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Chapter 1
Introduction

Clifford algebra concepts have a limited theoretical interest. Their properties are pre-
sented in the literature of applied mathematics by considering their existence for granted.

We find in the mathematical literature a rigorous definition of Clifford algebras but
that omits to define certain concepts that have a limited theoretical interest. Similarly,
works of applied mathematics that present the Clifford algebras make a list of their
properties by considering their existence for granted. This report presents a definition of
Clifford algebra with other interpretations and demonstrations based on [1], [2], [6] and
[3] with practical notions used in [5] and [4].



Chapter 2

Inner Product

2.1 Introduction

We will define the inner product due to Hestenes [5] from an asymmetric product called
contraction which is useful in computer science [4].

We first present a definition of Clifford algebra and the universal property and secondly
the Clifford algebra dimension. We then present  and « operators to finally propose a
definition of the geometric algebra.

2.2 Definition and universal property

In this paper, V is a vector space on a field K =R or C, @ is a quadratic form on V and
B its polar form:

Bla,y) = 2@ +Y) —;2(90) —QW ey

The tensor algebra of V' noted ®(V') is the unitary graded algebra:
KeVe(VeaV)e(VeoVeV)s---

The product is induced by the tensor product and the identity element is noted 1.
The linear subspace of elements of degree h is noted @"(V).

Definition 1. A Clifford algebra on V with respect to @, noted C(V,Q) is the quotient
of tensor algebra @(V') by the two-sided ideal Ig spanned by elements of the form:

xRz —Q(x), xeV Cal).

The canonical projection of ®(V') onto the Clifford algebra C(V,Q) is called ig. We
set T = ig(z) for z € ®(V). The quotient C(V,Q) is an associative unitary algebra
which contains the identity element 1g. As V generates @(V), ig(V) generates C(V, Q).
Using the definition, we have the fundamental relationship:

72 =Q(zx) VreV, (2.1)
By developing the expression: (Z + 7)? = Q(z + y) with 2,y € V:
TYy+yT =2B(x,y). (2.2)

This relationship allows us to characterize orthogonal vectors.



Property 1 (Universal property). Let A be a K-algebra and f :V — A a morphism of
K-vector space such that:

vreV, f(z)’=Q(x)1.

Then there exists a unique g such that the following diagram is commutive:

f
Vv I A (2.3)
in -
e g 9
c(V,Q)
2.3 Dimension of C'(V, Q)
Lemma 1. If uy,...,u, span the vector space V', then

lg, Wiy - Ui, wherel < i3 <ig < - <4 <nandl <r<n,
span the vector space C(V, Q).

Proof. Let uy,...,u, be vectors generating the vector space V. All elements of C(V, Q)
are also linear combination of monomial in the u;, 1 < i < n, because ig(V) spans
C(V,Q). On the other hand,

Ui Uj + Uj Ui = 2B(ui,uj), (24)

(@)? = Q(us). (2.5)

If we reorder these monomials using the relationship (2.4) then lowering the degree
with (2.5), we can assume that all element of C'(V, Q) is a linear combination of elements
of the form:

lg, Uiy Ui+~ U, where 1 <1 <ig < ---<ip<nand1l<r < n.
]

Definition 2. Let F' and G be two graded algebras. The tensor product F' X G can be
endowed with an associative algebra structure by defining:

(a1 ® az)(by @ b) = (=1)"*"a1b) ® asb,
where ag is of degree ps and by is of degree q1 and then extend to F' x G by linearity.

Lemma 1. Let Q and Q" be two quadratic forms on vector spaces of finite dimension V
and V' respectively. Then there exists a surjective morphism of algebra of C(V & V', Q &
Q') onto C(V,Q) @ C(V',Q").



Proof. Let u: Ve V' — C(V,Q) @ C(V', Q') be defined by
u(z,2’) =ig(z) ® 1+ 1 @ig ('),
for z € V and 2’ € V'. We have:

(u(z,2'))? = (ig(z) © 1 + 1 @ ig(2'))?
(ig())* ® 1+ 1@ (i () + ig(r) ®ig(¢)) —ig(z) @ig(w)
Q(z) +Q'(z') = (Q e Q) (z, ).

