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Abstract

We consider the homogenization of a spectral problem for a diffusion equation posed in a singularly
perturbed periodic medium. Denoting by € the period, the diffusion coefficients are scaled as €. The
domain is composed of two periodic medium separated by a planar interface, aligned with the periods.
Three different situations arise when e goes to zero. First, there is a global homogenized problem as
if there were no interface. Second, the limit is made of two homogenized problems with a Dirichlet
boundary condition on the interface. Third, there is an exponential localization near the interface of
the first eigenfunction.

1 Introduction

This paper is devoted to the homogenization of the eigenvalue problem for a singularly perturbed diffusion
equation in a periodic medium with an interface. Denoting by € the period, the diffusion coefficient is
assumed to be of the order of €2. For simplicity we suppose the domains to be cylindrical of the form
Q=T x [, L] where T"~! is the unit torus R"~1/Z"~!. We consider the following model

—& div (a (% xn) v¢€) > (%xn) ¢ = Xo (%xn) ¢ in O,
¢°(-,—1) =0 and ¢(-,L) =0, (1.1)
(1, .y 1) — ¢°(x) T -periodic,

where A€, ¢¢ is an eigenvalue and eigenfunction (throughout this paper, the eigenfunctions are normalized
by [[¢¢||z2(q) = 1). In (1.1) the coefficients are periodic of period [0, 1]™ with respect to the fast variable
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y = x/e. We introduce the two sub-domains Q; = T~ x (=[,0) and Qy = T"~! x (0, L) separated by
an interface located at x,, = 0, the hyperplane I' = T"~! x {0}. Denoting by x;(x,) the characteristic
function of €; (satisfying x1 + x2 = 1 and x1x2 = 0 in ), the coefficients are assumed to be given as

a(y,rn) = x1(wn)ar(y) + x2(zn)az(y),
Z(yaxn) = Xl(xn)zl(y) + XZ(zn)EQ(y)a (1'2)
o(y; n) = X1(2n)o1(y) + X2(2n)o2(y)-

The periodic boundary conditions with respect to the variables (x1,...,2,-1) (tangential to the inter-
face) is not crucial but simplifies the exposition (all our results would hold for Dirichlet or Neumann
boundary conditions). Problem is supposed to be uniformly elliptic and self-adjoint so that it ad-
mits a countable infinite number of non-trivial solutions (AS,, @5, )m>1. The precise assumptions on the
coefficients of are given in Section In any case, by standard regularity results, each eigenfunction
¢, is continuous, and by virtue of the Krein-Rutman theorem the first eigenvalue A{ is simple and the
corresponding eigenfunction ¢{ can be chosen positive. Because of this property, the first eigenpair has
a special physical signification, and we are mostly interested in its behavior as € goes to zero, although
the case of higher level eigenpairs is also treated in some occasions.

The motivation for studying this model comes from several applications. First, it can be seen as a semi-
classical limit problem for a Schrodinger-type equation with periodic potential, as well as periodic metric.
As is well known, the long time behavior (for times of order ¢~2) of the corresponding parabolic equation
is governed by the first eigenpair of : this is the so-called ground-state asymptotic problem (see,
e.g., [19], [27]). Second, it plays an important role in the uniform controllability of the corresponding
wave equation (see, e.g., [I4]). Third, is a model of a reaction-diffusion equation which is used for
determining the power distribution in a nuclear reactor core. This is the so-called criticality problem for
the one-group neutron diffusion equation (for more details, we refer to [2] and references therein). In this
last application the homogenization results for are at the basis of many multiscale-type numerical
methods for computing its solutions (see, e.g., [I2] and references therein). There are other works in the
literature concerned with the effect of interfaces in homogenization theory (see e.g. [§], [9], chapter 9 in
[10]). However, these previous works focus on a different scaling of 7 namely without the €2 factor
in front of the diffusion operator.

The homogenization of is classical in the case of purely periodic coefficients, i.e. depending only on
the fast variable x /e [5], [2]. When the coefficients depend smoothly on the slow variable x (which is not
the case here), the asymptotic of is also partly understood [6] (see also [4], [27] for related results).
However, in most applications, the coefficients actually depend on the slow variable x in a non-smooth
manner since they usually exhibit jumps at material interfaces. This makes model with assumptions
physically relevant. Such an “interface” model has already been studied by two of the authors [3]
in one space dimension.

The limit behavior of (1.1)) is mainly governed by the first eigenpair (¢, pt1) in the unit cell of Qq, and
(12, pt2) in the unit cell of O, solutions of

— div (ai(y) Vi) + Zi(y)i = pioi(y)s m T (1.3)
y — ¥;(y) T"-periodic and positive, T )

Before we explain our results, let us recall the result of [5] in the purely periodic case, namely when
a1 = ag, X1 = X9, and o1 = 09. Asymptotically, each eigenfunction ¢¢ is the product of the oscillatory



term 1 (x/€) and of an eigenfunction for an homogenized spectral problem (we call this a factorization
principle).

Theorem 1.1 ([5]). Assuming that as = a1, X9 = 1, and o3 = oy, the m*™ eigenpair (XS, ¢5,) of
satisfies
Sial) =0 (D) sl and Xy = g+ Py 0(2).
€

where, up to a subsequence, the sequence ut, converges weakly in H'(Q) to ty,, and (Vpm,Uy,) is the m*
eigenvalue and eigenvector for the homogenized problem

— div (EVum) = Uy, Oy, mn €,
Um(', _Z) = um('v L) =0 )
(@1, ey Tp_1) = U ()  T" -periodic.

The homogenized coefficients are given by

Dy = [ ) (V& +e) - (Ve + e)dy and 7 = | ()i (1.4

n

where the function &;, for 1 < i < n, is the solution of

{—div(w%@)al(y)(vmei)):o in T, )
y — &(y) T™-periodic. )

In the case of smooth coefficients with respect to the slow variable =, we now recall the results of [6].
The unit cell problem |i is now parametrized by the point z € 2 and we denote by (u(az), U(y, :c)) its
first positive eigenpair.

Theorem 1.2 ([6]). Assume that a(y, ), X(y,x), and o(y, z) are of class C?, and that the cell eigenvalue
w(x) admits a unique non-degenerate minimum xo € Q. Then, the m'" eigenpair (XS, ¢S,) of
satisfies

q{)ﬁn(x):w(%,x) us, (x\_ﬁ%) and X5, = (xo) + v + 0 (€),

where, up to a subsequence and a multiplicative factor (for renormalization), the sequence ut,(z) converges

weakly in HY(R™) to um(z), and (Vpm,um) is the mt" eigenvalue and eigenvector for the homogenized
problem

— 1
— div, (DVZum) + <2VV,u(xo)z Sz 4+ c) Uy, = Vpy, Oy, 11 R™.
The homogenized coefficients are given by formula and evaluated at xg.

It is worth pointing out the main differences between Theorems [I.1] and First, the corrector term
in the ansatz for the eigenvalue is not of the same order in both cases. Second, there is a localization
phenomenon at the scale y/€ in Theorem [1.2

The situation considered in the present paper is intermediate between these of Theorems [I.1] and
It turns out that several different limit behaviors of the eigensolutions, as € tends to zero, can occur
depending on a criterion, defined by (2.18) and (3.1). We omit momentarily to define precisely this



selection criterion since it requires the introduction of additional variational problems as it will be shown
in the next section. There are four different limit behaviors of the eigensolutions, some of them being
very closed to that of Theorem [1.1| (i.e. the interface is “transparent”), and some others featuring a
localization phenomenon at the interface in the spirit of Theorem [T.2]

The first limiting case, which can occur only when p; = po, can be interpreted as a “transparent”
interface. Indeed, the second part of Theorem shows that there is still a factorization principle,
namely there exists a function ¢ (y) converging away from the interface to the cell eigensolutions ¢, and

1o of (L.3)) such that
€ T € € 2 2
¢m(Z) :w(z> Um(l’) and )‘m ::u‘2+€ VM+O(€ )a (16)

where u, converges weakly to u,, in H'(Q), and (A, Um)m>1 are the eigenpairs of the homogenized
problem

—div ((x1(2)D1 + x2(z)D2) Vu) = v (x1(2)71 + x2(2)72) u  in Q,

u(-,—1) =0 and u(-, L) =0,

(1, s Tp_1) — u(x) T Llperiodic,

where the homogenized coefficients are computed by formula similar to (1.4) and (1.5). This case is a
simple extension of the purely periodic case since the interface does not affect the type of limit problem.

