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SCHOTTKY GROUP ACTIONS IN COMPLEX GEOMETRY

CHRISTIAN MIEBACH AND KARL OELJEKLAUS

Dedicated to Kang-Tae Kim at the occasion of his 60th birthday

Abstract. This paper discusses some recent progress on Schottky group actions on
compact and non-compact complex manifolds.

1. Introduction

In this article we survey a number of results concerning Schottky group actions on
complex manifolds. As an abstract group a Schottky group is isomorphic to the free
group Fr of rank r > 1, and a Schottky group action on the complex manifold X
yields an Fr-invariant connected open subset U of X on which action of Fr is free and
properly discontinuous. Our motivation for the study of Schottky group actions stems
from the fact that the quotient manifolds U/Fr have very interesting properties .

Having discussed the historical background of Schottky groups in complex geometry
in Section 1, we review the main results of [MO16] in Section 2. Section 3 contains a
new result concerning Schottky group actions on the unit ball of Cn, which has been
obtained independently by Stefan Nemirovski. To the best of our knowledge this is
the first time that complex analytic properties of Schottky quotients are discussed in
a non-compact setting. In the last section we list a number of open problems in this
circle of ideas.

2. Historical remarks on Schottky actions

In 1877 Schottky constructed holomorphic actions of free groups on the Riemann
sphere in the following way: Take (U1, V1), . . . , (Ur, Vr) to be r pairs of open subsets
of P1 bounded by Jordan curves, such that U1, V1, . . . , Ur, Vr are pairwise disjoint and
such that there are loxodromic elements γ1, . . . , γr ∈ Aut(P1) with

γi(Ui) = P1 \ Vi, i = 1, . . . , r.

1
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The Schottky group Γ := 〈γ1, ..., γr〉 ⊂ PSL(2,C) is free and non-abelian. Define

FΓ := P1 \
r⋃
i=1

(Ui ∪ Vi) and UΓ :=
⋃
γ∈Γ

γ (FΓ) .

Then Γ is a free group of r generators and it acts freely and properly discontinuously
on UΓ with FΓ as a fundamental domain. Furthermore the quotient QΓ := UΓ/Γ is a
compact Riemann surface Rr of genus r and every such surface Rr can be obtained this
way, [Koe10]. The complement P1 \UΓ is a Cantor set and UΓ is not simply-connected.
In 1967 Maskit proved that a subgroup Γ ⊂ PSL(2,C) is Schottky if and only if it
is finitely generated, free, has nonempty domain of discontinuity and all non-trivial
elements are conjugate to some γ =

(
λ 0
0 λ−1

)
with |λ| 6= 1, see [Ma67]. A natural idea

is to generalize this construction to higher dimensions which has been done since the
beginning of the 1980s.

In [Nor86] Nori gave an explicit construction of Schottky groups acting on PN for
every odd N . Here a subgroup Γ of Aut(PN) is called a Schottky group if there exist 2r
open subsets U1, . . . , Ur, V1, . . . , Vr of PN , being the interiors of their pairwise disjoint
topological closures, such that Γ is generated by r automorphisms γ1, . . . , γr ∈ Aut(PN)
which satisfy

γj(Uj) = PN \ Vj for all 1 6 j 6 r.

In this situation standard arguments show that Γ is freely generated by γ1, . . . , γr and
hence isomorphic to the free group of rank r. Defining

FΓ := PN \
r⋃
j=1

(Uj ∪ Vj) and UΓ := Γ · FΓ,

it is not hard to show that Γ acts properly on the connected open subset UΓ of PN with
fundamental domain FΓ and that we obtain a compact complex manifold QΓ := UΓ/Γ
as quotient. Moreover, if N > 1, then UΓ is simply connected and thus the fundamental
group of QΓ is isomorphic to Γ.