Using the universal property, there exists a unique 1 such that:

VoV z C(V,Q)eCc(V', Q")
ZQ@Q'l - /J
CVeV,Qe Q)

is commutative. On the other hand, as ig(V') spans C(V, Q) and i¢/ (V') spans C(V', Q'),
C(V,Q)®C(V',Q’) is spanned by elements of form 1 ®i¢g (z') = u(0,2") and ig(z)®1 =
u(z,0) for x € V and 2’ € V'. The map ¢ is then surjective. O

Theorem 1. We have the following structure theorem:

i) dim C(V,Q) = 2™ and for all basis (uy,...,u,) of V, the following elements

lo, Wi iy - -Us,., where 1 <13 <ig<---<ip,<nandl<r<n, (2.6)
form a basis for C(V,Q).

ii) The morphism ig: V — C(V, Q) is injective.

2.4 { and a operators

2.4.1 « operator

Property 2. There exists a unique endomorphism of algebra of C(V, Q) denoted o such
that:

av)=—v, YweV

This endomorphism is an involution called the main involution of the Clifford algebra

c(V,Q).

We note the set of even elements CT(V,Q) = {z € C(V,Q),a(z) = x} and the set of
odd elements C~(V,Q) = {z € C(V,Q),a(x) = —z}. We have C(V,Q) = CT(V,Q) &
C~(V,Q) and CT(V,Q) is a subalgebra of C(V, Q).



2.4.2 | operator

Property 3. There exists a unique anti-automorphism of C(V,Q), noted | such that:
vi=v Yoev

This anti-automorphism is an involution.

2.5 Geometric Algebra

2.5.1 Canonical Isomorphism between A(V) and C(V, Q)

Vector subspace representation using the exterior product in the Grassmann algebra
allows for example to express the belonging relation to a point in a space or the character
of a linearly dependent vector subset by simple algebraic relations. We would like to equip
a Clifford algebra with such a product. It is sufficient to exhibit an isomorphism between
the two spaces and transport the product of an algebra on the other. The question is
which isomorphism to choose so that both products perform well with respect to the
other. A solution would be to choose a Q-orthogonal base (e1,...,e,) of V and to send
the element e; A --- Ae, on eg---e,. We can then prove that an isomorphism between
vector spaces is defined. We consider here an independent definition of any choice of a
base inspired by [1] and [3].

Definition 3. Let x € V, we define a creation operator for alla € @(V) by ex(a) = z®a.

Definition 4. Let h and j be integers > 0 such that j < h, (e1,...,e,) a base of V and
¢ an element of V*. We define the contraction operator C% of @"(V') in @"1(V) by:

ng(eil ® cet ®6ih) — 90(67;]')(61'1 ® tt ® é;; ® v ®€ih)'

Property 4. Let ¢ € E*, there exists a unique vector space morphism i, : @(V) —
®(V) such that:

ip(1) =0, (2.7)
Ve eV, dgoes+e,0i,=@(x)ld. (2.8)
Proof. i, is already defined on K. It is defined on ®‘(V') by induction. O

Property 5. We have i, = 2?21(—1)j+10$ on @ (V).

Proof. The proof can be found by induction on h. By linearity, it is sufficient to prove
the equality for a term = ® a with z € V and a € @"(V). O

Property 6. Let ¢,9 € V*, we have the following equalities:

(i,)2 =0 and i,0iy+iyoi, =0.



Proof. We first remark that (i,)? and e, commute using (2.8). We then prove by induc-
tion on h that (i,)?> = 0 on ®"*(V)). On the other hand,

i 0 iy + iy 0 = (ipry)” — (i) — (iy)?