The second limiting case, which can occur only when uy # po (without loss of generality, we always
assume f1 > pg) is when the eigenfunctions concentrate on one half domain and vanish in the other
half. The same factorization (with a slightly different function ) takes place, but the homogenized
problem is limited to € (see Theorem [3.4)

—div (ﬁgVU) = vaou in g,
u=01in 4 and u(-,0) =0 and u(-,L) =0,
(71, y 1) — u(x) T l-periodic.

The third limiting case, which can occur only when p; = ps, corresponds to a “repulsive” interface.
Asymptotically each half domain tends to separate, and the homogenized problem is posed on the two
disconnected subdomains, with a Dirichlet condition on the interface. The same factorization takes
place but the homogenized problem is (see Theorem [3.4))

—div (51Vu) =voiu in o, —div (ﬁgVu) = voou in o,
u(-,—1) =0 and u(-,0) =0, and u(-,0) =0 and u(-,L) =0,
(21, .oy tp_1) — u(xz) T" l-periodic, (21, yTp_1) — u(x) T l-periodic.

Finally, the interface can induce a drastic change in the type of limit problem, since the first eigenfunction
concentrates exponentially fast at the interface. In the fourth limiting case, there is no factorization
principle as above, but rather a localization principle at the discontinuity (see Theorem [3.5). The first
eigenvalue A converges to a limit A; which is below the cell eigenvalues, 0 < Ay < min (u1, 12), and the
convergence is exponential in the sense that there exists 7 > 0 such that

A§ =Ml < Cexp (=),



whereas the first normalized eigenvector satisfies

HVsbi(x) - \%V (v(%)) () = S (%)

The limit function ¥(y) decreases exponentially away from the interface, and (A1, ¥) is the first eigenpair
of an equation posed in an infinite strip

1 T

"

<con (D).

L2(Q) L2()

—div (a (yv yn) V\II) + by (ya yn) U= )\10 (ya yn) VU in Tnil X (7007 OO)

This paper is organized as follows. Our main results and the precise definition of the situations described
above are given in section Previously, in section [2] we introduce our notations and the auxiliary
variational problems that are crucial to the statement of our main results. Section [ contains the proofs
corresponding to the situations when homogenization takes place without localization. Section [5] is
devoted to the proof of our results when a localization phenomenon occurs. Eventually section [f] is
concerned with an auxiliary interface variational problem which is at the basis of the proposed selection
criterion between the different cases.

2 Notations and auxiliary variational problems

We first introduce the notations and assumptions used throughout this paper. Our assumptions on the
coefficients of problem (L.1)) are as follows.

All functions (a1,ij)1<ij<n, (62,ij)1<ij<n, 21, 22, o1 and oo are assumed to be measurable, [0,1]”
periodic, and bounded. The coefficients X1, 3o, 01, 02 are also bounded from below by positive constants.
The diffusion matrices a; and as are symmetric n X n matrices, assumed to be coercive, i.e. there exists
a constant C' > 0 such that for any & € R™,

ar (y) €€ > Cle]* and a2 (y) € - € > CJ¢f* for ae. y € [0,1]".

Moreover, we assume that all coefficients of have a minimal regularity in order that all the solutions
involved possess W1 regularity. For instance, if all the coefficients are of Hélder class C7, v > 0, then
this condition is satisfied, see [17]. In particular, this assumption is crucial to state that the discontinuity
function «, defined by , is bounded in L°.

The domain  under consideration is Q = T"~! x [, L]. The right-hand-side and left-hand-side sub-
domains are ; = T" 1 x (=1,0) and Qy = T" ! x (0,L). The interface is ' = QN {z, = 0}.
We also define the infinite strip G = T"~! x (—o0, +00), which has an interface I' = G N {z,, = 0}
(we give the same name to the interface in G and ). The two left and right semi-infinite strips are
noted Gy = GN{x, < 0} and Gy = GN {x, > 0}. For all z = (x1,22,...,2,) € £, we note
2’ = (x1,...,7,_1) the first n — 1 coordinates of z, living in T"~!. We therefore write x = (2/,x,).
We use the same notation for y = (v',y,) € G. The solutions of problem belongs to the space
Hy o(Q) = {u € HY(Q)s. t. 2’ — u(2',x,) is T"' periodic and u(z’, =1) = u(z’, L) = 0}. Also, to
make the micro and macro periods consistent we assume that e = 1/k with an integer k, k — oo.

Let us now introduce the cell problems which will govern the limit behavior of . At the difference of

the one dimensional case (see [3]), it is not possible to choose a normalization condition of the cell eigen-
functions 91 and 19, solutions of ([1.3)), such that ¥; = 15 on the interface I'. To connect continuously



11 in £ and v, in Qy, we need to introduce boundary layers Ny o and Na o given by

—div (1/}%(11 (y)VNLO) =0in Gy — div (wgag(y)VNg)o) =01in Go
Nio(-yyn) T" l-periodic, and Noo(yyn) T" !-periodic, (2.1)
Nl,()('ao) = %(,0), NQ,O(';O) = %(70)

Then, Corollary [2.5] states that the function vy defined by

~f i(y)(X + Nio(y)) for y, <0
Yoly) = { $a(y)(1 + Nao(y) for g > 0 (2.2)

belongs to H!(G), is continuous through the interface I' and is an eigenfunction in G; and in Gs. In the
generic case when 1 # po (without loss of generality we assume that py > po) the function vy would
correspond to two different eigenvalues on each side of the interface I'. Clearly, only the smallest one
has a chance to appear in the limiting process. For this reason we use an alternative cell eigensolution,
described in the following lemma (for a proof, see [13]).

Lemma 2.1. For any 0 € R, there exists a first normalized eigenpair (u1(0),11,9) of the eigenvalue
problem
{ —div (a1 (y)V10) + 21(y) 1,0 = p1(0)o1(y)1,e in [0,1]" (2.3)
Y1.0(y)e % T"-periodic, '

where y,, is the n-th coordinate of y (normal to the interface). The first eigenvalue 1y (6) is simple and
the first eigenfunction 11 ¢ can be chosen positive. Furthermore, the map 6 — p1(8) is a strictly concave
function reaching its mazimum at @ = 0. Thus, if p1 = p1(0) > pe = p2(0), there exists a unique 6 > 0
such that p1(0) = us.

Remark that 1 ¢, extended to Gy, is the product of a periodic function and of an exponentially decreasing
function exp (Ay,). As before, it is not possible in general to connect continuously 1 ¢ in Gy and 19 in
G5. To ensure continuity on I', we also introduce boundary layers defined by

— div (ﬁ’eal(y)vm) —0in G, — div (¢2as(y)VN2) = 0 in Gy
Ni(-,yn) T" Lperiodic, and { N2(-y.) T '-periodic, (2.4)
Ni(,0) = 522(-,0) Na(-,0) = 52 (,0).