In [SV03] Seade and Verjovsky use inversions at certain hypersurfaces of PN with N
odd in order to construct discrete subgroups of Aut(PN) which contain Nori’s Schottky
groups as subgroups of index 2. On the other hand, in [Can08] Cano shows that there
are no Schottky groups acting on PN for even N .
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In dimension 3 a more general approach to Schottky quotients has been developed
by Ma. Kato. A compact complex 3-fold is of class L if it contains an open set bi-
holomorphic to a neighborhood of a complex line in the complex projective space P3.
This notion was introduced by Ma. Kato (see [Ka82], [Ka85]) who studied manifolds
of class L in great detail in several articles. An important subclass of class L is given
by compact complex manifolds whose universal covering is biholomorphic to a domain
in P3 containing a complex line. In his paper [Ka89], Kato constructed many examples
of such manifolds which he calls “manifolds of Schottky type” using the method of
“Klein combination” which produces given two such manifolds a third one still having
a domain of P3 as universal covering. These spaces are quotients by discrete subgroups
of the automorphism group of P3, but these groups are only implicitly constructed.
In [Lár98] Lárusson has also contributed to the theory of 3-dimensional manifolds of
Schottky type.

3. Schottky group actions on flag manifolds

In this section we review the main results from our paper [MO16].

3.1. Construction of Schottky groups acting on flag manifolds. Let us recall
Nori’s construction of Schottky group actions on an odd-dimensional complex projec-
tive space P2n+1 with n > 0. Writing homogeneous coordinates of P2n+1 as [z : w] with
z = (z0, . . . , zn) and w = (w0, . . . , wn) we define

C0 :=
{

[z : w] ∈ P2n+1; w = 0
}

and C1 :=
{

[z : w] ∈ P2n+1; z = 0
}

as well as a smooth function ϕ : P2n+1 → [0, 1] by

ϕ[z : w] :=
‖w‖2

‖z‖2 + ‖w‖2
.

Note that Cj = ϕ−1(j) for j = 0, 1. For 0 < ε < 1
2

we define open neighborhoods
of C0, C1 by Uε := {ϕ < ε} and Vε := {ϕ > 1 − ε}, respectively. A direct calculation
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shows that the automophism γ ∈ Aut(P2n+1) given by

γ
(
[z : w]

)
:= [z : λw]

satisfies γ(Uε) = P2n+1 \ V ε if |λ| = 1−ε
ε

. Choosing ε sufficiently small and conjugating
γ by automorphisms f1, . . . , fr ∈ Aut(P2n+1) we obtain Nori’s examples of Schottky
groups acting on P2n+1.

Since Nori and Cano settled the question of existence of Schottky groups acting on
complex projective space, the problem that motivated the research leading to [MO16]
was to determine all complex flag manifolds that admit Schottky group actions. Here,
by flag manifold we mean a complex homogeneous manifold X = G/P where G is a
connected semisimple complex Lie group and P is a parabolic subgroup of G.

From now on we replace complex projective space by an arbitrary complex flag
manifold X. Motivated by Nori’s construction we define a Schottky pair in X to be a
pair of disjoint connected compact complex submanifolds C0, C1 of X for which there
exists a holomorphic C∗-action on X given by the one parameter family {ϕλ}λ∈C∗ of
automorphisms of X such that

(1) the fixed point set XC∗
coincides with C0 ∪ C1 and

(2) C∗ acts freely and properly on X \ (C0 ∪ C1).

Such a pair is the basic ingredient in order to define a generator of a Schottky
group: We may choose suitable open neighborhoods U of C0 and V of C1 and an
automorphism ϕλ0 such that ϕλ0(U) = X \ V . Hence, we may construct a Schottky
group of arbitrarily high rank as soon as we find “many” disjoint Schottky pairs. More
precisely, we say that the Schottky pair (C0, C1) is movable if for every r > 1 there
are automorphisms f1, . . . , fr ∈ Aut(X) such that fk(Cj) are pairwise disjoint for all
1 6 k 6 r and j = 0, 1.

In order to construct Seade’s and Verjovsky’s extended Schottky groups we need an
involutive automorphism s ∈ Aut(X) such that s(C0) = C1 and s◦ϕλ = ϕλ−1 ◦s for all
λ ∈ C∗. Note that in Nori’s examples such an involution is defined by s[z : w] = [w : z].
In particular, its fixed point set Xs is the hypersurface

H :=
{

[z : w] ∈ P2n+1; ‖z‖2 − ‖w‖2 = 0
}
.

