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Abstract

In this work, we consider the shape derivative formula for a volume cost functional
which we studied in preceding papers where we used the Minkowski deformation and
the support functions in the convex setting. Here, we extend it to some non convex
domains, namely the star-shaped ones. The formula is also an extension of a well
known one in the geometric Brunn-Minkowski theory of convex bodies. Finally, we
illustrate the formula by applying it to some model shape optimization problem.
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1 Introduction

This paper deals with a generalization of a shape derivative formula for a volume cost functional
with respect to a class of convex domains, a formula that we already studied in [2,3], and our aim
is to extend it to non convex domains. To be precise, consider the shape functional J defined by

7(Q) = /Q f(x) dr,

where (2 is a bounded open subset of R™ and f is a fixed function defined in R™.

Using the deformation (1 — &) + €2, € €]0, 1[, of p and a C! function f, A. A. Niftiyev and
Y. Gasimov [25] first gave the expression of the shape derivative of J with respect to the class of
convex domains of class C? by means of support functions:



Theorem (A. Niftiyev, Y. Gasimov) If €9, are bounded convex domains of class C? and the
function f is of class C', then, the limit

J(1—¢) + Q) — J(Qo)

lim
e—0t €
exists and is equal to
(z) (Pa(vo(z)) — Pay(vo(z))) do(z), (1)

2191}

where vy(z) denotes the outward unit normal vector to 0§y at x, and Pq,, Pq are the support
functions of the domains €, §2, respectively.

Recently, A. Boulkhemair and A. Chakib [3] extended this formula to the case where f is
in the Sobolev space I/Vlicl (R™). Inspired by the Brunn-Minkowski theory (see, for example, R.
Schneider, [27]), they also proposed a similar shape derivative formula by considering the Minkowski
deformation €y + €2 of Qg :

Theorem (A. Boulkhemair, A. Chakib) If Q,Q are bounded convex domains of class C? and the
function f is in the Sobolev space Wlicl (R™), then, the limit

J(Qo + 69) — J(Qo)

lim
e—0t 5
exists and is equal to
() Pa(vo(z)) do(x), (2)
Qo

where vy(x) denotes the outward unit normal vector to 9y at x, and Pq is the support function
of the domain ().

In fact, this formula holds true even for bounded convex domains, see [2].

If one compares (1) and (2), one can easily remark that, unlike the first formula, the second one
does not depend on the support function of y. This suggests that (2) should hold true for non
convex )y, which would be very interesting for applications in shape optimization. Unfortunately,
up to now we have not been able to treat the case of general non convex domains. In this paper,
we shall extend formula (2) to the case where §)g is a star-shaped domain of class C2. In fact, we
were naturally led to star-shapedness because one can take again parts of the idea of proof of [2,3],
mainly the use of gauge functions. Note that, by using such a method, this is the best result one
can obtain since the star-shaped domains are exactly the sublevel sets of non negative continuous
homogeneous functions. Thus, the case of non star-shaped domains is an open question and clearly
needs other methods to study it. Anyhow, we shall return to this problem in a future work.

An important motivation for this work came from the fact that, when f = 1, (2) is a well known
formula in the Brunn-Minkowski theory of convex bodies, see [27] for example. Indeed, when €
and €2 are bounded convex domains, we know from that theory that one can write

V(Qo+t0) =) <?>tjvj(ﬂo,9)7 t>0,
7=0

where V' denotes the volume functional, that is, the n-dimensional Lebesgue measure, and the
coefficients V;(£2o,2) are what one calls mized volumes of )y and €2 and are significant in convex



geometry, see [27], [21] or [29] for example. Let us first remark that the first mixed volume V5(Qo, )
is simply the volume V' (£2p). Next, it is known since a long time that

n

V(Q+tQ)—V(Qo)
0 . 0 Z

— (?)tj_lvj(ﬁo,ﬂ) —nV1(Q0,Q) = /{mo Po(vo(x)) do(x) (3)

j=1
as t — 07. Thus, (2) is an extension of the above formula to the case where f is not necessarily 1
and the aim of this work is to extend (2) and (3) to the case where € is not necessarily convex.
Another remark is that formula (3) is known to be a basic ingredient for solving the classical
Minkowski problem in convex geometry, see [27] for example. Moreover, this idea has been taken
up by some authors to solve Minkowski type problems associated to geometric functionals other
than the volume one. We quote, for example, [22], [23], [12] and [13]. Using our result, one should
likely be able to do a similar work using the functional studied in the present paper.

