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Abstract

This paper studies the estimation of the conditional density f(x,-) of Y; given X; =
x, from the observation of an i.i.d. sample (X;,Y;) € R i € {1,...,n}. We assume
that f depends only on r unknown components with typically r < d. We provide an
adaptive fully-nonparametric strategy based on kernel rules to estimate f. To select the
bandwidth of our kernel rule, we propose a new fast iterative algorithm inspired by the
Rodeo algorithm (Wasserman and Lafferty, 2006) to detect the sparsity structure of f.
More precisely, in the minimax setting, our pointwise estimator, which is adaptive to
both the regularity and the sparsity, achieves the quasi-optimal rate of convergence. Our
results also hold for density estimation. The computational complexity of our method is
only O(dnlogn). A deep numerical study shows nice performances of our approach.

Keywords: Conditional density, Sparsity, Minimax rates, Kernel density estimators,
Greedy algorithm.



1 Introduction

1.1 Motivations

Consider W = (W7y,...,W,) a sample of a couple (X,Y") of multivariate random vectors: for
ie{l,...,n},
Wi = (Xu le)a

with X; valued in R% and Y; in R%. We denote d := d; + dsy the joint dimension. We
assume that the marginal distribution of X and the conditional distribution of Y given X
are absolutely continuous with respect to the Lebesgue measure, and we denote by fx the
marginal density of X (and more generally by fz the density of any random vector Z). Let
us define f : R — R, such that for any 2 € R%, f(x,-) is the conditional density of ¥
conditionally on X = z:

f(z,y)dy = dPy|x—.(y)-

In this paper, we aim at estimating the conditional density f at a set point w = (x,y) in R,

Estimating a conditional density may be done in any regression framework, i.e. as soon
as we observe a (possibly multidimensional) response Y associated with a (possibly multidi-
mensional) covariate X. The regression function E[Y|X = z] is often studied, but this mean
is in fact a summary of the entire distribution and may lose information (think in particular
to the case of an asymmetric or multimodal distribution). Thus the problem of estimating
the conditional distribution is considered in various application fields: meteorology, insurance,
medical studies, geology, astronomy. See Nguyen (2018) and references therein. Moreover, the
ABC methods (Approximate Bayesian Computation) are actually dedicated to find a condi-
tional distribution (of the parameter given observations) in the case where the likelihood is
not computable but simulable: see Izbicki et al. (2018) (and references therein) where the link
between conditional density estimation and ABC is studied.

Several nonparametric methods have been proposed for estimating a conditional density:
Hyndman et al. (1996) and Fan et al. (1996) have improved the seminal Nadaraya-Watson-type
estimator of Rosenblatt (1969) and Lincheng and Zhijun (1985), as well as De Gooijer and
Zerom (2003) who introduced another weighted kernel estimator. For these kernel estimators,
different methods have been advocated to tackle the bandwidth selection issue: bootstrap
approach (Bashtannyk and Hyndman, 2001) or cross-validation variants, see Fan and Yim
(2004); Holmes et al. (2010), Ichimura and Fukuda (2010). Later, adaptive-in-smoothness
estimators have been introduced: Brunel et al. (2007) with piecewise polynomial representa-
tion, Chagny (2013) with wraped base method, Le Pennec and Cohen (2013) with penalized
maximum likelihood estimator, Bertin et al. (2016) with Lepski-type methods and Sart (2017)
with tests-based histograms.

All above references do not really deal with the curse of dimensionality. From a theoretical
point of view, the minimax rate of convergence for such nonparametric statistical problems
is known to be n—%/(25+d) (possibly up to a logarithmic term), where s is the smoothness of
the target function. This illustrates that estimation gets increasingly hard when d is large.
Moreover the computational complexity of above methods is often intractable as soon as d
is larger than 3 or 4. A first answer to overcome this limitation is to consider single-index
models as Bouaziz and Lopez (2010) or semi-parametric models as Fan et al. (2009), but this
implies a strong structural assumption. A more general advance has been made by Hall et al.
(2004) who assume that some components of X can be irrelevant, i.e. that they do not contain



any information about Y and should be dropped before conducting inference. Their cross-
validation approach allows them to obtain a minimax rate for a 7-dimensional C? function,
where 71 is the number of relevant X-components. Efromovich (2010) has improved these
non-adaptive results by using thresholding and Fourier series and achieves the minimax rate
n~5/(251711) without any knowledge of 7, nor s. Note that above rates were established for the
L2-loss whereas we shall consider the pointwise loss. Moreover these combinatorial approaches
make their computation cost prohibitive when both n and d are large. In the same framework,
Shiga et al. (2015) assume that the dependence of Y on the relevant components is additive.
Another way is paved by Otneim and Tjgstheim (2018) who estimate the dependence struc-
ture in a Gaussian parametric way while estimating marginal distributions nonparametrically.
More recently, Izbicki and Lee (2016, 2017) have proposed two attractive methodologies using
orthogonal series estimators in the context of an eventual smaller unknown intrinsic dimen-
sion of the support of the conditional density. In particular, the Flexcode method originally
proposes to transfer successful procedures for high dimensional regression to the conditional
density estimation setting by interpreting the coefficients of the orthogonal series estimator
as regression functions, which allows to adapt to data with different features (mixed data,
smaller intrinsic dimension, relevant variables) in function of the regression method. However,
the optimal tuning parameters depend in fact on the unknown intrinsic dimension. Further-
more, optimal minimax rates are not achieved, revealing the specific nature of the problem of
conditional density estimation, more intricate, in full generality, than regression.

1.2 Objectives, methodology and contributions

In this paper, we wish to estimate the conditional density f by assuming that only r €
{0,...,d} components are relevant, i.e. that there exists a subset R C {1,...,d} with cardinal
r, such that for any fixed {z;};er, the function {z;}rere — f(21,...,24) is constant on the
neighborhood of w, with R¢ = {1,...,d}\'R. We denote fr the restriction of f to the relevant
directions. Assuming that f is s-Holderian, our goal is to provide an estimation procedure
such that it achieves the best adaptive rate. The meaning of adaptation is twofold in this
paper; the first meaning corresponds to adaptation with respect to the smoothness, which is
the classical meaning of adaptation. The second one corresponds to adaptation with respect
to the sparsity. So, our goal is to propose an optimal procedure in this context, meaning
that it does not depend on the knowledge of s and r, and even R. Furthermore, for practical
purposes in moderate large dimensions, it should be implemented with low computational
time.

For this purpose, we consider a particular kernel estimator depending on a bandwidth
h € Ri to be selected. To circumvent the curse of dimensionality, we consider an iterative
algorithm on a special path of bandwidths inspired by the RODEO procedures proposed by
Wasserman and Lafferty (2006) and Lafferty and Wasserman (2008) for nonparametric re-
gression, Liu et al. (2007) for density estimation and Nguyen (2018) for conditional density
estimation. More precisely, our new procedure, called RevDir CDRODEO, is a variation of the
CDRODEO proposed by Nguyen (2018) (and called Direct CDRODEO in the sequel). Each
iteration step of this new algorithm is based on comparisons between partial derivatives of our
kernel rule, denoted Zj;, and specific thresholds Ay, respectively defined in (2.7) and (2.10).
Let us mention that for variable selection in the regression model with very high ambient
dimension, Comminges and Dalalyan (2012) used similar ideas to select the relevant variables
by comparing some quadratic functionals of empirical Fourier coefficients to prescribed sig-



nificance levels. Consistency of this (non-greedy) procedure is established by Comminges and
Dalalyan (2012).

We establish that, up to a logarithmic term whose exponent is positive but as close to 0 as
desired, RevDir CDRODEO achieves the rate ((logn)/n)% (25*7) which is the optimal adaptive
minimax rate on Holder balls H4(s, L), when the conditional density depends on r components.
When 7 is much smaller than d, this rate is much faster than the usual rate ((logn)/n)%/(2s+d)
achieved by classical kernel rules. Furthermore, unlike previous RODEO-type procedures, our
procedure is adaptive with respect to both the smoothness and the sparsity. To the best of our
knowledge, our RevDir CDRODEO procedure is the first algorithm achieving quasi-minimax
rates for conditional density estimation in this setting where both sparsity and smoothness
are unknown. We lead a deep numerical study of parameters tuning of the algorithm. Then
the numerical performances are presented for several examples of conditional densities. In
particular RevDir CDRODEO is able to tackle the issue of sparsity detection. Moreover, for
each relevant component, reconstructions are satisfying. Finally, we show that the total worst-
case complexity of the RevDir CDRODEO algorithm is only O(dnlogn). This last result is
very important for modern statistics where many problems deal with very large datasets.

1.3 Plan of the paper and notation

The plan of the paper is the following. First we describe in Section 2 the estimation procedure.
We give heuristic ideas based on the minimax approach and explain why some modifications of
the Direct CDRODEO procedure are necessary. Then a detailed presentation of our algorithm
is provided in Section 2.2.3. Next, the main result is stated in Section 3. The complexity of
the algorithm is computed in Section 3.4. After tuning the method, the latter is illustrated
via simulations and examples in Section 4. The proofs are gathered in Section 5.

In the sequel, we adopt the following notation. Given two functions ¢, : R — R, two
integers j, k, two vectors h and h’, two real numbers a and b, we denote

lollqg = (f \(b(u)\qdu)l/q the Ly norm of ¢ for any ¢ > 1;
- ¢ x 9 the convolution product u — [pa ¢(u — v)h(v)dv;

0;¢ the partial derivative of ¢ with respect to the direction j (or a%jd) when there is
ambiguity on the variable);

- j : k the set of integers from j to k;
|A| the cardinal of a set A,
- h < k' the partial order on vectors defined by: hy < R, for k € 1:d.

- a S b (respectively a ~ b) means that the inequality (respectively the equality) is

~

satisfied up to a constant.

2 Estimation procedure

As mentioned in Introduction, the goal of this paper is to provide an estimator of the condi-
tional density achieving pointwise adaptive minimax rates, where the meaning of adaptation
is twofold as explained in Section 1.2.



Our estimation procedure follows the kernel methodology. We use a specific family of
kernel estimators (Bertin et al., 2016), called hereafter the BLR estimators and detailed in
Section 2.1. The selection of the bandwidth is introduced with heuristic considerations and
detailed in Section 2.2 in the spirit of RODEO (Lafferty and Wasserman, 2008; Nguyen, 2018).
After presenting advantages and limitations of the latter, we propose a new algorithm called
RevDir CDRODEO.

2.1 Kernel rule

We use the BLR family of kernel estimators as it presents some significant advantages explained
below. The BLR family is defined as follows. Let K : R — R be a kernel function, namely K
satisfies [, K(t)dt = 1. Then, given a bandwidth h = (hq,...,hq) € (0,1]%, the estimator of
f(w) associated with K and h is defined by

fulw) = 3 3 e = W) (2.1

where for any v € RY,

d
Kn(v) = [ ] 1y K (v/hy)
j=1

and fy is an estimator of fx, built from a sample X not necessarily independent of W.

Remark 1. Note that (non conditional) density estimation is a special case of this problem
studied, as it corresponds to the setting where dy = 0 and fx =1 (= fx). In this case, fp(w)
1s the usual kernel density estimator.

Several arguments justify the choice of the BLR family, rather than the intensively studied
family expressed as a ratio of two density estimates of fir and fx, following:

’ fx (x)
Indeed, this last decomposition takes into account the characteristics (smoothness, sparsity)
of fiy and fx instead of those of our target f. More precisely, an irrelevant component of the
conditional density may be relevant for both the joint density fj and the marginal density
fx and it occurs in particular when a component of X is independent of Y. Similarly, the
smoothness of f can be different from those of the functions fy and fx, which potentially

would deteriorate the rates of convergence.

Conversely, the BLR estimators estimate f more directly: in particular, their expectations
can be written as the usual kernel regularization of f: under some mild assumptions on K
and f and with fx = fx,

E[fy(w)] = / / ﬁmw* (1, 0)) oy (1t v) o = / Kn(w — 2)f(2)dz = (Kp % f(w).  (2.2)

2.2 Selection of the bandwidth

The principal issue in kernel rules is the choice of the bandwidth. In particular, we consider
a d-dimensional bandwidth, instead of a scalar one which would be easier and faster to select
but would also deteriorate the performances of the estimator.



2.2.1 Heuristic minimax arguments

We consider Hg,.(s, L) the set of functions of Hg(s, L) with at most r relevant components,
and its associated (squared) pointwise minimax risk

inf sup E[(Th(w) — f(w))?],
T f€Ma)r(s,L)

where the infimum is taken over all estimators of f built from the sample W.
In the case of kernel rules, let us denote h* the minimaz bandwidth minimizing this risk.
We can decompose the squared risk in bias and variance terms:

R(R*) = E[(fa+ (w) — f(w))*] = BX(h*) + Var(fu- (w)). (2:3)

For any bandwidth A € (0, 1]d, the usual respective upper bounds for the bias and variance
are typically

B(h) = (Elfu(w)] ~ fw)) < 3 A2 (24)
jER
and A 1
Vp = Var(fu(w)) < m (2.5)

The minimizer ~* on (0, 1]¢ of the minimax risk is then of the form:

h* =

J

—1/(2s+r) :
{ n for j € R, (2.6)

1forj ¢ R.

