed in financial markets: e.g.,
Goetzman and Kumar!! (2008) find that US investors hold on average 4-7 as-
sets in their portfolios on average. They provide evidence of insufficient diver-
sification and furthermore show that it correlates with individuals’ experience
in financial markets, education and sophistication, rather than with the cost
associated with holding more diversified portfolios.

While Goetzman and Kumar document that "better diversified investors are
likely to have better stock selection abilities, perhaps due to their higher levels
of financial sophistication", they also write: "Most surprisingly, we find that
high-turnover, under-diversified portfolios perform better than high-turnover,
better-diversified portfolios", thus implying that there might be gains to under-
diversification at least in some cases. Further support to this type of heuristics
is provided by Borges et al. (1999), who show that the recognition heuristic,
which consists in holding a portfolio consisting of the most-commonly recog-
nized stocks can significantly outperform both the market and at times, even
major managed funds.

As we showed in Section 4, the behavior implied by this heuristic is con-
sidered optimal by partially aware agents who are aware of their unawareness
and whose preferences are given by (2). As long as this agent’s beliefs on his
awareness partition are correct, he survives.

The second type of heuristics is related to the desire to avoid certain un-
desirable outcomes. An agent might, e.g., adopt a heuristic of allocating a

HGee also the references therein.
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proportion of initial wealth to bonds, yielding sufficient income to sustain a
minimum acceptable level of consumption in all periods.

A number of observations may be made about this heuristic. First, although
a riskless unit bond is equivalent to a collection of unit Arrow securities, one for
each state of nature, the bond investor need not be aware of all possible states,
or, indeed of the existence of more than one state of nature.

Second, the position where the agent has exactly the wealth required to sat-
isfy the heuristic constraint is, in the language of Markov processes, an absorbing
state. Having reached this position, the agent undertakes no trade except to
roll over the bond and consume the interest. In particular, therefore, she cannot
vanish.

Third, consider the equilibrium in which all investors follow a heuristic of
this kind (we can allow the trivial case where the required level of bond holding
is set at zero). The arguments of Blume and Easley (2006) suggest that all but
the most informed trader(s) will be driven to the absorbing state where they
hold only bonds. Thus, the relative prices of asset claims will be determined by

(i) the beliefs of the most informed trader(s);

(ii) the demand for bonds from less informed traders.

In this context, the price of bonds will be higher and the price of the market
portfolio lower than can be explained by risk aversion in a model with fully
rational traders. Hence, we will observe the risk-free rate puzzle and equity
premium puzzle, as documented by Mehra and Prescott (1985) and Weil (1989).

As we showed in Section 5, agents who are averse to unforeseen unfavorable
surprises behave as if they follow this heuristic. This heuristic can be understood
as a precautionary principle: given his limited understanding of the uncertainty
in the economy, the agent attempts to insure himself against unforeseen bad
events. Our results demonstrate that in the context of financial markets, the
precautionary principle implies survival even when agents have wrong beliefs.

Other heuristics may also be considered, such as investment in an index fund.
Provided such heuristics generate an absorbing state or set of states at a wealth
level below initial wealth, they ensure that agents who adopt them will not
vanish. We are thus led to a set of market equilibria in which a small number of
active investors trade their beliefs, while the remainder of the population follows
a heuristic investment strategy independent of beliefs.

As explained above, such heuristics have to be evaluated in regard to their
ecological rationality, i.e., their performance relative to other rules. In this
paper, we are interested in the issue of survival in financial markets. We thus
define:

Definition 23 A heuristic is ecologically rational for an agent, if the agent
survives when using the heuristic and vanishes, otherwise.

Combining this definition with the results of Propositions 18 and 22, we
obtain the following;:

Corollary 24 The heuristic "aversion to unforeseen unfavorable surprises” is
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ecologically rational for any partially aware agent whose beliefs are further away
from the truth than those of a fully aware agent.

Indeed, under the conditions of Proposition 22, the partially aware agent
would survive when applying the heuristic, whereas according to Proposition
18, he would vanish.

7 Conclusion

In this paper, we considered the impact of partial awareness in the form of a
restriction of the state space. Using the models of Gul and Pesendorfer (2014),
Grant and Quiggin (2015) and Koopmans (1960), we axiomatized two repre-
sentations of intertemporal preferences subject to surprises. While the first
representation expresses the decision maker’s desire to smooth his consumption
over contingencies he does not understand, the second representation includes
aversion to unforeseen unfavorable surprises, i.e., aversion to outcomes which
fall below a certain prespecified level of consumption, regardless of the event on
which they occur.

We then used these representations to model agents’ equilibrium consump-
tion and to study survival in financial markets. We showed that when a decision
maker is aware of his unawareness, his perception of the state space can be rep-
resented by a partition. Such a decision maker behaves as if he restricts his
portfolio choice to a subset of the available assets with payoffs measurable w.r.t.
his awareness partition and thus avoids "surprises". Such a heuristic allows the
partially aware agent to survive, but only if his beliefs on his awareness partition
are at least as close to the truth as the beliefs of a more aware agent with a
finer partition.

The standard literature on survival in financial markets tends to assume het-
erogeneity in beliefs without discussing the foundations for such heterogeneity.
As we show, formulating correct beliefs is a non-trivial task for a partially aware
person. Hence, our analysis illustrates how incorrect beliefs naturally arise in
situations, in which agents have limited, but distinct ability to describe the un-
certainty they face, and are also conscious of their limitations. Furthermore,
since correct beliefs turn out to be a necessary condition for the survival of a
partially aware agent, the message of Section 4 is that such agents will tend to
vanish relative to fully aware agents with correct beliefs.