Originally, even if it is a theoretical one, this work was also motivated by numerical approxima-
tions in shape optimization problems, since it is indeed the most difficult aspect of this subject. We
refer to [1], for example, for explanations about the issues that arise when implementing numeri-
cally the minimization of a shape integral functional, via some gradient method, by using the usual
expression of the shape derivative by means of vector fields. Briefly, the reason is that, when using
vector fields, at each iteration we have to extend the vector field (obtained only on the boundary)
to all the domain or to re-mesh, and both approaches are expensive. On the other hand, when we
use support functions, at each iteration, we get not only a set of boundary points but also a support
function which, by taking its sub-differential at the origin, gives the next domain. This is why we
are interested in the above formulas that is, expressions that use support functions instead of vector
fields. In the last section, we give an idea on how to apply these formulas to the computation of
the shape derivative of a simple shape optimization problem by means of an algorithm based on
the gradient method. Anyway, these formulas are actually applied and implemented in the recent
paper [6] and in the forthcoming paper [7].

Concerning the method of proof, we first assume that the deformation domain €2 is strongly
convex, which allows us to construct some parameterization of the perturbed domain Qg + Q2 by
means of some C'—diffeomorphism defined on €. The construction is based on some analytical
and geometric properties of gauge and support functions of star-shaped domains, and reduces the
problem to the usual computation of the shape derivative using vector fields. The case of a general
convex ) is then treated by using an approximation of {2 by a sequence of strongly convex domains
and is based on some crucial analytical and geometric lemmas.

In fact, we have followed the idea of proof of [3]. However, even if the general plan is the same,
our proofs are far from being a straightforward consequence of the work in [3], essentially because of
the fact that the theory of starshaped sets is not as well established as that of convex analysis. For
example, the construction of the C''—diffeomorphism that parameterizes the perturbed domains
relies on a tricky argument using the convolution of two hypersurfaces. Let us also quote the
result on the continuity of the gauge function with respect to star-shaped domains by means of the
Hausdorff distance (Proposition 4), a result which is new to our knowledge.

The outline of the paper is as follows. In section 2, we recall some facts about star-shaped
domains and give their proofs. The main results are stated in Section 3 where we also prove
consequences of Formula (2) to the situation where the function f depends also on domains, which
is customary in shape optimization problems. The fourth section is devoted to the proof of the
main results using several lemmas. Finally, in Section 5, in order to illustrate these results, we give
an application to a model shape optimization problem and an algorithm for solving this type of
problem based on the gradient method.



2 Preliminaries on star-shaped domains

There are several definitions of what is called a star-shaped set in the literature. Here, we shall use
the following one:

Definition 1. An open subset (or a domain) €2 of R" is said to be star-shaped with respect to
some xg € ), if for all x € Q, Q) contains the segment [xg, x[= {(1 — t)xg +tx; 0 <t < 1}.

It follows from this definition that the domain 2 is convex if and only if it is star-shaped with
respect to each xp € Q.

In what follows, we shall often work with bounded domains which are star-shaped with respect
to 0. The reason for this is that such domains are naturally associated to gauge functions like the
convex domains. So, let 2 be a bounded domain which is star-shaped with respect to 0. For each
x € R™, consider the following set of positive real numbers

{MA>0, 2N},

which is always non empty since () is a neighborhood of 0. By definition, the gauge function
associated to €1 is the real function Jo : R™ — R given by

Ja(x) =inf{\; A >0, z € \Q}.

Like for the convex bodies, the gauge functions characterize the star-shaped domains they are
associated to. In the following proposition, we summarize their main properties.

Proposition 1. Let Q C R™ be a bounded domain which is star-shaped with respect to 0. Then,
the gauge function Jq Is a non negative continuous positively homogeneous function of degree 1.
More precisely, we have the following properties:

(i) Jo(0) =0, Jo(x) >0, Vx #0.

(i1) Jo(tx) = tJo(x), Vo € R?, Vt € Ry.
(131) Q ={z € R"; Jo(x) < 1}.

(iv) 02 = {x € R"; Jg(x) = 1}.

(v) Jo :R™ = R s continuous.

(v

i) If ' is another domain which is star-shaped with respect to 0 and Q' C §, then, Jo < Jo.

Proof. (i), (i) and (vi) are easy consequences of the definition of Jq and the fact that Q is a
bounded neighborhood of 0.

(797) = As it follows from the definition, if Jo(x) < 1, we have z € XQ for all A > Jq(x), and in
particular for A = 1. Conversely, if x € €, we have, by definition, only Jo(z) < 1. But the fact that
Q is open and star-shaped with respect to 0 implies that x € AQ2 for some A < 1; hence, Jq(z) < 1.
(v) : It follows from (i4¢) that if x € 09, then Jo(z) > 1. Now, by star-shapedness, we have
tx € Q, Vt € [0, 1] which implies Jq(tz) = tJo(x) < 1, Vt € [0,1]; hence, Jo(x) < A, YA > 1 which
implies Jo(x) < 1, and so Jq(x) = 1. Conversely, if Jo(x) = 1, we have x ¢ 2 and z € A\() for all
A > 1 which implies that tx € Q, Vt €]0, 1[. Since tx — = when ¢ — 17, we obtain that x € 9.
(v) : Since Jgq is a positively homogeneous function, to prove its continuity it suffices to show that
{Ja < 1} is an open set and that {Jo < 1} is a closed set. But this follows from (i¢) and (iv) since
{Jq <1} = Qis open and {Jq < 1} = Q is closed. |

It is well known in convex analysis that the gauge function of any convex domain is Lipschitz
continuous. This is no longer true for star-shaped domains. Since such a Lipschitz regularity will
be needed in the sequel, in fact, we shall work exactly with the star-shaped domains whose gauge
functions are Lipschitz continuous. In order to be able to describe geometrically this subfamily of
domains, let us give the following definition.