Given this bandwidth, which depends on s, r and R, and given a sharp estimator fy, the
BLR estimator achieves the minimax rates n~ . In the literature of conditional density
estimation, to the best of our knowledge, no method provides theoretical results achieving the
twofold adaptive rates. Besides, the smoothness-adaptive procedures of bandwidth selection
are based on optimization over d-dimensional grids of bandwidths, thus require intensive
computation, even in moderately high dimension as the grid grows exponentially fast with the
dimension.

The principle of RODEO, and of its derived versions (Wasserman and Lafferty, 2006;
Nguyen, 2018), is to progressively build a monotonous path of bandwidths through the band-
widths grid. The construction of this path is based on tests at each iteration to decide if
a bandwidth component has a convenient level or still has to be multiplied by an iterative
step factor. The tests rely on the partial derivatives of the estimator with respect to the
components of the current bandwidth: for h € (0,1]% and j € 1 : d,

o .

Zpj = 87hjfh(w) (2.7)

The main idea is to use Zp; as a proxy of a%j f, relying on the natural intuition that the
more f is varying, the smaller the bandwidth is needed to fit the curve. It is consistent with

the minimax bandwidth level h; = 1 for irrelevant j and the flatness of the curve in such a
direction. Using the BLR family of conditional density estimators, the Zj;’s are well defined as



soon as the kernel K is C'. They are straightforwardly expressed, thus easily implementable,
by using the following equation:

n d
1 1 Wi W, 1 (wk - W; >
Lhi = ——= = J | =L h, K| —— ), 2.8
hj nhjz ZZ; fx (X)) ( hj ) kl;[] k hy; (2.8)

where J denotes the function ¢ — K (t) + tK’(t). Note that, under the condition fx = fx, if
j is an irrelevant component,

E[Z;] = 0, (2.9)

which is expected in view of (2.7) (see Lemma 2 in Appendix or Lemma 6 of Nguyen (2018)
for a rigorous proof). The tests involved in the RODEO procedure consist in comparing |Zy;|
to a threshold Ap;. The threshold is chosen as follows:

(logn)®

Aj = Cxy | ——7—,
TN k2 T

(2.10)

with Cy = 4||J||]2||K||¢"" and an hyperparameter a > 1. Tt is determined by Bernstein’s
concentration inequalities to ensure that with high probability Zj,; is close to its expectation:
| Z1; — E[Z1;]| < $Anj. The hyperparameter a quantifies the degree of high probability. This
definition is justified by following heuristic arguments. With B(h) = E[fh(w)] — f(w),

0 0

) o .
a—th(h) = %E[fh(w)] =E [%jfh(w)] = E[Zy].

If the upper bound of (2.4) is tight and since, with large probability, Z;; ~ E[Z},;], we obtain,
forj e R
o ps—1
| Znjl =~ h5

We stop the algorithm when |Z,;| = A; since for this bandwidth h, we expect
1

hjy/n ey s

which corresponds to the minimax bandwidth A* which satisfies the minimax trade-off:

hi* ™l Ay =~ (up to the logarithmic term),

yi ~ —

d )
n]li_1 1

for j € R.

2.2.2 Initialization of the algorithm and variants of CDRODEO

The previous paragraph explains quantities involved in the algorithm, its main ideas and the
stopping criterion. We now study the initialization of the algorithm. We describe several
alternatives.



Algorithm 0 Direct CDRODEO algorithm

Given a starting bandwidth h(®) = (hy, ..., hg) with ho > 0, the decreasing iterative step factor
B € (0,1), a hyperparameter a > 1, the activation of all components.

While there are still active components,
for all active component j, we test if |Z};| is large (with respect to a threshold Ap;
defined in (2.10)):
- If |Znj| > Apj, then hj <= Sh;, and j remains active.

- Else, j is deactivated and h; remains unchanged for the next steps of the path.

Output The loop stops when either all components are deactivated or the bandwidth is too small
(H;l:1 hj < log"), then the final bandwidth is selected and denoted h.

n

Direct CDRODEO algorithm. The natural idea consists in initializing the bandwidth at
a large enough level and then decreasing the components of the bandwidth until |Zj;| < Ap;.
The detailed procedure is stated in Algorithm 0.

This procedure, called Direct CDRODEO, has been deeply studied by Nguyen (2018). Two
cases can be distinguished for a component h;. Either h; is selected at the first iteration, or
when |Zp;| = Apj.

In the first case, remark that testing |2 o) j\ < Apo; corresponds to testing the hypothesis
E[Z),0),]] < %)\h(o)j, which is satisfied for any irrelevant component j: for any h, E[Z;] = 0.
So, with high probability the irrelevant bandwidth components are selected at the initialization
level hg, i.e. as large as allowed by the procedure, in line with the minimax approach.

In the second case, the component j is selected after a few iterations, and [Zy;| = Ap;
(where the approximation is due to the discretization in {8*hg,k € N}?). Thus with high
probability: $An; < |E[Zs;]| < 3An;. For a relevant component j, for s an integer larger
than 1, Nguyen (2018) proved that

B [Zn]| ~ b3,

if the derivative satisfies |8J8 f] > 0 on the neighborhood of the evaluation point w. The as-
sumption is quite restrictive. In particular, it excludes any density that is locally a polynomial
of order smaller than s. Moreover, s has to be an integer.
When this assumption is not satisfied, Direct CDRODEO may stop with a too large bandwidth.
Indeed, remember it begins with a large initial bandwidth in order to select large irrelevant
bandwidth components, but the relevant components have to be selected much smaller. Be-
tween these two bandwidth levels, E[Z};] may have a change of sign, thus vanishes briefly
before becoming larger (in absolute value) than \,; again. We have illustrated this problem
in Figure 1 where we show that the initialization hg is not convenient.

In view of this issue, we consider in the following some variations to the Direct CDRODEO
procedure.

A Reverse CDRODEO algorithm. The first variation which could be considered is the
Reverse CDRODEO procedure in the same spirit as Liu et al. (2007) (see Section 4.2 therein).



h; [ zone where |Zhj\ > Apj output

[ zone where | Zj;| < Ap;j

Direct CDRodeo progression

Figure 1: Two bandwidth paths for Direct CDRodeo with two different initializations, when

hj — |Zp;|/Anj is not monotonuous (larger than 1 in the lightgray zone and smaller than 1 in

the darkgray zone). Starting with a large hg, the algorithm stops when |Zj;| becomes smaller

than A,; and provides a too large output bandwidth. Starting with h{, the algorithm can

provide the optimal bandwidth h;-‘. Observe that the area where E[Z;] > Ap; is unknown, so
{ is intractable.

We start with a small bandwidth and use a sequence of non-decreasing bandwidths to select
the optimal value, still by comparing the Zj;’s with the A;;’s. More precisely, instead of
decreasing the bandwidth components by multiplied them by the factor § when |Z};| > Ay,
the reverse algorithm increases them by dividing them by 5 when |Zp,;| < Ap;. Note that with
this second test, it does not matter if Zj; vanishes. As illustrated by Liu et al. (2007), this
approach is very useful for image data. However, the choice of the initial bandwidth is very
sensitive. In particular, assume that f has a very low regularity and has only one relevant
component, say the first one for instance. In this case, if h* is the ideal bandwidth, h] has
to be as small as possible, i.e. hf = 1/n (up to a logarithmic term). Therefore, since R is
unknown, the initialization of the bandwidth must be not larger than hg ey = (1/n,...,1/n).
However, such a small bandwidth leads to instability problems. In particular, the variance of
fho’rev(w) is of order n?~! (see Equation (2.5)).
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Figure 2: The two patterns of bandwidth path: the components j € Act™ with a deacti-
vation time ¢; < 0 in red, and in blue the components k € Act® with a deactivation time
tr > 0.

2.2.3 Our method: the RevDir CDRODEO procedure

In view of the analysis led in Section 2.2.2, we propose to give the option for each bandwidth
component to either increase or decrease. The procedure is precisely described by Algorithm
1. The initial bandwidth can then be chosen at an intermediate level (and we show later that
ho has to be chosen larger than the relevant components of the minimax bandwidth), then
our procedure comprises the two following steps:

1. The first step consists in the execution of a Reverse CDRODEO procedure to increase
the bandwidth components that need to be increased (including the irrelevant ones).

2. The second step executes a Direct CDRODEO procedure on the other bandwidth com-
ponents.

The output bandwidth of the algorithm is denoted by fz, and the estimator of f by f = f;l.
Figure 2 illustrates the two kinds of path for the bandwidth components. If the component
belongs to Act(=D (resp. Act(o)), it is deactivated during the Direct Step (resp. the Reverse
Step) and has to be chosen larger (resp. smaller) than the initial bandwidth value hg. Note
that the RevDir procedure generalizes both the Direct and Reverse procedures in function
of the choice of hg. Indeed, if we set hg = 1, the RevDir procedure behaves as a Direct
procedure with the same initialization. Conversely, setting hg = 1/n brings us back on the
Reverse procedure. Nonetheless, the purpose of our approach is to provide a better tuning of
hg, as discussed in the next section, to solve the initialization issue of the Direct and Reverse
procedures.

3 Theoretical results

3.1 Sparsity and smoothness classes of functions

This section is devoted to the theoretical results satisfied by the RevDir CDRODEO procedure.
We consider a kernel function K : R — R of class C'!, with compact support denoted supp(K).

10



Algorithm 1 RevDir CDRODEO algorithm

1. Input: the estimation point w, the observations W, the bandwidth decreasing factor
B € (0,1), the bandwidth initialization value hg > 0, a tuning parameter a > 1.

2. Initialization:

> Initialize the trial bandwidth: for k € 1:d, H\") « hy.

> Determine which variables are active for the Reverse Step or for the Direct Step:
Actt™ {k € 1:d, | Zyoy] < Aoy}
Act© — {1:d}\ Act(-D

3. Reverse Step:

> Initialize the counter: ¢ + —1
> Initialize the current bandwidth: A~ <« H(©)
> While (Act® # §) & (max ilg) <p):
—17) (t)
» Set the current trial bandwidth: H ,gt) = {j(t) g if k € Act
h;, else.
» Set the next active set: Act®~D « {k € Act®), | Zgwel < Agwit
R ® (t—1)
» Update the current bandwidth: h,gt) — {%) itk Act
hy, else.

» Initialize the next bandwidth: A(t=1) « p®
» Decrement the counter: ¢t <+ ¢ —1

4. Direct Step:

> Initialize the current bandwidth: A(®) « A

> Reinitialize the counter: ¢ <+ 0
d ~ a
> While (Act® # 0) & <H WD > “Og’;)“)
k=1
» Increment the counter: t < t+1
» Set the current active set: Act® < {k € Act®~1), | Z =1l > MNyje—1p )

. pa=1 (t)
» Set the current bandwidth: hl(:) < @&t@/’l) if k € Act
hk, else.

5. Output: h < h® (and compute fh(w))

We shall also assume that K is of order p, i.e.: for £ € 1:p—1, [p t!K(t)dt = 0. Taking
a kernel of order p is usual for the control of the bias of the estimator. Then, we define the
neighborhood U of the point w € R? as follows:

U:= {u ERY:w—uc (supp(K))d}.

11



In the sequel, we denote
1fllo, 2 == sup [f(z)]-
ze U

Remark 2. The size of U is fired. But U could be chosen so that its size goes to 0. In this
case, we have to modify the stopping rule of the Reverse Step, namely max ill(f) < B, to force
max ﬂg) "Z%°0. For instance, if we impose max Eg) < lo;;n’
estimate would typically be deteriorated by a logarithmic term.

the rates of convergence of our

The notion of relevant components has already been introduced in Section 1.2 but subse-
quent results only need the function f to be locally sparse, so we shall consider the following
definition depending on U.

Definition 1. We denote R the subset of {0,...,d} with cardinal v such that for any fized
{zj}jer, the function {z;}rere — f(21,...,2q) is constant on U. We call relevant any com-
ponent in R.

The previous definition means that on U, f depends only on r of its d variables.

Remark 3. In fact, CDRODEO detects more complex sparsity structures. In particular, R€
could be enlarged to the components which are polynomial of degree smaller than the order
p of the kernel, namely it suffices to consider f(z) = zé-g(z_j) withl € 0:p—1, z_; =
(21, -y Zj—1,Zj41,- - -, 24) and where g is an arbitrary function. Then j is considered as an
wrrelevant component by both our algorithm and in the bias-variance trade-off. Indeed, assume
that Ty = fx for the sake of simplicity. Then for the algorithm, easy computations leads to
E[Z};] = 0 as an irrelevant bandwidth component. Then our algorithm behaves exactly as if
j were irrelevant and select a large Bj (with high probability). For the bias-variance trade-off,
the bias for f is proportional to the bias for g (multiplied by a term that does not depend on
h):

(Ki f = f(w) =} (7 % g —g)(w—). Ky eg) =[] Knln),

k#j

exactly as if j were irrelevant and f(z) = cg(z—;), for ¢ a constant. Then since only the
variance depends on h;, the bias-variance trade-off chooses a large value for h;.
In particular there is no need for preliminary linear variable selection as suggested in Sec-
tion 6.1 of (Lafferty and Wasserman, 2008).