Introducing aversion to unforeseen unfavorable surprises, allows us to estab-
lish survival of partially aware agents, regardless of whether their beliefs are
correct. Agents who conform to this decision rule hold a minimal number of
bonds in his portfolio. Asset prices in such an economy will reflect the poten-
tially incorrect beliefs of the fully aware agents and replicate the well-known
equity premium puzzle. Such results are in contrast with those obtained in
markets with fully aware agents. In such markets, survival is fully determined
by agents’ beliefs (and discount factors) and agents with wrong beliefs vanish
a.s.
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While the preference representation we use has axiomatic foundations, the
behavior modelled by such preferences mimics the precautionary principle dis-
cussed in the literature. Furthermore, as we show, this heuristic turns out to be
"ecologically rational" in that it permits partially aware agents to survive with-
out formulating correct beliefs in environments, where having correct beliefs is
a necessary condition for survival.

In this sense, our paper can be viewed as a bridge between two strands of
the literature: the literature on behavioral finance, which explains empirical
evidence from financial markets by assuming certain biases and heuristics, but
without providing an explanation as to how such heuristics emerge or can survive
over time; and the literature on survival in financial markets, which assumes that
agents are rational, but differ in terms of beliefs, and strives to uncover which
beliefs can affect prices in the long-run.

8 Appendix
Proof of Proposition 6:

The proof of Theorem 1 in Grant and Quiggin (2015) implies the existence
of a representation given by:

Ui(e) = >« (w)) ui (minC* (w}) ;max C" (w})) .

w%GQ%

When C* (wi) is a singleton, u; reduces to the standard von-Neumann-Morgenstern
utility function. In particular, u; on the set of singletons is identified by the
Savage axioms on acts measurable w.r.t. F¢. Given u; restricted to singletons,
u; is extended to intervals as follows. Given a diffuse event D, consider the

certainty equivalent ¢” (oy) = x € [l: ﬁl} for all 0y € Q of a bet on D, cpc’ with

c(oi) =aforall oy and ¢’ (oy) =bfor all oy, W >a >b> L.
¢ ~cpc.

Then,
u; (b;a) = u(x).

By part (iv) of Axiom 3, we have that
u; (bya) = u (b)

for any b < a and hence, u; (min C* (w}) ; max C" (w})) = u; (min C* (w})).M

Proof of Proposition 7:

Asnoted above, Axiom 2 implies Koopmans’ Postulates 3 and 3’. Monotonic-
ity implies Postulates 2 and 5. Postulate 1 is implied by a combination of Axiom
2.4 and Uniform Continuity. The proof in Koopmans (1960) shows that these
conditions imply the desired result.ll

Proof of Proposition 8:
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Combining Propositions 6 and 7, and noting as above that Koopmans’
Monotonicity is implied by Axiom 2 in Gul and Pesendorfer (2014) and our
Axiom 2, we obtain the representation:

Vi (¢') = vi (¢! (00)) +i > Bivi (" (7 (wh) wi (min {C* (w)) })))

t=1 wieq:

It remains thus to show that the function v; can be chosen to coincide with wu;.

To do so, normalize both u; and v; so that wu; (l) = (l~) =0 and u; (M) =
(% (’ﬁ?,) =1
Next note that

implies

w(E)=) B
k

and hence, Axiom 5 requires that for any 6 = >, 7" for some sequence (7),,
and any z € [Z, ﬁz],

ui ! [dui (2)] = o7t [dwi (2)].
Let then y = u; ' [du; (2)] = v; ' [6v; (2)]. We then have

for all z and all y as above. This, in turn implies that for z = 1, yo = u; ' (§) =
v; 1 (8), ui (yo) = vi (yo). Setting y1 = u; " (6yo) = v; ' (Oyo) gives u; (y2) =
v; (y2) and proceeding by induction, we obtain the equality of the functions u;
and v; for all z in the set Z defined recursively as follows

l

*(Tk'r)k-

)}

l

—(Tk)p

Zy = {z € [Z, ’ffl} | there is a sequence (74), such that (z,l~l~> ~ (m(7k>k;

Z1 = {z € {IN, m] | there is a sequence (7y), and z’ € Z; such that (Z,ZN[) ~ (szk)k;ZN_(Tk)J}
I = {z € P; m} | there is a sequence (74), and z’ € Zx_; such that (z,l~l~) ~ (zzm)k;

Z = UZoZx

Note, furthermore, that differently from wu;, v; is only unique up to an affine-
linear transformation on Z and we have shown u; (2) = v; (z) for all z € Z.
The continuity of the functions u; and v; ensures that Z is closed. Consider

an outcome y ¢ Z. It follows that y € (y; gj) C [ZN, ﬁl} such that u; (2) = v; (2) for
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z € {g; g}. Furthermore, any monotonic uniformly continuous transformation
of v; on (y; yj), including u;, represents the same preferences. Hence, we can set
vi (y) = ui (y) for all y € (y; 7).