Definition 2. An open set 2 C R" is said to be star-shaped with respect to a subset G C §, if it
is star-shaped with respect to any point of G.

This definition allows us to characterize in a simple manner the star-shaped domains whose
gauge functions are Lipschitz continuous. This is done in the following result for which we provide
a new and simple proof (see also [8,15]).

Proposition 2. Let 2 C R™ be a bounded domain which is star-shaped with respect to 0. Then,
its gauge function Jq is Lipschitz continuous if and only if ) is star-shaped with respect to some
ball B(0,r) C Q centered at 0 and with radius r > 0. Moreover, when this condition is satisfied,
one can take 1/r as a Lipschitz constant for Jq.

Proof. Assume first that Jq satisfies the inequality [Jo(y) — Jo(z)| < L|y — z for all z,y € R,

and let us show that Q is star-shaped with respect to the ball B(0,r). For all y € B(0,7), x € Q
and t € [0, 1], it follows from the assumption that

1 1
Jo((1 =ty +tx) < Jo(tz) + —|(1 =ty <t1+ (1 -tr=1,
which says exactly that (1 —t)y +tz € Q for all y € B(0,r), = € Q and t € [0, 1], that is, Q is
star-shaped with respect to the ball B(0, 7).
Conversely, assume that  is star-shaped with respect to the ball B(0,7), » > 0. For each

x € 99, consider the convex hull of the set B(0,r)U {z} and denote by €, its interior. Clearly, 2,
is a convex domain and a subset of Q. Thus, it follows from Proposition 1 (vi) that

Jo < Ja, < Jpo)-

Hence, we can write, for all y € R",

1
Ja(y) < Jo,(y) < Ja,(2) + Ja, (y — 2) < Ja(2) + Jpon(y — ) < Ja() + |y — 2],

since Jq, is a convex function, Jo(z) = 1 = Jo,(z) and Jp.(2) = |z|/r. So, Jo(y) — Ja(r) <
%|y — x| under the assumption x € 99Q2. This is also true if x = 0 and when x # 0, it follows from
this inequality, since x/Jq(z) is on 052, that

fo <Jﬂix)> - (Jﬂgiﬂf)> = %

which implies by homogeneity that Jo(y) — Jao(z) < %]y — x| for all z,y € R", and, by symmetry,
the Lipschitz continuity of Jg. |

y oz
Ja(z) Ja(x)

)

We shall also need the following technical result. Note here that the scalar product in R" of x
by v is denoted in what follows by (x,y) or sometimes by z.y .

Lemma 1. If Q@ C R" is a bounded domain which is star-shaped with respect to a ball B(0,r),
then, we have
(v(z), =) >,

for almost every x € 02, where v(x) is the outward unit normal vector at x.
Proof. It follows from Proposition 1 that
Q={zeR"; Jo(z) <1}, I={zecR"; Jo,(z) =1}, (4)

and from Proposition 2 that Jq is Lipschitz continuous with a Lipschitz constant equal to %, that
is, for all z,y € R™,

1
Jal@) = Ty < ~ o~ y,

5



which implies that |V.Jg| < 1 a.e. according to Rademacher’s theorem (see [18], for example), and
that the outward unit normal vector is given by

() = VJa(x)

VJa(z)]
for almost every x € 9€). Moreover, since Jq is positively homogeneous, we have, for every x € 952,

Ja(zx + tx) — Jo(x) (1+t)Jo(z) — Jao(z)

(Vio(z),z) = %gr(l) n = }gr(l) ; = Jo(z) =1,
which implies that
VJao(z) > 1
v(z),r) = =7, )= =7 =T,
e = (T e) =
for almost every = € 0f2. |

Like for the convex domains, the regularity of a star-shaped domain with respect to a ball is
that of its gauge function:

Lemma 2. Let Q C R™ be a bounded domain which is star-shaped with respect to a ball B(0,r),
r > 0. Then,  is of class C*, k > 1, if and only if its gauge function Jq is of class C* in R™\{0}.

The proof of this last result is the same as that given in [3] in the case of convex domains and
makes use of the fact that (v(x),z) does not vanish which is insured by Lemma 1 in our case. So,
we refer to it.