In the sequel we derive rates on Holder balls defined as follows.

Definition 2. Let L > 0 and s > 0. We say that the conditional density f belongs to the
Hélder ball of smoothness s and radius L, denoted Hq(s, L), if f is of class C? and if it satisfies
for all z € U and for all t € R such that z +te, € U

|0p f (2 +tex) — 0L f(2)] < LIt

where ¢ = [s — 1] = max{l € N: | < s} and ey is the vector where all coordinates are null
except the kth one which is equal to 1.

We investigate adaptive results in terms of sparsity and smoothness properties on Holder
balls H4(s, L), with s > 1. Adaptation means that our procedure will not depend on the
knowledge of R and (s,L). The condition on s means that f has to be at least C!. This
technical assumption is related to our methodology based on derivatives of fh(w) as proxies
of derivatives of f to detect relevant components.
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3.2 Range of the algorithm inputs and assumptions

The RevDir CDRODEO procedure depends on three tuning parameters, namely hg, 8 and a.
In the sequel, we take 8 € (0,1). Since f is an exponential decay factor, its value has no
influence on rates of convergence (up to the constant factor). The parameter a will be assumed
to be larger than 1. Its value does not affect the main polynomial factor n~ % of the rate
of convergence but only the logarithmic factor: the smaller a, the smaller the exponent of the
logarithmic factor. See Section 4.2 for a detailed analysis of the practical choices for a and .
Finally, to initialize the procedure, we take hg such that

1
aN
2/ <(10g7:)) e <1, (3.1)
where Cy, only depending on the kernel K, is defined in Section 2.2.1. Note in particular that
the lower bound does not depend on any unknown value, and thus can be implemented as the
bandwidth initialization. Besides, observe that each component of the minimax bandwidth
for estimating f on Hy(s, L) is of order n~1/(5*7) for relevant components and are constant
for irrelevant ones. So, if s < p, as assumed in Theorem 1, then hg is larger than all relevant
components of the optimal bandwidth, as required by the RevDir CDRODEO procedure.

To derive rates of convergence for f (w), we need three assumptions. The first two ones
are related to fx, the density of the X;’s. We recall that the evaluation point is w = (x,y).

Assumption Lx [Lower bound on fx/
The density fx is bounded away from 0 in the neighborhood of x:

§:= inf fx(u) >0,
ueUy

where Uy 1= {u ERM :zx—ue (SUPP(K))dl} .

Remark 4. Similarly to Remark 2, the size of Uy is fized but it could decrease to 0 if we
modify the stopping rule of the Reverse Step.

This assumption is classical in the regression setting or for conditional density estimation.
Indeed, if fx is equal or close to 0 in the neighborhood of x, we have no or very few observations
to estimate the distribution of Y given X = x. Thus, this assumption is required in all of the
aforementioned works about conditional density estimation.

The next assumption specifies that we can estimate fx very precisely.

Assumption Efx [Estimation of fx/
The estimator of fx in (2.1) satisfies the following two conditions:

Condition (i) a positive lower bound: dx = in£ fy(u) >n=1/2,
uc Ui

Condition (it) a concentration inequality in local sup norm:

P | sup
u€ Ui

with My = —SIIIKIE
Al flloo gl TN KN

(logn)®

fx(u) — fx(u)| > Mx Vo

) < exp(—(logn)'* "),
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Remark 5. For the simpler problem of density estimation, since fx = 1 = fX, Assump-
tion Efx is obuviously satisfied.

This /n-rate can be achieved either by restricting fx to a parametric class, or by assuming
we have at hand a larger sample of X. In particular, the following proposition provides
precise conditions to satisfy Assumption Efx using a well-tuned kernel density estimator fx.
Furthermore, fy, the estimator provided by the proof of Proposition 1, is easily implementable.

Proposition 1. Given a sample X with same distribution as X and of size nx = n® with
¢ > 1, if fx is of class CP" with p' > ﬁ, there exists an estimator fx which satisfies
Assumption Efx.

To prove Proposition 1, we build fy as a truncated kernel estimator with a fixed bandwidth,
but other methods can be used in practice, as, for instance, a Rodeo algorithm for density
estimation. Actually any reasonable nonparametric estimator would have a rate of convergence

in sup norm of the form ny” (typically 8 = p//(2p' + d1)) up to a logarithmic term. Then

Condition (ii) of Assumption Efx is verified as soon as n;(ﬁ < n~ Y2 and we need ¢ >
14+d;i/(2p'). Then, observe that if fx is of class C*°, then we just need ¢ = 1 and we can take
X = X. If we know that fy is at least of class C'! but its precise smoothness is unknown,
taking ¢ > 1+ d;/2 is sufficient to satisfy assumptions of Proposition 1.

The next assumption is necessary to control the bias.

Assumption C
For all j € R, for all h and I’ € [£,1]¢ such that h < I, |E[Zy, ;]| < |E[Z j]|, where Zy,; is
defined as Zy, ; in (2.7) but with true fx replacing fx.

Let us comment Assumption C. First observe that it is verified by the sharp bound of
E[Zp;] over the class Hq(s,L) (s > 1): denoting M; the pseudo-kernel defined by M;(z) =

J(25) Ty K (28),

rE[Zhj]=|azj<Kh*f—f><w>\=r,3j/Mj<z>[f<w—h.z> Fw)dz| < lehﬂ (3.2)

the last inequality coming from Taylor expansion and the s-Holder smoothness of f. Then for
all b, b € [L,1]¢ such that h < b/, hy' ST_ b < BS7H ST ByS

Assumption C is named after convexity or concavity, as it requires monotony of E[Z};],
which is the derivative of the bias (after removing the potential perturbations of the pre-
estimator fy by replacing fx by f x)- The absolute value in the assumption is simply a way
to cover both cases (convexity and concavity), since in fact E[Z;;] — 0 as h — 0 (at least
in the scope of our results: when the smoothness s is larger than 1). In the context of the
algorithm, this assumption prevents E[Z},;] from vanishing temporarily and thus the algorithm
from stopping prematurely. Ensuring that, the bias-variance trade-off is achieved.

Note that otherwise, the non convexity of the squared bias would reverberate on the
squared risk, making its minimization much harder, especially when we target greedy algo-
rithms to avoid a computationally intensive optimization over all bandwidths.

Remark 6. If f is smooth enough so that 2 ahp f(h) # 0 with p such that [ WP K (u)du # 0, then

Assumption C is not required. Nevertheless, the procedure cannot be adaptive in this case. See
Nguyen (2018).
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3.3 Main result

We now derive the main result of our paper proved in Section 5 in which we show that h
is closed to the ideal bandwidth A* defined in Section 2.2.1. Thus our algorithm is able to
both detect the irrelevant components and select the minimax bandwidth for relevant and
irrelevant components.

Theorem 1. For anyr € 0:d, 1 < s <p and L > 0, if f has only r relevant components
and belongs to Hy(s, L), then under Assumptions Lx, Efxand C, the pointwise risk of the
RevDir CDRODEO estimator f; (w) is bounded as follows: for any 1 > 1, for n large enough,

B ||fiw) - f(w)] ] " o(“”)) (33)

n
where C only depends on d,r, K, 3,9, L, s, | fllco, u-

We can compare the obtained rate with the classical pointwise adaptive minimax rate for
estimating a s-regular r-dimensional density, which is ((logn)/n)¥ 2517) (see Rebelles (2015)).
Our procedure achieves this rate up to the term (log n)s(“_l)/@s”). In Section 3.2, we specify
that any value a > 1 is suitable. So, our procedure is nearly optimal. Actually, we need a > 1
to ensure that for n large enough,

(logn)afl > Hf”;o, u (34)

but if an upper bound (or a pre-estimator) were known, we could obtain the similar
result with a = 1, and our procedure would be rate-optimal without any additional logarithmic
term. Remember that the term (log n)s/ (2547) i the price to pay for adaptation with respect
to the smoothness (see Tsybakov (1998)). Theorem 1 shows that, in our setting, there is
no additive price for not knowing the sparsity, i.e. the value of r. This result is new for
conditional density estimation.

”fHOO, u
of =5

Remark 7. Assumption C allows for a sharp control of the bias of our estimate and is only
used in Section 5.5.1. Refining the decomposition of the term By in (5.19) shows that we
can relax Assumption C. This is done in the supplementary file (Nguyen et al., 2021) where
Assumption C is replaced by Assumption M. The price to pay is an extra logarithmic term

(log n)% in the upper bound (3.3).

3.4 Algorithm complexity

We now discuss the complexity of CDRODEO. Regarding the computation cost of fy, the
estimator built for the proof of Proposition 1 has complexity O(d;n¢) but in practice we use a
RODEO estimator with the same sample size n, which has a complexity O(dinlogn) for each
computation of fy(X;) which causes an additional cost in O(dyn?logn) (applying following
Proposition 2).

Regarding the main part of the algorithm, during the Reverse Step, |Act(*1)| compo-
nents are updated, and, for fixed h, the computation of all Z;;’s and the comparisons to
the thresholds Ax; need O(]Act=Y|n) operations. In the same way, during the Direct Step,
| Act(®)| components are updated and each update needs O(|.Act(?)|n) operations. Since the
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number of updates is at worse of order log(n) (because of the stopping conditions), and
| ActD| 4] Act(®)] < d, we obtain the following proposition. More details can be found in the
proof (see Section 5.6).

Proposition 2. Apart from the computation of fx, the total worst-case complezity of RevDir
CDRODEO algorithm is
O(dnlogn).

Notice that for classical methods with optimization on a bandwidths grid, the complexity
is of ordrer dn|H|¢, where |H| denotes the size of the grid for each component. In practice, the

grid has to include at least logn points, which leads to a computational cost O(dn(logn)?).
d
For illustration, d = 5 and n = 10°, the ratio of complexities %

1.7 x 104,

is already larger than

4 Simulations

This section is devoted to the numerical analysis of our algorithms. In Section 4.1, we first
describe the three examples on which we test CDRODEO. Then we calibrate its parameters
in Section 4.2. We finally look at its numerical performances in Section 4.3: we first analyse
the behavior of CDRODEO for different examples then assess the sparsity detection by adding
an increasing number of irrelevant components. In particular, our analysis relies on the fact
that the behavior of CDRODEO is easily explainable from the bandwidth it selects.

4.1 Examples

We describe 3 examples. For this purpose, we denote A (a,b) the Gaussian distribution with
mean a and variance b, U,y the uniform distribution on the compact set [a,b] and ZG(a,b)
the inverse-gamma distribution with parameters (a,b).

e Example (a): We consider dy = 2 response variables and d; € 1 : 4 auxiliary variables
with the following hierarchical structure:

iid

Yio ~ZIG(4,3), Yi|Yie ~N(0,Yi2), Xi5|Yi ~ N(Yi1,Yi2),

which leads to the following conditional density (derived in (Nguyen, 2019, Chapter IV,
Section 5.a)):

,Zjilxj ’
b\
di+1y - 2
f (@) VHEL (g @ty O e 7 (@)

1 _varT.
=0k orr(4+ &)

dy 2
with fy(z) = %(6 4y a2 - )l )

This example is an usual Bayesian model (see for example (Raynal et al., 2018)) where
one of the tasks is to retrieve the posterior distribution f of the mean Yj;’s and the
variance Yjo’s given the normal observations X;’s, which is exactly what our method
performs in this paper.
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e Example (b): We consider da = 1 response variable and d; € 1 : 12 auxiliary variables
with the following hierarchical structure:

Xi; B N(0,1), YalX; ~N(3X3,0.5).

In this case, the conditional density is then

I (2,y) \Fe—%y—sw?ﬂ
s

e Example (c¢): We consider do = 1 response variable and d; € 1 : 12 auxiliary variables
with the following hierarchical structure:
Xi; “ Uy, YalXi ~ N(3XE,0.5%).

(2

In this case, the conditional density is then

2 _ _343)2
[z y)— \/;6 2y=3wy) Lier-1,1y03

Example (a), in which r = d, will be used as reference for estimation without sparsity structure
and will illustrate the estimation difficulty when we have to face with the curse of dimensional-
ity. Examples (b) and (c) circumvent the curse of dimensionality given their sparsity structure:
r = 2 (Y] is scalar and depends only on Xj1). Note that Example (c) is discontinuous, whereas
our method rather targets C'-functions.

4.2 Calibration...

In this section, we focus on the calibration of the threshold Aj; and the decay factor g3,
whereas some other parameters are fixed: in particular, we are using the Gaussian kernel, and
the initialization value hg is chosen as the lower bound provided in (3.1):

1
an el
ho = 2/ ((1@11)) a@pT) (1)
with Cy = 4||J||]2||K||¢~'. The choice of the threshold is quite sensitive since it influences
the bias-variance trade-off, and intensive simulations have been performed to determine the
convenient tuning, while the decay factor (which only quantifies the size of the step) rather
impacts the running times of the procedure.

We determine each parameter separately, since their respective impact is rather indepen-
dent. Moreover, to avoid the influence of a chosen fy (and its peculiar specificities), the
calibration is run with known fx (which is plugged as input of the algorithm).

4.2.1 ... of the threshold

Since the calibration of 3 is not done yet, we fix for this section g = 0.9.