=0
O
Property 7. Let a € @"(V) and b € @(V), we have the following equality:
ipa®b) =iy(a) @b+ (=1)"a@iy(b). (2.9)
Proof. By linearity, we can suppose that b € ®*(V'). We have successively:
+
Z 1)) 'Cl(a®b)
h h+k . '
— (S nici@ | ebras | S (c1pteite)
J=1 j=h+1
i@ ® b+ (—1)'a ® iy (b)
O
Property 8. The map i, descends to A(V') by:
h
ip(xr Amg Ao Aap) =) (—1 )Ty A ANTjA - Axp).

J=1

Proof. It is sufficient to prove that ideal I is stable by i,. By linearity, it is sufficient to
prove that for all a € @"(V), z € V and b € ®(V), we have: iy(a @z ®r®b) € I. By
applying (2.9) twice and given that i,(x ® x) = 0, we find:

ia@rRreb) =i la)®rr0b+ (1) a0 r®iyb) el
O

Lemma 2. Let F' be a bilinear form on V, there exists a unique linear endomorphism
Ar on ®(V') such that:

where it =iz and x*(y) = F(z,y).



Proof. A is defined on K by (2.10). Moreover, for all z € V and a € ®@"(V), we
necessarily have:

Ae(z ®a) = (ep + ik (2)) o Ap(a) = 2 @ Ap(a) + il (Ap(a)). (2.12)
This defines Ar on ®@"1(V). O
Lemma 3. For all ¢ € E*, Ap and i, commute.

Proof. By linearity, it is sufficient to prove that Ar and ¢, commute on @"(V) Vh = 0
and by induction on h. It is obvious for h = 0 because Ar(1) = 1. Let h > 0, a € @"(V)
and x € V, we have:

Ap(ip(z ®a)) = Ap (ip(2) ® a — 2 ®iy(a))
= p(2)Ar(a) = (ex + i3 ) (ip(Ar(a)))
=is(Ar(z ®a)).
O

Lemma 4. Let F' and F' be two bilinear form on E, we have the relationship A\p o A\pr =
Aptpr. In particular, Ap is an isomorphism of @(V').

Proof. By linearity, it is sufficient to prove that ApoAp = Apyp on @"(V) for all h > 0.
We prove this by induction on h.

The case h = 0 is obvious because Ap(1) = Apr(1) = 1. Let h > 0, a € ®"(V) and
x € V, we have:

Ar(Ap(z ® a)) = Ar(Ar(ex(a)))
= (ex +ig ) Ar(Ap(a)) + iy Ar(Ap(a))
= )‘F+F’(x ® CL),
This proves the relationship on @"+(V).

In particular ApoA_p = Ag and it is not difficult to show that Ay = Id. Hence A\poA_p =
A_poAp =1Id and A is an isomorphism of @(V). d

Property 9. Let Ig be the two-sided ideal of @(V') spanned by x@x—Q(zx) forx € V.. We
set I = Iy. The A\p operator sends the ideal Ig in the ideal I and defines an isomorphism
of vector space between C(V,Q) and AN(V).

Proof. It is sufficient to prove that Ap(Ig) C I. Indeed the induced morphism will be
surjective and C(V, @) and A(V') have the same dimension. This is done by induction. [J

We obtain by passing to the quotient in (2.11) the relationship Ag(zu) = 2 A Ap(u) +
iz=(Ap(w)). Then by identifying an element of C(V, Q) and its image by Ap, we find:

U= AU+ iz (u). (2.13)

An exterior product on C(V, Q) compatible with the geometric product in the sense
of (2.13) is then defined.



Remark 1. By applying the t operator to the relationship (2.13) and by assuming that
u 18 a k-vector, we can establish the similar equality:

ur = u Az — (—1)%ig (u). (2.14)

2.5.2 Definition of an inner product.

We consider the extension of B on the whole Clifford algebra C(V, Q). We first observe
that for all x,y € V, i,«(y) = B(z,y). The map i,~ extends the scalar product to
V x C(V,Q). It exists many possible extensions: the left contraction is an asymmetric
product which is useful in computer science|[4]. We will define the inner product due to
Hestenes [5] from the contraction rather than from property (19).

