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Namig J. GULIYEV

A UNIQUENESS THEOREM FOR
STURM–LIOUVILLE EQUATIONS WITH A

SPECTRAL PARAMETER LINEARLY CONTAINED
IN THE BOUNDARY CONDITIONS

Abstract

A uniqueness theorem for the Sturm–Liouville equation with a spectral pa-
rameter linearly contained in both boundary conditions is proved.

Consider the Sturm–Liouville equation

`y := −y′′(x) + q(x)y(x) = λy(x), x ∈ [0, π] (1)

with the boundary conditions

λ(y′(0)− hy(0)) = h1y
′(0)− h2y(0), (2)

λ(y′(π) +Hy(π)) = H1y
′(π) +H2y(π), (3)

where q(x) ∈ L2(0, π) is a real-valued function, h, h1, h2,H,H1,H2 ∈ R and

δ := hh1 − h2 > 0, ρ := HH1 −H2 > 0.

We denote this problem by P(q, h, h1, h2,H,H1,H2).
Let ϕ(x, λ) and ψ(x, λ) be the solutions of (1) satisfying the initial conditions

ϕ(0, λ) = −λ+ h1, ϕ′(0, λ) = −λh+ h2,

ψ(π, λ) = −λ+H1, ψ′(π, λ) = λH −H2.
(4)

We define
χ(λ) := ϕ(x, λ)ψ′(x, λ)− ϕ′(x, λ)ψ(x, λ),

which is independent of x ∈ [0, π]. The function χ(λ) is entire and has zeros at the
eigenvalues of the problem (1)–(3). The set of eigenvalues is countable, consists of
real numbers ([1, 4]) and for each eigenvalue λn there exists such a number kn that

ψ(x, λn) = knϕ(x, λn), kn 6= 0. (5)

In the Hilbert space H = L2(0, π)⊕ C2 let an inner product be defined by

(F,G) :=
∫ π

0
F1(x)G1(x)dx+

1
δ
F2G2 +

1
ρ
F3G3

for

F =

F1(x)
F2

F3

 , G =

G1(x)
G2

G3

 ∈ H.
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We define operator

A(F ) :=

−F ′′1 (x) + q(x)F1(x)
h1F

′
1(0)− h2F1(0)

H1F
′
1(π) +H2F1(π)


with

D(A) =
{
F ∈ H|F1(x), F ′1(x) ∈ A C [0, π], `F1 ∈ L2(0, π),

F2 = F ′1(0)− hF1(0), F3 = F ′1(π) +HF1(π)
}
.

Then

Φn :=

 ϕ(x, λn)
ϕ′(0, λn)− hϕ(0, λn)
ϕ′(π, λn) +Hϕ(π, λn)

 =

ϕ(x, λn)
−δ
ρ/kn


are orthogonal eigenelements of A:

(Φm,Φn) =
∫ π

0
ϕ(x, λm)ϕ(x, λn)dx+ δ +

ρ

kmkn
= 0, m 6= n.

We also define norming constants by

γn := ‖Φn‖2 =
∫ π

0
ϕ2(x, λn)dx+ δ +

ρ

k2
n

.

The numbers {λn, γn}n≥0 are called the spectral data of the problem (1)–(3).

Lemma 1. The following equality holds:

χ̇(λn) = knγn, n ≥ 0,

where χ̇(λ) =
d

dλ
χ(λ).

Analogously to [3, Theorem 1(i)] the following theorem can be proved.

Theorem 1. For F ∈ H

‖F‖2 =
∞∑

n=0

1
γn

|(F,Φn)|2.

By taking F =

0
1
0

 and F =

0
0
1

 in this theorem we obtain

1
δ

=
∞∑

n=0

1
γn

,
1
ρ

=
∞∑

n=0

1
k2

nγn

. (6)
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Theorem 2. Following asymptotics hold:√
λn = n− 2 +

ω

nπ
+
ζn

n
, {ζn} ∈ l2, (7)

γn = (n− 2)4
(
π

2
+
ζ ′n
n

)
, {ζ ′n} ∈ l2, (8)

where
ω = h+H +

1
2

∫ π

0
q(x)dx.

Proof. We denote s :=
√
λ. Then from

ϕ(x, λ) = −s2 cos sx−
(
h+

1
2

∫ x

0
q(t)dt

)
s sin sx−

− 1
2

∫ x

0
q(t)s sin s(x− 2t)dt+O

(
e|Imsx|

)
,

ϕ′(x, λ) = s3 sin sx−
(
h+

1
2

∫ x

0
q(t)dt

)
s2 cos sx−

− 1
2

∫ x

0
q(t)s2 cos s(x− 2t)dt+O

(
|s|e|Imsx|

)
using (4) we obtain

χ(λ) = s5 sin sπ −
(
h+H +

1
2

∫ π

0
q(x)dx

)
s4 cos sπ + I(s)s4, (9)

where

I(s) = −1
2

∫ π

0
q(t) cos s(π − 2t)dt+O

(
e|Imsπ|

|s|

)
.

Now using Bessel’s inequality it’s easy to obtain (7) and (8).

Lemma 2. Let v(t, λ) be any function entire on λ with

v(t, λ) = O
(
e|Im

√
λ|t
)
, t ∈ [0, π].

Then
∞∑

n=0

ϕ(x, λn)v(t, λn)
γn

= 0, (10)

uniformly on 0 ≤ t ≤ x ≤ π.