Proposition 2.2. The function v defined by

_ [ bro)(1+ Ni(y) for yu <0
o) = { e 25)

belongs to HY(Q), is continuous through the interface T, and satisfies, for i = 1,2 (with the same
eigenvalue ),
— div (asz) + 20 = poo in G;. (26)

Furthermore, there exist three positive constants 7 > 0, ¢; > 1 and ¢ > 1 such that

lim e e [V (P(y) — o)) =0 and  lim e [V ($(y) — catia(y))| = 0. (2.7)

Yn—>—00 Yn —>00



As a consequence, there exists a positive constant C > 0 such that

é < e Wny(y) < C fory, <0 and % <¢Y(y) < C fory, > 0. (2.8)
The mapping
T: H#O(Q) — H#O(Q)
f(z) = @) (%)

18 bounded, invertible and bicontinuous.

Remark 2.3. Recall that 11 ¢ is exponentially decreasing as (exp (6y,)) when y, goes to —co. The first
part of (2.7) tells us that ¢ has the same behavior and that the difference between ¥ and a multiple of
11,9 is decreasing with a faster exponential decay. Another way of writing (2.7) is to state that

v( U(y) )‘ _o.

V1.6(y)

Remark 2.4. The constants ¢; and ce appearing in depend on the normalization of the cell eigen-
functions 1,9 and 2. We can choose this normalization such that ¢; = c; = 1. Indeed, denoting by
ny > 0 and ny > 0 the positive constants to which N; and Ny stabilize at infinity, multiplying ;¢
by a constant K changes the constants ¢; = 1 +n; and ¢z = 1 + no in new constants (1 + K 1nq)
and (1 + Kny). Taking K = y/n1/ns gives (1 + K~ !n;) = (1 + Kny) and this unique constant can be
eliminated by multiplying it to the resulting ).

lim e "Y»
Yn —— 00

Similar results can be obtained for vy which is defined with the two periodic eigensolutions 11 and 5.

Corollary 2.5. The function ¥g defined by belongs to HY(G), is continuous through the interface
T, and satisfies, for i = 1,2 (with different eigenvalues p; ),

— div (a; Vho) + Zitho = pioithy in Gy,
and there exist three positive constants T > 0, ¢} > 1 and ¢ > 1 such that

lim e [V (Yoly) = in)[ =0 and - Tim e |V (voly) - chiia(y))] = 0.

Yn—>—00 Yn—>00
As a consequence, there exists a positive constant C' > 0 such that C~1 < o(y) < C in G. The mapping

To: Hyo(Q) — Hyo(Q)

i

f(x) = f(@)vo (%)
18 also a homeomorphism.

Remark 2.6. Note that we can always multiply ¢ by an appropriate constant so that /vy converges
strongly to 1 in LP(Qs) for any 1 < p < co. In the sequel, we will always assume that such choice was
made.

The proof of Corollary is quite standard and much easier than that of Proposition Actually,
the boundary layers Ny ¢ and N3 o, defined by (2.1)), are solutions of self-adjoint problems with periodic
coefficients. In such a case, the exponential stabilization to a constant of Nig, N2, as well as the



exponential decay of their gradients in the direction normal to the interface is a well known result (see
e.g. [20], [21], [22]). However, the proof of Proposition [2.2]is delicate because the coefficients of problem
are exponentially decreasing in G;. The main trick of the proof is to show that is equivalent
to a problem with periodic coefficients which is no longer self-adjoint. Therefore, we need to replace the
classical results of [20], [21], [22] by a more general result of [25, 26] (see Theorem below).

Proof of Proposition[2.2 First of all, equation is just a matter of simple algebra. If ¢ exists, by our
smoothness assumption on the coefficients it belongs to W1>°(G), so the mapping T is a homeomorphism.
Therefore, the only point to check carefully is the well-posedness of the boundary layer problems .
The existence, uniqueness, and behavior at infinity of Ny is classical (see e.g. [20], [21], [22]). Indeed,
because of our smoothness assumption on the coefficients, the cell eigenfunction - is continuous, so
there exists a positive constants C' > 0 such that C' > 15(y) > C~! for all y € G. The boundary layer
Ny is thus uniquely defined in a Deny-Lions space as the solution of an uniformly elliptic boundary value
problem posed on a semi-infinite strip. Furthermore, there exist two constants ny and 7 > 0 such that

lim eTy"(lNz(y) —na| + IVNz(y)\) =0.

Yn—>+00

P10

By the maximum principle, the constant ny must be positive since 7

co =14 ns.

is positive on I'. Finally we have

Let us now turn to the case of N;. We introduce a periodic function ¢; ¢ defined by

$1.0(y) = Pro(y)e .

Because of our smoothness assumption on the coefficients, this function is continuous and there exists a
positive constants C' > 0 such that C' > ¢1 ¢(y) > C~ for all y € G. We then rewrite equation (2.4) in
G as

— div (gb%eal(y)VNl) — 2002 4a?(y) - VN, = 0 in Gy

Ni(,yn) T" lperiodic, (2.9)
Nl('vo) = er ('>O)a

where a7 is the n" column of the matrix a;. The point is that (2.9) has purely periodic coefficients. By
application of Theorem below, there exists a unique solution of (2.9)) with the required asymptotic
behavior at infinity if we can show that

b= / (* diV(‘f’%,eal) - 29¢iea?) prdy

satisfies b - e,, < 0 with p* the first eigenfunction of the adjoint cell problem satisfying

— div (¢7 ga1 (y) Vp*) + 26 div (¢7 paf (y)p*) = 0 in T". (2.10)
Let us show that y
T M1
b=—(0 2.11
" 5) (211)

which is non-positive since § > 0 and § — p1(6) is strictly concave by Lemma To obtain (2.11)) we
rewrite (2.3)) as

— div(a1Ve1,9) — 260al - V1 9 + (21 — 60 div(al) — OQa?”) $1,0 = t1(0)o1¢1,9 in T, (2.12)



where a}" is the n" component of the vector a7, or equivalently the (n,n)-entry of the matrix a;. We
introduce the adjoint equation of (2.12)), which admits the same first eigenvalue p;(6),

— div (a1 V7 o) + 20 div(al¢; ») + (21 — 0 div(a}) — 0%al™) ¢} g = p1(0)o167 4 in T (2.13)

We normalize the first eigenfunction ¢7 , by

/ 011,007 9 dy = 1.

As a matter of simple algebra we have #19 = ¢1,p" with p* the solution of lj Since the first

eigenvalue of (2.12) is simple, we can differentiate (2.12) with respect to . We write (2.12)) in abstract
form as A(6)¢1,9 = 0, where A(f) is an operator acting in T". We obtain

d dA(0 . m wn G R,
A(Q)% =—- dé )¢1,9 =2a] - V1,0 + (dlv(al) + 20a}™ + (591(9)01) ¢1,0 in T,

where the right hand side must satisfy the Fredholm compatibility condition, namely must be orthogonal
to ¢7 4. This condition implies that

din

B0 = — [ (207 Voro+ (diviad) +2001") 610 o i,

which is precisely the definition of b. O

We now recall a result of [25] [26] concerning the existence and uniqueness of solutions of

—div(aVv) +b- Vv =0in Gy
(2.14)
v(y',0) =vg on T,

where a is a T"-periodic uniformly coercive tensor, b is a T"-periodic vector field, and vy is a given
boundary data. As usual, we assume that these data have enough smoothness in order that the solutions
of (2.14)) are, at least locally, in W>°(G1). We consider here the semi-infinite strip Gy, but a similar
result holds for G3. We shall need the cell eigenvalue problem

— div(eVp) +b-Vp=Apin T", (2.15)
and its adjoint
— div(aVp*) — div(bp*) = Ap* in T". (2.16)

Clearly, the first eigenvalue of (2.15)) is A = 0 with the corresponding eigenfunction p = 1, and thus,
there exists a positive first eigenfunction p* of (2.16|) which satisfies — div(aVp*) — div(bp*) = 0. From
now on p* denotes this positive first eigenfunction.

