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Abstract

When performing a nonlinear time-history analysis of a reinforced concrete structure, it is necessary for the used structural model to
dissipate the correct amount of energy. For the sake of computational efficiency, viscous damping models are still commonly used
to account, partially or not, for non-viscous dissipations (e.g. friction between the crack surfaces, bond slip at the steel-concrete
interface). In order to improve the physical relevance of such a substitution, an evolving equivalent viscous damping ratio estimated
for a simply supported reinforced concrete beam is proposed in this paper. This work takes place in the scope of a moderate seismicity
context for which steel yielding is not expected. The results are not directly identified from experimental results but rather from
numerical simulations carried out thanks to an equivalent single-degree-of-freedom model, itself calibrated by means of quasi-static
experiments. To begin with, the experimental setup used to calibrate the single-degree-of-freedom model and the equivalent viscous
damping ratio assessment method are presented. Then, the single-degree-of-freedom model and the identification procedure are
exposed. The resulting outputs are presented and commented. Finally, numerical experiments are performed in order to obtain
equivalent viscous damping ratio values corresponding to a given maximum time-history curvature and a curvature demand.

Keywords: Dissipations, Reinforced concrete, Viscous damping, Experiments, Model identification

1. Introduction

Despite the increasing accuracy of the models dedicated to
the nonlinear behavior of reinforced concrete (RC) structures,
their combination with complex finite element (FE) meshes still
leads to high computational cost. In practice, an additional vis-
cous damping is often used to account for dissipations not taken
into account by the structural model (e.g. [40, 9, 5, 8]). However,
it is important to keep in mind that civil engineering structures
often do not show purely viscous damping. Some authors [15]
state that cracks within damaged elements dissipate a significant
amount of energy and this dissipation is better described by a
Coulomb friction model rather than a linear viscous one, due to
the bond slipping between steel and concrete. This paper focuses
on the case of earthquakes that do not induce steel yielding in
structures (generally, weak to moderate intensity earthquakes).
This choice is based on the French regulatory seismic hazard
map [33] in figure 1 where the vast majority of the country
presents at most a moderate seismic hazard (scale 3 over 5). In
particular, it is considered that the main dissipations occur in the
concrete (e.g. crack initiation, propagation and friction). This
choice is also supported by the French regulation regarding the
design of nuclear power plants where steel yielding is generally
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considered as non-acceptable. Combining hysteretic and viscous
dissipations can compromise the validity of a study [5, 17] and
could require a reduction of the viscous damping in the non-
linear range [8]. In order to describe this dependency, several
evolving Rayleigh-type viscous damping models have been pro-
posed [25], but experimental evidences on slender buildings tend
to show that an adequate modal viscous damping could be an
intermediary between constant viscous damping for all modes
and stiffness-proportional damping [10, 46]. Before performing
such a fine analysis, simplified methodologies should be used
in order to obtain a first design of a structure. Alternatively,
displacement-based methods[38] have became popular for the
past decades, but they generally require the knowledge of a ca-
pacity curve and the value of an equivalent viscous damping
ratio (EVDR). It is worth mentioning alternative approaches to
model nonlinearities, such as the ones relying on the concept
of ductility [13, 28]. In this analysis, the damping ratio has
a key role when assessing maximum structural responses (i.e.
reduction of the demand spectra to represent the nonlinearities
of the structure). However, some studies show it is the second
source of uncertainties after the ground motions [4, 29], lead-
ing so to uncertainty and wrong quantification of the structural
response. Furthermore, this assumed equivalence with the en-
ergy dissipated hysteretically may be subjected to discussions.
Indeed, several studies have emphasized the fact that the viscous
damping depends on the response amplitude for RC buildings
[31, 32, 46] and on their degradation state often described by
a displacement ductility level [45, 16, 21, 26, 37, 12, 44]. In
fact, there is actually no reason to keep the EVDR constant
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throughout the nonlinear time-history analysis (NLTHA). For
instance, [5, 8] have shown that EVDR is not constant in that
case due to the continuous change in the modal properties of
the structure. To sum-up, the aforementioned papers suggest
that the EVDR depends on the degradation state of the structure
and on the displacement demand. A correct quantification of
energy dissipation according to the degradation state is of main
importance for design purposes as well as for the estimation of
margin. With a method like the linear equivalent approach, a
small change of the EVDR leads to non-negligible differences in
the pseudo-acceleration and in the displacement observed by the
structure. For instance, according to the formula provided in [7]
(1), changing the EVDR from 1% to 2% (ξ=ξ0 + ξeq = 5 + ξeq)
while considering the nonlinearities leads to a decrease of the
design load comprised between 5% and 9%.