This gives us the desired representation.ll

To simplify the proofs of the following results, we state and prove the fol-
lowing:

Lemma 25 Consider two agents ¢ and j such that j is fully aware and i is
partially aware. In equilibrium, for any path w*, if i’s consumption is measurable
w.r.t. O,

ui (¢ (W)
(Zorrews,, (@ @ri)m (G741 | wis) )

= hm lng + (Z ( ) 77:1((151)) Z & (wl) In 77:7((101;))> .

wt w'

i |
T

Proof of Lemma 25:

We will use the analogue of the Blume and Easley (2006) decomposition.
The f.o.c.’s of two agents, ¢, who is partially aware and j, who is fully aware
give:

u) (ci (00)) _ u (cJ )
i (¢ (W) T (W) B Xerscwi,, U; (¢ (6741)) ™ (6741)
Hence,
ul (ci (00)) _ u; (cj (UO))

i (¢ (W) 7 (W) By (W) 2 iewhy, U (¢ (F41)) T (0741 | wiyq)’

which reduces to:

ui (¢ (@) _ G

Z:5T+1€w§~+1 ’U,; (Cj (6-T+1)) gl (6T+1 | wé“+1) B i e (w?r+1) ’U,; (Cj (O'O))
T

and we obtain

o T+1
In Uy (C (wTJrl)) = lim ln@—i— lim - Zlnw

1m
T—oo T +1 ZO'TJrlEUJT u; (c] (UT+1)) 7w (UT+1 | wT+1) T—oc0 ﬂz T—oo T +1

/ )
+ lim L In uf (c (00))

T—oo T+ 1 uf(cd (09))
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Since uj (¢! (0¢)) and uj (¢7 (5¢)) are finite, the third term on the r.h.s. con-
verges to 0, furthermore,

im In v ,(Ci (w%«+1))' -
T—oo T + 1 25T+1€Wé“+1 u; (CJ (5’71;,.1)) g (&T+1 | wZT_H)
B‘ T+1
B . j . . . .
= g i gy 2 (e (wh) — () +
T+1

lim ——
+T1—r>noo T+1 Pt

=~ and In W.(w*:.) are i.i.d and are equal in expectations to the
T w@) w (w,’s)
relative entropy of i’s and j’s beliefs with respect to the truth, we obtain that

a.s.,

(1n7r (wg) —In7’ (w;)) .

I (w?
ks (wt

—

Since In

o 1 I u; (Ci ("ﬂ;m-l))' '
T—oo T +1 Z&T+1€W§~+1 U; (C] (6'T+1)) md (6-T+1 | w’lT+1)

= im n& 7 (w' nw(wi)_ 7 (w' nw(wi)
- Tl 1 5_+<Z ( )1 ,/Ti(wi) Z ( )1 ﬂ-j(wz)>

— 00 i - )
wteW?

Proof of Proposition 16:

Note that when the initial endowment of the economy is measurable w.r.t.
O = 7, i and j’s consumption in equilibrium will be measurable w.r.t. .
Indeed, suppose that there is a node w! such that ¢’ (o) < ¢’ (¢}) for some oy,
o} € wi. Tt then follows that p(o}) = 0. Indeed, otherwise i can increase his
overall utility by selling ¢’ (o}) —c’ (o) units at o} and using the strictly positive
revenue to increase strictly his consumption (and hence, his utility) at a set of
nodes wi'.

If in the economy, there is a consumer k for whom o; and o}

Since the endowment of the economy is measurable w.r.t. €, it further
follows that there is at least one consumer k for whom c* (o;) > ¢ (o}). Note
that this would be suboptimal for k, unless, c* (¢}) < c¢* (o) < ¥ (04) for some
o) € Wk ol # o). Then p(o;) = 0, as above. And hence, if i’s consumption is
optimal, then there is a o}’ such that

¢ (0]") < (o0) < ' (o7)

and a k' such that ) )
& (") > (ov)

which, in turn, can only be optimal p(c}’) = 0. Proceeding by induction,

we conclude that if the aggregate endowment is measurable w.r.t. Qf, then
¢ (o¢) < ¢ (o}) for some oy, 0} € w} can only obtain iff p(o;) = 0 for all
or € wi. Recall, however, that ¢ places a strictly positive probability on wy
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and his utility is strictly increasing in min C* (w%) Hence, if p(oy) = 0 for all
ot € wy, % will demand an infinite amount of consumption at each o; € wy,
which is inconsistent with an equilibrium.

Since the same argument applies to j, we can use Lemma 25 and replacing
the original state space Q by the common partition, Q?, we obtain that for two
such agents, ¢ and j, with §* > 37:

! .
/l(c (wT+1)) = lim ln& <0

In -
y (CJ (wT+1 T—00 i

Uu
lim
T—oo 1T + 1 U

and hence v (¢/ (wr11)) — 00, or ¢/ (wpy1) — 0.
When beliefs differ,

1 u (Ci (wT+1)) B, sl (wy)
Tl—r»récT+1nu;-(cf(wT+1)) Tgréonﬁi—'—Tl_r’r‘iOT""ltﬂn

mt (wy
and both beliefs and the actual distribution over states of the world are i.i.d.,

. 1 u,’i(ci(wT+1))_n& T (w nﬂ'(’w)_ (W nﬂ'(’w)
IlgllooT+llnu;(cj(wT+l))_l B (Z (w)] 7t (w) Z (w)] wi(w)>'

i weW'? weW'?