Theorem 2.7 (|25 26]). Define
b= / (— diva + b)p*dy. (2.17)



Ifb-e, <0, problem has a unique bounded solution. Moreover, there exist three constants K € R,
C >0 and 7 > 0 such that
Ju(y) — K| < Cem.

Ifb-e, >0, for any K € R there exist a bounded solution of and two positve constants C > 0
and T > 0 such that
lu(y) — K| < Ce™.

For each K, such a solution is unique, and there are no other bounded solutions.

Even though we are able to build a continuous function % in the infinite band G that stabilizes at
infinity to c191,9 and cat)e, ¢1,c2 > 1, we cannot enforce the continuity of the flow (aVi)n normal to
the interface I'. In other words, v is not the solution of equation in the whole strip G. We introduce
a so-called discontinuity function « defined by

o) = Y a0l 0)(1+ My, 0) LT ) 215
(12(1 + N2))

0
az,n;(y',0)¥2(y’, 0)(1 4+ N2(y', 0)) (y',0) for all y' €T

0y,

Due to our smoothness assumptions on the coefficients, «(y’) is a function in L*°(T"). We also introduce

Qo) = Y a0 O 01+ Naofyf,0) P E R 1) 2.19)
0 (2(1+ Nay))

— a2y, 0)1h2(y’, 0)(1 + Nayp(y', 0)) (y',0) for all y’ €T

dy;
Clearly, o = oy if p1 = po.

3 Main results

The different situations referred to in Section [1] will depend on the discontinuity function «, defined by
(2.18)), through the following variational problem (when it admits a solution)

A= inf / D(y)Vu - Vudy (3.1)
u € DV2(G) G

Jpa Ay, 0)dy’ = —1

where D(y) = a(y, y,)¥?(y) for all y € G and D*?(G) is a weighted Deny-Lions (or Beppo-Levi) space
[16] defined by

DY3(@) = {qs e H. (G) |y — ¢(y/,yn)1r”*1-periodic,/G e |V |2 dy +/ |Vo|?dy < +oo} . (3.2)

G2
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This problem is studied in detail in Section [6] below. At this point, remark simply that there is no
admissible test functions in (3.1) if &« > 0 on I', and in such a case we set A = +oo as is usual in
optimization.

The first result concerns the special case when the discontinuity function a defined by ([2.18)) is identically
zero. We then obtain a generalization of Theorem [I.1}

Theorem 3.1. Let S, and ¢S, be the m-th eigenvalue and normalized eigenfunction of , and assume
that o defined by is such that a« =0 on I'. Let ¢ be the function defined by . Then

o5, (z) = us, () (%) and A&, = p2 + €V, + 0 (€2),

where

o if 11 > pa then, up to a subsequence, u, converges strongly in L*(Q) to wy,, with u, = 0 in Oy
and (Vm, um,) is the m-th eigenpair of the following homogenized problem

5z,njﬁ.‘j(-,()) =u(-,L) =0. (3.3)

{ —div EQVU) = UOU m o,
e if u1 = o then, up to a sub-sequence, us, converges weakly in H#O(Q) 10 Uy, and (Vp, um,) is the
m-th eigenpair of the following homogenized problem

{ —div ((x1(z)D1 + x2(x)D2) Vu) = v (x1(2)71 + x2(x)72) v in Q, (3.4)
u(,—)=0 and wu(-,L)=0. '

In both cases, the homogenized coefficients are given, for k=1,2, by

(Ek)ij = /n Gvi(y)ar(y) (V& +e) - (V& + ;) dy and &), = / o (y)crvi(y)dy, (3.5)

n

where ¢y is the positive constant such that the function ¥ is asymptotically equal to cpyy at infinity in
Gy (see Pmposition and the function &, for 1 <i <mn, is the solution of

— div (Y2 (y)ax(¥) (V& + &) =0 in T", .
y — &(y) T"-periodic. )

Remark 3.2. In truth Proposition claims that ¢ is asymptotically equal to c;%; ¢ at infinity in G.
Nevertheless, the homogenized coefficients D, is required only in the case j1 = po which corresponds to
6 = 0 and thus 1,9 = 11. Therefore, in such a case it is true that 1 is asymptotically equal to c13; at
infinity in G;.

If the discontinuity function is not zero almost everywhere but A = 1, then the discontinuity is removable,
and we obtain the following result.

Theorem 3.3. Let X\, and ¢S, be the m-th eigenvalue and normalized eigenfunction of . Assume
that the minimal value of problem 1s precisely A = 1. Then the conclusions of Theore are also
valid provided that v is replaced by * = (u*1)), where u* is given by Theorem . (Here the homogenized
coefficients are still defined by , but with constants ¢, > 0 being such that ¢* is asymptotically equal
to cpy at infinity.)

11



Let us now turn to the cases where the discontinuity is not removable. Our first result concerns the case
when no localization occurs and a Dirichlet boundary condition appears at the interface.

Theorem 3.4. Let XS, and ¢S, be the m-th eigenvalue and normalized eigenfunction of , Assume
that either A > 1, or

a(y’) >0 ae onT and /ady’ > 0.
r
Then,
€ € T € 2 2
Gin(@) = iy (@) (2)  and Ny = o + v+ (),
where

o if u1 = po, then, up to a sub-sequence, us, converges weakly in H#O(Q) 1o U, and (Vpm, Upy) s
the m-th eigencouple of the homogenized problem

— div (E1Vu) = Vvo1u m Qq,
— div (D2Vu) = v5au in Qo, (3.7)
u(" _l) = u(,O) = u(" L) =0.

o if uy > g, then uf, converges strongly to 0 in L*(Q), and, up to a subsequence, ut, converges
weakly in H#O(Qg) t0 U, and (Vm, um) s the m-th eigenpair of the homogenized problem

—div (EQVU) =voou in o, (3.8)
u(-,0) =wu(-,L)=0.
In both cases, the homogenized coefficients are defined by formula for each half domain.

Finally, in all other cases we obtain a localization phenomena.

Theorem 3.5. Assume that the minimal value of problem satisfies A < 1. The first eigenvalue A§
of converges to a limit 0 < Ay < min (u1, pe), and, for some T > 0,

[Af — A1] < Cexp (72),

whereas the first normalized eigenvector satisfies
1 x
o (@) - —=v (%)

. 1 T
[veite) - 9 (v (7)) 7"
and (A1, ¥ (y)) is the first eigenpair of the eigenvalue problem
—div (a(y, yn) V) + X(y, yn)¥ = Mo (y, yn)V in G.

Furthermore, A1 is simple, while ¥ can be chosen positive and is exponentially decreasing away from the
interface.

< Cexp (—z),

"
€

L2(Q) L2(Q)

Remark 3.6. The criterion which selects the different limit cases is mainly the minimal value A of the
auxiliary variational problem . In one dimension this criterion can be further explicited in terms of
the value of « (a constant) at the interface (see [3]). The reason is that one can use ordinary differential
techniques and Floquet theory in one dimension to build explicit solutions of . This is, of course,
not possible in higher dimension. In particular the refined one-dimensional analysis of [3] shows that any
positive value of A > 0 can be achieved and thus all limit behaviors described above are attainable. This
is indeed confirmed by numerical simulations [3].
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4 Proofs in absence of localization

This section is devoted to the proofs of Theorems and The strategy is to perform a change
of unknowns (the so-called factorization principle) and then to prove the convergence of the spectrum
by studying the convergence of the Green operator of a source problem. With the help of the particular
solution v defined by , the eigenvalue problem can be transformed into the following one,
where the singular perturbation in front of the divergence term has disappeared. Proposition [4.1| gives
the form of this new problem after some simple algebra.