Given Definition (2.10), two parameters influence the threshold: a and Cy, but they are
clearly redundant. Therefore only the calibration of a will be performed while we take the
theoretical value of C,.
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We compare on a grid of values of a the absolute error of our estimator, i.e. ‘fh(w) — f(w)].

We abbreviate it AE in the following. Several settings are considered, each corresponding
to a separate graph. In particular, we consider for each example a variety of sample sizes
(n € {10 000;50 000; 100 000;200 000}) and X of different dimensions (d; € 1 : dpax, With
dmax = 6 in Example (a) and dpax = 9 in Examples (b) and (c)). Moreover, in each graph,
we consider 3 samples (in the graphs with different line types) and several evaluation points
{wk }k=1.16 randomly drawn according to the joint distribution fy (the 16 pastel curves in the
graphs). Note that, to refine our selection of a, we add a logarithmic grid to the standard grid
of integers, after observing that the AE minimizers increase sublinearly with dy. We simply

d=1+2 In(d-1) d=2+2 In(d-1)
—[Sample
;

2
— 3 —

1.2
1.2

0.8
|
absolute error
0.8

absolute error
0.4

0.0

e L Y T w

d=4+2 In(d-1)

1.2

0.8

absolute error
A

absolute error
0.4
|

PR L S YD T
a

0.0

Figure 3: Illustration of the tuning of a for Example (a) with n = 200 000 for growing
dimensions. In each subgraph: AE curves in function of a for 16 evaluation points w* (the
warmer the pastel color, the larger f(w¥)) given B = 3 samples (differentiated by line type)
at fixed dimension (specified top left in the form d = d; 4+ d2). In black lines: the average per
sample of the 16 pastel curves. The vertical straight red line: our final choice.

provide here one case (Example (a) with n = 200 000 in Figure 3), but the whole set of figures
can be found in supplementary material (see Nguyen et al. (2021)).

For ease of interpretation, the average per sample over the different evaluation points has
been added in thicker black line. Then, our goal is to determine this minimizer as a function
of the varying parameters mentioned above. A good point is that the minimizers do not seem
to depend on the sample size (cf the whole set of figures). However the effect of the dimension
is more sensitive. First note that the larger a, the larger the thresholds A;, thus the larger
h. We observe the chaotic behavior of CDRODEO for small values of a (especially for large
dimension and small sample size) and, for large values of a, the superposition of the curves
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Figure 4: Illustration of the calibration of 5. For Example (a) with d; = 3, given B = 50
samples of size n = 100 000, boxplots of the AEs and their average running times (in black)
in function of S.

built from different samples, meaning low variance but large bias of the estimators. This
corresponds to the usual phenomenon of under- and over-smoothing.
Finally, a good trade-off is achieved by the tuning

a =log(d—1),

and all the following simulations will be implemented with this choice.

4.2.2 ... of the step size

Let us now tune the step parameter, namely 8 the multiplicative decay factor of the bandwidth.
As one can expect, the calibration of 5 is a compromise between running times and estimation
sharpness: the smaller the parameter 3, the bigger the step size leading to a faster procedure
but a larger approximation error.

In Figure 4 (corresponding to Example (a) with d; = 3 and n = 100 000), we put in
perspective the boxplots (built given 50 samples) of the AEs with their mean running times. As
one could expect with a multiplicative factor, the computational time increases exponentially
fast with #: in particular, the running time explodes when 8 > 0.9. Conversely the smaller
B, the larger standard deviation of the boxplots, therefore 8 should not be taken too small.

To sum up, the range of values satisfying a good compromise is quite large. To fix the
parameter, we take

B=0.8,

and all the following simulations will be implemented with this choice.
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4.3 Numerical performances

In this section, we assess the performances of our procedure according to two directions:
we first visualize how our procedure reconstructs functions, then we focus on the sparsity
detection, the key property of our algorithm to circumvent the curse of dimensionality.

4.3.1 Reconstructions: direction-by-direction visualization and estimation of fx

We first focus on a global visualization of the estimation of the function f: in particular, we
are interested in the performances of our estimator evaluated on a grid. Two kinds of estimates
are considered: one in which the true fx is plugged, the other in which fy is estimated by our
procedure with the following methodology.

Density estimation: a RevDir CDRODEO procedure for the input {fX(Xi)}i:Ln.
First, for the sake of practicality, we use the same sample to compute fy and fh' Note that
there is no requirement of independence in the theoretical results.

We use the RevDir CDRODEO procedure, since it can perfectly be used for estimating
standard densities (cf Remark 1). Since our method is pointwise, we need to compute fx (X;)
for each i € 1 : n. Note that sparsity structures are rarer in standard densities, for which
all variables are of interest, than in conditional densities. Therefore the straightforward esti-
mation of fx is limited by the dimension of X due to the curse. To circumvent this fact, we
propose to add conditioning, artificially, by decomposing fx as follows:

dy
fx(x) = fx, (@1) [T £ 1500 (@19)-

Jj=2

Notice that the n estimates {le (Xi1)}", are needed as input to compute the {fx2|X1 (Xi12) i,
which are needed to compute the {JZX;;\XLQ (x1:3)}, and so on.

Observe also that the previous calibration of a, namely a = log(d — 1), does not extend
for univariate densities. Based on preliminary numerical experiments, we set a = —1 for the
univariate case.

Implemented in R, with a 3.1 GHz Intel Core i7 processor, the running times for fx in
Example (a) in dimension d; = 2 and in Examples (b) and (c) in dimension d; = 3 is sum-
marized in the following table:

Mean time per run (seconds) || Total time for 100 000 runs
fx, | fxoxy I X5 X1 fx
Model (a) || 0.734 | 0.654 N.A. 138 780s (around 1d 15h)
Model (b) || 1.31 | 1.61 1.72 463 559s (around 5d 9h)
Model (c) || 0.675 1.17 1.05 289 695s (around 3d 8h)

The running times strongly depend on the distance between the initialization bandwidth
and the selected one, which explains non increasing running times when the dimension grows
for Models (a) and (c).

One may object that several days of computation for the preliminary estimator is quite
long. But, note that it is done without parallelization. Given a powerful enough cluster, the
running time can be divided by n using parallelization over the evaluation points.
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Visualization. In Figures 5, 6, and 7, the two kinds of estimates are built from a sample of
dimension d = 4 and size n = 100 000 for respectively Examples (a), (b) and (c). Limited to
two-dimensional visualizations, we vary only one component at a time, the others being fixed
to a set point: w = (0,0,0,0.4) for Example (a) and w = (0,0,0,0) for Examples (b) and (c).
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Figure 5: Reconstruction for Example (a). Compared to the true conditional density (in
black line), our pointwise estimates with the true marginal density fx (circles in darker shade)
or with the estimate [y (triangles in lighter shade). Only one direction is varying specified at
the top left of each graph, the others being fixed to a set point: w = (0,0,0,0.4). The sample
size is n = 100 000.

The overall signal is nicely recovered. Comparing the different examples, Example (a)
is the least accurately estimated: the estimates are oversmoothed near the modes. It was
expected since it is the example without sparsity and even in dimension as small as 4, the
curse deteriorates the convergence rate.

Thanks to the strong similarity between Example (b) and Example (c), the impact of the
discontinuity can be properly visualized: (b) is clearly more accurately estimated than (c),
even though the focus point w = 0 is not really close to the discontinuity points +1 (in the
directions z;). The loss of accuracy is once again due to the curse, as the directions z;, j > 2,
in Example (c) are not completely irrelevant. The CDRODEO procedure does not consider
the relevance of a variable as a binary answer: in fact, when a variable is relevant, it can be
more or less relevant. See the analysis of the selected bandwidths in the next section for more
details.

Besides, in all examples, the estimation is less accurate at the specific points where As-
sumption C is not satisfied. Taking account that the chosen kernel is Gaussian, thus of order
2, it especially happens around the zeros of the second derivative.
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w = (0,0,0,0).
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Figure 7: Reconstruction for Example (c).

w = (0,0,0,0).
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Figure 8: Robustness to addition of irrelevant variables. Boxplots of the estimates
f;l(w) in function of d, given 50 samples of size n = 100 000 for Example (b) (in red shades)
and Example (c) (in green shades). The dashed horizontal line is the true value f(w) (at the
evaluation point w = 0).

Then, note that RevDir CDRODEO may stop during the direct Step (as | Z},;| may become
smaller than ;) but has no impact on the increasing step (Reverse Step). That is why the
initialization hg is set as the lower bound of its range (see Equation (3.1)) to minimize the
undesirable impacts. For illustration of the improvement made by the RevDir algorithm, see
Figures IV.3, IV.4 and IV.5 in Ph.D. thesis (Nguyen, 2019) which compares the Direct and
the RevDir procedures.

Note lastly that the estimates with either fx or fy are very close to each other. More
precisely, the estimates with fx is slightly better (in particular, near the modes and near
the discontinuity in Example (c)): Delyon et al. (2016) actually prove that dividing by an
estimator of the density produces better results than if the density itself was used. That is
the reason why the reliability of our results is maintained in the following part even if the true
fx is used in order to save the running times of computing the fX(Xi)’s for several samples
and dimensions.

4.3.2 Impact of the dimension and sparsity detection

Let us now consider how the RevDir CDRODEO procedure detects the sparsity structure. For
examples with sparsity structure — namely Examples (b) and (c¢) —, we check the robustness to
irrelevant explanatory variables: starting with the fully relevant example at dimension d = 2,
we gradually add irrelevant variables until dimension d = 13. In Figure 8, the boxplots
are built from 50 simulated samples of size n = 100 000 with varying dimension d; from
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{2,5,9,13}. Top: Example (b). Bottom: Example (c).

1 to 12: in bluish shades, the estimates of Example (b) and in reddish shades, the ones of

Example (c¢). We also provide in Figure 9 the boxplots of the selected bandwidths for the
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dimensions d € {2,5,9,13}. Notice that our fully nonparametric procedure actually ends
within reasonable times for dimensions as large as 13 (e.g. 40 minutes for the whole 600
estimates of Figure 8 on samples of size 100 000), while most nonparametric methods struggle
to handle dataset of dimension higher than 4.

Usually, without sparsity, each added variable worsens the estimation: see for instance
Example (a) with increasing (relevant) dimension in Figure 13 of the supplementary material
Nguyen et al. (2021), in which our method struggles providing good estimates as soon as the
dimension 5. For Example (b) (where the relevant dimension is r = 2), until the dimension 6,
our method has the same behavior as for dimension 2. For larger dimensions, the estimation is
progressively noised by the too many irrelevant variables, to finally lose the signal beyond the
dimension 10. The bandwidths in Figure 9 give a good understanding of how the procedure
handles the extra variables. Comparing the dimensions d = 2 and d = 5, the relevant band-
width components (namely the directions y and z) are selected at very similar values (called
hereafter their "expected values"), while the irrelevant components (in dimension d = 5) are
taken as high as possible, around the value 1 (the upper limit of the bandwidth grid): thus, the
bias-variance trade-off is unchanged, ensuring a quality of estimation as good as in dimension
d = 2. In dimension d = 9, the larger dimension makes the detection of irrelevant variables
more difficult, producing variance in the bandwidth selection. Nevertheless, the relevant com-
ponents are still selected at their expected value (but with more variance), producing rather
good estimates. In dimension d = 13, the sparsity is less accurately detected: the irrelevant
bandwidths decrease to 0.5. Their product 0.5 reaches numerically the emergency stop ~ %
Therefore, there is not enough room left for the relevant components to decrease until their
expected value, which explains the loss of signal observed in Figure 8. Note that in this last
setting d > logn, and that is the reason why the emergency stop is reached. More generally,
this framework seemed to be out of reach for RODEO-type procedures: in particular, in (Laf-
ferty and Wasserman, 2008) where growing dimensions with n are considered, the framework
is also restricted to dimensions d < logn.

Let now consider Example (c¢). The same phenomenon occurs, but complicated by the
discontinuity of f in the directions x;: away from =1, the relevant dimension is r = 2, but in
the neighborhood of +1, these components are highly relevant. In fact, these neighborhoods
depend on the bandwidth: the larger the bandwidth, the larger the support of K} until
reaching the points +1, and once +1 belongs to the support of K}, the components x;,j > 1,
are detected as relevant. This is the reason why these bandwidth components are much smaller
in Figure 9 (bottom) (around the value 0.48 instead of 1 in Example (c)). These smaller
components amplify the phenomenon described for Example (b): as soon as dimension d = 5,
the relevant components can no longer decrease to their expected value; in dimension d = 9,
there is almost no room left for the relevant components, and in dimension d = 13, the relevant
components are completely lost.

All in all, the overall behavior of our procedure is very satisfying: the RevDir CDRODEO
procedure nicely detects relevant variables and is robust to extra irrelevant in moderate di-
mensions (d < logn). The difficulties described in the last paragraphs are inherent to the
curse of dimensionality and is bound to occur with any nonparametric procedure.

5 Proofs
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5.1 Notations

In order to prove the theorem, some intermediate lemmas are needed. See Appendix for their
statements. First, we define some general notations: We denote

e 0;g the partial derivative of a function g with respect to its j-th component;
e v - v’ the multiplication term by term of two vectors v and v';

e vz the vector v restricted to its components indexed in Z;

e bV c=max(b,c) the maximum value of two reals b and c.