Definition 5. Let k > 0, x = v A--- Avg be a decomposable k-vector and y € C(V, Q).
We fiz ly = iy; 0 -+ 0dy:. We call left contraction of x and y and we note it x|y the
element 1, (y). We then extend this contraction by linearity by fixing |y = Ay.

Definition 6. Let x be a r-vector and y a s-vector. We define the inner product of x
and y and we note it x -y the element:

0 ifr=0o0rs=0
Ty = ny ifr<s
(=10 Dylz  if r>s.

We then extend this product by linearity.

Remark 2. In fact, if r = s we have x|y = y|z. The last case in previous definition
need not be strict.

Property 10. Let x be a r-vector, y a s-vector, z a t-vector. We have:
i) x-y=(=1)"6"Dy.2 forr<s.

i) v-(y-z)=(rANy)-z forr+s<tandr,s>0.

iit) (x-y)-z=x-(yANz) fors+t<rands,t>0.
w)z-(y-2)=(x-y)-z forr+t<s.

Proof. 1). It comes directly from the definition.

ii). By inner product bilinearity, we can suppose that x and y are decomposable, i-e
r=x1 N ANz, and y = y1 A --- AN ys. By using the notations of the definition 5, as
r <t and s < t, we have:

x-(y-z)==x|(y]z) becauser,s >0
=ly(ly(2) = lony(2) = (x ANy) -z because r + s < t.

10



iii). It comes from (i) by exchanging the roles of z and z in (ii).
iv). For r = 0 or ¢ = 0, the relationship is obvious. We thus suppose r,t > 0. By using
(i) and (ii), we successively have:

pe(y-2) = (-0 (zog) = (V@A)
(DD (= A) -y = () (1) (@)
(D DD ) D y) = (@ 9) -

2.5.3 Geometric Algebra

The Clifford algebra is now equipped with an exterior product. We can use concepts

introduced in Grassmann algebras. We say that an element of C'(V, Q) is decomposable

if it can be written as the exterior product of any number of element of V. We call the

set of k-vecteurs the set C*(V, Q) = Vect {x1 A--- Axp,x1,...,7 € V}. By convention
n

C%V,Q) = K. The C*(V,Q) spaces are in direct sum C(V,Q) = @C’(V, Q) and we
=0

have the equality dim C"(V, Q) = (Z)
We note (-); the projection of C(V, Q) onto C*(V,Q), so that:

n

z=Y (). (2.15)

i=1

We call degree of element x of C(V, Q) the integer maxo<i<n {0} U {i, (x); # 0}. A non-
null k-vector is this of degree k.
We now establish two useful lemmas relying vector product and geometric product.

Lemma 2. If x1,...,x, is an orthogonal family of element of V', then
Ty Ty =1 N Ny,

Proof. By induction on r. The case r = 1 is obvious. We suppose 1+ &, = 1A+ - AZy
for all 1 <7 < n. Let z,41 € V such that the family (z1,...,z,41) is orthogonal. We
fix u = x9---xpy1. According to (2.13) we have x1 - Tp41 = z1u = 1 Au+ iy (u). Yet
Qg+ (u) = Z;Ié(—l)jB(xl,xj)(xg N+ ANZj A ANxpp1) = 0, because B(xy,z;) = 0 for
all j =2,...,r + 1. We thus have the equality x1---x, =21 A--- A z,. O

Lemma 3. Let F' be a vector subspace of V, (v1,...,v) a base of F' and (ui,...,uy)
an orthogonal base of F'. If A denotes the transfer matriz of the base (u1,...,u,) to the

base (v1,...,v,), we have the equality:

Ul/\"'/\Ur:det(A)Ul"'ur- (216)

11



Proof. We have v; = 22:1 ap;ug, V1 < i < r . We can then write:

- Z As(1)1 * " Ao (r)rlo(1) ARRRNA Uo(r)
oES,

=det(A)us A+ Au, = det(A)ug -y,

Property 11. Let vq,...v, be vectors, x a k-vector and y € C(V,Q). Also:

r(r—1)

i) (VA A =v A A = (1) T2 (U A Ay,

k(k—1)

i) 2t = (=1)" 2 z.

n

iii) vt =3 (-7 ().