Proposition 4.1. Introducing u®(xz) = ¢(x) /v (%), the eigenvalue problem 1s equivalent to

/

1
—div (DVu) + —a (a:) u(2',0)0,, —0 = ve B u® in Q
e \ e

uc € Hy ().

where a(y') is the periodic function on T' defined by (2.18), and with the notation

pio=a(Em)7(5). p0-r(En) (). wm G

€ € €

Note that the coefficients D¢ and B¢ are no longer periodic but rather the superposition of periodic
and exponential functions. Following a strategy already used in [4], [3], the asymptotic study of the
eigenvalue problem relies on the detailed homogenization, as € tend to zero, of the following source
problem (i.e. with given right hand side)

!/
— div (DVv,) + 104 <x> ve(2,0)0;,—0 = Pfe in Q
€ \€ (4.2)

ve € Hy, 1(9).

with P¢(z) = w(i) , and with a right hand side f. which is a bounded sequence of L?(Q), weakly
vo(%)
o(%

converging to a limit f € L?(£2). We first obtain a priori estimates.

Proposition 4.2. Suppose that either a > 0 or A > 1. Then the solution v, of equation satisfies

M1 — M2 e
L2(Q) f ||P UeHLz(Ql) < C ||f€||L2(Q) (43)

1 /
/ a (x> ve(2',0)%dx
T €

Vel p2q,) + HJ%V@G

IN

and — CllfellZ2a (4.4)

€

where C' is a constant independent of €.

As a consequence, if A > 1, orif a >0 and [ a(y')dy’ >0, then

o if 1 = pa, up to a subsequence, v. converges weakly to a limit v in HZ(Y). The limit satisfies
v(z’,0) = 0 and thus can be written as v = vy + vo with v1 € H}(Q1) and va € HL(Q2).
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e if uy > pa, Pv. tends to zero in L*(Q4), and up to a subsequence, v, converges weakly in H* ()
to a limit v € H} ().

Alternatively, if a(y’) =0 almost everywhere on T,

e if 1 = pio, up to a subsequence, v. converges weakly in H}(Q).

o if uy > pa, Pv. tends to zero in L?(Q4), and up to a subsequence, v. converges weakly in H ().

Admitting momentarily this proposition, let us turn to the proofs of our main results. We introduce a
Green operator S, defined by

S, I2(Q) = LX(Q)
f— w.= P, with v, being the unique solution in Hg () (4.5)
of equation (4.2)) with r.h.s. f.

For all fixed € > 0, S, is clearly a linear compact operator in L?(£2). We shall show the following result

Proposition 4.3. Let f. be a sequence weakly converging to a limit f in L?(Q). The sequence w. =
Pév. = S.(f.) converges strongly in L*(Q) to w defined by w = S(f).

A.1 If a =0 and p1 = pe, then S is the following compact operator

S: L*(Q) —L*9Q)
f — w unique solution of
—div ((x1(2)D1 + x2(x)D2) Vw) = f in €,
w(-,—1)=0 and w(,L)=0,
y = w(y) T '-periodic.

A.2 If a =0 and py > pa, then S is the following compact operator

S L2()) — L2()
f —w =0 in Q1 and unique solution in Qs of
—div (ﬁng) = f m QQ,
D2 nj g (-,0) = w(-, L) =0,
y = w(y) T" -periodic.

B.1 If a >0 and fr ady’ >0, or A > 1, and p1 = pa, then S is the following compact operator

St L2(Q) — L2(Q)

f — w unique solution of
—div (§1Vw) =f n Qq,
—div (DQVw) =f in Qa,

w('v *l) - w('70) - w('> L) =0,
y — w(y) T" -periodic.
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B.2 If a >0 and fr ady’ >0, or A > 1, and py > us then S is the following compact operator

S: L*Q) — L%
f — w =0 in Q1 and unique solution in Qs of
—div (Eng) == f m QQ,
w(-,0) =w(-,L) =0,
y = w(y) T" -periodic.

In all cases, D1 and Do are given by .

Proof. In the cases A.1 and B.1 we have pu; = po, so that ¢ = 1, i.e. P¢ = 1, and thus w, = ve. In
these cases the diffusion coeflicient of stabilizes at infinity to coercive periodic coefficients (indeed,
they are the superposition of periodic and exponentially decreasing functions of the type exp(—e~!|z,|)
which converges strongly to zero in any LP(§2) with 1 < p < 400). The proof in Cases A.1 and B.1 are
quite standard in homogenization theory, with the a priori estimates of Proposition [£:2] For example,
using the method of the oscillating test function [II], [23], or that of two-scale convergence [I], [24], it
is an easy exercise that we safely leave to the reader. Let us simply remark that the homogenization of
is completely obvious in Case A.1, while in Case B.1, Proposition shows that ve(-,0) converges
to zero in L? (I"). Let us now turn to the other two cases for which we # v..

Case A.2. From Proposition we know that w, converges strongly to 0 in L?(€21). On the other hand,
see Remark P¢ converges strongly to 1 in LP(Qs) for any 1 < p < +oo. Therefore, it is enough to
prove the weak convergence of v. in H'(£23) to obtain the desired result. Testing variationally equation
against a test function ¢, € H#O(Q), we obtain

x 9 (T ) .
/ a (—6 ,:Cn) P (—6) Ve - Voodr = / Pef.pede. (4.6)
Note that for any bounded sequence ¢, € W 17°°(Q),

/Q1 a (%,xn) 1/12 (%) Vo, - Voedx

since Hexp (9 )Vve HLQ(Ql) is bounded, thanks to Proposition Of course, le P¢f.¢.dx goes to zero.
Consequently, for such sequences ¢, uniformly bounded in W°°(Q), identity (4.6) writes

—0
L2(Qy)

<ofon (2)5ul ., o ()0

L2(Qy)

Zn
€

D*Vuv, - Vodr = Pefepe + o(1). (4.7)
Qs Qs

Since the test functions in the homogenization method are of the type ¢.(z) = do(x) + €d1(x, x/€) with
smooth functions ¢g and ¢;, they are uniformly bounded in W>°(Q) and one can use to pass to
the limit. Classical arguments of homogenization theory allow us to conclude.
Case B.2. Asin case A.2 it is enough to study the weak convergence of v, in H'(£23) to obtain the desired
result. Proposition shows that v.(y’,0) converges to zero in L?(I'). Testing variationally equation
against ¢., where ¢, is a test function in W () ﬂH&#(Qg), we obtain again equation , and
conclude using similar arguments to that of Case A.2. O

We are now able to conclude the proof of Theorem [3.1] and Theorem [3.4]
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Proof of Theorem[3.1] and Theorem[3.] Let us first remark that, since S is compact, Proposition
implies that the sequence of operators S, defined by (4.5, uniformly converges to the limit operator
S. The asymptotic analysis of the eigenvalue problem is truly governed by the convergence of T
defined by

T.: L*(Q)) — L*(9)

F S ),

since the eigenvalues of T, are the inverse of that of (4.1). Remark that

B¢(x) x T\ 2
W:‘f(z’%) (v ()

which is a superposition of periodic functions and exponentially decreasing ones. Thus, in €, for i =1, 2,
it converges to a positive constant which is the average on the unit torus of the periodic function o;?.
Denoting by &(z,,) the weak limit of B¢/(P¢)?, we define the limit operator T by

T:12(Q) — L3(Q)
f = S@f).