Hence, for equal discount factors, the agent whose beliefs with respect to the
common partition are closer to the truth survives, while the other vanishes.
When both discount factors and beliefs differ, we conclude that lower discount
factors can be offset by having beliefs closer to the truth and vice versa. In
particular, if

n@ T (w nﬂ—(w)— mT(w nﬂ—(w)
1 5&(2 ()n 2y ~ 27 ) wi<w>><0’

g w w

(& (wr41)) — 00, or ¢ (wr41) — 0 and j vanishes.
Finally noting that for agents who form awareness-biased beliefs,

Z w(w)ln;((z:;)) = Z W(w)lnw

weWw weWw

completes the proof.

Proof of Proposition 17:

First note that w.l.o.g., we can identify the finest partition of an agent in
the economy with the state space 2. Order the agents from 1 to n w.r.t. the
coarseness of their partitions with 1 being the agent with the finest partition.
Then, we can set Q! = Q. Since the total endowment of the economy is measur-
able w.r.t. this partition, so will be the consumption of agent 1. Furthermore,
since agent 1 assigns strictly positive probability to each node o, € , p (o) > 0
will hold for all ;. Finally, since all partitions Q2...Q™ are coarser than that of
1, we conclude that each agent’s equilibrium consumption will be measurable
w.r.t. his own partition, see the proof of Proposition 16.
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Lemma 26 The agent with the finest partition, agent 1, cannot be the only one
to survive on a path o € §2.

Proof of Lemma 26:

Take a path o; and assume that on this path, only agent 1 survives, whereas
all agents with coarser partitions, ¢ > 1 vanish. Measurability of consumption
implies that any agent 7 > 1 also vanishes on the set of paths w’ such that
o € w', whereas agent 1 survives on the set of paths w? such that o € w? for the
agent with the second finest partition. Then, for agents 1 and 2, (9) implies:

s (¢ (3,)) (@ (o) By 7 ()

S ormcwn W (@ Gr) T (Grir [93e) (¢ (00)) By 72 (W)

Note that the first ratio on the r.h.s. is finite (marginal utilities in period
0). Since B, = B, the second ratio is 1. And since both 1 and 2 have identical
beliefs on w?, the third ratio is also 1. Hence, the expression on the r.h.s.
remains bounded, whereas the fact that 2 vanishes on w?, whereas 1 survives on
all o € w?, imply that the denominator on the Lh.s. remains bounded, whereas
the numerator converges to infinity, a contradiction to the equality.

It follows that at least one agent, i > 1 has to survive on ¢, and thus on w’
such that o € w'.

Lemma 27 For any w} € Q"

Jim sup Z ui (¢ (50) ' (5| wf) < i€(lon} i (m) u; (" (00))
Gy Cwl ?
Proof of Lemma 27:
Take a path ¢ € Q and note that for every oy, there is an i (o;) € I such
that ¢; (0¢) > m. It follows that for any o, € Q and the corresponding i (o)
and w(?t) such that o € w', we have:

Z&tgwi("” ’U,ll (Cl (&t)) s (5,5 | wi(”t)> U/1 (Cl (00)) Bi(at) AR (wi(«n))

(L7 (ci(at) (wi(fft))) B W,y (cie0) (a0)) By g1 (w;’(ot))

i(Ut

and since all agents have identical discount factors and beliefs,

) u) ct (o
>l (@) (50wl ) Sl (m) (¢ (00)

5, Cwilet) Ui(oy) (Ci(g") (0’0))

It follows that for any o and w'7*) € Qilee),

!/
; u
E uy (' (6¢)) 7! (&t | wi("”)) < max uf(m) ————t
- i€{l..n} U,
&tgw:(dt)
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Consider w} € Q" and note that we can partition wy into at most n — 1
subsets zj (w}) C Q such that on o; € z (w}) agent k is the agent with
the coarsest partition and consumption c¢* (o;) > m. Note furthermore that
zp, (W) C QF. Tt follows that for every wf € x, (W}),

Z uy (¢t (Ge)) 7t (64 | wf) < P
&tgwf
and thus,

Z ™ (wf |z (W) Z )7t (6¢ | wf) <P

whemp (W) 5:Cw

Finally, since the number of the elements of the partition (zx (W'))pe(1. ny I8
finite, we have:

Z Nae @) lwp) Y u (e (60) 7 (6 | ok (o))

=1 Gt Cap(wy)

= Z D))t (G |wp) <P
tCw

=

Qx

for any wy € 2", and thus,

hm sup Z ul Ot 7T1 (Gt |wi) <P
ot Cwy

proving the statement of the Lemma.

Lemma 28 On any w™ € Q", agent n survives. Furthermore, the consumption
of agent n on each path is uniformly bounded below.

Proof of Lemma 28:
Consider agents 1 and n. We have that:

Z&tgwgr uy (" (60) 7' (G4 | wit) U (¢! (00))
up (¢ (W) (e (00))

and since by (10) the numerator on the Lh.s. remains bounded by P, we have
that

tlijrolosupu;I (" (wi)) =P I Ecl ((O'(])))) .

uy
and hence, n survives on any w}. Furthermore, (11) implies

s e (00)
i infe” ) 2 i (P ) >0
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Lemma 29 For any j € {2..n — 1} and any w} € Q"
) S L u; (¢ (00))
Jimsup 37w (@ (a)) 7 (3 w7) < PUEGOS 02)

@y Cwp

Proof of Lemma 29:
The result follows by combining the fact that since all agents have identical

beliefs and discount factors, for any j and any wy

S icon ) (cj (wg)) i (w; |w,?) (¢ (00)

uy, (e (wi')) up, (¢79) ()

/
n

and u/, is bounded as in (11).

Lemma 30 Agent j € {1..n — 1} survives m-a.s. on .