=0

Property 12. Let z be k-vector and y,z € C(V,Q). We have the following equalities:
i) afz) = (=1)kz.
i) a(y A z) =a(y) Aa(z).

iii) a(y) =Y _(—1)"(y)i.

=0

i) CH(V,Q) = @ CU(V.Q).
o<isn
i pair

v) C~ = P Q.
0<i<n
i impair
Lemma 5. Let x € V and Ny : C(V,Q) — C(V,Q) such that Ny(u) = x A u for all
ue C(V,Q). Then:

(Vix10Ng =Ngo(-); VisuchthatO0<i<n—1. (2.17)
Proof. (-); and Ay are indeed linear operators, it is sufficient to Check (2 17) on each
space C*(V, Q) where 0 < k < n. Let u € C¥(V,Q) and i such as 0 < i <n — 1.
k74, (igr10Ae(u) = (@ Au)ipr =0 and Ay o ()i(u) = Az ((u)i )—0'
k=7 ()it1oAz(u) =(x Au)iz1 =x Auand Ay o (-)i(u) = Ap ((u);) =2 A u. O

Property 13. Let x be a r-vector and y a s-vector. If r # 0 or s # 0, we have
TAY = (TY)rts-

12



Proof. If r =0 or s = 0, the equality is obvious. We now suppose r,s > 0. We proceed
by induction on n = r + s. The case r = s = 1 for n = 2 is obvious. We suppose
n > 2 and r + s = n. By linearity, we can suppose that x is decomposable, we thus have
z = x1 Az’ and then:

rAy=x1 N2 Ay

=1 A {2'y)r1s_1, by recurrence hypothesis,

= Agy © (Vras—1(2'y) = ()ras 0 Agy (2'y), according lemma 5,

= (21 A (@'Y))rys = (212"y — iy (@Y))r+s = (2127Y) 1

= ((z1 A 2')y + by (@)Y rts = (TY)rss,
Hence the relationship at rank n. O
Property 14. Let x be a r-vector and y a s-vector. If r #% 0 and s # 0, we have
T-y= <xy>\7"—s|'

Proof. By linearity, we can suppose that x and y are decomposable. We use induction
on r.

1. If r =1, by using (2.13) we have:

Ty =iz (y) = ix (y) + (@ AY)s—1] = (or (¥))s—1 + (@ AY)js_1
= <Zﬂ?* (y) +TA y>|s—1| = <$y>|5_1|.

2. We suppose r > 1, there are two cases:

a) If r <s, we fix x = x; A--- Az, with orthogonal vectors x1, ...z, . By using
(2.13), we have:

b) If r > s, we fix y = y1 A --- A ys with orthogonal vectors yi,...,ys. By using
(2.14), we have:

=((x-y)y2 - Ys)r—1-(s—1)] = {((TY1 =T AY1)y2 - Ys)|r—s|
= <$y1 e 'y8>|r—s| - <$ NYL A=A y8>|r—s| = <xy>|r—s\7

Hence the relationship at rank r.

13



2.6 Conclusion

We have presented a definition of the Clifford Algebra with a theoretical viewpoint.
Defined products will then allow us to write linear transformations of the space V. We
had to be interested in the case where K = R.

14



Chapter 3

Geometric Transformations

3.1 Introduction

We are interested in the case where K = R. We assume that the quadratic form @ is non-
degenerated and has the signature (p,q). For simplicity we also note R, , the Clifford
algebra C'(V, Q) and ]R];q the k-vectors of this algebra. 0-vectors, 1-vectors, 2-vectors
and 3-vectors are also called respectively scalars, vectors, bivectors and trivectors. We
will introduce the concept of pseudo-vectors and the operation of duality that allows to
algebrize the transition to the orthogonal of a subspace of V. Products defined in the
part I will then allow us to write linear transformations of the space V.