Finally, the following result will also be used:

Proposition 3. Let (®.)o<c<-, be a family of C! diffeomorphisms from R™ onto R™ such that
®o(r) = = and (e,z) — ®.(z) and (g,y) — ®-'(y) are of class C' in [0,e9] x R™. Then,
for all f € VV;)’;(]R"), the limit lim,_o+ (f(®c(z)) — f(x))/e exists in L} (R™) and is equal to

Vf(x).d%tbg(az)]a:o.

For a proof of this lemma, see [20], Chapter 5.

3 Main results

Let us first define the set of admissible domains U to be the set of bounded open subset of R"
which are of class C? and star-shaped with respect to some ball.
Recall that the support function Pq of a bounded convex domain 2 is given by

Pq(x) =supz.y =supz.y,
y€eN yeQ

where x.y denotes the standard scalar product of x and y in R”, a product that we shall also denote
sometimes by (x,y).

We can now state the first result of this paper which concerns the shape derivative of the volume
functional

Q= J) :/Qf(as)dx.

Theorem 1. Let Qg € U, Q be a bounded convex domain and f € W'(D) where D is a large
smooth bounded domain which contains all the sets Qo + €2, € € [0,1]. Then, we have

lim J(Qo +eQ) — T () _

e—0t € 900

(z) Pa(vo(z))do(z). (5)

where vy denotes the outward unit normal vector on 9€).

6



The proof of this theorem will be given in the following section. Here, we state and prove a
corollary of this result which treats a case that occurs frequently in the applications, that is, the
case where the function f itself depends on the parameter .

Corollary 1. Let Qq, Q and D be as in Theorem 1, let (f.), 0 < e < 1, be a family of functions
in LY(D) such that fo € WHY(D) and let h be a function such that (f. — fo)/e — h in LY(D) as
e — 0%. Let us set Q. = Qg + £ and

I(&:)—/Q fe(z)dz .

Then, we have
tim 2O hayaa e [ )Pt (@)io @), )
e— g Qo 890

Proof. We write

) —10) _ / <1(f5 — fo)) — h(:c)) da + / () + ( | fo@ydz = | fo(x)dw> ,

9 9

and then we study each of the three terms of the right hand side of this equality. It follows from
the assumption that

/5 (i(fs = fo)(z) = h(x)) dz

On the other hand, since the characteristic functions of €). converge almost everywhere to the
characteristic function of Q¢ when ¢ — 0T, it follows from the Lebesgue convergence theorem and
from (5) that

< [ |2t i) -

lim L& =10 _ / h(z)dz + fo(x)Pa(vo(z))do(z) .
Qo 0Qo

e—0t €

4 Proof of Theorem 1

Note first that one can assume that f € Wlicl (R™) or even f € WHL(R™). Indeed, one can reduce
to this case just by extending the function f to R™ by means of the usual results on Sobolev spaces.
We follow the same idea as [3], that is, we treat first the case where the deformation domain 2
is strongly convex, the general case being obtained by means of an appropriate approximation.
To be able to use gauge functions, we have to assume that g and 2 are neighborhoods of 0.
However, this is not a restriction of generality. Indeed, assume that Theorem 1 (and hence also
Corollary 1) is proved in this case, then, if Qy and Q are neighborhoods of 0 and ¢y, c € R™, we

have, by obvious changes of variables,

(T (co+ Qo +e(c+Q)) = T(co+Q0))/e = (T(co+ec+ Q) = T(co+Q0))/e

1
:(/ fleo+ec+x)de — f(Co—i—iU)dx).
€ \Ja. Q0
It follows then from Proposition 3 that

f(x+co+ec)— f(z+co)
9

— Vf(z +co).c = div(f(z +co)e) in L (R



as € — 0T, and from Corollary 1 that

Q Q) — Q
i L0+ Qorelct ) =Tleot) [ r b () do(x) +/ div(f(z +co)c)da.
e—=0t £ 80 Qo
Now, it remains to apply the divergence formula to get
Q Q) — Q
lim Jlco+ S + e+ Q) = Tleo + o) = f(z + co)Pa(vo(x))do + f(z+ co) cvp(z) do
e—0+ € 0o Q0

- f(z 4 co) Pera(vo(z)) do
o

- / F(2) P (veg 0 (1)) dor,
9(co+0)

where v,,1q, is the exterior unit normal vector to d(co + 0) at x, which establishes the formula
in the case where the domains are not necessarily neighbourhoods of 0.

In what follows g is thus assumed to be star-shaped with respect to the ball B(0,r) and € is
a neighborhood of 0.