Proof of Lemma 30: ~
Suppose in a manner of contradiction that there exists a set 7 C Q with

positive measure w.r.t. m, on which 1 vanishes a.s. Then, on this set we would

have: _ ' o
tlim sup u) <cj (LDJ)) =00 a.s. on ¥
and hence,
Jim_sup Z T (@i) u (cj (@i)) =00

ol ey

Now let Q™ denote the smallest measurable event on )" such that for every
o € (), there is an w™ € Q" with o € w™. We then have that if 1 were to vanish

a.s. on 2, then

Jim sup Z 7 (W} Z w(wg |w?) uj (cj (@g)) =00

wpreQn @] €wy
ole’

Since,

tlinolosup Z 7 (wy) Z T ((Di |w;‘> u (cj (@g)) =

e e
AN
i n I (7 1wl (9 (7
< lim sup E m (wy) E T (wt |wt)uj (c (wt>)
T—o0 < ‘
wpeQn olewy
A

where the inequality follows from the definition of {2 and the fact that j’s beliefs
satisfy
sl (JJ% | w?) =7 ((Z){ | wf)
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and since (10) and (12) hold, we obtain a contradiction for any j € {1..n — 1}.
It follows that j m-a.s. survives on 7 and thus, by measurability on €.

Proof of Propositions 18:

Suppose that agent ¢ has the coarser partition. By the proof of Proposition
17, i’s consumption will be measurable w.r.t. Q!. We can then use the proof of
Lemma 25 by replacing the original state space by the finer of the two partitions,
7. We conclude that

R S, (¢ (W) (13)
oo T + 1 VR L :
T T (S cwn, (¢ (@) W (@i @)

= ln? + ( Z s (wz) In ;rz((tgz)) — Z s (wi) In 77:3((11)1;))> .

¢ wieW? wieWwi

Since consumption is bounded, and hence, u3 (cj (JﬂT +1>) cannot become 0,

and since the sum of the probabilities in the denominator is 1, if

& W n”(wi) B (W n”(wi)
lng Jr( Z ™ (w')1 T (wh) Z (w')1 Fj(wi))>07

' wieWw? wieWwi

7

i vanishes a.s. Finally applying (5) gives the desired result.

Proof of Proposition 21:

Let (¢;p) be an equilibrium of the economy. Suppose that for some i € T,
oy, 0y € wi, ¢ (o) > ¢ (0}). Obviously, this implies that p(oy) = 0 and oy,
o} € w] for all agents j € I. Then consider the allocation ¢, which differs from ¢
only in that consumption at o, is reallocated from agent ¢ to agent k, the agent
with the finest partition, whose unawareness is relevant in the limit. Formally,

& (o) = min{C"(w})}

é];: (O't) = C]; (O't)-i-Ci (O't)—éi (O't)

¢ (67) = (6),
otherwise. Obviously, (&;p) is also an equilibrium of the economy. Hence, for
each equilibrium of the economy, we can construct an equilibrium with the same
price system, in which the consumption streams of each of the consumers but
agent k are measurable w.r.t. his awareness partition. Furthermore, it is easy to
see that the f.o.c. for this equilibrium are exactly the same as those in an econ-
omy, in which both the initial endowments and the equilibrium allocations of

k

the consumers are given by: e = &, e¥ (5;) = min¢é (wf) for oy € wF. We will

now show that this type of equilibria satisfy the statement of the Proposition.

Lemma 31 Suppose that the unawareness given by the partition OF is relevant.
A.s., at least one of the agents 1. .. (I;: — 1) survives.
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Proof of Lemma 31:

Assume that a.s., only agents with indices k > k survive. For a given path o,
let ¢ > k be the minimal index of an agent who survives on o. Let o € w' € °.
Clearly, if i survives on o, he also survives on any o' € w'.  According to

C w' and € > 0 such that for any o,

Definition 19, there are s and s’ € wk

o' € wk Cuw,
Jim sup [e(ou;8) —e(or;s)] > €.

Since for every k > i, k’s consumption is measurable with respect to w® and
since the partitions are nested, we have that for every ¢, every o, € wj and
s € wiyy,

ch (wiﬂ) <e(oys), (14)

k>i

and hence, for every o € w’, on which states s and s’ occur infinitely often,

l. y _ . o k
im suchj (o7) TIEI})OSUp e(or) Zc (o7)
<t k>1
> lim sup[e(or) —mine(or_1;5")]

T—o0

> lim suple(or-1;8) —e(or_1;8")] > €.
T— o0

Since s occurs infinitely often on almost every path o, and since there is a finite
number of agents in the economy, and since the unawareness of all agents with
indices larger than k — 1 is relevant in the limit, a.s., at least one of the agents
j <k —1 survives on o.

Lemma 32 Suppose that there are no two agents i and j such that 7t = 773; and
B; = Bj. Then, all agents i < k —1 a.s. vanish, whereas all agents i > k — 1
a.s. survive.

