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We are interested in the uniqueness of solutions to Maxwell’s equations
when the magnetic permeability @ and the permittivity € are symmetric posi-
tive definite matrix-valued functions in R3. We show that a unique continua-
tion result for globally W1:%° coefficients in a smooth, bounded domain, allows
one to prove that the solution is unique in the case of coefficients which are
piecewise W12 with respect to a suitable countable collection of sub-domains
with C9 boundaries. Such suitable collections include any bounded finite col-
lection. The proof relies on a general argument, not specific to Maxwell’s equa-
tions. This result is then extended to the case when within these sub-domains
the permeability and permittivity are only L°° in sets of small measure.

1. INTRODUCTION

Suppose we are given a time-harmonic incident electric field &% and magnetic field
F", special solutions of the time-harmonic homogeneous linear Maxwell equations
of the form & = R (E'e~") and magnetic field J#* = R (H'e~™"), where E’ €
HL. (IRS)‘3 and H' € HL_ (1&3)‘3 are complex-valued solutions of the homogeneous
time-harmonic Maxwell equations

VAE" —iwpgH =0 in R3,

VAH +iwegE! = 0 in R3,
where po and gy are positive constants, representing respectively the magnetic
permeability and the electric permittivity of vacuum, and w € R\ {0}. The full

time-harmonic electromagnetic field (E, H) € Hj,. (curl; R3), where for any domain
W we define

loc loc

Hioe (curl; W) := {u € L2_ (W) such that V Au € L? (W)3} :
satisfies Maxwell’s equations

(1.1) VAE —iwpou(r) H =0 in R,
VAH +iwegoe(x) E =0 in R?,

1



ON UNIQUENESS FOR ANISOTROPIC MAXWELL’S EQUATIONS

where ¢ and p are real matrix-valued functions in L (R3)3X3. Decomposing the
full electromagnetic field into its incident part and its scattered part,

(1.2) E°:=E—-E/ and H* .= H - H’,

we assume that the scattered field satisfies the Silver-Miiller radiation condition,
uniformly in all directions, that is, if x := r6 then
(1.3) lim sup |H® (rf) Arf — rE° (rf)| = 0,
=00 0652
where S? := {z € R3 such that |z| = 1} denotes the unit sphere.

This paper is about the existence of a unique solution to (1.1) satisfying (1.2)
and (1.3), under the following additional hypotheses on ¢ and u. We assume that
both permittivity and permeability are real symmetric, uniformly positive definite
and bounded, that is, there exist 0 < a < 8 < oo such that for all £ € R? and
almost every x € R3,

(14) algf <e@)g € <Pl
(15) alel® < pa)g-€ < Bl
We suppose that € and p vary only in an open bounded domain €2, so that
(1.6) e=pu=1I3in Q° =R>*\ Q,

where I3 is the identity matrix in R3*3. We assume that € is of the form
(1.7) Q =int (UQZ> ,
il

where the sub-domains ;, i € I C N are disjoint and of class C°, and int denotes
the interior. The permittivity € and the permeability p are assumed to be piecewise
W1 with respect to the sub-domains §2;, so that for each ¢ € I, there exist

€iy iy € WH (R3)3X3 satisfying (1.4)-(1.5) and

(1.8) leillwroomayexs + [[pillwroo msysxs < M,

where M; > 0 is a positive constant, such that

(1.9) e(z) = g;i(x) and p(x) = pi(z), ae z €.

Given a bounded set A C R?, we write i (A) as the (unique) unbounded component
of A°.

Assumption 1. For any J C I, and Q; = int (jgjﬂj), there exists jo € J such

that OU (25) N OKY, admits an interior point relative to OU (2;). In other words,
there exist jo € J and xo € OU (y) N O, such that B(zo,d) N OU (27) C 08,
for some § > 0.

Proposition 1. Assumption 1 holds if for all J C I, there exist x; € OU (Qy) and
d; > 0 such that B(xy,05) NQ; # O for only finitely many j € J. In particular,
Assumption 1 holds when I is finite.