4.1 Case where the deformation domain is strongly convex

Assume that € is strongly convex, that is, near each point of its boundary, the open set € is defined
by {¢ < 0} and its boundary 09 by {¢ = 0}, with some C? function ¢ whose Hessian matrix is
strictly positive. Such an assumption allows us to do some geometrical construction to show that
the domain Qg + €2 is the deformation of 2y via some diffeomorphism. This reduces the problem
to a well known situation of deformations with vector fields, see [20] for example. The construction
relies on several lemmas and starts with the following:

Lemma 3. Let Qg and Q be bounded open subsets of R" of class C? and assume that ) is strongly
convex. Then, there exists a map ag : 9Qy — 0L), such that

(¢) For all x € 0Q, Pa(vo(z)) = vo(z).ao(x).

(1) For all x € 0, v(ap(x)) =vo(x) where v(y) denotes the exterior unit normal vector to
o at y.

(iii) The map ag : O — OS2 is of class C!.

The proof of this lemma indeed do not assume a particular geometry for €2y and is the same as
that of Lemma 1 of [3], so we refer to it.

Now, we would like to extend ag to a map from 2y to €2 and even from R™ to R™. This is done
by using homogeneity.

Lemma 4. )y and () being as in the preceding lemma, assume moreover that () is star-shaped
with respect to a ball centered at 0. Then, there exists a map a defined from R" to R", satisfying
the following properties:

(1) a = ap on 0%y.

(ii) a(Qp) C Q and a(R™\ Qo) C R™\ Q.

(iii) a is positively homogeneous of degree 1, Lipschitz continuous on R" and of class C! in

R™\ {0}.
Proof. We define a on R™ by

a(z) = 0 ifx=0
) Jay (@) ao(z/Jay (x)  if  #0.



Using Proposition 1, Proposition 2, Lemma 2 and Lemma 3, it is easy to check that a satisfies (i),
(7i) and (7). |

Using the vector field a, let us now consider the map
O () =x+ea(z), x € R", ¢ >0.

Since a is lipschitz continuous on R, it is a classical fact (and easy to check) that, if ¢ is suffi-
ciently small, ®. is a Lipschitz homeomorphism from R™ onto R™. Moreover, it follows from the
inverse function theorem that ®. is a C'-diffeomorphism from R™ \ 0 onto R™ \ 0. We shall use
®,. to parameterize the set Qg + €. In order to be able to do that, we need the following result
which estimates the boundary of the Minkowski sum of two subsets of R™ using the convolution of
hypersurfaces.

Lemma 5. Let A, B C R" be open, bounded and of class C'. Consider the following set
OAxOB:={x+y : v € 0A, y € 0B and vy(x) =vp(y)} (7)
where v4 and vp are the outward unit normal vectors to 0A and OB respectively. Then, we have
0(A+ B) C 0A*0B.
Proof. Recall that the Minkowski sum of two subsets A, B of R™ can also be written as
A+B={reR"; (-A+z)N B #0}. (8)

Let x € 9(A + B). It follows from (8) that (—A + x) N B = () and that (—A + z) N B # (); hence,
I(—A+2)NOB #£ 0. Let y € 9(—A+2z)NOB. Since —A+x C R™\ B, the hypersurfaces 9(—A + )
and OB are tangent at y and we have T, 0(—=A + x) = T, 0B and v(_a4,)(y) = —vB(y). Now,
y € 0(—A+x) = —0A + x, so that x € A + y and there exists a € JA such that x = y + a.
Moreover, since —A + x is the image of A by the diffeomorphism z +— —z + x, we also have

—va(a) =V aya)(y) = —vB(Y),

which achieves the proof of the lemma. |

We will also need the following result:

Lemma 6. Let  be a bounded and strongly convex domain of class C? and let v denote the
outward unit vector field normal to Q. Then, v : 0Q — S"~! is injective.

Proof. There exists a strongly convex C? function ¢ : R* — R such that Q = {z € R" / ¢(z) < 0},
0N ={zx € R" )/ p(xr) =0}, Vo # 00ondf and v = Vy/|Vp|. Let z,y € 9Q be such that
v(z) = v(y) and let us show that = = y. Assume that z # y. Since ¢ is strongly convex, it follows
from Taylor’s formula that

(Vo(z),y —z) <py) —p(z) and (Ve(y),z —y) < (@) — o(y).

Since p(z) = ¢(y) = 0, multiplying respectively by m and \VTl(y)l yields

(v(z),y—z) <0 and (v(y),xz—y) <0,

which gives a contradiction since v(z) = v(y). So, x = y and the lemma is proved. [ |

The above lemmas allow us to prove the following crucial one which concerns the parameteri-
zation of the perturbed domain 2. by means of Qy and ..

9



Lemma 7. Let Qo € U and ) be a bounded and strongly convex domain of class C? in R™.
Consider the set . = Qy + €Q and the map ®. : x +— = + a(x), € > 0, where a is as in Lemma 4.
Then, if ¢ is sufficiently small, we have the following:

(1) ®(090) = 0 *x 0N and 0N C I(P(Q)).
(77) ©-(Q) = Q.
Here, vy and v denote the outward unit normal vector to g and § respectively.