Proof of Lemma 32:
First consider agents 1 and 2. Note that since in the limit, the total con-

sumption of the economy is measurable w.r.t. the partition defined by fo—l, in
the limit, agent 1’s consumption has to be measurable w.r.t. the partition of
agent 2, 02, i.e.

lim |c¢' (0;) — ' (0})| =0if 0, 0’ € w? for some w? € Q7.

t—oo

Suppose first that agent 2 survives on a path ¢ € ) and thus, by measura-
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bility of consumption on w? € Q2 such that o € w?. It follows that
up (¢ (whin))
(Zorircun,, @ (€ @Gran) 7 (Grir | why)

S 1 Gl C: J57)
P T T N (@)

In

i
T T+ 1

2
Z 7 (w2) In 7r1(w 2) ) < 0.
w2eW?2 T (’UJ )

Since, by assumption, agent 2 survives on w?, it follows that the numerator
in the In term is bounded. If the denominator were similarly bounded, the
expression on the second line would converge to 0, in contradiction to the
fact that the third line is strictly negative. We thus have to conclude that
lim7 oo supuj (¢! (w3, ,)) = oo and thus, limy_, infc! (w3 ;) =0, ie., 1
vanishes on ¢ and on w=.

Next consider the case, in which 2 vanishes on ¢ and thus on w?. Then,

o1 (Serenn, v (¢ Gra) 7 (Gria [ wh) )
lim In T3 3 =
ToooT+1 uj (¢ (wF41))

By assumption, limy_, o inf ¢? (w?. ) = 0 and thus, limy_, sup uh (¢* (W, ;) =
oo. Hence, if u} were bounded, the term
/ 1 2
o Gl C 51) B
T—oo ) (¢? (W)
and thus the second line would be less or equal to 0 in contradiction to the
third line being strictly positive. limp_, . supu (01 (w%ﬂ)) = oo and thus,
limy o inf ¢! (w, ;) =0, i.e., 1 vanishes on o and on w?.
Hence, regardless of whether agent 2 survives or not, agent 1 vanishes a.s.
We now proceed by induction. Suppose that we have shown that all agents
1..k—1< k—2 a.s. vanish. In the discussion that follows, restrict attention to
the set of paths with measure 1, on which all agents 1...k — 1 vanish. Consider
agents k and k + 1. Note that since all agents 1...k — 1 vanish, and since the
unawareness defined by partition Q% (k < k— 2) is not relevant in the limit, the
consumption of agent k£ has to be measurable w.r.t. to the partition of agent
k+1, QFL
Suppose first that agent k+1 survives on a set of paths w® € QF and thus, by
measurability of consumption on w**t € Q¥+ such that w* C w*+1. It follows
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that

" o (5 (411) ]

lim
1o Tl (Co cunn uh (4 (@F0)) 7 @ | whED))
Chm 1mwﬂwﬂwﬁ»%

TR T (o ()

Jé] 7 (wht! 7 (wht!
= In——E 4 Z T (wk+1) In 7r"°“*‘(1(uﬂ€+)1) — Z T (wk+1) ln71_k((wk_~_1)) < 0.

ﬁkJrl whHlgk+1 wktleWk+1

Since, by assumption, agent k -+ 1 survives on w?, it follows that the numerator
in the In term is bounded. If the denominator were similarly bounded, the
expression on the second line would converge to 0, in contradiction to the fact

that the second (third) line is strictly negative. We thus have to conclude that
i 1(k(~k k (~k k+1Y) _
s 3w (¢ (@) 7 (g W) = o0
ok, Cwhil
T+1 T+1

Next consider the case, in which k + 1 vanishes on w” and thus on w®*?!.
Then,

1 (S (¢ @) o @ |95
1m n _
et Uy (1 (7))

( () %

T A Wy (4 (WEHL))

Bri1 k+1 m () k+1 ™ (W)
= In—7— + (W) In ———~ — (W I —————=~ | > 0.
B, u)HngH T (wh ) wk+1§e;vk+1 TR (k)
By assumption, limp_, . inf ¢#*1 (wl}fl) = 0 and thus, limp .o supuj,,; (¢*! (w?fl)) =
oco. Hence, if the term

Z upe (¢ (@F41)) 7 (OF 4 | w;ill)
‘*’T+1CW]7€“J-111

were bounded, the term

lim 1 25
im In
700 up (¢ (Whia))
and thus the first line would be less or equal to 0 in contradiction to the third
line being strictly positive. We thus conclude that

: k (~k k (~k k

lim Z wy, (¢ (@Fy)) T (@F 41 | wWhE)) = 00

T—o0 et
""T+1C""T+1

WT+1CW;;§-11 uk ( g (w’%Jrl)) " (w§’+1 | w]jc”ill) _

—00
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Hence, whether k + 1 survives or vanishes, m-a.s. on w1,

Jim (e (@1 41)) 7 (@1 [wrdy) =

Furthermore, 7-a.s., limp_, }ck (LZJI%) —c (~’k)| =0 if @* and &'F € Wht?

for some w1 € QFFL
Consider a set Q**! with a strictly positive measure w.r.t. 7 and note that:

lim Z ™ (wl%i) Z U (Ck (a)§+1)) m (a)§+1 | W?Tl)

e ""51"111 Selas ‘”T+1 Cw;ﬁi
o (g | Wb
lim Z Yo (F (@) T (@) —
e e ] C T Y
= Jim Z “2 (@) Y w(@h) 7 (@5 [wrdh)
"";t—lleﬁwrl ""T+1C“’I:7"t—11

— dm Y (k) R (@)

ngjrlleﬂk‘*'l

= o0

Since QF*1 is an arbitrary set with strictly positive measure, we conclude that
T-a.8.
k (~k+1
Tlgr;ouk (" (@751)) — o0

and hence, k vanishes. }

It follows that if all agents 1...k — 1 have strictly ordered survival indices
then all agents 1.. .k — 2 a.s. vanish and agent k —1 a.s. survives.