Proof. Given J, x; € 0U (1;) and 0, as in the statement of the proposition let
By = B(zs,05) and let J' be the finite subset of J such that By N ‘UJQJ- =
JjE
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FIGURE 1. Left: an infinite collection of sub-domains satisfying
Assumption 1. Centre: an infinite collection of sub-domains ex-
cluded by Assumption 1. Right: this collection satisfies Assump-
tion 1.

B;n .UJ 2;. We first show that
jeJ’
(1.10) oUuQy;)NBy = 'LEJJ (aU(QJ)ﬂBJ)ﬂan.
J

Indeed, let x € U (2;) N By. Then z ¢ 'LeJJQj' We claim that there exists a
J
sequence xj € ‘gJQj such that xj tends to x. If not, for some 1 > 0 sufficiently
J
small, we would have B(z,n) C By , and B(x,n) N ‘UJQJ- = B(z,n) N AUJ Q; =0.
JE jeJ’

On the other hand, there exists a sequence yr € U (€2;) such that y, tends to
z. But B(z,n) is connected and contained in Q¢, thus B(z,n) C U (). This
contradiction proves the claim.

Next, we note that oU () is closed, thus complete in the subspace topology
induced by R3. Tts intersection with the open ball B is an open subspace of 9U (£27)
by definition of the subspace topology. It is therefore a Baire space (see e.g. [11]).
If a Baire Space is a countable union of closed sets, then one of the sets has an
interior point. Using the identity (1.10), we obtain that there exists jo such that
oU ()N B;NONY,, admits an interior point relative to OU ()N By, that is, there
exist jo € J, g € OU (;)NBy and § > 0 such that B(xo, d)NoU (2;)NBy C 0L, .

Since By is open, B(xzg,d) N By = B(xg,d) when ¢ is sufficiently small, and we
have established that Assumption 1 holds. O

An example of a collection of sub-domains excluded by Assumption 1 is a col-
lection of concentric shells concentrating on an exterior boundary, such as

. o
(1.11) Qi:B(o,HZJ\B(o,ZZ, ) i=1,2,3,...

In such a case, OU () is the unit sphere, which is not the boundary of any of the
subsets. On the other hand, Assumption 1 allows the sub-domains ; to concentrate
at a point or near an interior boundary. In Figure 1, we represent on the left a
non-Lipschitz non-simply connected domain §2 which satisfies Assumption 1. In the
centre, the domain given by (1.11) excluded by Assumption 1 is shown. On the
right, we sketch a domain inspired by the one described by (1.11) which satisfies
Assumption 1: near the accumulating boundary, interior points can be found on
the wedge-shaped slit in the domain.
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2. MAIN RESULT
Our main result is the following theorem.

Theorem 2. Assume that (1.4)—(1.9) and Assumption 1 hold. If for a given w # 0,
E € Hy. (curl; R?’) and H € Hyo. (curl; R3) are solutions of (1.1)—=(1.3) correspond-
ing to B' =0 and H' =0, then E =H = 0.

There is a very long history concerning this problem, under various assumptions
on the coefficients, see e.g. [1, 2, 3, 6, 7, 10, 13, 12, 14, 16] and the references
therein. The improvement provided by the result in this work is that we assume
that €, p are matrix-valued functions and that the sub-domains €; are only of class
C°. We do not assume that the sub-domains are Lipschitz as assumed for example
in [6] for the isotropic (scalar) case. The authors are not aware of the existence of a
general uniqueness result for the above problem when the coefficients are just C%®
Holder continuous, with @ < 1. For general elliptic equations, counter-examples to
unique continuation, the main technique for proving uniqueness, are known in that
case, see [8]. We remind the reader of the definition of a domain of class C°.

