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On numbers satisfying Robin’s inequality, properties of the next
counterexample and improved specific bounds

Robert VOJAK

Croatia & France

Abstract

Define s(n) := n"'o(n) (o(n) == >_djn @) and w(n) is the number of prime divisors of n. One of the properties
of s plays a central role: s(p®) > s(qb) if p < ¢ are prime numbers, with no special condition on a,b other than
a,b > 1. This result, combined with the Multiplicity Permutation theorem, will help us establish properties of
the next counterexample (say c) to Robin’s inequality s(n) < e” loglogn. The number ¢ is superabundant, and
w(c) must be greater than a number close to one billion. In addition, the ratio p,(.)/logc has a lower and upper
bound. At most w(c)/14 multiplicity parameters are greater than 1. Last but not least we apply simple methods
to sharpen Robin’s inequality for various categories of numbers.

1. Introduction

The following notations will be used throughout the article :

v : Euler’s constant,

|2] denotes the largest integer not exceeding z

p; : i-th prime number,

o(n) = > a4,

©(n) counts the positive integers up to a given integer n that are relatively prime to n
w(n) is the number of distinct primes dividing n,

Ni = [I;<;p; (primorial),

rad(n) = T[] p, radical of n.

pln
p prime

Email address: vojakrob@gmail.com (Robert VOJAK).

Preprint submitted to Arxiv 10 avril 2019



A number n satisfies Robin’s inequality[3] if and only if for all n > 5041.

Vn > 5041 s(n) < e”loglogn

Définition 1.1 A number n is superabundant (SA) [1] if for all m < n, we have s(m) < s(n).

Définition 1.2 A number n is a Hardy-Ramanujan number (HR) [6] if n = [ p§* witha; = ai+1 >0
i<Sw(n)

for all i < w(n) — 1.

All the results presented hereafter concern Robin’s inequality, which is known to be equivalent to Rie-
mann’s Hypothesis[3]. We start by establishing an important result about the multiplicities in the prime
factorization of a number n, and how switching these multiplicities affects n and s(n).

Next, we give some categories of numbers satisfying Robin’s inequality, and for those who do not, we
exhibit some of their properties (theorem 1.4).

The last part is devoted to sharpening Robin’s inequality in specific cases.

In the sequel, the notation q1,¢qo, ... will be used to define a finite increasing sequence of prime num-
bers. The following theorems represent our main results (the proofs will be given later on) :

w(n)
Theorem 1.1 Let n = [] ¢ be a positive integer. If
i=1

— w(n) =18 and #{i <w(n); a; # 1} > = or

>1
— w(n) =39 and # {i <w ();aﬁél}>%; or
>9

69672728 and # {i < w(n); a; #1} >

— w(n)

then n satisfies Robin’s inequality.

Theorem 1.2 Let n = []¢j". For all positive integers g, define

i<k
M(k) = e TN _log N}, (1)
Mk
Mi(q) =1+ 7 (&)
0g4q

If for some i < w(n), we have a; = M (,,)(q:), then the integer n satisfies Robin’s inequality, regardless
of the multiplicities of other prime divisors.

For instance, if n = ]_[l<5 pit, Ms(2) = 11.3367... All integers of the form 2% ]_[Z o Pyt satisfy Robin’s
inequality if a; > 12, and for all as, as, a4, a5 > 1.

Corollary 1.3 Let n be a positive integer. If f(Ny(n)) — € loglog Ny < 0, then n satisfies Robin’s
imequality.



Proof: If f(N,mn)) — €7 loglog Ny(,) < 0, we have M (k) < 0, and for all i < w(n) and all prime numbers

b,
a; =212 Mw(n)(p)

We conclude using theorem 1.2. O

w(n)

Theorem 1.4 Letc= ][] ¢;*(c > 5041) be the least number (if it exists) not satisfying Robin’s inequality.
i=1
The following properties hold :

1. ¢ is superabundant,
2. w(c) > 969672728,

w(e)

3. #{igw(c);ci#1}<77

I B
4 ¢ FEam < Pl o 1,
logc
5. for all 1 <i < w(c),

p;* < min (2‘:1+2,pi eM(k))

2. Preliminary results

We will need some properties about the functions s and f to prove the above-mentioned theorems.