Note that on any path o, on Wthh state s occurs infinitely often, and hence,

k= , the consumption of agent k — 1 satisfies

on any w*~! such that ¢ € w
lim; supc - (wf _1) > € and hence, his marginal utility on such a path is
bounded above:

k-1 (, k-1
Jim_inf up (c (wt )) <ui_ (e

t—oo

m-a.s., but also, by Assumption 3, 1 as.

Lemma 33 For any n > 5> k— 1, lims o |cj (o) — & (O't)| =0 m-a.s. on §,
where for o, € w] C oﬂ“,

& (0y) = min e(0;) — min e (dzi)
oLEW] ingwfrl

Hence, j survives a.s. if his awareness is relevant in the limit w.r.t. those of
j+ 1 and vanishes a.s. if it is irrelevant in the limit w.r.t. those of j + 1.
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Proof of Lemma 33:
Consider first agent k — 1. 7-a.s.

; 1 | (Z@’M‘T'flew-;H U;E—1 (Ck_l ("3?;11)) mht (Qlic“jrll | w?‘l’l))
T T+ 1 iy (o (k1))
i T+1
. N N
= In——E 4+ Z w(wk) In ——— — w(wk) In — =
Bia wkewk kot (wk> wkewk L (wk>
and hence,

. / k-1 (~k-1 k=1 (~k=1 | j _
B X (7 R () =
k- i
‘*’T+11§‘*’%"+1
In an economy, in which all agents 1...k — 2 vanish, only agent £ — 1 can

consume the part of the initial endowment, which is not measurable relative
to k’s (and all subsequent agents’) partitions. Hence, in the limit, at each

wh=1 C wk, we have:

lim inf =1 (wF1) — & (wF1) >0
Pt t t t t =z Y,

_k—1 E—1) _ k-1 : ~k—1
Cy (wt )—e(wt )— min e(wt )

-1 P
w; T Cwy

where

For a given wf denote by

Qf‘l (wf) =arg min e (03?_1)

o7 Cwf
Similarly, for agent j > k — 1, define

c (wj) = min e(0y) — min e ((I)i)

» )
Utsz w{ g.;{*

and o ‘
Qf (wi“) =arg min e (d}j)
@7 gwi+l
Intuitively, & is the minimal consumption that has to be attributed to j provided
that the consumption plans of all consumers ¢ < j satisfy lim; o ¢ (0y) =
lim! & (o). Note as well that on any of the sets Q7 (w{“), the consumption
of all consumers k > j is constant across o; € 0/ (w{“) in the limit and since
total endowment is constant in those states, we have that the consumption of j

also has to be constant across o; € Qi (w{“) in the limit.
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Note that

. / k—1 ( ~k—1 E—1
X (o () e (e )
i i

_ : ’ E—1 ( ~k—1 k=1 ( ~
- Th—r}?}o[ Z Ug_1 (C ("JT+1)) ™ (WT+1 |WT+1>
ohhebt (why,)
/ k—1 ( ~k—1 k—1
+ Z Y- (C (WT+1)> m (WT+1 | WT+1)}

WT+1C‘*’T+1
~k—1 k—1 ]
Or 1€ (‘*’T+1)

© b (5 () (052 ()

/ k—1 ( ~k—1 k=1 ( ~
* Z U1 (C (WT+1)) Q ( D731 | WT+1)}
&g‘jrllg"‘)g#»l

~k—1 k-1 E
Wyl gQTJrl (WT+1)

where we write cF~1 <&)§«+1) to express the fact that in the limit, on QT+1 (w%TH) ;

k — 1’s consumption is constant. Note further that

s / k=1 (~k—1 k-1
fmnt S (7 (6 7 (06 k)
- i
“’T+11§w§"+1
~k—1 k—1 k
Or €94 (‘*’T+1)

S / k=1 ~k—1 k-1
< Jim inf Z U1 (C ( T+1>) Q ( @131 | WT+1>
i ‘:@111"90?{1
ohh el (whi)

_ S ’ E—1 : ~k—1 E—1 [~
= Th_r)r;omf E up e(wTH) ~  min e(wTH) ™ ( Q7 \wTH)
~k—1 k 011 Cwh
""T+1C“-’§"+1 + 1
~k—1
T+1€QT+1(WT+1)
!/
< Ui_1 (5)

where the last inequality follows from the fact that &’s unawareness is relevant
in the limit.

Since
. / k—1 [ ~k—1 k—1 _
lim Z U1 (C (WTH)) Q ( O711 | WT+1) = 00,

T—oo

he1
wT+1ch+1
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we thus have that:

i (6 () 7 (05 (4 -
5 () <o
We thus conclude that

lim |cb—1 (@§~+1) gkt (w’;ﬂ)‘ =0

T—o0

and hence

We can thus repeat the argument by induction for any agent with an index
greater than k—1. Indeed, suppose that for all agents j € {/2 - 1k} we have
shown that limy_, |¢; (04) — & (04)] = 0. Hence, in the limit, only agent k+1

can consume the part of the initial endowment, e — Z?:l%q ¢j, which is not
measurable relative to k + 2’s (and all subsequent agents’) partitions. Hence,

tlggo inf cf'H (wf"'l) — Ef'H (wf“) >0

where
~k+1 (, k+1 _ : _ ~k+1
FRET) = o0 i e B8
k
S el X B - i et

Since k + 1’s survival index is strictly smaller than that of k + 2, we have
that a.s.