Definition 3. A bounded domain Q of R is of class C° if for any point
on the boundary 0S), there exists a ball B (xg,d) and an orthogonal coordinate
system (x1,x2,x3) with origin at xo such that there exists a continuous function
f:C° (RQ;R) that satisfies
QNB ({IT(],(S) = {{I? €eB (1’0,5) X3 > f (l’l,xg)} .
We define By as the smallest open ball containing €. Note that the uniqueness
of the solution outside By is well known, due to the so-called Rellich’s Lemma, see

e.g. [2].

Lemma 4 (Rellich’s Lemma). If for a firzed w, E € Ho (curl; R?’) and H €
Hioe (curl; R?) are solutions of (1.1)-(1.3) corresponding to E* = 0 and H' = 0,
then E=H =0 in B§.

Our proof relies on a recent unique continuation result [13] proved for globally
W1 regular coefficients.

Theorem 5 ([13]). Let V be a connected open set in R3. Assume that ¢ and p are
two real symmetric matriz valued functions in V satisfying (1.4)—(1.5), and

HEHWLOQ(V)?,XS + ||u||W1,oo(V)3><3 <M,

for some constant M > 0. Suppose (E,H) € (L2 (V))2 satisfy

VAE —iwuou(z) H=0in V,

VAH+iweee(z) E=01in V.
Then, there exist s > 0 independent of V, E and H, such that if for some o € V,
and for all N € N and all § > 0 sufficiently small,

/ (|E|2 + |H|2) dz < Cyexp (—N§~*%)
B(wo,(;)

for some constant Cny >0, then E=H =0 in V.

The proof of Theorem 2 consists of three steps. The first two steps are given by
the two propositions below.
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Proposition 6. Under the hypothesis of Theorem 2, suppose that A C R? is a
bounded open set and that for almost every x € U (A) either e(x) = p(z) = I3 or
E(z) =H(z)=0. Then E=H =0 in U (A).

Proof. For any v,w € L (U (A))?, we have

(2.1) V/\E-vdx—iw,uo/ ()’ - vdr =0,
Uu(A) U(A)

(2.2) / V/\H~wdx+iwso/ e(x)E-wdr =0,
u(A) u(A)

where the integrals (2.1) and (2.2) are well defined by Rellich’s Lemma 4. Since for
almost every x in U (A), either e(z) = p(x) = I3 or E = H = 0, the solutions of
the system (2.1)-(2.2) can be written also in the form

/ V/\E~de—iwﬂo/ H. vdxr =0,
U(A) UuA)

/ V/\H~wdx+iw50/ E -wdx =0,
U(A) UA)

which is the weak formulation of
VAE —iwpoH=0in U (4),
VAH+iwegE=0inU (4).

Next, since A is bounded, thanks to Rellich’s Lemma 4, E = H = 0 in U (A) N
(R3 \ B (R))7 for R large enough. In particular, E and H vanish in a ball contained
in U (A), which is open and connected, and the conclusion follows from Theorem 5,
applied with e(x) = p(x) = I3, which in this case reduces to a well known result
concerning the Helmholtz equation. O

Proposition 7. Let
J:={iel:|E@)|+H)]’ >0 on a set of positive measure in ;}.
Then J = 0.

Proof. Suppose for contradiction that J is nonempty. Then, by Assumption 1 there
exists xg € OU (27) N OQ;, such that B(zg,d) N U (2;7) C 99, for some jy € J
and § > 0. To simplify notation, set jo = 1.

Let us show that there exist a point ¢ on AU (27) N and a radius & > 0 such
that

(2.3) QN B(c,d) =0 NB(ce,)).

Figure 2 sketches the configuration we have at hand around c.
Since €3 has a C° boundary, for some (smaller) § > 0 there exists a continuous
map f and a suitable orientation of axes such that B(zg,d) N9Q; C 9Q; and

Oy N B(x0,0) = {x € B(x0,0) : x3 > f(x1,22)}.