Proof. Let z € 0. According to Lemma 4 and Lemma 3, a(z) = ag(z) € 9Q and vy(z) =
v(a(z)); hence, . (z) = x + ca(z) € 9N * eI Conversely, if z € 9Ny * 012, there exists (z,y) €
09 x 09 such that z = x + ey and vy(x) = veq(ey) = v(y). Applying once again Lemma 4, we
have a(z) € 092 and vy(z) = v(a(z)) = v(y). Next, applying Lemma 6 yields a(z) = y. Therefore,
z =z +ea(x) = & (x) € P(9Q). Thus, we have proved that ®.(9Qy) = 9 + £0N. Now,
according to Lemma 5, we have

0. = 8(Q0 + 59) C 0 *O(EQ) = 0y *x0f) = @e(&QO) = 6@5(90),

which achieves the proof of (7).

To show (i7), note first that ®.(Qy) C Q. is an obvious consequence of Lemma 4. To prove the
other inclusion, let us first remark that it follows from the homogeneity of ®. that ®.(2) is also
a star-shaped domain with respect to 0 as it can be checked easily. Next, assume that there exists
x € Qg such that x € R™"\®.(p). Then, it follows from Proposition 1 that 0 < Jo_(z) < 1 and
Jo.(00)(z) = 1. Now, consider x, = z/Jq_(z) € 9. Clearly, Jo_iq,)(7+) = Jo_(00)(2)/Ja.(z) > 1,
that is, z. ¢ 9(P-(Qo)), which contradicts (¢). Thus, () = Q.. |

Lemma 7 provides the main tool in the proof of Theorem 1 in the case where €2 is strongly convex
and of class C?. Indeed, according to this lemma, Q. = ®.() and the problem is reduced to the
case of a deformation of €}y by a diffeomorphism or, more precisely, a Lipschitz homeomorphism.
According to [28] for example, we have the following shape derivative formula

= f(z)a(z).v(x) do,

d
—TJ(Qo + 0
de (o )5:o+ 9%

and according to Lemma 3 and Lemma 4, we have
a(z).v(z) = ao(z).vo(z) = Pa(ro(z)).

Hence the formula

lim, T+ =IO _ [ f(a)Patwo(a))do(z).
e— 800

and this achieves the proof of Theorem 1 in the case where €2 is strongly convex.

4.2 The general case

The domain 2 is now assumed to be bounded and (only) convex. We shall approximate it by a
sequence of strongly convex ones. To do that, let us recall the following approximation result used
in [3].

10



Lemma 8. Let ) be a bounded convex domain in R™. Then, there exists a sequence (Qk)keN of
strongly convex smooth open subsets of €} such that

4@, 0) —— 0,

k—oo
where d denotes the Hausdorff distance.

Such an approximation is used to prove the following lemma which is an important step in the
proof of our theorem.

Lemma 9. Let Qy € U, Q be a bounded convex domain in R and (QF).en the sequence given by
Lemma 8 which approximates ). Then, for all € € [0,1] and for all k € N, we have

" (QL,0.) < ed"(@°, ).
where Q]g’ =0+ Q¥ et Q. = Qo + 9.
Proof. We have ﬁf =g+ 0 and Q. = Qo + €9, thus according to [27], page 64, we have
a1 (@QF QL) = d Qo + 07, D + Q) < dH (o, ) + d¥ (0", £90).
Since QF C Q, then dH(sﬁk, eQ) = sup, . d(z, Eﬁk) = 5dH(§k,§). Thus, dH(ﬁf,ﬁg) < edH(ﬁk,ﬁ).
|

We need also the following result.

Proposition 4. Let A, B C R"™ be two bounded domains which are star-shaped with respect to
the ball B(0,r), r > 0, and such that A C B. Then, we have

1 _
sup |J4 — Jp| < —d" (4, B) (9)
Snfl T

Proof. Let z € OB. Since A C B, there exists y, € dA such that d(z, A) = |z — y.|. According
to Proposition 2, the gauge functions J4,Jp are Lipschitz functions with Lipschitz constant %

Therefore, since Ja(y;) = 1 = Jg(z) and A C B, we can write

[Ja(z) = Ip(@)] < [Ja(2) = Ja(ya)| + [Ja(yz) = JB(2)] = [Ja(z) = Ja(ys)]
<r Yo —y,| = r td(x, A)

<r lsupd(z,A) =r~1d" (4, B),
2€B

an inequality that holds for x € 0B. Now, if € S" !, we have JBI(fU) € 0B, and by using the

homogeneity of the gauge functions we obtain

[ a(z) — Tp()| = Jﬂxﬂh(f@) - Jﬂfwn < Jp(x)r~'d" (4, B).