In a first time we define the invertibility then the duality. We secondly present the
orthogonal projection onto a subspace, the orthogonal symmetry and the rotation.

3.2 Inversibility

An interest of Clifford algebras is that you can take the inverse of a non-isotropic vector.
Indeed, let v be a non-isotropic vector. We have v? = Q(v) then v% = %v =1 and

-1 v
VT = o
Q)
You can also notice that every k-decomposable nonzero vector u being a regular vector

subspace is invertible. Such a vector can be written Avq - - - v where the v; anticommute,
Q(v;) = €, ¢, = £1 and A € R*. We have:

uu’ = ulu = N2Q(v1) - - - Q(vg) = N,

with € = €1 - - - €, and thus

uw = %’uff.
3.3 Duality
We choose an orthonormal base (eq,...,e,) of V. We call pseudo-vector relative to the
base (e1,...,e,) the element:

I=e1- ey

We have the following relationships:

n(n—1)

I'=1"=(-1)"2 1,

15



and if u is k-vector,
wl = (—1)F0=Dry,

Definition 7. We call dual of an element u € C(V,Q) the element 4 such that:
u=ul""

Remark 3. We remark that we have U = w-I~" for all non scalar w. In fact the pseudo-
vector can be defined with the inner product which in this case, is a left contraction.

Lemma 1. Let E be a subspace of V' and Ey its kernel. Let (eq,...,e,) an orthogonal
base of Eg and U a space such that U L Ey = E. There ewists f1,...,fp such that
P; = Re; + Rf; is an hyperbolic plane and such that:

F'=pP1L---1P, LU,
1s an orthogonal sum in E.

Proof. By induction on p. The case p = 0 is obvious. We suppose the lemma true at rank
p—1,p>1 Wefix By =U + Vect(er,...,ep—1). We have £y C E. Let f, € Ei/E*,
we then have f,-e, #0 and e; - f, = --- = ep—1 - fp = 0. By replacing f, by f, + Ae,
with a well chosen A\ we can suppose that f, is isotropic and that e, - f, = 1. The plane
P, = Vect(ep, fp) is then hyperbolic. We apply the induction hypothesis to the subspace
E, 1 P, whose kernel is Vect(e,...,ep,—1). There exists then p — 1 element fi,..., fp—1
such that:
F'=P L.--1P,1 1P, LU,

hence the relationship at rank p. ]

Property 15. Let E be a non zero subspace of V. and E* its orthogonal. If u represents
E then u represents E-.

Proof. 1) We suppose E regular. Let €, g1, ...,e, an orthogonal base of E which is
completed in an orthogonal base eq, ..., e, of V. The subspace E id represented by
U=¢€p_ftr1 N Nep =ep_gt1-- €y We have then:

a:en—k—i-l"'enj_l
=€n—k+1 - €plp---€l
=€ k€1
—en kA Aer,

which represents the orthogonal of E.

ii) If £ is not regular. Let Ey = E N EL, A such that E = Ey @ A, (a1,...,a,)
an orthogonal base of A and (eq,...,ep) an orthogonal base of Ey. By applying
lemma 1, let fi,..., f, be elements such that P; = Vect(e;, f;) is an hyperbolic

16



plane and £/ = P, L ... L P, L U is regular. Let G such that G L E’ and
(91,---,9k) a base of G. We remark that the family:

e1— fi ep—fp e1+ fi ep+ fp

RN ey , ey S s PN

is an orthonormal base of V. A pseudo-scalar is thus written:

P T (S T SRS R
V2 V2 V2 V2 -

From which:

I_lza 1.ep+fp...el+f1.ep_fp...el_fl.gk...gl
! V2 V2 V2 V2
ep — € 1e1 —e1f1
o S | R S

2 2

Ifu=e1---ep-ai---aq represents F/, we also have:

U=ul"t

foep —epfp  fre1 —erfi

:el...ep.al...aq.aq...al. .gk...gl

2 2
Trep — epf; fier —eifi
:el...ep. pp2 pJp 2 gk g1
Jpe fiel
_ e ather
= 9 9 9k g1