η =

√
10

5 + ξ
(1)

Furthermore, it has been observed and commented that even
in the case of a more complex nonlinear computation (see for
instance [41, 43]), a small change in the value of the initial
viscous damping chosen for the analysis leads to large differ-
ences in the response (displacement, floor response spectra,).
The RC structural elements show dissipation capacity in their
pre-yielding regime. Indeed, nonlinear phenomena also occur
in concrete and at its interfaces with steel reinforcements. The
quantification of these dissipations is of main concern in the
energy production domain. Indeed, the capacity of the structural
components to dissipate energy influences directly the loading
seen by the sensitive equipments. In the context of accidental
loading such as earthquake, one should ensure the functioning
of these equipments to maintain the global safety.

The influence of the degradation state of the structure and
the displacement demand is investigated in this paper. In the first
section, the experimental setup used to calibrate the beam equiv-
alent single-degree-of-freedom (SDOF) model and the EVDR
assessment method are presented. Then, the SDOF model for-
mulation and its identification procedure are detailed. Finally,
numerical experiments are performed on this model in order
to obtain EVDR values corresponding to a maximum relative
history displacement and a relative displacement demand.

Figure 1: Regulatory seismic hazard map in France (1. very weak [PGA = 0.4
m.s−2], 2. weak [PGA = 0.7 m.s−2], 3. moderate [PGA = 1.1 m.s−2], 4. average
[PGA = 1.6 m.s−2], 5. strong [PGA = 3 m.s−2]) [33]

2. Experimental campaign

2.1. Context and motivations

An experimental campaign has been set up on RC beams by
means of the AZALÉE shaking table, as part of the TAMARIS
experimental facility operated by the French Alternative Ener-
gies and Atomic Energy Commission (CEA). The main objective
is to provide the scientific and engineering communities refer-
ence data through both dynamic and quasistatic tests in order to
evaluate the dissipations depending on structural, material and
signal characteristics. The measure of damping forces is chal-
lenging because their levels are unknown and generally more
difficult to investigate than acceleration or restoring forces [24].
Furthermore, they originate from several sources and evolve
along the time-history analysis. In order to quantify and to an-
alyze the dissipation and its evolution during quasi-static and
dynamic loadings, a dense network of various sensor types has
been mounted on the experimental setup. These indirect mea-
surements associated to the hypothesis that all dissipations are
related to internal dissipations (i.e. concrete nonlinearities and
rebars/concrete sliding) allow for the assessment of the hystereti-
cally dissipated energy. The latter hypothesis is fulfilled by an
important design effort on the technological choices for the sam-
ples and the boundary conditions as described comprehensively
in the Ph.D. thesis of the first author [18] and more concisely
in a dedicated paper [19]. A focus is made in this paper on the
quasi-static full cyclic loading of one RC beam. This section
describes briefly this part of the experimental campaign setup
which is necessary to provide the data used in this work.
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2.2. RC Beams
For the first beam (referenced as HA12-C1B-1), the rein-

forcement is composed of ten 12mm-diameter reinforcing steel
bars in the section of the beam. The standard concrete C25/30
(in the sense of Eurocode 2 [6]) has a 29.7 MPa strength and
28.1 GPa Young’s modulus. The reinforcement drawing is given
in figures 2a and 2b. For the second beam studied in section 5
(referenced as HA20-C1A-1), the reinforcement is composed
of four 20mm-diameter reinforcing steel bars in the section of
the beam. The concrete is a standard C25/30 with a 35.0 MPa
strength and 26.2 GPa Youngs modulus. The steel reinforcement
drawing is given in figures 2c and 2d. More details regarding
the geometrical and material characteristics of the beams can
be found in [18, 19]. In this study, the global methodology and
the identification of the EVDR is developed for the beam HA12-
C1B-1. The second beam (HA20-C1A-1) is used in the last part
of the paper to validate the methodology and the influence of the
degradation state of the structure and the displacement demand
on the EVDR.