Proof. Using (5), Lemma 1. and the residue theorem we get

N∑
n=0

ϕ(x, λn)v(t, λn)
γn

=
N∑

n=0

ψ(x, λn)v(t, λn)
knγn

=
N∑

n=0

ψ(x, λn)v(t, λn)
χ̇(λn)

=

=
N∑

n=0

Res
λ=λn

ψ(x, λ)v(t, λ)
χ(λ)

=
1

2πi

∫
CN

ψ(x, λ)v(t, λ)
χ(λ)

dλ,
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where CN = {λ : |λ| = (N − 3/2)2}. Equality (9) implies that

χ(λ) = λ2
√
λ sin

√
λπ +O

(
|λ|2e|Im

√
λ|π
)
.

We denote Gδ = {λ : |
√
λ − n| ≥ δ, n = 0,±1,±2, . . . } for some small fixed δ > 0

and recall that (see e.g. [6, p. 15])

| sin
√
λπ| ≥ 2Cδe

|Im
√

λ|π, λ ∈ Gδ,

where Cδ does not depend on λ. Therefore we obtain

|χ(λ)| ≥ Cδ|λ2
√
λ|e|Im

√
λ|π, λ ∈ Gδ, |λ| ≥ λδ

for sufficiently large λδ. Since

|ψ(x, λ)| = O
(
|λ|e|Im

√
λ|(π−x)

)
, x ∈ [0, π],

we obtain

|ψ(x, λ)v(t, λ)| = O
(
|λ|e|Im

√
λ|(π−x+t)

)
= O

(
|λ|e|Im

√
λ|π
)
, 0 ≤ t ≤ x ≤ π.

Thus the equality (10) holds. Uniformity of this convergence can be obtained
from (7) and (8) by applying Weierstraß’ theorem.

Putting v(t, λ) ≡ 1 and x = 0 in (10) we obtain
∞∑

n=0

h1 − λn

γn

= 0.

Similarly, we have
∞∑

n=0

H1 − λn

k2
nγn

= 0.

Using (6) in these equalities we get the representation of h1 and H1 by the spectral
data:

h1 = δ

∞∑
n=0

λn

γn

, H1 = ρ

∞∑
n=0

λn

k2
nγn

. (11)

Using the transformation operators (see [5]), we can write

ϕ(x, λ) = ϕ̊(x, λ) +
∫ x

−x
G(x, τ)ϕ̊(τ , λ)dτ, (12)

where

ϕ̊(x, λ) := (h1 − λ) cos
√
λx+ (h2 − λh)

sin
√
λx√
λ

is the solution of the equation −y′′(x) = λy(x) satisfying the initial conditions

ϕ̊(0, λ) = −λ+ h1, ϕ̊′(0, λ) = −λh+ h2,

G(x, τ) is a real-valued continuous function and

G(x, x) =
1
2

∫ x

0
q(t)dt.
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Theorem 3. For each fixed x ∈ (0, π] the kernel G(x, τ) satisfies the following
equation:

A(x, t) +
∫ x

−x
G(x, τ)A(τ , t)dτ = 0, 0 ≤ t ≤ x ≤ π, (13)

where

A(x, t) :=
∞∑

n=0

ϕ̊(x, λn) cos
√
λnt

γn

.

Proof. Using equality (12) we obtain

N∑
n=0

ϕ(x, λn) cos
√
λnt

γn

=
N∑

n=0

ϕ̊(x, λn) cos
√
λnt

γn

+

+
N∑

n=0

cos
√
λnt

γn

∫ x

−x
G(x, τ)ϕ̊(τ , λn)dτ .

Applying Lemma 2. to v(t, λ) = cos
√
λt we get the statement of the theorem.

We denote

F (x, t) :=
(h1 − λ0)ϕ̊(x, λ0) cos

√
λ0t

γ0

+
(h1 − λ1)ϕ̊(x, λ1) cos

√
λ1t

γ1

+

+
∞∑

n=0

(
(h1 − λn+2)ϕ̊(x, λn+2) cos

√
λn+2t

γn+2

−
(
cosnx+ h sin nx

n

)
cosnt

α0
n

)
,

where

α0
n =


π

2
, n ≥ 1

π, n = 0.

By differentiating the equation (13) twice with respect to t we find

F (x, t) + h+G(x, t) +G(x,−t)+

+ h

∫ x

t
(G(x, τ)−G(x,−τ)) dτ +

∫ x

−x
G(x, τ)F (τ , t)dτ = 0.

Putting x = t = 0 we obtain

h = −(h1 − λ0)2

γ0

− (h1 − λ1)2

γ1

−
∞∑

n=2

(
(h1 − λn)2

γn

− 1
α0

n−2

)
. (14)

Analogously, we have

H = −(H1 − λ0)2

k2
0γ0

− (H1 − λ1)2

k2
1γ1

−
∞∑

n=2

(
(H1 − λn)2

k2
nγn

− 1
α0

n−2

)
. (15)

Theorem 4. Suppose that {λn, γn}n≥0 and {λ̃n, γ̃n}n≥0 are the spectral data of the
problems P(q, h, h1, h2,H,H1,H2) and P(q̃, h̃, h̃1, h̃2, H̃, H̃1, H̃2), respectively. If

λn = λ̃n, γn = γ̃n, n ≥ 0,
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then
q(x) = q̃(x) a.e. on (0, π),

h = h̃, h1 = h̃1, h2 = h̃2, H = H̃, H1 = H̃1, H2 = H̃2.

Proof. Using (6), (11), (14) and (15) we obtain

h = h̃, h1 = h̃1, h2 = h̃2, H = H̃, H1 = H̃1, H2 = H̃2.

The result now follows from [2, Theorem 5.2].
The author is grateful to Professor H. M. Huseynov for the problem statement

and for useful discussions.
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