Lemma 2.1 Let p,q be two prime numbers, and k,a and b positive integers.
1. the functions s and f are multiplicative
p
2 fm) =TI =L and fn) = f(rad(n).

pln
p prime

: p
1 ky = =
oo ond lim s(7) = o = ()

1
3. 14+ = <s(ph) <
p

4. Ifp<q, s(p®) > s(q®) for all positive integers a, b

s(pk) increases as k > 0 increases, decreases as p increases,

k+1
6. 5(p - ) decreases as k increases,
s(p")
s(p) .
7. Ifa>b>0, W decreases as p incresases,
s\p

8. Let p be a prime number, and q any prime number, ¢ < p(p + 1). Then, for all a,b > 1

s(p**h)

s(p?)
For instance : s(p&™) < s(p%) s(ph 1) for all a,b > 1.
9. Ifm,n >2, s(mn) < s(m)s(n).

< s(q")



IMPORTANT : note that s(p®) > s(q°) requires only to have p < q, and no condition on positive integers

a,b.
Proof:
1. The multiplicativity of s and f is a consequence of the multiplicativity of ¢ and ¢,
2. The proof is straightforward : recall that rad(p*) = p, o(p*) = p* — p*¥~1, and hence f(p*) = ﬁ =
f(rad(p*)), and use the multiplicity of f and rad to conclude.
3. It is deduced from the properties o(p*) = pk;_ll_l and o(p*) = p* — p*~1. To prove the asymptotic
Ky _ PToF
result, use s(p”) = -,
4. We have 1
14->-9
pog—1
when ¢ > p, and we deduce
a q b
z21l4+-2—>
s(p?) = 1+ =) s(q")
5. Use s(p¥) = pp__? , and we can conclude that s(p*) increases as k increases. Use (2.1) witha = b=k
to prove that if p < ¢, s(p*) > s(¢¥).
6. We have
s(tt) _ ptt? -1
s(pk) R —p
which decreases as p* increases.
Let us show that it also decreases as p increases. The sign of the first derivative of p — S(S’z;:)l ) is the
same as the sign of p*+1(k+2)—pFT2(k+1)—1 = p* 1 (k+2—p(k+1))—1 < pF T (k4+2-2(k+1))—1 =
—pFti(k—1) <o0.
7. The equality
a a—1
s(p®) _ HS(p’““)
s(p*) o s(0b)
along with the monotonicity of each fraction of the product yields the desired result.
a+1
8. The function a — S(Z() )) is decreasing, and we have
s(p®
a+1 2
s(p s(p 1 1 1
0 ) 1 1
s(p®) s(p) a plp+1) «
Hence (p+1)
s(p® b
< s(q) < s(q”)
s(p?)
9. Let n = [[p% and m = [] p®». We have
pln plm

mn = Hpap Hpbp Hpap—i-bp
]

pin pln
ptm  plm  plm



yielding

s(mn) = [[s@™) [ [s@") [ [s" ")

pln pin pln
ptm plm plm

If p is a prime number, and a, b two positive integers, then

() sl syt — P D@ 1)
(") (p")s(p”) p“+b—1(p— 1)2
Now we have

Lemma 2.2 For all positive integers n > 2, we have s(n) < f(Nym))

k
Proof: Let n = [] ¢ where ¢1, g2, g3, ... is a finite increasing sequence of prime numbers. Therefore, for
i=1

k
all 4, p; < g;. Set m = [[p}*. Clearly, m < n and
i=1

~—

s(p
s(g;"

>1

~—

yielding
s(n) < s(m) < f(m) = f(Num))
O

Theorem 2.3 (Multiplicity Permutation) Let n be a positive integer, p and q be two prime divisors of n
(p < q), and a and b their multiplicity respectively.

Consider the integer n* obtained by switching a and b. If a < b
n*<n and s(n*)>s(n)
and if a > b
n*>n and s(n*) <s(n)

b—a
Proof: Switching a and b means that n* =n (%) . Hence, if a < b, we have n* < n and

s(n) _ sp?)s(d’) _ se)s@") _
s(n*)  s(p*)s(q®) ~ s(p*)s(p?)
b
Indeed, since a < b, we know from lemma 2.1 that s((q )) decreases as ¢ increases, and since ¢ > p, we
s(q®
have X .
s(¢”) _ s(p)
<
s(q®) — s(p*)
The proof for the case a > b follows the same logic. O



k
Let n = []q}", and b1, ba, ..., bx be a reordering of ai, as, . .., ar such that b; > b; ;. Define the function
i=1
A and H as follows :