The crucial observation which eventually leads to the construction of Schottky pairs
in certain flag manifolds X is that H is an orbit of the non-compact real form G0 =
PSU(n+ 1, n+ 1) of G = Aut(P2n+1) ∼= PSL(2n+ 2,C). Indeed, combining a theorem
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of Akhiezer (cf. [Akh77]) with Matsuki duality (cf. [BL02]) we can prove the following,
see [MO16, Proposition 3.2].

Proposition 3.1. Let X = G/P be a complex flag manifold. If there exists a non-
compact real form G0 of G having a compact orbit of real codimension 1 in X, then X
admits a Schottky pair.

Proposition 3.1 suggests the following strategy for the construction of Schottky
groups acting on a flag manifold X. First classify couples (G/P,G0) where X = G/P
is a flag manifold and G0 is a non-compact real form of G having a compact hypersur-
face orbit in X, then determine which of the corresponding Schottky pairs are actually
movable in order to produce Schottky groups of arbitrarily high rank acting on X.

This program leads to the following result, see [MO16, Theorems 4.2 and A.1].

Theorem 3.2. The pairs (G/P,G0) of flag manifolds X = G/P and real forms G0 of
G having a compact hypersurface orbit in X are the following:

(1) G0 = SU(p, q) acting on X = Pp+q−1;
(2) G0 = Sp(p, q) acting on X = P2(p+q)−1;
(3) G0 = SU(1, n) acting on the Graßmannian X = Grk(Cn+1) of k-dimensional linear

subspaces in Cn+1;
(4) G0 = SO∗(2n) acting on the quadric X = Q2n−2 =

{
[z : w] ∈ P2n−1; z0w0 + · · · +

zn−1wn−1 = 0
}

;
(5) G0 = SO(1, 2n) acting on the manifold X = IGrn(C2n+1) of n-dimensional linear

subspaces of C2n+1 which are isotropic with respect to a non-degenerate symmetric
bilinear form on C2n+1;

(6) G0 = SO(2, 2n) acting on X = IGrn+1(C2n+2)0.

The Schottky pairs giving rise to Schottky group actions on X of arbitrary rank r are
precisely the ones on the odd-dimensional projective space P2n+1 where G0 = SU(n +
1, n + 1), on P4n+3 where G0 = Sp(n + 1, n + 1), on the quadric Q4n−2 where G0 =
SO∗(4n) and on the isotropic Graßmannian IGrn(C2n+1) where G0 = SO(1, 2n).

Remark. The movable Schottky pairs obtained by Theorem 3.2 yield Schottky group
actions on irreducible flag manifolds1. If X = G/P is one of these flag manifolds, and
if P ′ is a parabolic subgroup of P , we obtain a Schottky group action on X ′ = G/P ′

by lifting the one on X.

In the rest of this subsection we will describe the movable Schottky pairs in greater
detail. In particular we will show that in every case there is an involutive automorphism
s ∈ Aut(X) such that Xs is a compact hypersurface orbit of G0. Consequently, it is
possible to construct discrete subgroups of Aut(X) which contain Schottky groups as
subgroups of index 2 as it is done in [SV03]. In addition we may extend Kato’s notion
of complex-analytic connected sum to these cases.

We have already discussed Nori’s Schottky groups acting on P2n+1. In these cases
the Schottky pairs are linked by a holomorphic involution.

1A flag manifold X = G/P is called irreducible if P is a maximal parabolic subgroup of G, i.e., if
P is not properly contained in any proper parabolic subgroup of G.
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Example. Let us consider the case of the quadric X = Q4n−2, compare [MO16, Sec-
tion 4.2]. In this case a movable Schottky pair is given by

C0 =
{

[z : w] ∈ Q4n−2; w = 0
}

and C1 =
{

[z : w] ∈ Q4n−2; z = 0
}
.

The map defined by s[z : w] = [w : z] defines a holomorphic involution of X = Q4n−2

whose fixed point set in X coincides with the compact SO∗(4n)-orbit in X.