Let us now introduce the key quantities of the proofs. For any bandwidth £ € (Ri)d and any
component k € 1: d, we consider the estimator f;(w) that we would have used if the density
fx were known:
. 1~ ; . Kp(w — Wi)
w) = — (w), (W) = ————=
fh( ) n;fhl( ) fh’L( ) fX(XZ)

and we denote Ay, its difference with the real estimator:

Ap = fo(w) = fa(w).

We denote By, := E [fp(w)] — f(w) the bias of fj,(w). We also consider its partial deriva-
tive th:

_ 9 -
th- = mfh(’d})

We can write

n d
s 1 _ _ o 1 0 1 Wy, — VVZ
Zpk = - E Zhiky  Zhik = fx (X)) Ohn (H hy, K ( h >> :

i=1 k=1 b
We shall consider Az, the difference between Zj,;, and I
Aghk = Zni — Zpg-

Note that the value of the final bandwidth of our procedure provides the value of the bandwidth
at each iteration. More precisely, if a bandwidth h is the output of the RevDir procedure, we
denote (h®);ez, the different values of the bandwidth for all iterations ¢.

- On the one hand, if hy > hg, it means that at Initialization, the component k was in
Actt™Y and then the bandwidth path of this component has increased during the Reverse
Step according to the following path hoB~1, ho8~2, ... until hy, := hoB %!, and remains fixed
during the whole Direct Step (¢ > 0).

- On the other hand, if hy < ho, the component k was in Act(®) at Initialization. Thus the
value of the bandwidth component was fixed and equals to hy during the Reverse Step (i.e
for every t < 0 ). Then, it decreases during the Direct step: hof3, ho2, ... until hy := hoB%
is achieved (see Figure 2). This gives the following formula: for any k € 1 : d, during the
Reverse Step (when ¢ < 0),

ho if k is active during the Direct Step,
h,(:) := max(hg, min (hk, ﬁtho)) = { Bhg if k is active during the Reverse Step and not deactivated yet,
hy if k has already been deactivated during the Reverse Step,
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and during Direct Step (when ¢ > 0),

Bthg if k is active during the Direct Step and not deactivated yet,

b = max (hg, Bho) = . . . .
hy if k£ has already been deactivated (during the Reverse or the Direct Step).

Now we can define the set of bandwidths Hy,, which contains with high probability the band-
width selected by the RevDir procedure:

Hyp = {h € (R)? :Vk € 1:d, by = B%ho < 1 with t, € Z,

d
and H hy > 5TM7
k=1
and Yk € R, hy = hin },

where hj,; is uniquely defined by ti; € Z such that 8 < hi, := Sfirhg < 1. We also denote
HESV (respectively Hl?li)r) the set which contains the different states of the bandwidth during
the Reverse Step (respectively the Direct Step) provided that the selected bandwidth is in
Hup:

HES = {hD) : h € Hyp, t < 0} (5.1)

HEE = (A" s h € Hyp, t > 0} (5.2)
Finally, we introduce the high probability event &, on which h systematically belongs to Hpp:
d
hp 1= An 0 m (Bernf(h) N Bernm(h)) N ﬂ ﬂ (Bernz(h, k) 0 Bern, z(h, k)) ,
hEHnp he(HReVUHPIr) k=1

~ (5.3)
where A, is the high probability event of Condition (ii) in Assumption Efx:

./Zn = { sup |fx(u) — fx(u)‘ < MX(logn)2} ,
ue U

NLD

and Berni(f) is the high probability event resulting of Bernstein’s Inequality applied on the
random variable 1 with parameter(s) . More formally:
CE}

Berng(h) := {|fn(w) — E[fn(w)]] < on},
< CE|Z|hI;1}’

Z|fhz E[|fa(w)l]] <

Bernm = {

- - 1
Bernz(h, k) == {|th —EZpi| < 2>\hk} )

n
> 1 Znik| — B|Znaxl

1
Bernz/(h, k) := { -

where

Jh:CU
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1
2| KN1311£112
o U

with C, = 5 > U See Lemmas 1 and 2 in Appendix for the details and definitions of
2

constants Cg, Cp 7.

5.2 Main steps of the proof

Proposition 3 describes the form of the bandwidth selected by the RevDir procedure with
high probability. Given this selection, Proposition 4 gives upper bounds on the bias and the
deviation of the estimator f; (w).

Proposition 3. The selected bandwidth belongs to Hp, with high probability. More precisely:
Enp C {h € Hpp) (5.4)

and for n large enough:

P (&f,) < 2e~(sm) (5.5)

Note in particular that with high probability the irrelevant components of the selected
bandwidth are equal to hjy.

Recall that By, := E [fy(w)] — f(w) is the bias of fi(w).

Proposition 4. The following upper bounds are satisfied for all h € Hpy,, and any constants
AeR and Cyq > 0:

a—Ar p
_ (log n)™® 7o, (logn) =2 - ((logn)®\ 2»+1
. s A 7
Uinnes, [Br] < rOpOx™= et rmax | oy i ’
(5.6)
]l{izzh}mshp [fn(w) =B [fu(w)]] < ]l{fl=h}05hpah
§ max </B(d'r)9‘270‘47‘/2(10g n)(a—AT’)/Q’ 4C 4 ° CEZéfcrﬁiifs (log n)gA) niﬁi'f’ (57)

where C is the constant defined in (2.10) and Cg, Cy, Cr7 are constants defined in Lemmas 1
and 2 in Appendiz.

5.3 Proof of Theorem 1
Let us fix [ > 1. From Proposition 3: &, C {h € Hypp}, thus:

~ l
futw) - )| .

l (5.8)
fh(w) - f(w)‘ ] We fix h € Hyp. Then, we decom-

B |[fitw) - 1w | =8 |1, [fyt) - @) |+ T B[t

hEth

We first control the terms E []l

{h=h}NEnp
pose the difference fi(w) — f(w) as follows:

frw) = f(w) = Ap + (fa(w) — E [fa(w)]) + B, (5.9)
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where we recall the notations Ay, := fi,(w) — fa(w) and By, := E [fn(w)] = f(w). Remark
that ngl hy < 1, since h € Hypp,. We apply 2. of Lemma 3 and 3. of Lemma 1. Since
Enp C (.Zn N Bern|f|(h)) N Berng(h):

Lg,, |[An| < Cyaoy

and

Le,, | fn(w) = E [fa(w)]| < on.

Therefore:

~

Flw) — f(w)‘ < Ujiyne,, (Cria+ Don+ |Bal) (5.10)

]l{f}:h}mshp

From Proposition 4 which controls both o5 and ‘Bh , we deduce:

Uiy, [Fa(w) = f(w)]

Co a=Ar 40 45C-C, —5—s A s
< (Cma + 1) max (W(logn) 2, —4 N i (logn)® >n 2o tr

rc,  (logn)*=" 7<<1ogn>a>2p’%>

+rC5C4° (logn)™* n~ % + rmax ( S : 'y

47T CaZ  pEsir n
We optimize in A and C4: With A = 5%, we obtain
s ya
- logn)®\ 25+ logn)®\ 2»+1
Linyney, |fr(w) = f(w)‘ < max (Cl <<n)> g <(n)> ) :

where C depends on 3,d,7,5,Cpz,Crz, Cs, Cma, Cy. If r = 0, the last term in the right hand
side vanishes, otherwise p/(2p + 1) > s/(2s + ) (since p > s). Therefore, for n large enough:

Fu(w) —f(w)‘ < (Uogn)a>“ (5.11)

n

]l{ﬁ:h}mshp
To prove the theorem, it then remains to control ) fa(w) — f (w)‘ on & . Recall that:

d
R 1 1+a
e grlogm) ™
k=1

n

and Condition (i):

ox = inf f —1/2
X ulenul X(U) >n )
then we can roughly bound fh(w) by:
. K|
f;;(w)’ < IR )
dx " (logn)tte

So:
i) = f()| = oln) = o(e "),
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Besides, from Proposition 3:

P(eg,) < 2e-toan™* 2
Note that, since a > 1,
1 a—1
2llogn + llog(n2) = o((logn)'*t72 ), (5.12)

therefore:
1/1

!
E |:]lgﬁp < (IP’ (&) e bg") Y = o(n_%).

filw) - 7w |

To conclude, we combine Equation (5.8) with the above upper bound and Inequality (5.11):
» Lo 11
~ l 1 logn a 2541
E|[fyw) - s | <ot b+ (c’ (feen) ) S Bl

n
h€Hnp
<C (an n)a> = ,

n

with C depending on d, 7, || f||, u, 9, L, s, K, B.

5.4 Proof of Proposition 3
By definition of the procedure, any selected bandwidth h satisfies

At1, ... ta) € ZLVk € 1: d, hy, = B ho

The loop condition in the Reverse Step imposes for any active component k that at the
beginning of an iteration ¢t € Z_ :

ht < .
At most, lAzl(:) is multiplied by 8~'. Then after the last update of the component ﬁk:

hy <1=p5718.

Now let us prove that on &y, the irrelevant components are deactivated at value hj. It
suffices to show that during the initialization, the irrelevant components activate for Reverse
Step, i.e.:

RE C Actt,

and in the case where hy < [, it suffices to prove that they remain active at all iterations
t € —1: tir. Remember that tj,, € Z is defined such that: hi, = Blirhg.
Note that if the irrelevant components remain active at all iteration ¢ € —1 : ¢;,;, then for

k € R, iL,(:) = H,gt) = B'hg. It corresponds to the definition of Hyp, since for all h € Hpp,
te —1:ty and k € R,

" = B'ho.
Therefore, there exists h € Hy, such that h®) = h® for all iterations t € —1 : tirr. We will
then prove that for any h € Hyp, t € —1 : ¢y and k € R,

]lghp |Zh,(t)k‘ < )\h(t)k.
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Let us fix h € Hpp, t € —1 : tr and k € R, We decompose Z, (), as follows:
Ly = (Zh(t)k. — Zh(t)k) + (Zh(t)k. — EZh(t)k) + EZh(t>k~ (5.13)
We use:

e 1. of Lemma 3: Recall the notation AZ,h(f>k = Zpwp — Ly, then remark that Vi €
HESV U HE}?, Hizl hj, <1, and &, C Bern|Z|(h(t), k)N ,Zn, therefore:

= 1
L, (Znok — Zno) < 1)‘}#)].@7
e the definition of Bernz (k") k): since &, C Bernz(h") k),
. _ 1
Ley, | Znow —EZywy] < §>\h<t>k,
e 2. of Lemma 2: since k € R,

EZh(t)k’ - 0

Therefore:

3
Ley, | Zpwgl < ZAh(t)k < Mg

and so, every irrelevant component is active during Reverse Step until Iteration ti,. In par-
ticular, we have proved that:

Enp C {Vk € R®: hy, = hie}-
Let us now prove that on &,

d
. 1 1+4a
[T > orlozn™
n
k=1

The loop condition in the Direct Step imposes that at the beginning of any iteration ¢ > 0:

d
H il(t) - (log n)l-i—a
kK = n :

k=1
For our algorithm, the bandwidth can only decrease during the Direct Step. Since on &yp,
the irrelevant components are active the during Reverse Step, they are inactive during the
Direct Step. This is the reason why during the last iteration, only relevant components could
decrease and be multiplied by . Therefore:

d
R 1 1+a
H hy > ﬁT%a
k=1

n

which ends the proof of the inclusion (5.4) of Proposition 3.

Finally, we control P (Sﬁp) We first control the cardinal of Hy, by enumerating the
possible values for a component of a bandwidth in Hy,. For h € Hy, and k € R,

Bllogn)*on~t < hy, <1,
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thus:

1
. _ ¢ 14a, —1
|{hkh€7‘lhp}|— ‘{B hOE [B(logn) n ,1],t€Z}’ §1—|—10g% (ﬁ(logn)l‘i'an_l) Slog%n
(for n large enough). For k € R¢,
hk = hirm

thus, we have

{hy:he th}’ =1.
Therefore: ,

< . .
|Hnp| < <log% n) (5.14)

Let us also control the cardinal of ’HReV U ’HE; The only supplementary bandwidths are the
ones whose irrelevant components are smaller than hi,,. We consider the irrelevant components
as the relevant ones, and we obtain the rough bound

d
HEeY U P < (log1 n> . (5.15)
By Assumption Efx, Condition (ii):

P (A5) < exp(~(logn)' 7).

We bound the events Berny(h)“’s and Bern,(h)¢’s using Lemma 1. Since for all & € Hpy,

d
H r (log n)“Jrl
)

note that:

e Cond(h): H hy, > 4;'(52((”32(1 (loin)a is satisfied for any h € Hy,, for n large enough (when
4HK ”oo

552G ). So, we have

logn >

P (Bernf(h)¢) < ¢~ (logm)*,

e Moreover,
P (Bern‘fl(h)c> < 2= CripnIlics e < 9= CripiBT (logn)™*!