AT | = I1a (2)

i<k i<k
HI[a ) = TIp" (3)
i<k i<k

We claim that A(n) < n and s(n) < s(A(n)) : let ny be the integer obtained by switching a; and b;. Using
theorem 2.3, we have ny < n and s(ny) > s(n). Continue by switching b2 and the multiplicity of py in the
prime factorization of n;. The result is an integer ny such that ny < ny < n and s(n2) > s(ny) = s(n).
Repeat the process a total of k — 1 times, and you obtain a positive integer ng_; such that

Nk—1 = qul = A(TL) with bl 2 bi+1
i<k

ng—1 <n and s(ng—1) = s(n)

This proves that A(n) < n and s(A(n)) > s(n). The same inequalities hold for the function H. The
function H replaces all the prime divisors by the first prime divisors, and reorganize the multiplici-
ties in a decreasing order. It is easy to check that H(n) < n and s(H(n)) > s(n). Indeed, note that
H(n) < A(n) <n and s(H(n)) > s(A(n)) > s(n). If H(n) satisfies Robin’s inequality, so does n. Indeed,

s(n) < s(H(n)) < e”loglog H(n) < €”loglogn

thus proving :

Theorem 2.4 If Robin’s inequality is valid for all Hardy-Ramanujan numbers greater than 5040, then it
is valid for all positive integers greater than 5040.

Note : compare this result to proposition 5.1 in [6] : ”if Robins inequality holds for all Hardy-Ramanugjan
integers 5041 < n < x, then it holds for all integers 5041 < n < x”.

3. Numbers satisfying Robin’s inequality

Some categories of numbers satisfy Robin’s inequality. Most of them have already been identified in
previous works|6], and we report these results below. Note that the proofs are not the original ones. Ins-
tead, we used simple methods to provide shorter and simpler proofs. To do so, we will need the following
inequalities ([3], th. 2).

Theorem 3.1 For alln > 3,
0.6483

s(n) < e”loglogn + ———
loglogn

and [2](th. 15)



Theorem 3.2 For all n > 3,

2.51
f(n) <e¥loglogn + 251
loglogn

We will start with primorials. We will then investigate odd positive integers, and integers n such that
w(n) < 4 (all known integers not satisfying Robin’s inequality are such that w(n) <4), and we will
conclude with square-free and square-full integers.

3.1. Primorial numbers

Theorem 3.3 All primorials Ny, (k > 4) satisfy Robin’s inequality :
k

1
s(Ng) = H <1 + —) < e”loglog N,

i=1 B

The following inequality is a bit sharper (fork > 2) :

k
1 3 2.51
[[(1+—=) <5 (e loglog Ny + ———
i—1( +pi) 4(6 08708 k+1og10gNk)

Proof: Let k£ > 2 be an integer. We have

s = s(2)s( 3 ) <52 15 ) = S = Sr)

2 2

Using theorem 3.2, we have

2.51
s(Nk)fe'yloglogng§ e"loglogNkJri5 — e loglog N
4 log log Ny,
1.8825
< —0.25¢" loglog Ny, + ———
0-25¢" log log kJrloglogNk

<0

if £ > 6. For k < 5, only the numbers N; = 2, Ny = 6 and N3 = 30 do not satisfy Robin’s inequality. O

3.2. Odd integers

The following theorem can be found in [6], but the proof is not the original one. A very simple proof
is given instead.

Theorem 3.4 Any odd positive integer n distinct from 3,5 and 9 satisfies Robin’s inequality.

Proof: Let n > 3 be a positive odd integer. Using theorem 3.1, we have

s(n) = s(2n) 0.6483
s(2) loglog(2n)

2
<3 <e'y loglog(2n) + ) < e"loglogn
for all n > 17. Indeed, set

0.6483

_ 270 ) v logl
+1oglog(2z)) ¢ oglosT

glx) = % (eV log log(2x)

7



We have, for z > 2,
_ 1.23(loglog(22))* + (0.43 4 0.6(log log(22))?) log =

#(log 2)(log(22)) (log log (22))? <!

g'(x) <

When z > 17,¢g(x) < g(17) < 0. Therefore, all odd integers greater than 15 satisfy Robin’s inequality.
For odd integers up to 15, only 3,5 and 9 do not satisfy Robin’s inequality. O

3.3. Integers n such that w(n) < 4

Theorem 3.5 Let n such that w(n) < 4. Then n satisfies Robin’s inequality if and only if it does not
belong to C = C1 UCy UC3 UCy with

Cr=1{2,3,4,5,8,9,16}

Cy = {6,10,12,18, 20,24, 36, 48, 72}

Cs = {30, 60, 84, 120, 180, 240, 360, 720}
Cy = {840, 2520, 5040}

For each k =1,2,3 or 4, Cy, is the set of counterexamples n to Robin’s inequality such that w(n) = k.