The sequence T, does not uniformly converge to T, but the sequence T; is nevertheless collectively
compact, in the sense that

Ve LX(Q) limeo |Te(f) = T(f)llz2) =0,
the set {Te(f), | fllz2() < 1,€ > 0} is sequentially compact.

Theorems [3.1] and [3.4] are then consequences of a classical result in operator theory (see e.g. [7], [15], or
chapter 11 in [I8]). O

Proof of Theorem[3.3 Let u*(y) be the unique positive minimizer to problem (3.1)). Since A =1, it is a
positive solution of
— div (DVu*) + 6, —oa(y)u* =0 in G.

Therefore, the function ¥*(y) = u*(y)1(y) is positive and satisfies
1
—div (aVy™) + Z¢* = " < — div(DVu™) + 5yn:0a(y’)u*) + poou*p = pgop® in G.

The difference between ¥* and 1 is that ¢* is a solution in the entire strip G. In other words, there is
no discontinuity function for ¥*, i.e. o* = 0 on the interface I'. Consequently, by the new change of
variables u*¢(z) = ¢(z)/¢* (%), the eigenvalue problem (1.1)) is equivalent to

€

— div (D**Vu*€) = v.B*u* in Q
u*c e H#O(Q),

with the notation

2 2 )\6 _
b o () (5 (D) =0 (L) (o (D) v
€ € € € €
This eigenvalue problem is equivalent to (4.1)) with o = 0 and its homogenization is easy according to
Proposition [£.3] -
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Proof of Proposition[{.Z4 Multiplying equation (4.2)) by v, and integrating by parts, we obtain

1 !/
/ DV, - Vuedx + = / a (x) ve(a',0)?dx’ = / P foveda. (4.8)
Q €Jr € Q
Introducing we = P€v,, the right-hand-side of (4.8) is bounded by || fe|| 12 (q) [well f2(q)- Thus, we deduce
from (4.8) that

e if @ > 0, both left hand side terms are positive, and a being coercive and because of the bounds
([2.8) for ¢ we obtain

2

2 0
IVoellz2 (0, + He - Ve L2(21)

< C||fs||L2(Q) Hwe||L2(Q)~ (4.9)

e if A > 1, then from Lemma [6.4] we deduce that

/

A-1 1
7/ DV, - Vo dz < / DV, - Vo dz + — / o <x> v (2, 0)d’,
A Q Q € Jr €
and therefore inequality (4.9)) is also satisfied.

To conclude we also need to estimate w,. For this aim, we write the equation satisfied by w. = P¢v.. A
computation similar to that of Proposition shows that problem (4.2) is equivalent to

_ 1 /
—div (D§Vw,) + F B2 Bixa, ()we + an <i> we(x',0)0z,—0 = fe in Q

2
¢ (4.10)
we € Hy, 1(Q),
with " " " "
Di(w) = o (Goe) v (7). Bite) = o (G ) i ()
O(SU)an %e 0(1’)U€x %e
By an integration by parts of (4.10]) tested against w. we obtain
_ 1 /
/DSVwe'szder ot 2M2/ ngzdxwa/ozo <x> we(x’,())zd:zr’:/fewedz. (4.11)
Q € o2 €Jr € Q

Let us next show that

||VUE||L2(QQ) <C ||fe||L2(Q) and /1 — pio ||w€HL2(Ql) < Cez ||f6||L2(Q) : (4.12)

Note that since C~ v (z',0) < w,(2’,0) < Cvc(a’,0), where C is a positive constant which do not depend
on ¢, we have the following bound

/Fwe(:zr/,())zdx/ <C ||VU6H?;2(QQ) <C ||f6||L2(Q) Hwe”m(g)

Consequently, identity (4.11)) yields

(11 — pi2) ||w€\|iz(91) < Ce ||f€||L2(Q) Hwe||L2(Q) <Ce ||f6||L2(Q) (Hwe”m(gl) + ||w€HL2(Q2))7
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and the r.h.s. in (4.9) can be estimated as follows

||fe||L2(Q) ||weHL2(Q) <C ||fe||L2(Q) ||weHL2(92) <c ||fe||L2(Q) HUEHL2(92) )

which implies (4.12)). Finally, combining (4.9) and (4.12) we obtain (4.3). Estimate (4.4) is then a
i)

consequence of
Let us now turn to the consequences of these estimates.

If 11 = pg, then 0 = 0, w. = v, and estimate (4.3)) shows that w, is bounded in H& (€2). This yields that,
up to a subsequence, v, converges strongly to a limit v in L?(T"). Thus

/!
lim a<x> ve(x’,0)2dx:/a(y’)dy’/v(x',0)2dx.
e—=0 Jp € T T

Note that [.a(y')dy’ # 0, either by assumption, or because A # 0 implies [ a(y')dy’ # 0 according to
Theorem [6.2l Passing to the limit in estimate (4.4) then proves that v(z’,0) = 0.

If p1 # po, then estimate 1’ shows that w, converges to zero in L?(Q;). Furthermore, [Vvell2(q,) s

bounded. Thus, up to a subsequence, v, converges to a limit in H*({)s), and therefore strongly in L?(T).
The argument with (4.4)), already used in the case 1 = 2, proves here also that v(z’,0) = 0. O

5 Proofs for the localization phenomenon

This section is devoted to the proof of Theorem

Proposition 5.1. If the minimal value A of problem is smaller than 1, i.e. A < 1, then the first
eigenvalue N\ of problem is decreasing as € goes to zero, and satisfies

lim Al < po = min(pug, p2),
€e—0
where @1 and pg are the periodic cell eigenvalues defined in .

Proof. Problem (1.1)) is self-adjoint: its first eigenvalue is given by

62/960(396”) V¢.V¢dx+/9§](§,xn) d*dx

)\i = min po ,
bEH o(2) / o (fxn) $2da
670 o \e

which, thanks to Proposition is equivalent to

/
62/ DV¢-Vodx + e/ o <i> ¢(x',0)2d$’
M =p+  min Q L . (5.1)
¢€H#l;,o(9) / B¢ dx
¢ #0 Q
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Since the first eigenvalue of is simple, the minimization problem in the right hand side of
admits a minimizer ¢, unique up to a multiplicative constant (chosen in such a way that ¢ is positive
and normalized). Furthermore, ¢ must be periodic of period € in all coordinate directions tangential to
the interface. Indeed, because of the periodicity of the coefficients, the function @(z’; z,,) = ¢(x’ +1i€, z,,)
is also a positive and normalized minimizer, for all i € N*~!. By uniqueness of the minimizer, it must be
equal to (2, x,). Thus, by periodicity the integrals in reduce to a single band (eT"') x] — [, L[.
By the change of variables y = ¢ la, is thus equivalent to

/ D(y)Vé(y) - Voly)dy + / ()oY, 0)%dy’
A= o+ min G L , (5.2)

peHY o(Ge) B 2d
g /G B

where G. = T" "' x]|—le~ !, Le [ and D(y) = a(y, yn)¥(v)?, B(y) = o(y,yn)®¥(y)?. By virtue of Theorem
there exist u € DY?(Q) such that

/ D(y)Vu - Vudy < # <1 and /a(y')u2 (y',0)dy = —1
G r

(if A > 0, we take u as the unique positive minimizer of the auxiliary problem (3.1)), while, if A =0, u is
chosen as one element of the minimizing sequence built in the proof of Theorem. Furthermore, away
from the interface I', Vu decays exponentially to zero while u stabilizes exponentially to a constant. Let
us consider the function z.(y) = u(y)Ce(yn) where C.(yy,) is a cut-off function defined by