o (Seren, v (7 @) 7 @ [W1))
T T 1 ul sy (2 (WhE2))
k+2 T+1
Bry2 k42 ”(sz) k42 W(wkH)
= In + Z (w2 \n ——— L Z (W) n ———— L
Bris = ( ) TR (k+2) = ( ) TR+ (wkt2)

and hence,

. / k+1 (~k+1 k+1 (~k+1 | k+2Y\ _
Tlﬂr}m Z Uy (M7 (@757)) 7 (@ [wrld) = oo
ortiewrty
Suppose first that on all w’%‘fl, limy o0 €1 = 0, ie., k + 2’s financial con-
straint is irrelevant in the limit w.r.t. that of k 4+ 1. Hence, in the limit, & + 1’s
consumption will be measurable w.r.t. Q%+2 and thus,

lHm upyy (FH (WhE)) = oo

t—o0
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implies limp_, chtt (WIQC“Jﬁ) =c (w?ﬁ) =0 and k£ + 1 a.s. vanishes.

Suppose now that on all wl}fl, limy 00 Cky1 > €, i.e., k+ 2’s financial con-
straint is relevant in the limit w.r.t. that of k 4+ 1. Then,

im > wg (M (@) 7 (@ [wrtd)

S 1 [~ 1~k k
= lim_inf] > U (M (@750)) 7 (@75 [wrhd)
orh e (wril)
k1 (k1)) k+1 (~k+1 | k+2
+ Z Uy (T (@725)) 7MH(@F [wrtd)]
i ot
ARTAGAR] (2%)

=i il (7 (@) 7 (4 (6412)

k41 (~k+1 k41 (~k4+1 | k2
+ E Up (C (WTH)) Tt (WTH "JT+1)}
@Rty Cwlts
st ensTa (oh12)

where we write ¢*+1 (d)?fl) to express the fact that in the limit, on Qﬁ’rll (w?fl),

k + 1’s consumption is constant. Note further that

o / k+1 (~k+1 k+1 (~k+1 |, k+2
tli)rgo inf E Ujyq (C (wTH)) 0 ("JT+1 ‘*’T+1)
~k+1 k42
wTilngt»l

~k+1 gok+1 [, k+2
Or EQra (WT+1)

o Ikl (~EALNY kL (~kL | k2
< tlggo inf E Uppr (@ (@ph)) 7 (07 T wpld)
~k k
thll ngt»zl

~k+1 k1 ( k42
Writ €QT+1 (‘*’T-H )

k
_ . . / k41 _ = _ :
= [lim inf E : Ui | € (Wrh) E : ¢ (wrly) ey, © (@rh) | =
@
~k+1 ~ k42 G T4+1=%7+41
OplCwrls J=k-1

L:)k+1 €9k+1 (wk+2 )

TH1%E e\ W
< Ui (9)

G )

where the last inequality follows from the assumption that k£ + 2’s unawareness
is relevant in the limit w.r.t. that of k& + 1.
Since

Y ul (7 (@) 7 (@R ) = oo,

T—o0 k+1 k+2
wT+1ng+1
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we thus have that:
iy, (¢ (@512)) 7 (4] (wh52)) = o0

k1 (, k42
and hence on Q71 (wih?),

(@) =0

since ¢kt (@’%‘5_11) — ghtl (@?‘:_11) — 700 0, we conclude that:

Tlim |ckJrl (or) — ghtt (UT)} = 0.

It follows that £ + 1 a.s. survives if his unawareness is relevant in the limit
w.r.t. those of k& + 2.

Lemma 34 Agentn a.s. survives.

Proof of Lemma 34: ~
We have shown above that for agents 1...k — 2, consumption converges to 0

a.s., whereas for agents j € {iﬂ —1l.n-— 1}, consumption converges a.s. to ¢’.

It follows that for o; € wy, m-a.s.,

i
L

lim " (0y) = e(oy) — & (o) = min e(6;) >m
t—o0 - GrEWY
j=k—1

and hence, n a.s. survives.

Proof of Proposition 22:

Since the initial endowment of every agent specifies a consumption of at
least m at every node oy, and since L < m, each agent ¢ can afford to buy
a consumption stream which avoids unforeseen unfavorable surprises, regard-
less of the price sequence. Since agents exhibit strict aversion to unfavorable
surprises, in equilibrium, each partially aware agent will purchase a consump-
tion stream not subject to unfavorable surprises. Hence, partially aware agents
will not disappear as long as they are strictly averse to unforeseen unfavorable
surprises. Hence, the equilibrium will be identical to that in an economy, in
which we restrict partially aware agents to consumption bundles that satisfy
¢ (o¢) > L for all o, € Q. Since the initial endowment of the economy satis-
fies this restriction, and since preferences on the so-restricted consumption sets
are convex and continuous, all the conditions of Bewley’s (1972) theorem are
satisfied. Hence, an equilibrium of the economy exists. Furthermore, just as in
the proof of Proposition 21, for each equilibrium, we can redistribute the equi-
librium allocation and obtain a new equilibrium, in which the partially aware
agents hold consumption streams which are measurable relative to their respec-
tive partitions ®°. It is obvious that none of the partially aware agents vanish
(since their consumption is bounded below by L at each o). It is also obvious
that with aggregate uncertainty in the limit, as long as prices are positive, the
total demand of the partially aware agents will not sum up to the total demand
of the economy and hence, a fully aware consumer will consume the remaining
quantity of the consumption good.
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