Since B(0,7) C B, we have Jp(z) < Jp(o,) () = |z|/r = 1/r, which implies the desired inequality.
|

The last lemma is crucial for our proof.

11



Lemma 10. Let Qp € U, Q2 be a bounded convex domain and f € T/Vl1 1(R”), and let (%).en be
as in Lemma 8. Then, there exists a constant C' > 0 such that, for all k € N and all € € [0, 1], we
have

f(z)dz — flz)dz| < Ce dH(ﬁk,ﬁ),
Qk Q.

where QF = Qg +eQF et Q. = Qg + Q.

Proof. We follow the idea of [4]. Let » > 0 be such that € is star-shaped with respect to B(0,r)
and let B(0, R) be a large ball which contains all the sets Qp+££2, € € [0,1]. As one can easily check,
Q. and Qf are star-shaped with respect to B(0,r), and we shall denote by J. and Jf respectively
their gauge functions. Let us denote by I*(f) the difference

| t@e— [ s
Q. Qk

Since Q. = {J. < 1} and Q¥ = {J* < 1}, by using polar coordinates, we can write

Js(w) w Js(w)
/ / f(pw)p™tdpdw— / /J () flpw)p™™ 1dpal(,u—/ / f(pw)p™Ldpdw.
Sn—1 Sn—1 Sn—1

k(w)

This allows us to estimate I*(f) as follows :

Jo(w) — JF(w)

Je(w)JE(w) sup | f(pw)p™ | dw.

1 1
Pe[m,m]

1IE(f)] <

Sn—1

Note that, since B(0,7) C Q C Q. C B(0, R), we have Jp( ) < Je < Jf < Jp(om. Recall that
Ip(0r) (@) = |z|/7, Ipo,r) (2 ) |z|/R. Hence,

1IE(f)] < RQ/ | Je(w) = JEW)| sup |f(pw)p" " |dw.

Sn—1 p€E|r,R]

Since Q. and QF are star-shaped with respect to B(0,7) and QF C Q., it follows from Lemma 4

and Lemma 9 that
sup |Je — J¥| < *de’;, o) < 5 d"@.0).
Sn

Therefore,

R%¢ n—
[LE(f)] < 7dH(Q Q)/ sup | f(pw)p" | dw.
Sn=1 pelr,R|

It remains to apply the following classical inequality for functions of one real variable :

1
lel=n < o /I o(t)] dt + /I Gl e W), (10)

where [ is a bounded interval and |I| is its length. In fact, this is just a precise version of Sobolev’s
inequality. Its proof is easy when ¢ is of class C! on I and the general case is obtained by a density
argument and is left to the reader. Applying (10) to the function p — f(pw) p" ! yields

Lol @) [ [ (1 (£ - 0) 19l ) o

r? ||

R @l -1
B i@t ) /MKR(R_ﬁ @)+ 1970)] ) da
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R’ ;K —~ 1 n—1
oo (g ) [ el s

IN

r

R% y —k — 1 n—1
EEat @) (o + 1) o,

which achieves the proof of the lemma. |

<

T

Using the above lemmas, we can now finish the proof of Theorem 1. Let § > 0 be arbitrary.
We can write:

J (o + 52) —T) [ ) Po(v(e)do() = % ( /Q = | f(x)dw>

00
% ( (z)dx — f(as)da:> — () Por (vo) (z)do ()
0k Qo 2o

+ [ 1@ (Paronte) — Palen(e) o). (1)

For the first term in the righthand side of (11), according to Lemma 8 and Lemma 10, there exists
ko € N, such for all k > ko and for all € €]0, 1], we have

< f(z)dx — f(év)dl‘>
Q. QF

Using the formula P4 — Pg|pec(gn-1) = df (A, B) for compact convex sets, (see for example [27],
page 66), we can estimate the last term in the righthand side of (11) as follows :

1
= < 4. 12
- <9 (12)

/890 f(PQk(yo) - PQ(Vo))dO'

7k7
< |Pok — Palpesns, / || do = d" (@) / £l do,
00 Qo

which implies that it tends to 0 when & — oo by virtue of Lemma 8. Hence, there exists k1 € N,
such that, for all kK > k1, we have

/8 N f(PQk(uo) - PQ(VO))da

<6 (13)

Now, if ks = max{ko, k1}, since QF is strongly convex, it follows from the first part of the proof
that there exists €5 such that for all £ < g5, we have

1( e f(x)d:z:)— () Py (v () o ()
Q. Qo

<. 14
8 . < (14)

By taking k = ko in (11) and using (12), (13) and (14), we obtain that, for all ¢ < g5,

1
- ( f(x)dx — f(x)da:) — () Po(vo(z))do(x)| < 30,
€ \Ja. Qo EEIoN
which achieves the proof of Theorem 1. |
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5 Application

To illustrate our work, we give an algorithm based on the gradient method to indicate how our
formula could be applied to a shape optimization problem and we compute the shape derivative
of some functional related to the solution of a partial differential equation. This is done without
implementing to keep our paper in a reasonable length. Anyhow, we have successfully implemented
such an algorithm in the study of two problems: a Bernoulli type shape optimization problem in [6]
and a constrained coupled shape optimization one in [7].