Similarly, we bound the probability of events Berny(h)“’s and Bern,z (h)®’s using Lemma 2.
Note that for all h € Hh YU HD“

cond > )

Br

d a
e Cond;(h): [] hx > Condzw is satisfied for n large enough (when logn >
k=1
So, we have

5 (logm)e
P (Berny(h, j)°) < 2¢ Tt 57",
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e Moreover,
a+1

P (Bern|Z|(h,j)C) < 26~ Crizin izt e < 9=Crz87 (logn)

Therefore,

P (Sﬁp) <P (-’Z%) + (]P’ Berng(h) )°) +P <Bern|ﬂ(h)c>)

hG’HhP

T i (]P’ (Bernz(h, k)°) + P (Bernm(h, k)))

he(HRequDlr) k=1

1<|»2

< g (ogn) ™2 (Qef(logn)“ + 26*Cwlf\ﬁr(10g")a+1)
hEth

d
I (- T

he(HRv UMD k=1

_ _ a—1
< 6—(logn)1+T1 <1 14 <log; n) e (logn) agt +4d (log1 n)dei Hf“oao, M(logﬂ)T)
B

< 9¢—(ogm) "2

)

for n large enough.

5.5 Proof of Proposition 4

We fix h € Hyp and consider the event {h = h} N &Eyp. Let (1, ..., tq) € Z% such that for all
kel:d,
hi = Bt ho.

Given positive constants A and C4 (to be opimized), we call Cy (log n)A n~ % the minimax
bandwidth level and we define ¢(A, C4) € R such that

1

FHACO R, = Cy (logn) =z

Using the definition (3.1) of hg, observe that t(A,C4) > 0 (for n large enough). To simplify
the notation (permutation of the labels), we consider:

R=1:r

and
t >ty > >t (5.16)
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5.5.1 Proof of Inequality (5.6)

The bias of f,(w) is denoted By,. Note that it does not depend on {hj}rere. Indeed, we have

By =E [fa(w)] — f(w)
fyy (u)

- /ueRd Kn(w =) fx (1. dl)d )
_ / Kl =) f()du— f(w)

d

A

k=1
/ . (HK zk) fR wlr—h” z) fR(wl;r)] dz'.
z'eR"

We consider the following disjunction of cases:

K(Zk:)> [f(w—=h-z) = f(w)]dz (5.17)

(Case A) without relevant component: R = ()

(Case B) with small relevant bandwidth components: mi7r31 t; > t(A,Cy)
j€

(Case C) with at least one large relevant bandwidth component: 3j € R,t; < t(A,Ca).
Then we control the bias in each case.

(Case A) Assume R = (). In particular, f is constant on the neighborhood Y. Note that for any
z € supp (K)%, w — h -z € U. We then derive from Equation (5.17):

By, = 0.

(Case B) Assume mi71€1 tj > t(A,Ca). We apply 2. of Lemma 1
j€

Bl < s 3 15 = Cp 3 (8h0)’
JER JER

< CB X r <,8t(A’CA)h0)S — TCBCAS (logn)AS n_Tirr

(Case C) Assume 3j € R,t; < t(A,C4). Then we consider
ja=min(j € R:t; <t(A,Ca)).

In particular, for all j > j4, the bandwidth components are larger than the minimax
level: .
h; > Ca(logn)in~ =z, (5.18)

For the previously fixed bandwidth A (and its relevant deactivation times (t1,...,t,)),
we define the following intermediate bandwidths A" ¢ € R:

h(mt t) ,Bt\/tk ho ifkeR
hy, else.
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Then we decompose the bias by splitting f(w — h - z) — f(w) (note that h("btr) = p):

+ flw — h0®La) . ) — f(w — RIEHACA)) Ly

+ Z flw — pibto) . 2y — f(w — pinbtio-1) . 2)]dz

Jo=ja+1
T
= B} Gnt,t(a,04) T (Bh(int,tjA) — By nt,ta,04))) + Z (Bh(int,tjo) — Bh(im,tjo,l)) .
Jo=ja+1
(5.19)
For the first term, note that h("t4.C4)) satisfies the condition of (Case B), thus:
‘Bh(int,t(A,CA)) ‘ <rCgCy°® (log n)AS n 2s+r, (5.20)

Let us now control the other terms. The same arguments are used to control the terms
i? the sum Bh<int’tj0) — Bh(mt ¢, ) (for jo € (ja+1) : r) and the second term Bh(int,tjA) _
By (int,t(a,c4)) . To shorten the proof, the followings lines are also applied to control

the second term: for the added case jo = ja, one just has to replace h(lnt ti0-1) by
1 (nt,t(A,C4))

Let us now fix jg € j4 : r and consider the path between hé-mt’%_l) and hémt’%)

for u € [0,1], we denote hliol .= plinttio-1) 4 4 (h(i“t’tfo) — h(int’tjo—l)). Remark that,

forany j€1:d,

. Namely

pittto) _ pnetiomt) 4 g (7 € R and g0t £ pln-Ver)
= (] € R and t; <tj, ort; < tj071)
= (j € Rand t; <tj).
The last implication is due to the fact that a component could not be deactived between
the consecutive deactivation times ¢, and #;,_1.

Then, we introduce the function g : u € [0,1] — f(w — hboU . 2) (for a fixed z € R?).
In particular, using the above remark:

gl(u) _ Z <h§int,tj0) o h§int,tjofl)) % Zjajf(w - h[j(),u} . Z)
JER
t5<ts,

Then we write:

f(w — hSL0) . ) f( — plinttio—1) . 2)

1
= g(1) — g(0) :/ Og/(U)du
— Z / plinttio) _ hg.int’tjo’l)) x 2;0; f(w — bl . 2)du.

JER
t; <t
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Hence, we obtain

d
Bh(int’t]’o) - Bh(int’tjo—ﬂ - /eRd <H ) (w — hPt0) . 2) — f(w — REHo=1) . 2)]dz

d
1ntt int,t; _ .
= E / itio) hg. 3o 1)) /ERd (H K(zk)> zj(‘)jf(w _ pliosul - 2)dz du
v k=1

JER :
t5<tj,
== / pmttio) _ hg.int’tjo’l)) E {Zh[jo,uw} du, (5.21)
JER U=
t<tj,

using Equation (6.4):

d
E [Zh[jOwu],j} = 1 K () | 2505 f (w = B0 2)dz.
R \k=1

Now the idea is to control ‘E [ hlio-ul, H with the test at the iteration ¢; on |Zh(t ), .
More precisely, we will first apply Assumption C to move from )E [ Rlio -] } ‘ to ‘]E [ ) } ‘

Then, we will apply Bernstein’s inequality to convert the control on ‘Z to a control

R(ts)
on ’E [ h(tj)hj:| ‘
Let us fix j € R such that ¢; < t;,. We distinguish the cases where the component j is
deactivated during the Reverse Step or when it happens during the Direct Step.

Subcase (C.a) t; > 0, i.e.: j is deactivated during the Direct Step.
Let us show hljo:ul < h(ts).

o for k € R, since h(mt tio=1) hy = h,(gint’tm)

o = .

Remember that the irrelevant components deactivate during the Reverse Step,
therefore they already have their final value during the Direct Step. Formally,
since t < 0 < tj, we have

hgo,u} — hk — ﬂtkh() — lBtj/\tkho — hl(i.tj)'
e for k € R, notice pntitio-1) < p(inttio) Therefore:

int,tj)

hk‘jm u] < h( ﬁtjo\/tkh()

< ﬁtj/\tkho _ hl(ﬁtj)'

Then, we have proved hUoul < R(t) . Using Assumption C:
[ Zuson | < [B[Z00,]|
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Subcase (C.b) t; <0, i.e.: j is deactivated during Reverse Step.
As well as B/ — By, K — E [Zh/,j] is independent of the irrelevant components of
the bandwidth (see for instance Equation (6.4)).
Then we modify the irrelevant components of 270-% and use the value of the irrel-
evant components of k(). Formally, we introduce the notation h0:%} such that

o} _ plol i g e R
b h,(fj) else,

so that: B -
E [Zh[jo,uhj} _E [Zh{jo,u},j} .
Now we just have to verify htiou} < bt

e for k € R, by definition of htdou}:

{jou} _ 3 ()
thO — hkj
o for k € R,
{dout _ ¢ ljoul
thO — hkjo
S h;](;nt’tjo) — /Btjovtkho
< BVt since t; < tj,,
< max (hy, B ho) =: h,(gtj).
Then we have proved hliou} < bt Using Assumption C:

B ] = ] < e 2 ]|

In each case (C.a and C.b), we have proved )E [Zh[jo,u] J} ‘ < ‘E [Zh(tj) j] ‘, then we apply
this inequality in Equation (5.21):

<Z/u

JER U7

7=bj0
1 i ) int.t. _
S Z / O (h;lntyt]()) o hg t,t]()—l)) ’E |:Zh(t]-)7j:| ‘ du

JER
tj<tjq

< Z <h§int,tjo) _ h§int,tjo—1)> ‘[E {Zh(%'),j} ’ : (5.23)
JER
tj<tjo

1

B, sy — B

0 (hgint,tjo) B h(int,tj0—1)) ’]E [Zh[joﬂul,j] ‘ du (5.22)

h(int,tjo_l) 7
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Then, the previous decomposition of the bias (5.19) leads to:

-
‘Bh} < ‘Bh(int,t(A,CA))‘ + Z ‘Bh(mt,%) - Bh(im’tjo—l)

Jo=ja

<rCpCa’® (logn) n- T + Z Z < (int,t5q 7h§mttJo 1)) ‘E[ih(tﬁ’j”

jo=ja jER
tj<tjq,

< rCpC4" (logn)™ n™ %% + Z ‘E[ ;) ” Z ( (it Lo —hgmttﬂo 1)>
Jj=ja Jo=jA

< rCact g+ 3 B 7y 7 -
Jj=ja

since the sum is telescoping, and by noticing that: hg.int’tj ) — hg.tj ),

Now, it remains to control ‘E { Bt } ‘ for j € ja : r using the test at the iteration ¢;
on Zh(t

]lshpm{h h} ’E [ Rts) ” <L ’ h(tj),j) + ]l.ZnﬁBernlzl(h(tj),j) ‘Zh(tj),j - Zh“j),j
om0 ) ‘Zh“f%j —B {Z htti %a} ‘

By construction of the CDRODEO procedure, if h = h, then j is deactivated at iteration
t;, in other words:

L pnth=n) ‘Zh“ﬂ,j‘ S A
We also apply:

e the definition of Bernyz(h(%), 5):

_ _ 1
(n3) 5) ‘Zh“ﬁ,j -k {Zh“j),j] < 3 5

Bern

e 1. of Lemma 3 (note in particular []¢_, h,(fj) <1):

_ 1
. : A _ <IN wn
]lAnﬂBern‘Z‘(h(tJ),j) ’Zh(tﬂ),j Zh“ﬂ, ’ ﬂAnﬂBern‘Z‘ Rt ’Az h(tﬂ)j‘ = 4)\h(t1),j

Therefore:

7

Enpn{h=h} ‘E [Zh(tﬂ,]}
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Hence:

1

ghpm{flzh}

>, s "7 )
s As — t
|Bu| < 1gj_py | 7CBCA" (logn)™* n” 757 + E TRARCLN xhg.ﬂ) ;
J=ja

s —-S_ 7CH (lo na/Q
S]l{ﬁ:h} TCBCAS (10gn)A n~ 2Zs+r 4 )\( g )

j=ia 4 (n T8, hl ))

1/2

(5.25)

Then we control ngl hg:j ) using the same disjunction of subcases as above:

Subcase (C.a)

Subcase (C.b)

tj > 0. At the iteration ¢; > 0, the Direct Step has begun, thus the Reverse Step is
over. Since h € Hyp, the irrelevant components have already their final value: for
all k € R¢,

1> 0 = by = e > B.
Moreover, during the Direct Step, at iteration ¢;, all components are lower bounded
by the current active bandwidth value 3% hg, i.e.: for any k € R,
h’(:j) > /Btj hO'
Recall that j > j4, thus:
tj <tj, < t(A Ca).
It follows:

1

p = BUACOR = Cy (logn)* 5.

Therefore: .
H hl(fj) > gd-r (C’A (logn)* nfﬁ)r.
k=1

Then the upper bound in Equation (5.25) becomes:

a/2 -
70)\ (log n) dz(:)\ (log n) a72A7' n_% (l_m)
d )\ Y2 T 4T oat
4 (” [Tz Ty, )
O (o) T
487 CaZ

t; < 0. At iteration ¢;, only iterations of the Reverse Step have been performed.
Thus, the current bandwidth has only been increased. Therefore:

7Cy (log n)*/? < 7Cx (log n)%/?
W\ 1/2 — 1/2
4 (n HZ:1 h,(fj)> 4 (nh)

Remark that the lower bound on hg (3.1) is exactly defined so, we have

TCa(logn)*? _ 7 <(logn)“>2pp+1

4 (nhd)"? T4

n

39



__»_

Note that n= 2+ is smaller than the minimax optimal rate for any regularity and
any sparsity structure (except for the degenerate case where r = 0 and which is
solved separately: cf (Case A)):

’
__P s
n 2+l = min (n 2+ |.
1<r'<d
1<s'<p

When we reunite the two subcases, Inequality (5.25) becomes:

B A __s
]lghpm{f%:h} ‘Bh‘ < TCBCAS (log n) S T P

A

a—Ar a\ 2=
e () )

NS

4T CaE pEerr n
which concludes the proof of Inequality (5.6)

5.5.2 Proof of Inequality (5.7)

Let us now prove the second inequality (5.7). By definition: &, C Berng(h). Thus, we have

) _ (log )
Licnyre, [fu() =B ]| < on 2= Coy [ g

Two cases occur: in the first case, the deviation is controlled by a concentration inequality; in
the second case, we control the deviation by EZj; thanks to the tests on the Zj;’s.