This alone does not prove our claim, since B(zg,d) could still intersect Q; when
x3 < f(z1,22). Since zg € OU (), there exists a sequence {y;} C U (Q;)NB(xo,d)
such that y; tends to xg. Consider for a fixed and sufficiently large j the line segment
{y; + tes,t > 0}, and let 7 > 0 be the least value of ¢ such that y; + tes € 0.

Then, y; + tes & Qy, for t < 7, and y; + Tes € 092. Hence y; + 7e3 & . JU]C le.
eJk>
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FIGURE 2. A ball centred at an interior point on the boundary of U (Q).

Since the sets ) are disjoint, the line segment does not intersect . JUk 1Qk in
€ k>

B(zg, ). The same argument applies to any line segment {z + tes,t > 0} for z
sufficiently close to y;. Introducing ¢ = y; + Te3 we have established that there
exists a ball B <c, 8) such that Q; N B (c, S) —Q,NB (c, S), which is (2.3).

Now, thanks to Proposition 6, and noting that (by Fubini’s Theorem) each 9€;
is of measure zero, E = H = 0 almost everywhere in U (Q;). Thus, for almost
every ¢ € B(c,d), either E=H = 0 or e(x) = 1(x), and u(x) = p1(z). Consid-
ering the weak formulation of Maxwell’s equations, and arguing as in the proof of
Proposition 6, we note that E and H are weak solutions of

VAE —iwpop () H=01in B(c,),
V AH +iwepe; (z) E =0 in B(c, ),
and vanish on the connected non-empty open set B(c,d) N {z3 < f(x1,22)}. Since
€1 and py satisfy (1.8), that is,
lletllwroomaysxs + || l|wico (maysxs < My,

Theorem 5 shows that E = H = 0 in B(c,4). This in turn shows that E and H
vanish on a ball inside €21, and applying Theorem 5 in €2; we obtain E=H =0
almost everywhere in ;. This contradiction concludes the proof. (I

We now turn to the final step. We have obtained that E = H = 0 almost
everywhere in 2, and therefore either E = H = 0 or e(x) = p(x) = I3 almost
everywhere in R3. Arguing as above, we deduce that (E,H) is a weak solution of
(1.1) with e(z) = u(x) = I everywhere and the conclusion of Theorem 2 follows
from Rellich’s Lemma.

3. THE CASE OF A MEDIUM WITH DEFECTS

We extend our result to the case when defects of small measure are allowed in the
medium. One application is to liquid crystals (see [15] for more details). Namely,
we assume that the permittivity and permeability are of the form

(3.1) ep=(1—1p)e+1pé,
pp = (1 —1p)p+1pf,

where ¢ and p satisfy (1.4)-(1.9), 1p is the indicator function of a measurable
bounded set D, such that

(32) DCcC _gIQi, DNQ; CQ; and Q; \ DNQ; is connected for each i € I,
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and € and /i are real symmetric positive definite matrices in L> (R3)3X3 satisfying
(1.4)-(1.5).

Theorem 8. Suppose that the electric and magnetic fields Ep € Hio (Curl;R3)
and Hp € Hyoc (curl;R3) are solutions of

(3.3) VAEp —iwpopp(z)Hp = 0 in R3,

V AHp +iwepep(z) Ep = 0 in R3,
together with the Silver-Miller radiation condition (1.3), and that ep and up are
given by (3.1), with D satisfying (3.2). Suppose Assumption 1 holds. Then, there
exists a constant dg > 0 depending only on the measure |By| of By, |w| and the

lower and upper bounds o and B given in (1.4)-(1.5) such that if the measure of D
satisfies |D| < do, then Ep = Hp = 0 almost everywhere.

To prove Theorem 8, we use the following variant of Theorem 2.

Proposition 9. Under the same assumptions as Theorem 2, and assuming that
(3.2) holds,
suppHp UsuppEp C D.