:ep...el.gk...gh

which represents E+ = Ey & G.
O

Lemma 6. Let x be an element of C(V,Q) and d an integer such as 0 < d < n. We also
have:

(@)a = (T)n—a

Proof. By linearity, it is sufficient to check that the duality operator sends a k-vector on
a (n — k)-vector. We can convince oneself by taking an orthogonal base (e1,...,ey,) of
V. O

Property 16. Let a be a vector and M a multivector. We have the following relationship
of duality:

aNM=a- DM, (3.1)
and o s
a-M=aANM. (3.2)
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Proof. By linearity, we can suppose that M is a k-vector. if k = n, the equality is obvious.
Otherwise we have successively with lemma 6 and properties 18 and 19 (appendices 3.7).

—~—

aNM = (aM k+1

)
<aM>n (k+1)
= (aM),_
=a- M.

The relationship (3.2) is deduced from (3.1) by replacing M by M and by taking the
dual of obtained relationship. O

3.4 Orthogonal projection onto a subspace

Property 17. Let E be a regular subspace of V' of dimension k such as 1 < k < n
and let pg be the orthogonal projection onto E. Let u be a decomposable k-vector which
represents E. We have the following relationship:

pe(v) = (v uwu™ (3.3)

Proof. As all elements representing a given subspace are the same up to a positive factor,
it is sufficient to prove (3.3) for example for u = e; A ... A e with (e1,...,ex) an
orthonormal base of E because E is regular. We complete with an orthonormal base
B=(e1,...,en) of V. Let v € V and (\q,...,\,) € R™ its coordinates in the base B.

We have:
n
v = E i€,
i=1

and

We remark that for 1 <7 < n:

LA ANENAep if 1<i<k
dex(u) = .
v 0 ifk<ig<n
By linearity, we thus find
k .
i+ (u) = Z(—l)’_l)\lel AN NEN-Neg
=1

It is sufficient to remark that:

el/\/\él/\/\ek‘:elé’teka
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and

To conclude:

3.5 Orthogonal symmetry

Let E be a regular subspace of V and let sg be the orthogonal symmetry with respect
to E. It is connected to the orthogonal projectionpg by the formula:

sgp=2pp —1d.
We thus find, for all v € V:

sp(v) =2pp(v) —v
=2 -u)ut —v

= (2v-u—vu)u*

=@w-u—vAu)ul

Where u is a vector, we have u A v = —v A u, we thus find:

sp(v) = uou™ L.

Where u represents a hyperplan, we have u = n with n a non-isotropic vector. We also
have:

sp(v) =@ -n—vAR)A !
= (WwAn—v-n)n*
= —non

= —nul 1In~!
= —non~ L.

In this two cases and up to the sign we obtain a rotation of angle 7 around an axis and
a symmetry with respect to a hyperplane by conjugating the vector v by an invertible
element of the Clifford algebra. This motivates the definition of the Clifford group in the
next section.

3.6 Rotation

3.6.1 Clifford group

Let G be the set of invertible elements g € C(V, Q) such that:
pg(x) = grgl eV, VYreV.

Then G is a group and ¢, € GL(V).
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Definition 8. The multiplicative group G of invertible elements g € C(V, Q) such that:
grg eV, VzeV,

is called the Clifford group.
The intersection G N CT(V, Q) is called the even Clifford group noted G™.

Theorem 2. i) ¢ is a representation of G in O(Q) whose kernel is the set of invertible
elements of the center of C(V,Q).

ii) VNG is the set of non-isotropic vectors of V and if g € VNG, —pq is the orthogonal
symmetry with respect to the hyperplane g=.

wi) If dimV = 2r, o(G) = 0(Q), »(G1) = SO(Q).
w) IfdimV =2r +1, ¢(G) = (GT) = SO(Q).

Proof. (i). The application ¢, = ¢(g) is an isometry because:

Qlpy(x)) = Qgrg™)
= (gzg™ ')’
= ga’g~
= Q(z).