Proof: Numbers n under 5041 that do not satisfy Robin’s inequality are well known, and the number of
prime divisors w(n) of these counterexamples does not exceed 4. We will now show that if w(n) < 4, the
only counterexamples are the elements of C.
Let n be an integer such that w(n) < 4. We have (lemma 2.2) using the monotonicity of k — f(Ny)
s(n) < f(Num)) < f(Ng) = 4.375
Therefore, if n > 116144, loglogn > e~74.375,
€7 loglogn > 4.375 > s(n)

and Robin’s inequality is satisfied if n > 116144 and w(n) < 4. Numerical computations confirm that
there are no counterexamples to Robin’s inequality in the range 5041 < n < 116144. 0

3.4. Square-free integers

A positive integer n is called square-free if for every prime number p, p? is not a factor of n. Hence n
has the form
n= H%‘

i<k

The following two theorems can be found in [6], but not the proofs (we provide simpler proofs).
Theorem 3.6 Any square-free positive integer distinct from 2,3,5,6,10, 30 satisfy Robin’s inequality.

Proof: If n is square-free and even, the prime number 2 has multiplicity a; = 1. This implies

s(n) s(2) 6

s(2n)  s(4) 7

8



and using theorem 3.1

0.6483

[ — 'Yl 1
+ 10g10g(2n)> < e'loglogn

s(n) < g (e" loglog(2n)

if n > 418. If n < 418, numerical computations show that only the square-free numbers 2,6, 10, 30 do not
satisfy Robin’s inequality.
If n is odd, see theorem 3.4. |

3.5. Square-full integers

Let n be an integer. If for every prime divisor p of n, we have p?|n, the integer n is said to be square-full.
This result can also be found in [6]. The proof we give here is shorter and simpler.

Theorem 3.7 The only square-full integers not satisfying Robin’s inequality are 4, 8, 9, 16 and 36.

Proof:
Case 1 : w(n) < 4. The answer is given in theorem 3.5. All square-full counterexamples are 4, 8,9, 16, 36.

k
Case 2 : w(n) > 5. Let n = [[¢{". Since n is square-full, we have n > N7 and s(n) < f(Nj) (lemma 2.2).
i=1
We can now write, using theorem 3.2,

2.51
s(n) —e’loglogn < f(Ng) — € loglog N? < @ —1.2345 < —0.0083
k

4. Proof of theorem 1.1

Lemma 4.1 Let M (k) = e¢ T(Nk) —log Ny,
1. For all k > 39, we have M (k) < log N

]
2. For all k > 18, we have M (k) < logNL |
3. For all k > 969672728, we have M (k) <1

,_
vzl

N

o8NV £ |

Proof: Let us prove property 1.
We claim that for all & > 38, we have M (3k+ j) < log N (k) for all 0 < j < 3. Using theorem 3.2, we have

M(k) < (e‘“gll:élNk — 1) log Ni,

Define
klogk

(3k + 2)(log(3k + 2) + loglog(3k + 2))

S WY
€, = eToEGkogR) — | —

Using the inequalities [4]
klogk < log Ny < k(logk + loglog k) for k > 13

9



we see that low N
1.41 [o)
€ > elogloaNg, — 1 — 08k
log N3j+2

We claim that ¢ is decreasing, and that €, < 0 for k£ > 109. Indeed, rewrite the term

klogk _k " log k " log(3k + 2)
(3k + 2)(log(3k + 2) + loglog(3k +2))  3k+2 " log(3k +2) ~ log(3k + 2) + loglog(3k + 2)

as a product of three increasing functions : to prove they are increasing, you can use the monotonicity of

logz . . log x . ..
x — 2% (2 > e), and the monotonicity of = Tog(eta)’ where a is a positive real number .