1. maxty < t(A,C4). Then, Vk € R:
kER

i = 8o > F1ACD Ry = Ca(logn)n 5.

Besides, for k € R¢:
hk = hirr > 5

Therefore:

(logn)®
nBa-r <CA(log n)An_ﬁ

a—Ar)/2

= Cq T
on < Co )r = gld=n/2g, /2 (logn)( n. 2.

2. Il?a%tk > t(A,Cy). First remark that for any k € 1: d,
€
_Go

hi Ang.
C, Wk Ank

Oh
Hence, it suffices to control the threshold in order to bound the deviation. Let us consider

Jo € arg max,cp tx (actually assuming (5.16) means that jo = 1). In particular, when
h = h, the component jg is deactivated during the last iteration, and during the Direct
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Step (recall that t(A,C4) > 0). Let us consider the penultimate iteration, i.e. Iteration
tj, — 1. At this iteration, jy is not deactivated, i.e.:

=h ’Zh(tjo_l)jo‘ > ]lﬁzh)‘h(tfo_l)jo'

1)

Then we use 1. of Lemma 3. Note that Hk 1h tm < 1, thus:

A

]lghp Z,h(tjo_l)jo‘ < Z)\h(tjo_l)jo'

Remember the definition of Bern;(h, j), thus

1e,, Zh@jofl)jo—E[Z - ” < S M0

Therefore: 1

E |:Zh(tj0—1)j0:|‘ > ]l{h R} )\h(tjo—l)jo. (5.26)

Let us compare h(to=1) to h. Recall h = ko), since tj, is the final iteration of our
algorithm. We have:

]l{ﬁ:h}mshp

e for k € R°, h,(:joil) = hy. Indeed, t;x < 0, hence the components k have been
deactivated before Iteration ¢;, — 1, and have the same value for the last two
iterations.

o for k € R, hy > Bh,(;jo . Indeed, at worst, the component k was active during
Iteration t;, — 1 and have been multiplied by 3.

Therefore:
d d 1
IS
k=1 k=1
and
(logn)e 1 (tj—1)
hjo Anjo = Ca m < Bz h JO )‘h(t Do

To summarize, we have

= 7 Co
]1{11=h}ﬂ£hp ‘fh(w) —B [fh(wm < 1= hnEnpTh = L h}NEnp Oy - hio Ao

) ih( 7071))\

= ]l{iz:h}mghpﬂ_i C, o

R0~ Y jo
_r Gy (tj 1) _
= ]l{ﬁ:h}ﬂghp46 : ahjom ‘E [Zh(tio_l)jo} ‘ ’
Then we apply 2. of Lemma 2:

‘E[ htio =1 ; ”<CE (h((tfoﬂ))s 1.
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Therefore:

Ly, [fa(w) = E [f(w)]]| < 145 h}mehp‘w—ggihgoo Y x Cpy (n” 1)>S_1
< ACuggel 2 (g hg) = LG (5o o)’
< % (ﬁt(A,cA>hO>5 _ % (CA(logn)An‘ﬁ)s
— 4047 CEéCC’ﬁ_ _ (logn) n

Reuniting the two cases, we obtain Inequality (5.7):

Liionyng,, [n(@) = E [fn(@)]| <1y, on

Cy —Ar)/2 4CA5CpzCef27° A\ s
Smax <W(logn)(a 7”)/, A Eé)\ (logn)s )n 2s+7r |

5.6 Proof of Proposition 2

Let us evaluate the number of operations of our procedure. During the Reverse Step, each
bandwidth of Act(~1) can be multiplied by B~! several times until the loop condition is
achieved:

(Act® £ )& (max iz,(:) < B).

In particular, max ibl(ct) < 1. Since ilg) = hoﬁ’“k‘,

h(t) log(hg* log(n

using the lower bound on hg (3.1). Thus, during this Reverse Step, note that only |Act(~1|
components are updated and:

| Act(—D)|
d(2p+1)

e the number of updates of the Zj;’s is of order log(n) given the above remark,

e the computation of the Zj;’s and the comparison to the threshold cost O(]Act(=1|n)
operations.

Therefore at worst, there are O (M log(n )n) operation during the Reverse Step.

For the Direct Step, the stopping condition is < I h(t) logn)), which is satisfied for

the penultimate iteration, hence:
1+a

d
(logn
I > 58—

We denote t; the deactivation times of ﬁ, then

14a
hg,@zz:l ti > 6d (IOg n) ,
n
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which gives

d
log(B~%(log n)~(H)nhd)
2t < 1og(1/5) |

Thus, during the Direct Step, note that only |Act(0)| components are updated and

e the total number of updates of the Zj,;’s is of order 10g% (n) given the above remark,

e the computation of the Zj;’s and the comparison to the threshold cost O(|.Act(®|n)
operations.

Therefore at worst, there are O(]Act(~Y|log(n)n) operations during the Direct Step. Using
|Act(D| + | Act(D| < d, the sum of these two steps leads to the proposition.

6 Appendix

6.1 Lemmas

The following lemmas are mainly proved in Nguyen (2018). Note that some adjustments have
been made from their initial versions. In particular, we have refined points 2. of Lemma 1
and of Lemma 2 to take into account the extension of our results to Holder smoothness. In

the sequel, we only prove results of subsequent lemmas which were not established in Nguyen
(2018).

Lemma 1 (Lemma 5 of Nguyen (2018): f;(w) behaviour). Under Assumption Lx, for any
bandwidth h € (0,1]%, and any i € 1: n,

1. Let Cg:= || flloo, ull K|I. Then
|Efr1(w)| < E|fu1(w)] < Cg.

2. If f has only r relevant components R and belongs to Hq(s, L) and if the order p of the
kernel K is larger than or equal to s,

|Bu| < Cp > hi, (6.1)
keER

with Cz > 0 a constant only depending on L, s and K.

8. Let Berng(h) = {Ifn(w) — E[fp(w)]| < on}, where o, := C, M with C, =
n {1 b
k=

1

% If Cond(h): H hy, > 4”12(”% Uoen)® s satisfied, then:
53 962C2  n

P (Berng(h)) < 2¢~(logm)*

4. Let Bernyz(h) := {

iimWM—MWWMSCAZMn
P (Bermﬂ(h)c) < 2670ﬂf|”1—[i:1 hy
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. . [CR?. 330
’U}Zth C’Y|f| = Imin (T‘Q, W

Lemma 2 (Lemma 6 of Nguyen (2018): Zj; behaviour). If K is chosen as in Section 3.1,
and under Assumption Lx, for any j € 1,...,d and any bandwidth h € (0, hg]?, we have the
following results.

1. Let Cyzy = | fllo, el 1IN We have
E|Zpj| < Cpzhj "
2. If f has only r relevant components R, for j ¢ R:
EZy; =0,
and if in addition f belongs to Hy(s, L), for j € R:
!E[Zh,j]l < Cpzhi™, (6.2)

where Cpy = ([ |2°K(2)|dz ) ) L denoting (s—1)!:=(s—q+1)(s—q+2)...(s—1).

3. Let Berng(h, j) == {|Zn; — EZyj| < $An;}. If the bandwidth satisfies:

d 2(d—1)
(Y. _(logm)* . . A JTN2 K5

Condz(h): ] hx > cond (log with condz :

7(h) Zon 2 32 fllew, wll JRRNKIEED

k=1

then:

5 (ogm)e
P (Berny (h, j)°) < 2¢ e u 15",

no_ _
4. Let Bernyz(h, j) := {12 ; | Zhij| — E|Zp1;]] < CE|Z|hj_1}' Then,

P (Bern|2|(h,j)c) < 9¢~Crizin iz hi

56@3\2\ 36Cpz| )

with C. = min
12| - <4foo AITIZIE D 4K (S

Lemma 3. For any h € ’HR“’UHD”" and any component j € 1 : d, under Assumptions Lx and

Efx, if | H hi <1, then
k=1

1. we have: )
]lBern@‘(hj)ﬂ,Zn |AZ,hj‘ < ZAhj

AMx Cy
2. for Cyn = 5’50% :

]]'AnﬂBern‘f‘ (h) |Ah| < Cuach.

Lemma 4 (Taylor’s theorem). Let g : [0,1] — R be a function of class C1. Then we have:

g(1) — g(0) = Zg /t O/tlzo---/tiol(g(q)(tq)—g(q)(O))dtthq1...dt1.

=1
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6.2 Proof of Inequality (6.1) in Lemma 1

We recall that the notation - means the multiplication term by term of two vectors, then we
have:

d -1
_ _ K(h W — U
Bu=Efiw) - fw) = [ (T i s
ueRd \ 154 k
d
/ <H ) (w—"h-2)— f(w))dz.
2€R4 k1
For any z € R? let us introduce the notations Zgp := w and for k € 1,...,d, Zj = w —

E?Zl hjzje;, where {ej}?zl is the canonical basis of R?. Then, we write:

d
fw—h.z) =3 F@E) — fGE1) =D F@E) — fEra),

k=1 kER

since for k ¢ R, f(Zx) — f(Zx—1) = 0. We apply Taylor’s theorem (cf Lemma 4) to the
functions g : t € [0,1] — f(Zx—1 — thrpzrer), k € R:

q l
-zrh
FE) — FErn) = 0e1) — 00(0) = 30 P gz
=1 ’
where we recall that ¢ is the largest integer smaller than s and with

Jy = / (6 (tg) — 9(0)) dir
0<t <<t <1

— () / (00 F (Zios — tohnzner) — OF (k1)) dbreg
0<tg<im<ti<1
d
We denote Iy := [, pa < I K(zk/)> Jydz and for any z € R? we denote z_;, € R?! the
k'=1
vector z without its k" variable, then we obtain:

By = Z/GR (ﬁ K(zk/)> (JHZ

keR“? k'=1

=Y <1k+ZHM>

kER

8kf Zl— 1) )dz

where

h)l
My : = / T 5w ( uk) oL f(Ze_1) / 2L K (21)dzpdz_y
Z,kE]Rd_l

k' +k . 2L ER

_h)l
SO s (T ) i [ droa=o

k' £k teR
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since K is of order p > s > ¢q. So,
By=> I
keER

Now we control |Jg|:

‘J]C’ S |hkzk‘q / [8’3]0(2](;_1 — tqh’kzkek) — 8Zf(2k—1)j| dt]_;q
0<t,<---<t1<1
- L(hg|2x])°
ghzq/ LchSth:: .
M iy T T G =g
So:
d d—1
LI K[[{ () K ()l
1| = / K(zp) | Jpdz| < It
. 2€R? (kl;ll ( )> s(s—1)...(s—q)
Finally,
|Bu| < Cp > _ hi, (6.3)
kER
d—1y/\s

6.3 Proof of Inequality (6.2) in Lemma 2
Let j € R. Denoting J : R — R the function t — tK'(t) + K(t), we can write

w;—Wij wi—W,
T _J(%)kgK(kTM)
LS J

i=1 fX(Xi)hj ngl hi

Then, taking the expectation,

lej/ J(z) | [TE ) | flw —h-z)dz.

E[Zh;] = — y
oy

To simplify the notations, we assume R = 1 : . Then, by integration by part

Bz = [, i) | TTKGD | 0w =ne2)a:
k#j

= /T (H K(Zk)> Zjaij('wlzr - (h‘z)lz'/‘)dzlz'r; (64)

kER

where fr is the restriction of f to the first 7 components (remember that for any u € R" and
any v € RS fr(u) := fr(u,v) does not depend on v). Let us denote by G5 : [0,1] = R
the function

t— (9jf73(w1 —hiz,... , Wi — thij, W — hTZT).
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Then

E ZhJ / (H K Zk ) ]zh( )le:r

kER
/ (H K Zk ) zj{Gm,h(l) — Gj,z7h(0)}dzl:r7
kER

since the order p of K satisfies: p > s > ¢ > 1. Next we use the Taylor expansion given by
Lemma 4:

=1 q% (0)
Gjan(1) = Gjzn(0) =) JT + R pgts (6.5)
=1 ’
where R, 1= [ o [l g [ GV (t1) = G (0)dty by o . dty. But

Gg'f,)z,h(t) = (-hjzj)laé+1fﬂ(w1 - hlzl, s Wy — thij, cee s Wy — hrzr).