Proof. The proof follows from that of Theorem 2, since by assumption for each
1e€l, DNQ; C £y, and the boundary of Q \ €; is unaltered by the defects. O

Proof of Theorem 8. Since (3.3) admits a weak formulation, arguing as before we
see using Proposition9 that Ep € H (curl; By) and Hp € H (curl; By) have com-
pact support in By and are also solutions of

VAEp —iwpot Hp =0 in By,

VA HD + iw€0€ED =0in BO7
where ¢ = I3 +1p (6 —1I3), and g = I3+ 1p (2 — I3). Note that iwuofi Hp has
compact support and is divergence free. Thus the Helmholtz decomposition (see
e.g. [4,5,9]) of iwuoft Hp shows there exists a unique Ay € H! (Bo)3 such that

Ap-v=0,0ndBy, div(Ag) = 0 and such that iwugft Hp = VAAg. Furthermore,
Ay satisfies

IN

C (IV A At gy + 1Asl 2y
C’|BO|1/3 ||V A AH||L2(B0)3 )

VAL 12(py)exe

A

and ||AH||L2(BO)3

where C' is a universal constant. Altogether this yields
(3.4) ||VAHHL2(B0)3X3 < CBuolw| (| Bol + 1)1/3 ”HD”L?(BO)S :

Since Ep — Ay is curl free, we deduce that there exists p € H! (By) such that
Ep = Ay + Vp, and p is uniquely defined by setting fBU pdx = 0. Noticing that
¢Ep is divergence free, and € — I3 is compactly supported in By we have that p is
the solution of

div (éVp) = —div (éAH) in BQ7
Vp-n =0 on 9By,

/ pdx = 0.
Bo
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Since A is divergence free, the right-hand side becomes
—div (éAH) = —div (]_D (5 - Ig) AH) .

To proceed, we compute using the Cauchy-Schwarz inequality the following bound

@[ Vpll7e(p,ye < /

éVp - Vpdx = —/ 1p(—13) Ay - Vpdx
Bo

By
S B+ NAEL2pys VPl 2(54)5
and we have obtained that
6+1
VDl L2(yys < o [Amllp2(p)s -

Next note using Proposition 9 that

28 +1

HED||L2(BO)3 = ||EDHL2(D)3 < ||Vp||L2(BO)3 + ||AHHL2(D)3 < HAH||L2(D)3'

The Sobolev-Gagliardo-Nirenberg inequality in By shows that
1/3
| Al oy < € (1Bol + 1" [ Al g 50

where C is a universal constant. Therefore, using Holder’s inequality, together with
the Poincaré-Friedrichs estimate (3.4), we have

1 2/3 1
[Aul2pys < DI |AHLo(p,)2 < CB(1Bo| +1) " polw] | DI IHD |2 (5y) -
Altogether we have obtained

BB+1)

1
(3.5) IEDl 2,2 < C (1Bl +1)*/* polew] DI [Hp |l 25,2 -

Repeating the same argument, but starting with Hp, we obtain also

B(B+1)

(0%

2/3 1
(3.6) ||HD||L2(BO)3 <cC (IBo| +1) / golw| |D[? ||EDHL2(BU)3 :

The inequalities (3.5) and (3.6) imply that Hp = Ep = 0 when

a3

B3(8 + 1)3(|Bo| + 1)2 (Veorolw])®’

where C is a universal constant. O

(3.7) ID| < dy :=C

Remark 10. The dependence of the threshold constant dy given by (3.7) on |w| and
|By| shows that for a permeability p and a permittivity e satisfying (1.4), (1.5)
and (1.6) only, uniqueness for Maxwell’s equations holds provided, if w is fixed, the
domain 2 is of small measure and bounded diameter, or, for a given {2, when the
absolute value of the frequency |w| is sufficiently small. In such cases, the whole
domain € can be taken as a defect D (and a fictitious ball containing D plays the
role of Q). We do not claim that the dependence of dy in terms of |w| or |By| in
(3.7) is optimal. In contrast, Theorem 2 requires additional regularity assumptions
on y and €, but does not depend on the frequency or the size of the domain.
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