We have €199 < —0.0003 implying for all 0 <7 < 3

1.41 1

eTEE NG _ | < elEleNer 1 < log N < log N,
log N3gt2 — log Nagi

yielding
1.41

M(3k +1i) < (elogl—owwi _ 1) log Nagrs < log Ni

or simply

for k£ > 109, and was confirmed for 39 < k < 109 with the help of numerical computations.

e Proof of property 2 : This result is deduced the same way : consider the function

141 klogk
€, = eloe@klog(2k)) — 1-—
(2k + 1)(log(2k + 1) + loglog(2k 4+ 1))
We have
> eﬁ —1- M
log Nag+1

and ey is a decreasing function with eag < —0.003 yielding

for k > 27, and was confirmed for 18 < k£ < 28 with the help of numerical computations.

e Proof of property 3 : we proceed the same way. Consider the function

1.41 klogk
€ = e log(14k log(14k)) — 1 —
(14k + 13)(log(14k + 13) + loglog(14k + 13))
We have loa N
€L 2 em —1 - L
log N14k+13

and € is a decreasing function with eggggra72s < —0.001 yielding
for k > 969672728. O

10



Proof of theorem 1.1
We will need the function H defined in (3).

H(n)<n and s(H(n)) > s(n)

The integer H(n) is a Hardy-Ramanujan number. In addition, if H(n) satisfies Robin’s inequality, so does
n. Indeed,
s(n) < s(H(n)) < e”loglog H(n) < €”loglogn

Note that the value of # {i < w(n); a; # 1} is the same if we replace n with H(n), and that w(H(n)) =
w(n). So without loss of generality, we will prove the theorem for Hardy-Ramanujan numbers only.

Let n be a Hardy-Ramanujan number. Define j(n) := min{l < j < w(n); M(w(n)) < logN;} and
i(n) := #{i < w(n);a; # 1}. A sufficient condition for n to satisfy Robin’s inequality is i(n) = j(n).
Since n is a Hardy-Ramanujan number, we have a; > 2 for ¢ < i(n), and a; = 1 otherwise, implying that
n = Ni(n)Nw(n) and yielding

s(n) — e loglogn < f(N(m)) — €7 loglog(N;)Ny(n)) <0
if i(n) > j(n). Hence, n satisfies Robin’s inequality.

2

lemma 4.1 tells us that j(n) < @ Using the assumption #{i < w(n);a; # 1} > @ yields i(n) = j(n).

If w(n) > 18, and if #{i < w(n);a; # 1} > @(n) " satisfies Robin’s inequality. Indeed, if w(n) > 18,

Proceed the same way with the two cases : w(n) > 39 and w(n) > 969672728 O

5. Proof of theorem 1.2

According to lemma 2.2, we have s(n) < f(Ny(,)) and

w(n)

n=1l¢" za "\ a]]d’ | Za " | pi]]pi ] =4 Now
i=1 i i

implying
s(n) — e loglogn < f(Ny(n)) — € loglog(qf " Ny(n))
If a; > M n)(q;) with

et TNK) _log Ny,
logq

My(q) =1+

then
f(Nw(n)) —e 1oglog(q?i_1]\7w(n)) <0
and therefore
s(n) < e”loglogn

11



6. Proof of theorem 1.4

Proof of 1. The superabundance of the number ¢ is proved in [7].

Proof of 2. In [5], numerical computations have confirmed that ¢ > 1010",

Using lemma 2.2, we have

eV logloge < s(c) < f(Ny(e)) <€’ (logpwc +7)
g (€) < f(Nu(o) @ Togpog

yielding

1
1ngw(c) > 5 (10g log ¢ + 1/loglogc — 4)

Since loglog c = 101og 10 + loglog 10 > 23.85988, we obtain
log pu(ey > 23.81789

yielding
w(c) =2 969672728

Proof of 3. x Part 1 : p,(c) < logec

By definition, the counterexample ¢ does not satisfy Robin’s inequality :

s(c) = €7 logloge

and since ¢ > 5040 is the least one, the integer ¢/ = ¢ satisfy Robin’s inequality, because
DPuw(e)
w(c) =w(e) — 1 > 4. Therefore, we have
s( ¢ )<671oglog ¢
Pu(c) Pu(c)
yielding
s(e) loglogc

> C
s( c > loglogpw(c)
Pu(e)

(4)

(5)

1
Now use & = 5(Puw(e)) = 1 + ——, and using inequality log(1 —z) < x (z # 0), we establish
c Pu(e
() “
that ) )
0) w(c 0) w(c
loglog ¢ _ loglog ¢ + log (1 — &) < loglogc — 28 Pule)
Pu(e) log c log ¢
Inequality (4) becomes
Du(e) 08108 .05 loglogc — T‘”C(C) ogcloglogc — log py(c)

and
Pus(c) 10g Pus(c) < log cloglogc —logp,, () < logcloglogc

12



implying p.,() < logec.