Then, the first ¢ — 1 terms in the r.h.s. of (6.5) vanish since [ zj-HK(zj)dzj = 0. Now, we will
bound the integral remainder of (6.5). Using that f belongs to H4(s, L), for all ¢ € [0, 1],

-1 -1 _ s
G0 (0) = GO < Izl Ltz 1,

since w —h -z + (1 —t)hjzje; € U. Hence

1 t1
R, hg-tl < / / / GV (tg—1) — GV D(0) | dtgrdty—s ... dty
t1=0 Jta=
_ fa—2 - L(hj|z|)*~!
< Ll [ / 1oty dty o iy = U
t1=0J1 tg-1=0 (s —1)!

denoting (s — 1) :=(s—q¢+1)(s —¢+2)...(s — 1). Finally,

h z
(2] - (HKk) Riepgidonr] < [ (HrK 20 )\zﬂ%dm
kER kER ’
Lhs™t
< T 15l /R (25 91K (2|2 < Cpght ™,

— 1!
=D \eeriin
denoting Cpz := (fp |2*|K(2)|d2) |K|;7'L/(s — 1)L

6.4 Proof of Lemma 3

Before establishing the upper bounds, let us control 1 ; H fo_fX H " First, using Assump-
" X o0, Uy
tion Lx:
0 := inf f > 0,
uléllxh X(U)
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remark that: for any u € U,

15, Ex(w) = 15 (fc(w) = fx = Exlloess )

z ]lﬁn (5 — Mx (I(Jg;\/g)z) by Condition (ii),
>1 0 f 1 h
=155 (for n large enough).
Therefore: .
ox := inf f >15 -
x = inf x(u) > Ay
which leads to:
_f fo — fX H
1 fX~ fx <1; oo,
oo, UL

- J\g x (logn)*/2

nl/2
Let us now prove the first upper bound.

1. We still denote, for any bandwidth h, any component k£ and any observation i,

Z 0 Kh(w — Wl)

— n j— j—
such that Zp;, = % > Zhik, with {Zp 7 1.i.d.. Then we can write:
i=1

n n

. = 1 £ = 1 fy—F =
Ag k= Zng — Zpk, = - § 1 (é(X) 1) Zhik = - E 1 ( XfXX (Xi)> Zhik-
1= 1=

Note that since K is compactly supported, if X; ¢ Ui,

Zhik = 0.
Hence:
~ 1 n
fx—F _
Az k| < foixXHoo X gZ | Zni|
<, (B0 + 23 el -2 20 ).

Using the above Inequality (6.6) and the upper bounds 1. and 4. of Lemma 2:

2Mx (logn)®/? B
]ljnﬂBern‘Z‘(h,k) |Aznk| < <5n1/2 x 2Cg 7l

Ly, G (ogn)?
47k Ty d /2’
n1/2hk ( H hk/)

k'=1
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d 1/2
f <kH1 hk/> < ﬁé\mm' Note that My is determined in order to satisfy:

0Cy

—— .

Hence the condition on the bandwidth becomes:

(H hk,)l/Z <1.

2. We still denote, for any bandwidth h and any observation 1,

- Kp(w — W;
fhl(w) = hf()/l:)(XZ) )7
such that fj(w) = 2 i fri(w), with {fh;(w)}?; ii.d. Then we can write:
i=1
A= fulw) — Fulw) =+ 37 (B0~ 1) Fulw) = = 37 (555X Fua(w).
= i=1

Note that since K is compactly supported, if X; ¢ U,
Fri(w) = 0.

Hence:

- 1 noo
fx—f
|Ap| < foiXXHOO X ﬁz‘fhi(w)’
: i=1

<Jiel ¢ (Bl + 3 Sl £ o))

Using the above Inequality (6.6) and the upper bounds 1. and 4. of Lemma 1:

2Mx (logn)®/?
11./ZnﬁBern‘J;‘(h) |Ah| — < K} nl/2 x 20

1/2
4MXCE (H hk’) S CMAO’h.
k'=1

E

6.5 Proof of Proposition 1

The proof is very similar to the Proposition 1 of (Nguyen, 2018). The main modification is
due to the tighter log exponent in Condition (ii) and the enlarged neighborhood U; of z. We
introduce the classical kernel density estimator f§ for any u € R and a bandwidth hx € R%
to be specified later,

e L 1 Uj — )A(:Z‘j
R (u) == e Z 1:[1c (hX ) : (6.7)



where K : R — R is a kernel which is compactly supported, of class C' and of order px >
%11)’ where we recall that ¢ > 1 is defined by nxy = n®. We first show that there exists
ng > 0 such that for any & > 0:

14¢

: (logn) 2
]P) (fo — f)I%Hoo, U > CXT § O (nff(l—i_l exp <—(10gn)1+£)) . (68)

Then we set . . )
fx =tk vn2,
and we shall prove that this estimator satisfies Condition (i) and Condition (ii) for fx.
Let us prove Inequality (6.8). Let us first explicit f§’s behaviour. Following Lemma 5

gives a pointwise concentration inequality and a control of the bias of f)’% on U;. We introduce
an enlarged neighborhood of U;:

U = {u'=u—hxz:ue U,z €supp(K)}.
Lemma 5 (f)’% behaviour). The estimator f§ satisfies the following results:

1. If there exists qx € N such that fx is C% on U] and such that K has qx — 1 zero

moments, then there exists a positive constant Cy,. ~ such that

K
ot -], < o

2. For any £ >0, any uw € Uy and any A > 0 such that:

(logn)'*¢ <2< 9CVMX2

4CV&I’ — —
o S

9

1
where Cyary i= H’CHngfX”;o u;’

P (’f§(u) - Ef§(u)‘ > A) < 2exp <—(logn)1+§) .

This lemma is proved in Section 6.6. We define p’y = min(p/, px ), so that: fx is of class
CPx and the first p’y — 1 moments of K vanish. Therefore, we can apply 1. of Lemma 5:

[BEY = ix|| < Cliae PR
0o, Uy

bias x
Therefore:
e e R o
HX Xoo,lxﬁi X XOO,Z/{1+ X XOO,Z/{l
FK K P’
<[ 8], ¢ Gl
and we have for any threshold A:
P Hf§ - fXH >\ <P H%§ - EF§H >\ — Chie B2 ) . (6.9)
oo, U o0, U X

50



We have then reduced the problem to a concentration inequality of f)’% in sup norm. In order
to move from a supremum on f; to a maximum on a finite set of elements of Uj, let us
construct an e-net {U(l)}l of Uy, in the meaning that for any u € U, there exists [ such that
lu —upylloo = jmax lup — uqyr| < €. We denote A > 0 such that:

J.

Set N (e) is the smallest integer such that 2¢N(e) > A, and for [ € (1: N(e))™, u() such that
its j-th component is equal to:

ol

supp(K) Usupp(K) C [ g

A
u(l)j = a:j — 5 + (2lj — 1)6.

Then {u }l €(1:N (&)™ is an e-net of U;. Therefore in order to obtain Inequality (6.8), we only
need to obtain the concentration inequality for each point of {ugy : 1 € (1: N(e )4} and to

control the difference of the function f§ — Ef)’% evaluated at the point u and at the nearest
point of u in the e-net. More formally, we have to control the following supremum

5 (u) — B (u) — B (uqp) + EFS (ugy) | -

sup min
ue Uy LE(L:N ()4

For this purpose, we obtain (from Taylor’s Inequality): for any u,v € R,

d1 dl
[T ) = TTE@e)| < dallK | lIKNE e = vloo-
k=1 k=1

Therefore, for any u,v € Us:

nx

) ()] < - hdl >

=1

dy

H’C Uk sz H Uk sz

k=1 k=1

lu — ]|
< di|[K |l K112 1hT+1OO-

Since {uq) : 1 € (1: N(e))%} is an e-net of Ui:

K K ’ di—-1_ €
su min u) — fy(u ‘SdlCoo/Coé ,
S ey [ X~ B )] < Al [IX] i+l
and also:
sup  min  |EFS(u) — EFS (u (<d K|l 21—
(B~ B )| < I e I
Therefore:

€
di+1"
hX

sup min

B () - B (u) — B () + B (u) | < 260|121
u€ Uy 1E(1:N (e ))

o1



We denote Cgi := 2d1 || K[| oo ||C[|% =1, We then obtain the following inequality:

B (uq)) — EF (ug)|

5 (u) — EE (u) — £ (uq)) + EF5 (ugy)

X _Ef a
H X XHoo U le(ln]lv(x))

+ sup min
u€ Uy 1€(1:N (€))%

< max
le(1:N (€))%t

= €
fX (u(l)) - Ef)’% (U(l))’ + Cdiﬁm-
hx
Then the inequality (6.9) becomes: for any threshold A,

(e, 2 ) <P (B, 20 )
00, Uy oo, U1

le(1:N (€))%

~ ~ / €
(ug)) — Ef§(u(l))’ > X — Clias MY — Cdiffhd1+1)
X

§]P’( max

1e(1:N(e))?

S N(E)dl max <‘fX U(l) ]EfX( ())‘ Z )\ — C{DiaSth(X - Cdiﬁ'W

(6.10)

It then remains to apply 2. of Lemma 5 for each ugy, [ € (1: N (€))%, We set the following
settings:

‘Ll 1
oe—h ny’;

e \:=2)\x, where Ax is defined by:

146 — 1+ —5
Ax = 2¢/Cuary (logn) = hy ? ny? = 21/Crary (logn) = ny™,

ol
ol

where we recall that Cyary = H’CHgl”fXHoo u

In particular, since we take px > ﬁ and we assume p’ > ( 1), then p/y, = min(p/, px) >

d1 .
1) Hence we obtain for n large enough:
pfx(c 1)
pX . / c.dy
blasX h bias x Nx

and also, since ¢ > 1:
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Hence, we have
! €
A = Chias B — Cait—g7 = Ax,
hx
and the inequality (6.10) becomes:

P <Hf§ - fXHOQ - )\> < N(® e P (‘f)’%(um) - EE§(UU))‘ > /\X> . (6.11)

We apply 2. of Lemma 5: we verify (since ny = nc)

logn)+¢ _
4Cvarx(ghlll = )‘,2)( = 4cvarX (10g n)1+£n !
nxhy
9Cvary >
< ngﬁﬁl , (for n large enough),
o0

then we obtain
P (‘f§(u(l)) - Ef§(u(l))‘ > /\X) < 2exp (—(log n)1+§> .

Thus the inequality (6.11) becomes:

P <Hf§ - fXH > )\> < 2N ()% exp (—(log n)l+€) . (6.12)

oo, Uy -

Let us control 2N (e)%:

dy

A4 A
2N () =2 LJ =2 |/ 1| —°¢ (”§5+1)
2hy 2 ny?

Therefore, we have obtained the desired concentration inequality (6.8). Now we consider
fy = £ v n=1/2, therefore fy satisfies Condition (i). Let us show it also satisfies Condition
(ii), for n large enough. We first show:

I -nl <) = -t <A} (6.13)
oo, U1 oo, U1

Assume that for any u € U, F§(u) —fx (u)‘ < A. Let us fix u € U;. Three cases occurs:
(a) When % (u) > n~z, then fy (u) := £ (u), and obviously:
’fx(u) — fx(u)’ < A\

]fx(u) —fX(u)‘ < ‘f§(u) _ fx(u)’ <
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(c) When f&(u) < n~% and fx(u) < n_%, then fx(u) = n_%, so for n large enough:
(EX(U) - fX(u)‘ <n7P <A
Therefore these three cases show Implication (6.13), and thus, from Equation (6.12), we obtain:

P <HEX _ fXH > )\) <P <Hf§ - fXH > )\) < 2N ()% exp (—(1ogn)1+5) .
oo, Ui oo, U
Now, to obtain Condition (ii), for £ such that 1 + “T_l <1l+¢<a,

A = 44/Cyary (log n)%n_% < Mx (log n)%n_% (for n large enough). (6.14)

Therefore:

P(HFX—fXH ZMX(logn)%n—é) gP(HfX—fXH 2)\>
oo, Ul oo, U
< 2N (e) exp (—(log n)1+§>
< exp <—(10g n)1+a771> ,
that is Condition (ii).

6.6 Proof of Lemma 5

The result 1. of Lemma 5 is proved in Lemma 4 of Nguyen (2018). To prove 2. of Lemma 5,
let us fix £ > 0. Then, we simply apply Bernstein’s Inequality (see Lemma 10 in Nguyen
(2018)). We define for any w € U; and fori e 1:n

dq >
. 1 wj — Xy
hx 5 hx

Observe that the f)fg ;(u)’s are i.i.d. Then we pick up the following bounds from (Nguyen,
2018, p. 23):

B4 ()] < My = KRR

Var (f§1(u)> <Vhy = Cyary h)_(dl,

(we recall Cyary = ||K[|2% [£x oo, 217)- Therefore: for any A > 0,
2
e IR < - nx)\ 3’1%)()\
P ()fx(u) EfX(u)‘ > )\> < 2exp ( min (4VhX ‘) )

Let us show that when ) )
(logn)+¢ )2 < 9Cyar

nxh® T T K|

4CVaI‘X

o4



then, we have

146 nxA? < 3nxA

1 .
(logn) ™ < dvn, — 4Mp,
Indeed,
nx)\Q S 3TLX/\ o A § 3VhX _ 3CV&;X
4VhX 4th th ”K:”(xl)
9C?
2 var
& < s 25?
KI5
and
(logn)1+¢ < X S o ACuary (log ) ¢ <
A nxh® a
X Xt x

Therefore when )
(logn)'*¢ )2 9Cyar

4Cvarx

nxhy T TR
2 2
e e < o nxA° 3nxA\ _ _nXA
P (’fX(u) EfX(u)’ > )\) < 2exp < min <4VhX YT 2exp Tvns

< 2exp (—(log n)Hg) :
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