Let us define the set U,q of admissible domains by

Q€ Uyg = Qis a C? open subset of R" which is star-shaped with respect to some ball of radius

If D is an open bounded (convex) and non empty subset of R”, let us consider the problem

Find Q. € Uyq(D) such that J(Q) = o Zi{nf(D)j(Q)
EUad

where U,q(D) ={Q €Uyq; Q C D},
(PO) J(Q) = /(uQ —ug)?dr and wq is the solution of
Q

(PE) {gvAU—HJ:f in

W =9 on Of)

where uq € HY(D), f € L*(D) and g € H?*(D). Let ug be the solution of (PE) on Qg € Uuq(D)
and u. be the solution of (PE) on . = Qp + 9, ¢ € [0,1]. Assuming that  is a strongly convex
domain, we know from Lemma 7 that ). can be considered as a deformation of the domain (g
by the vector field a, that is Q. = (Idr» + €a)(€) for small enough . Therefore, at least when
f € HY(D), according to [1], we can write

Ue = TUp + eugy + e

where . and g are respectively extensions of u. and ug to D, uf, € H*(Qo) N H(D) is the shape
derivative of g with respect to the vector field a and v, — 0 in L?(D) as e — 0F. It follows from
that result that

1. ~ ~ .
(e — uq)? — (Uo — uq)?] — 2uf(uy — ug) — 0 in  L'(D),
€ e—0t

which allows one to apply Corollary 1 to obtain
T (Qo +eQ) — T (Q0) /
Qo

lim =

e—0t €

2ug(tp — ug)dx + / (o — uq)? Po(vg)do ().
Qo
Now, in this expression of the shape derivative of 7, even the domain integral can be written
as a boundary integral. Indeed, by following, for example, the same method as [20], one can show
that w;, satisfies the boundary value problem

—Auy +up =0 in Qg
o) / Bg (92710 (15)
acto = (b — o ){a,vp) + VugVaq,(a,vp) on 09
where
82U0 " 82U()
— N 0T
g et O0x;0x; w070
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and Vg, is the tangential gradient (see [20]). Note here that, since € is of class C3, ug is in fact
in H3(Q), uy € H*(Qo) (see [20]), so that the second derivative Pun i well defined on 9. Now,

ov3
using the solution of the following adjoint state boundary value problem

Ay 4+ = —2(u0 — ud) in Qg
9% _ on 99,

we obtain the following expression of the shape derivative of the functional [J (see [1])

Q 0)— T
Eli%i 4 0+85) 7€) Z/aQOon<a,Vo>da,
where
doy = (10 — ) + (Vao, V) + 0 — ) — Z2 — gy

Now, since {2 is strongly convex, it follows from Lemma 3 and Lemma 4 that
(a(z),v0(x)) = Pa(vo(x)) on 99y,
so that

Q ) — T
lim J (S +) = T (Sh) = / da, Pa o vy do.
Qo

e—0t 15

The last thing we propose is an algorithm to solve the shape optimization problem (PO).

Algorithm.
1. Choose Qy € U(D), p €]0, 1] and a precision e.

2. Solve the state equation :

(PE){ —Aug+ug=f in Qq,

Oug __ .
o 0 on 890 5

3. Solve the adjoint state problem

(PEA){ At + 4 = ~2(ug —ug)  in Do,
01,0 =0 on 0¥ ;
4. Calculate py solution of
arg min Jo(p)
where
E={p e CR"); pis convex and homogeneous of degree 1 and ¢ < Pp},
and
o) = [ (0= w0+ (T 70+ 00 = 1) = G2 g ) o o

5. At step k,

it ||ur —uallr2e0,) <&, Goto 7.

where uy, is the solution of the state equation in € (the domain at step k).

15
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6. Compute
Qi1 = U + pQ, where Q= 0pp(0) = {I € R™; pr(z) > (I, 2), Vo € R"}
and Go to 2.

7. End.

Remark 1. In the above algorithm, the sequence of domains (Q)xen is constructed in such a way
that (J(Q))ken is decreasing. Indeed, let k& € N*, then, for a small p €]0, 1], we have

T Qi) = T () = T(Q+ o) — T ()

= p </ koPQk o de0'> + O(p2).
[2197%

Now, since Py, = Pﬁk is a solution of arg rni? Jik(p), then
pe

Jr(Dk) = / do, Py o vido < Ji(0) =0,
Fon

which guarantees the decrease of the objective function 7. Consequently, ﬁk defines a descent
direction for J.
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