1

* Part 2 :loge < Pw(c)el"g Por(e)
The counterexample inequality s(c) > e loglog ¢ yields

6710g10g6<5 c <f ch <e’ (IOngc +7)
(€) < f(Nu(o)) @ Togpog

1
implying log ¢ < py(cye = () .

Proof of 4. See theorem 1.1.

Proof of 5. The proof of the inequality p{* < 2%172 can be found in [1] (lemma 1). The other inequality
pe < pieM@(©)

is deduced from theorem 1.2.

7. Sharper bounds

We can use some of the ideas of this article to improve upper bounds for the arithmetic functions s
and f.

7.1. Primorials

For instance, when dealing with primorials Ny, we can write

_ 5(2)
S(Nk) = @S(QN}C)

and then use an upper bound for s(2Nj) (see theorem 3.1) to sharpen Robin’s bound for s(Ny). Or we
can use another method :

Theorem 7.1 For alli > 2, for alln > 1,

- 1 2.51
H 1+ — ) <oy e'yloglogNnJri5
Pl P loglog Ny,

: 1
o=I1(1 )

= 1 2.51
H 1+ —) <0.627 | " loglog N, + 251 < e7loglog N,
putet Dk loglog Ny,

with

Ex : for all n > 4,

13



Proof: Let i > 2,n > i. We have

5(N,) = s(Ny)s (%") < s(Ny)f (

Use theorem 3.2 to conclude. O

7.2. Odd numbers

Lemma 7.2 Ifn > 17 is odd,
o(2n) < 2e"nloglog(2n)

Proof: Write
0.6483

52
s(2n) = —0s(4n) < " loglog(an)

s(4)

To prove the last inequality, define

(e” loglog(4n) ) < €7 loglog(2n)

6
7

6 0.6483
= — [ e"loglog(4 ———— | — e loglog(2
9(z) = <e oglog(4z) + 10g10g(4$)> ¢ loglog(2z)
We have ) )
§'(x) < ~ 0.38 + 1.41(loglog(4z))* + (0.55 + 0.25(log log(4x))?) log = <0
xlog(2x) log(4x)(log log(4x))>?

and ¢(210) < 0 < ¢(209). The inequality s(2n) < e”loglog(2n) is valid for n > 209, and numerical
computations show that this is also true when 17 < n < 209. [l

Corollary 7.3 Ifn > 17 is odd,
2
o(n) < ge"*n loglog(2n)

The following result is an improvement of theorem 1.2 in [6].

Proof: Use the previous result to get

2 2
s(n) = % < ge"’ loglog(2n)
O
The following result is an improvement of theorem 2.1 in [6].
Theorem 7.4 Ifn > 3 is odd,
n 1 2.51
—— < = [ €7 loglog(2 _ 7 logl
o) S 3 (e oglog(2n) + 10g10g(2n)) < e"loglogn
Proof: Write f(2n)
n
f(n) =
"=%e)
ans use theorem 3.2 :
f()<1 Y log ] (2 )+ 2.51
s g @ ososlen loglog(2n)
O
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7.3. The general case

In previous sections, we have mentioned superabundant numbers and pointed out some of their pro-
perties, thus confirming that all superabundant numbers are Hardy-Ramanujan numbers.

Robin’s inequality can be enhanced for non superabundant numbers. Indeed, if n is not a superabundant
number, there exists m < n such that s(m) > s(n). Let I(n) = {m < n;s(n) < s(m)}. The set I(n) is
not empty, and we can define B(n) = min I(n). We have

B(n) <n and s(n) < s(B(n)
yielding
s(n) < s(B(n)) < €7 loglog B(n)
if B(n) satisfies Robin’s inequality. Hence, the upper bound is better because B(n) < n.

But this method to sharpen Robin’s bound does not say much about B(n). In order to find an up-
per bound with exploitable informations, we can use the function H (see (3)). This method concerns non
Hardy-Ramanujan numbers, whereas the previous method concerns the larger set of non superabundant
numbers.

In (3), we defined the function H which transforms any number into a Hardy-Ramanujan number, leaves
the multiplicities unchanged (but not teh way they are ordered) and is such that H(n) < n and s(n) <
s(H(n)). If H(n) satisfies Robin’s inequality, then

s(n) < s(H(n)) < €7 loglog H(n)

The property H(n) < n improves Robin’s inequality, and unlike the function B, there is an explicit
method to determine its value for all positive integers.
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