0 for y, < —e~ 1l
N(yn+e ) for —e <y, <nt—ell
Ce(yn) = 1 forn™l —e U<y, <-nt+elL
n(e*L—y,) fore!L—nt<y,<elL
0 for e 'L <y,

The value of the (small) constant 7 > 0 will be chosen later. Then, z. € Hj, ,(G.), and
1+A
/ D(y)Vze - Vzody < % —|—/ D(y)Vze - Vz. dy,
G. B.
where B, = GeN([—e ', np~t —e MJU[e 'L —n~', e 'L]). Using Cauchy-Schwarz inequality we obtain

/B D(y)Vze - Vzedy < C (HVUHQL?(BE) +7 HUHiQ(BE)) :

1

Since v is uniformly bounded in G, we have Hu||iz(36) < Cn~', uniformly with respect to e. Thus, for

sufficiently small 7 we can make n? ||u||iz (B.) @ small as we want. Now, for a fixed  we can choose €
small enough such that ||Vul| 2 g is small. Consequently, for some 7 and some €, we have

1—-A
/ D(y)Vzey - Vze, dy < ——.
Be, 4
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This implies that
/ / 291 A—1
D(y)Vaey - Vze dy + | aly)ze(y',0)"dy’ < —— <0.
Gep r

Consequently, plugging the test function z., in (5.2) yields
)\io < 2.

To conclude, remark that, by inclusion of spaces, identity (5.2)) implies that A! is non increasing as e
goes to zero. O

We perform a change of unknowns for the first eigenvector of (1.1)
o)

Yo (%)
The new unknown is a solution of an equation similar to (4.10))

ue(z)

_ 1 / A=
—div (D§Vue) + ad 5 Ha Bixa, (x)ue + —ap (x) Uz, =0 = — 5 H2 Bju, in Q
€ € € €

(5.3)
Ue € H#O(Q).

By the same argument as in the proof of Proposition u. is periodic in the tangential coordinate
directions, so we can reduce (5.3]) to a single strip. Then, performing the change of variables y = z/e,
we obtain that @.(y) = ue(x) satisfies

— divy (Do(y)Vyac) + (11 — p2) Bo(y) Xy, <0(¥)Te + o (y)Te(y’, 0)dy, =0
= (Al — p2) Bo(y)c in G, (5.4)

[T= H#O(Ge).

Lemma 5.2. Assume that A < 1. Then, the function T, (and its gradient) decays exponentially to zero
away from the interface, uniformly with respect to e.

Proof. We rewrite (5.4) in G? = G. N {y, > 0} as

— divy (Do(y)VyTc) + (2 — Ae) Bo(y)te = 0 in G2
(5.5)
U (z',Le ) =0 and . (2,0)= g,

for some trace condition g.. Since uz — Al > C' > 0 by virtue of Proposition we can prove that
. decays exponentially away from the interface y, = 0 uniformly in e. Indeed, for £k € N, defining
G** = G.N{y, >k} and T'>* = G. N {y, = k}, U, is also a solution of

— divy (Do(y)VyTe) + (p2 — M) Bo(y)@e = 0 in G2F

U (z',Le ) =0 and 7. =7u.(a',k) on T2F
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and thus it satisfies the a priori estimate
2 — 2
||u5||H1(Gg,k) <C ||U6HH1/2(1*§”€) )

where the constant C' > 0 depends on Dy, By, (t12 — lim._,o Al) but not on € nor on k. Clearly, we also
have

— 2 — 2 — 2 — 2

HUEHHU?(F?”“) < HUEHHl(Gf*’“*l\GE”“) < HueHHl(Gik*l) - ||ue||H1(G§vk)~

Combining these two inequalities implies

C
2 2
||Ue||H1(G§v’“) < 07_’_1 ||Ue“H1(G§”€—1) . (5~6)

It is then a classical matter to deduce from (5.6) that there exist 7 > 0 and C' > 0 (independent of ¢)
such that

||eXp(Tyn)ﬂ6||H1(G§) <C.

A similar argument works for G} = G. N {y,, < 0}. O

As a consequence of Lemma the sequence U, (extended by zero at infinity) is precompact in H 7}#(G)
Therefore, up to a subsequence, it converges to a limit @ which satisfies

= divy (Do(y) V1) + (1 — p12) Bo(y) Xy, <0T + @0 (y)udy, =0 = Qig% e = uz) Bo(y)uin G
(5.7)

e Hy(G).

Lemma 5.3. The solution w is the first eigenfunction of problem which has a simple first eigenvalue.
In particular, this implies that the entire sequence u. converges to u.

Proof. Let us denote by (A — us) and U a generic eigenvalue and eigenfunction of (5.7). The usual
factorization argument tells us that ¢ = 1yv is an eigenfunction for

{ —divy (a(y)Vy9) +Z(y)é = Ao (y)é in G (5.8)
¢ € Hy(G). ’
It is well known that the spectrum of equation can be decomposed as the union of an essential
spectrum and of a discrete spectrum, and that eigenfunctions corresponding to eigenvalues in the discrete
spectrum are exponentially decaying to 0 at infinity. We also know that the minimum value of the
essential spectrum is precisely equal to o = min(py, po). Therefore, lim._,o A} is an eigenvalue of
which belongs to its discrete spectrum. Thus, the first eigenvalue A; of is also in the discrete
spectrum and its corresponding eigenvectors are exponentially decaying to 0 at infinity: it is then a
classical matter to prove that \; is simple and that its eigenvector can be chosen positive. Since u is a
positive, exponentially decaying, solution of , we deduce that A\; = lim._,o A} and o is the first

eigenfunction of (5.8)). O
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Proof of Theorem[3.5 Let us denote by ¥ the first normalized eigenfunction and by A; the first eigen-
value of (5.8). From Lemma we know that U = vgu. Let us consider the function

T

vel@) = ¥ (%) Clan),

€

where C(x,,) is a smooth cut-off function such that C(z,,) = 1 in a neighborhood of 0, and it has compact
support in | — I, +L[. Because of the exponential decay of @, we have

o (5(2)) - et ¢ 2) o0

Thus, it remains to prove that

< Cexp (fg)

L2(Q) L2(Q)

V65 (@) = V(@) 2y + 195(@) = 5@} 2y < Cexp (=2), =A< Cexp(=Z)  (5.9)

with 7, and [[ve||z2(q) = /€. The variational formulations of 1) and 1} read respectively

= Ue
HUEHL2(Q)

fG a(y)qub “Vyody + fG Z(y)(bzdy

A1 = min 5.10
LT genL (@00} [ o(y)¢*dy (5.10)
. . Jo a)Vyo - Vyody + [, S(y)o*dy
Al = min < Ty (5.11)
seHL, ((Go)\{0} Ja. o(y)d?dy

We obviously have A\; < A{. On the other hand, by substituting the test function ¢(y) = vc(ey) in (5.11)
we get A{ < A; 4+ Cexp (—Z) and the second inequality (5.9) follows. The first one can now be justified
by standard spectral gap arguments. O

6 Auxiliary variational problem

This section deals with the variational problem (3.1)), namely

A= inf / D(y)Vu - Vudy
u € DY2(G) G

Jr )y, 0)dy’ = -1

where D(y) = a(y,yn)1*(y) and DY?(G) is the weighted Deny-Lions space defined by . One of the
difficulty of this problem is that, when p; # po, the tensor D(y) is exponentially decreasing as y,, tends
to —oo (it is uniformly coercive for y,, > 0). Nevertheless, we show that this problem is well-posed if the
discontinuity function « is not non-negative and has a non-zero average.