Example. In the case of the isotropic Graßmannian X = IGrn(C2n+1) a movable Schot-
tky pair is given as follows, see [MO16, Section 4.4]. The set of n-dimensional isotropic
linear subspaces of C2n+1 which lie in C2n×{0} is isomorphic to IGrn(C2n) and has two
connected components C0 and C1 which form a movable Schottky pair in X. There is
a holomorphic action of the group O(2n,C) on X such that C0 ∪C1 is an orbit. More-
over, we may find an element of order 2 in O(2n,C) \ SO(2n,C) which exchanges C0

and C1 and therefore yields a holomorphic involution of X with the desired properties.

3.2. Analytic and geometric properties of QΓ. Let Γ ⊂ G be a Schottky group
acting on the flag manifold X = G/P . We suppose throughout the following that
dimX = d > 2 and that dimCj 6 d− 2. This implies that the maximal domain UΓ on
which Γ acts properly is simply connected. Let p : UΓ → QΓ be the universal covering
of the compact quotient manifold QΓ.

The general strategy to investigate holomorphic objects on QΓ, such as meromorphic
functions or holomorphic differential forms, is to pull them back to UΓ and then to use
classical extension theorems in order to extend them to the whole of X, see [MO16,
Section 5].

Since the fundamental group of QΓ is isomorphic to Γ, a free group of rank r > 1,
it is well known that QΓ cannot be Kähler. Due to the fact that UΓ contains many
of the rational curves of X, the quotient manifold QΓ is rationally connected. Since
holomorphic d-forms extend from UΓ to X, the Kodaira dimension of QΓ is −∞.

Moreover, meromorphic functions also extend from UΓ to X. Hence, M(QΓ) can
be identified with the set of Γ-invariant rational functions on X. Since Γ-invariant
rational functions on X are automatically invariant under the Zariski closure of Γ in
G , an application of Rosenlicht’s theorem yields the following.

Theorem 3.3. The algebraic dimension a(QΓ) coincides with the codimension of a
generic H-orbit in X where H denotes the Zariski closure of Γ in G. In particular,
a(QΓ ) = 0 if and only of H has an open orbit in X.

Although a generic Schottky group acting on X is Zariski dense in G so that QΓ

has algebraic dimension 0, we have given examples where a(QΓ) is positive for every
X admitting movable Schottky pairs, see [MO16, Section 6.1].

The following assumptions on the dimensions of X are necessary for us to extend
higher cohomology classes from UΓ.

Dimension Assumption 3.4. From now on let X be either P2n+1 with n > 3 or
Q4n+2 with n > 2 or Q2n+1 with n > 3 or Xn with n > 4.

Theorem 3.5. Let Γ be a Schottky group of rank r acting on X with associated quotient
π : UΓ → QΓ. Then the Picard group H1(QΓ,O∗) of QΓ is isomorphic to (C∗)r × Z.
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The factor (C∗)r contains the topologically trivial holomorphic line bundles on QΓ,
given by a representation of Γ in C∗, while the factor Z comes from a hyperplane bundle
in X.

In closing we note the following result about the deformation theory of QΓ. We
observe that Γ acts on the Lie algebra g of G via the adjoint representation Ad: G→
GL(g) and we denote by gΓ the subspace of Γ-fixed points.

Theorem 3.6. The Kuranishi space of versal deformations of QΓ is smooth at QΓ

and of complex dimension (r − 1) dim g + dim gΓ. Moreover, the automorphism group
Aut(QΓ) admits as Lie algebra gΓ.

Note that the automorphism group of QΓ can be rather large. For example, it is
even possible that QΓ is almost homogeneous, see [MO16, Examples 6.4 and 6.5].

4. Schottky groups acting on the unit ball

In this section we consider Schottky subgroups Γ of the automorphism group of the
unit ball Bn in Cn and show that the quotient manifolds Bn are Stein.