The application ¢ is thus a morphism of G in O(Q). Then let g € ker ¢, g is invertible and
we have grg™! =z for all z € V i.e. ¢ € ZN G because V spans C(V, Q). Reciprocally,
let g an invertible element of the center of C'(V,Q), we have ¢, = Idy thus g € ker ¢.
(ii). Let ¢ € V NG, g be invertible, thus ¢g> = Q(v) # 0. Reciprocally let g be a
non-isotropic vector of V. Then g has for invertible g (Q(v))~! and we have:

1

grg
pg(r) = Q)
_a(2B(z,a) — ax)
Q(a)
_ 2B(:L",a)a
Q(a)

Thus g € VNG and —¢, is the orthogonal symmetry of hyperplane gr.

(iii). Let u € O(Q). By the theorem of Cartan-Dieudonné, u is written as reflection
product i.e. u = wujo---oup with u; = —p(x;) and x; is a non-isotropic vector, 1 < i < h.
Finally v = (—1)"p(g) with g = 21 - - - 2,. We deduce SO(Q) C ¢(GT).

In other hand, as n is even we remark that ¢(I) = —Idy thus if h is odd u = ¢(Ig). We
have thus:

p(G) = 0(Q).

It remains to prove that ¢(G") C SO(Q). Suppose by contradiction that ¢(t) = u with
t € Gt et u € O(Q)\SO(Q). According to the above, we can also write u = ¢(Ig).
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We have thus Igt~! € ker ¢ then Igt~! € K because n is even which is a contradiction
because a(Igt~1) = —1.
(iv). If n is odd, using the same reasoning we find:

SO(Q) € ¢(G™).

Suppose by contradiction that —Idy € O(Q)\SO(Q) be an element of p(G). Let t € G
such as tot~! = —t for all x € V. We have tIt~! = —I but I € Z because n is odd which
is a contradiction. We have also ¢(G) C SO(Q) because —Idy and SO(Q) span O(Q).

Thus we have the following inclusions:
SO(Q) C (G™) C »(G) € SO(Q),

From which we conclude:

p(G) = p(GT) = S0(Q).

3.6.2 Reduced Clifford group

According to the previous theorem in all cases we have p(G1) = SO(Q). We search to
reduce G while maintaining the surjectivity of ¢.

Lemma 7. For all g € Gt, glg € R* and N : g — g'g is a homomorphism of G in R*.

Proof. We prove that G is stable by T operator.
Let g€ G and z € V. Fix 2/ = p,4(x). We have:

o' =grg ™,

From which, by applying { operator:
o' = (g")'ag'. (3.4)
Also @(4t)-1(x) € V thus (¢")~! € G from which ¢g' € G. And moreover:

t 1

ytg() = g'gz(g'g)”
=gt/ (")~
=z, according to (3.4).
Also g'g belongs to the center Z of the Clifford algebra.
If moreover g € G we have gfg € Gt N Z = R*.
It remains to prove that N is an homomorphism. Let g, h € G* we have:
N(gh) = (gh)'gh
= hIN(g)h
= N(g)N(h).
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Definition 9. The subgroup of elements g € Gt such that |[N(g)| = 1 is called spinor
group of Clifford algebra Ry, , and it is noted Spin(Q).

Thus we remark that transformations induced by a metric () on a vector space V can
be express as simple algebraic operations in Clifford algebra of V' associated to Q.

3.7 Conclusion

We have presented Clifford Algebra with a theoretical viewpoint and their properties
and certain concepts that have a theoretical interest for their applications in physics and
computer science.

Appendice

The proofs of the property of the wedge product and the one of the inner product can
be found in the part I "A Theoretic Approach of Classical Operations in Clifford Algebra
(I): the Inner Product".

Property 18. Let x be a r-vector and y a s-vector. If r # 0 or s # 0, we have
TAY = (TY)rts-

Property 19. Let x be a r-vector and y a s-vector. If r # 0 and s # 0, we have
-y = <xy>\r—s|'
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