Remark 6.1. If a > 0, there is clearly no admissible test function for (3.1) and, as is usual in optimization,
we set A = +o00. In such a case, either Theorem or Theorem apply. If fr a < 0, then A =0 and

1
the minimum is realized by the constant function (— fr a) 2,
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Theorem 6.2. Assume that the set M = {y' € T' | a(y’) < 0} is of non zero measure. Then, if
Jra(y)dy # 0, there exists a unique positive minimizer u* to problem f [ra(y')dy =0, then
A = 0 and the minimum is not attained. When it exists, the minimizer u* stabilizes to a constant at
infinity while its gradient decays exponentially to zero.

Proof. Let us first consider the case fr a(y")dy’ = 0. Consider a smooth function v with compact support
in G such that B = [.avdy’ is not zero, and define A = [ av?dy’ and 0 < C' = [, DVv - Vody < cc.

Then for all £ > 0, the function vy = %v — k;JBA satisfies

C
/Fa(y/)vi(yl,o)dy’ =—1, and LDVvk - Vopdy = L

sothat 0 < A< k% for all k. This implies that the minimum is zero and is not attained.

Let us now turn to the cas“F a(y')dy’ # 0 and prove that the infimum of is attained in the
space DV2(G) defined by (3.2). Define a compact subset of G by Gy = T"~ ! x (-1,1). Remark
that, in Gy, the tensor D(y) is uniformly coercive. Consider a minimizing sequence wuy. It satisfies
fGo D(y)Vuy - Vug dy < C for some constant C. Because of the coercivity of D on Gy this implies ,
Vgl 2(gy) < C- The Poincaré-Wirtinger inequality

< e[ Vukll 2y » (6.1)

ug */uk(y’,o)dy'
T

L2(Go)

shows the boundedness of the sequence uy — [ ux(y’,0)dy’ in L*(Go). Remark that

e fomi= g [ (o o) s o] (= o) (o) = ([ )}

Since [ o (y')ui (y',0)dy’ = —1 this implies ([, uy (y',0) dy')2 < C(1+]fpue (¥,0)dy’|) and conse-
quently UF ug (y',0) dy'} and in turn |lug|[;2 (g, are bounded. Thus, the sequence uy is bounded in
H'(Gy) and, up to a subsequence, u; converges to a limit u weakly in H'(Gy) and strongly in L?(T).
In particular this implies that the limit still satisfies the constraint [, al(y')u?(y’,0)dy’ = —1. Actually,
the sequence uy, converges weakly to u in D%2(G), and the weak lower semicontinuity of the quadratic
functional f o DVu - Vudy yields that u is a minimizer. Remark that, if v is a minimizer, then |u| is
also a minimizer, so we can assume from now on that u is non-negative. Let us show that there exists a
unique positive minimizer u*. The Euler-Lagrange equation for a non-negative minimizer u* of is

— div(DVu*) + Aa(y')dy,, —ou™ =0 in G.

Applying Lemma [6.3] shows that u* is indeed positive in G. On the same token, u* is also bounded by a
posivite constant K in a neighbourhood Gy of the interface I'. Define the truncation v = min(u*, K)
which is well defined in DV'?(G), and satisfies u* = u* on I'. Furthermore, Vu® = Vu* where u® = u*,
and Vu® = 0 where u* > K. Thus, we have

A:/DVu*~Vu*dy2/DVuK~VuKdy
G G
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and the inequality is strict if u® # w*, which contradicts the fact that u* is a minimizer. Therefore, u* is
uniformly bounded in G. Eventually, arguing as in the proof of Proposition we may invoke Theorem
to obtain the uniqueness of the bounded positive solution of the Euler-Lagrange equation (as well as
its desired behavior at infinity) and thus of the positive minimizer u* of . O

Lemma 6.3. There is a strong mazimum principle for the equation
— div(DVu) + a(y)dy, —ou =0 in G,

i.e., if a nonnegative solution wu s strictly positive at least at one point of G, then this solution is strictly
positive everywhere in G.

Proof. We assume for definiteness that u(yg) > 0 for some yo € G;. Then, by the standard strong
maximum principle, u(y) > 0 for any y € G;. The same holds true for Go. It remains to prove that w is
also positive on the interface I'. Let v; and vs be the unique solutions of the following problems:

—div(DVv1) =0 in T"~! x (—1,0),
vy, =) =148, wu(y,0) =45,
and
—div(DVvg) =0 in T~ x (0,1),
vi(y,0) =B, wvi(y,1)=0.

with 5 > 0. By the maximum principle, we have

0 0
—D1;(y,0)—v1 (y/,0) = —D11(y, 0) —v1 (3/
lj(yvo)aijl(y70) ll(yao)aylvl(ya0)>0

for any y’ € T'. By uniform continuity arguments this implies

0
—Dui(y/, O)Tylvl(y/a 0) >c>0.

It is easy to see that the gradient of v; does not depend on . It is also clear that

0
0 < —D11(y',0)s—wv2(y',0) < e18.

oy
The function
o V1, -1 < Yn < 0
v V2, 0 S Yn S 17
is continuous and satisfies the equation
. 0 0
— div(DVwv) = Dn(y’70)6—vl(~70) — D11(y',0) =—v2(-,0)6 (yn)- (6.2)
Y1 oy

Denoting #(y') = —4! (Du(y’,0>2—:j,1<y’,0) - Dll(y',())g—;’i(y’,())), since v(y’,0) = B on T, equation
(6.2) can be rewritten as follows

— div(DVv) + £(y")dy, —ov = 0.
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For sufficiently small 8 we get
, c
>
k(Y') > 23’

which gives in turn (y’) > a(y’). Multiplying, if necessary, v by an appropriate positive constant v, we
obtain u(y’, —1) — yv(y’, —1) > 0 for all ' € T"~L. Substituting in the equation gives

— div(DV(u — yv)) + ady, —o(u —yv) = y(k — a)v in T?~! x (—1,+1),
(u=0)(y,-1) =20,  (u—7v)(¥,1) 20,

and, by the maximum principle, u(y’,0) > yv(y’,0) = v3. The positivity of u in G2 now follows from
the standard strong maximum principle. O

Lemma 6.4. If the minimal value of problem is such that A > 1, then there exists a constant
Ce > 0 such that, for all ¢ € Hy, 4(9),

1/a<$,) ¢<x’,o)2dx'+1/ D%-dezcs/ ¢ da.
€ Jr € Ao Q

Proof. Consider ¢ a function which realizes the minimum of

, 1 x’ ;e 1 x
min f/ra(—)gﬁ(x,O) +X/QD(?:E,L)V¢>~V¢.

peHy (), [ ¢?=1 € €

Clearly || is also a minimizer so we can assume that ¢ is non negative. Thanks to the strong maximum
principle introduced in Lemma [6.3] ¢ is positive and uniquely determined. Remark that ¢ must be
€T~ !-periodic. Indeed, because of the periodicity of the coefficients o and D, the function @(z/, x,,) =
(2’ + i€, x,,) is also a positive and minimizer, for all i € N"~1. Because of the uniqueness of such a

minimizer, they must be equal. Consequently, after the change of variable y = % we obtain

n—2

1 ! 1 1
s [aeworar+ 5 [ 0V vode = S ([ apt 0tay + 5 [ Dwve-Tied).
r ¢ Q € r Ge

€

where @(y) = p(ey) for all y. If we extend ¢ by 0 on G \ G, we obtain

1 a! 1 . 1 N 1 R
*/a(*)w(x’,O)Qdﬂc%K/ DVy¢-Vodr = - (/ a(y’)w(y’,O)Qdy’JrX/ D(y)Vso-dey)
€Jr € Q € r G
> C. > 0,
because @, being equal to zero in G \ Ge, is not the minimizer of problem ([3.1)). O
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