4.1. Construction of Schottky actions. Let Bn denote the unit ball of Cn. Recall
that every holomorphic automorphism of Bn extends to the boundary ∂Bn = S2n−1

and is called elliptic or parabolic or hyperbolic if it has a fixed point in Bn or exactly
one or exactly two fixed points in ∂Bn, respectively, see [Gol99, Section 6.2.1], p. 203.

Let {ϕt}t∈R be a one parameter group of hyperbolic automorphisms of Bn. Then,
for every z ∈ Bn, we have

lim
t→±∞

ϕt(z) = x± ∈ ∂Bn

where x± are the two joint fixed points of {ϕt}. Consequently, we may choose open
neighborhoods U± of x± in ∂Bn and t0 ∈ R such that

ϕt0(U−) = ∂Bn \ U+.

This shows that we can construct a Schottky group action on the unit sphere S2n−1

(compare [MO16, Remark 4.6]) that extends to a holomorphic group action on the unit
ball.

Remark. Such a construction can also be found in [KLP16]. Note that there are also
Schottky groups containing parabolic elements, see [Li06].

As a consequence we obtain a discrete subgroup Γ of Aut(Bn) which is freely gener-
ated by r hyperbolic automorphisms for every r > 1. We define its limit set ΛΓ ⊂ ∂Bn
as the set of accumulation points of Γ · z0 in ∂Bn for z0 ∈ Bn. Note that this set is
independent of the choice of z0 ∈ Bn. Moreover, Γ acts freely and properly on Bn ∪ΩΓ

where ΩΓ := ∂Bn \ΛΓ is the discontinuity domain of Γ, see [Bow95, Proposition 3.2.6].

4.2. Schottky quotients are Stein. Let X := Bn/Γ and ∂X := ΩΓ/Γ be the corre-
sponding quotient manifolds. Since ∂X is a compact spherical CR manifold, the union
X := X ∪ ∂X is a compact complex manifold with strictly pseudoconvex boundary
∂X. We shall see that X is a Stein manifold.
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Remark. Note that Γ is geometrically finite in the sense of [Bow95], that generically
Γ is Zariski-dense in the real algebraic group Aut(Bn) and that ΛΓ is a Cantor set in
∂Bn.

Lemma 4.1. The quotient manifold X is strongly pseudoconvex. In particular, X is
a proper modification of a Stein space and therefore holomorphically convex.

Proof. Every point x ∈ ∂X has an open neighborhood V ⊂ X that is biholomorphically
equivalent to an open neighborhood U of some boundary point of Bn. Since ∂Bn is
smooth and strictly pseudoconvex, there exists a strictly plurisubharmonic function
ρV ∈ C∞(V ) such that limx→∂X∩V ρV (x) = ∞. Using a smooth partition of unity,
we may find a function ρ ∈ C∞(X) which is strictly plurisubharmonic near ∂X such
that limx→∂X ρ(x) = ∞ holds. Since X is compact, ρ is an exhaustion function on
X which is strictly plurisubharmonic outside some compact subset of X, i.e., X is
strongly pseudoconvex. �

In order to show that X is Stein we must exclude that X contains compact analytic
subsets of positive dimension.

Lemma 4.2. The quotient manifold X does not contain compact analytic subsets of
positive dimension.

Proof. Suppose that A ⊂ X is an irreducible compact analytic subset of dimension
dimA = k > 0.

Applying the Cartan-Leray spectral sequence to the universal covering Bn → X it
follows that H2k(X,Z) = {0} for all k > 1. Indeed, since we have Ep,q

2
∼= Hp

(
Γ, Hq(Bn)

)
and Γ is free, the only non-zero terms are E0,0

2 and E1,0
2 , which proves the claim.

Consequently, [A] ∈ H2k(X,Z) is trivial, hence A = ∂M for some real submanifold
M of X.

On the other hand, the Bergman metric of the unit ball is invariant under Aut(Bn)
and thus descends to X. Let ω denote the corresponding Kähler form on X. Then we
obtain

0 <

∫
A

ωk =

∫
M

dωk = 0,

a contradiction. �

Remark. The argument in the proof of Lemma 4.2 shows that, whenever a free group
acts properly on a contractible Stein manifold which carries an invariant Kähler form,
the quotient manifold does not contain compact analytic sets of positive dimension.

Combining Lemmas 4.1 and 4.2 we obtain the following

Theorem 4.3. Let Γ ⊂ Aut(Bn) be a Schottky group acting on Bn. Then the quotient
manifold X = Bn/Γ is Stein.

Remark. Extending the action of Γ to Pn ⊃ Bn, we obtain a holomorphic action of the
free group Γ of arbitrary rank r > 0 on Pn which has domain of discontinuity Bn.

Remark. Stefan Nemirovski announced Theorem 4.3 during the workshop “Lie Groups,
Invariant Theory & Complex Geometry” that took place on June 1st and 2nd 2017
at the University of Duisburg-Essen, Germany. His proof of Lemma 4.2 however uses
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a fundamental domain for the action of Γ constructed with the help of bisectors and
relies on their complex-analytic properties.

5. Open problems

5.1. Cohomology groups in small dimensions. Recall that we had to make the
dimension assumption 3.4 in order to calculate the dimensions of several cohomology
groups.

Problem 1. Calculate the cohomology groups of the quotient manifolds QΓ for which
the initial flag manifold X is isomorphic to the projective spaces P3, P5 and the quadrics
Q3, Q5 and Q6.

5.2. Generalizations of Blanchard Manifolds. Following Ma. Kato, a Blanchard
manifold is a compact complex manifold Y whose universal covering is isomorphic to
the complement of a single projective line in P3. The fundamental group Γ := π1(Y )
is isomorphic to (Z4,+). It is natural to look for generalisations of this situation in
higher dimensions. One has first the following negative result.

Proposition 5.1. Let C be a linearly embedded subspace Pk of Pn. If k < (n − 1)/2,
then there is no infinite discrete group of automorphisms of Ω := Pn\C acting properly
on Ω.

Proof. We may suppose that C =
{

[x] ∈ Pn; xk+1 = · · · = xn = 0
}

. A neighborhood
basis of C is given by the open sets of the form

Uε :=
{

[x : y] ∈ Pn; ε‖x‖2 − (1− ε)‖y‖2 > 0
}
, ε > 0,

where x = (x0, . . . , xk) and y = (xk+1, . . . , xn). One verifies directly that the sets Uε
are strictly k-convex. In particular, Uε does not contain any compact analytic subset
of dimension bigger than k.

Suppose now for a moment that there exists an infinite discrete group acting holo-
morphically and properly on Ω. Then for arbitrary 0 < ε < 1 and for all but finitely
many γ ∈ Γ we have γ(C ′) ⊂ Uε where C ′ :=

{
[x : y] ∈ Pn; x = 0

} ∼= Pn−k−1. It follows
from the above discussion that n−k−1 6 k, which is equivalent to k > (n−1)/2. �

In order to generalize the notion of Blanchard manifold one may consider the follow-
ing problem.

Problem 2. (a) Is it possible that Ω = Pn \ Pk covers a compact complex manifold if
n− 2 > k > (n− 1)/2, and n > 3?

(b) Let X be one of the flag manifolds admitting an action of a Schottky group of
arbitrary rank r and let C := C0 be a connected component of a movable Schottky
pair. Determine all the cases when X ′ := X \ C is the universal covering of a
compact complex manifold, i.e. when X ′ admits a free and properly discontinuous
co-compact action of of a discrete group of automorphisms.

5.3. Generalized Kato theory. In a series of papers Ma. Kato developed the theory
of compact complex 3-folds of class L using in particular the methods of connected
sums and Klein combinations, which allow to produce given two manifolds of class L
a third one of class L.
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Let X be one of the flag manifolds admitting an action of a Schottky group of arbi-
trary rang r and let C := C0 ⊂ X be a connected component of a movable Schottky
pair. By imitating Kato’s definition, one may define a manifold of class C as a com-
pact complex manifold containing an open domain which is biholomorphic to an open
neighborhood of C in X. As in Kato’s case it is still possible to produce connected
sums and Klein combinations of manifolds of class C.

Problem 3. Develop a theory of manifolds of class C.
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