2.3. Setup
To better understand and visualize the items described in

the following sections, a general view of the final experimental
setup is presented in figure 3a and schematized in figure 4. Only
the quasi-static part of the experimental campaign is considered
in this paper. Elastic hinges based upon high performance steel
blades are used at both ends to link the beam with the shak-
ing table or the strong floor. The blades have been designed to
behave elastically all along the tests. This technical solution
avoids by this way the dissipations due to friction or assembly
clearance. The weight of the beam is supported by air cushions
that considerably reduce the friction forces between the beam
and the ground during bending. Indeed, supporting the verti-
cal forces through the beam-end supports would have caused
bending cracks due to the 5.9 meters span.

3. Equivalent viscous damping identification procedure

A viscous damping model is a practical — but not entirely
satisfactory — way to describe the dissipations occurring in a
RC structure to which a dynamic loading is applied. Jacobsen
[22] proposed a method to assess an optimal equivalent viscous
damping ratio from an energetic point of view. This approach is
briefly described below.

3.1. Assessment of the viscous damping ratio for a linear mass-
spring-damper system

Let us consider the classical linear mass-spring-damper prob-
lem pictured in figure 5, where the different notations used
are presented. For an harmonic ground acceleration üg(t) =

−Ug · ω
2 · cos(ω · t), the steady-state displacement and velocity

responses are given by equations (2) and (3), where U is the
response displacement amplitude, ω is the excitation angular
frequency and Φ is the phase angle:

u(t) = U · cos(ω · t − Φ) (2)
u̇(t) = −U · ω · sin(ω · t − Φ) (3)

The energy Ed dissipated by the viscous damper during one
displacement half-cycle Γu starting at t = 0 and ending at t = π

ω
is

expressed in equation (5) with ω0 the natural angular frequency
of the system:

Ed =

∫
Γu

FD · du

=

∫ π
ω

0
c · u̇(t)2dt

=

∫ π
ω

0
c · U2 · ω2 · sin(ω · t − Φ)2 · dt

(4)

Hence:

Ed =
π

2
· c · ω · U2 (5)

For a purely linear spring, the maximum stored elastic energy is
reached at displacement U:

Es =

∫ U

0
k · u · du =

1
2
· k · U2 (6)

From equations (5) and (6), and provided that c = 2 ·m ·ξ ·ω0
and k = m · ω2

0, the viscous damping ratio writes:

ξ =
1

2 · π
·
ω0

ω
·

Ed

Es
(7)

At this point, it is clear that the viscous damping ratio of a
linear oscillator not only depends on the ratio of the dissipated
energy during one half-cycle over the maximum stored energy
during this same half-cycle, but also on the ratio of the natural
angular frequency of the oscillator over the excitation angular
frequency.

3.2. Jacobsen’s areas method

The expression in equation (7) is exact for the aforemen-
tioned ideal case. Jacobsen [22, 23] proposed to extend its use
to non-viscous damping. The method was originally used to
evaluate the equivalent viscous damping ratio (EVDR) for non-
linear frictional system. Since the publication in 1960, many
authors have used the here so-called Jacobsen’s areas method,
with recurrent simplification hypotheses:

• For a linear viscous damper, the dissipated energy over a
cycle is linearly proportional to the excitation frequency
(see equation (5)). This compensates the inverse function
of ω in equation (7) and gives a constant viscous damping
ratio ξ. For non-viscous damping, the dissipated energy
does not depend on the excitation frequency. Hence, the
EVDR actually depends on the excitation angular fre-
quency ω. Except if the excitation frequency is close to
the eigenfrequency of the oscillator (i.e. ω0/ω = 1), this
dependence should be taken into account, otherwise, a
significant error on the EVDR is made as illustrated in
figure 6.
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(a) Longitudinal reinforcements for HA12-C1B-1 beam

(b) Cross-section reinforcements for HA12-C1B-1 beam

(c) Longitudinal reinforcements for HA20-C1A-1 beam

(d) Cross-section reinforcements for HA20-C1A-1 beam

Figure 2: RC beams reinforcements (lengths in centimeters)

4



(a) Overview of the experimental setup

(b) Focus on beam-end sup-
port

(c) Focus on intermediate
support

Figure 3: Illustrations of the quasi-static experimental setup on the strong-floor

Figure 4: Experimental setup

Figure 5: Notations used for the considered mass-spring-damper oscillating
system
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Figure 6: Dependence between EVDR and excitation frequency, example for an
EVDR estimated with an excitation frequency of 3 Hz

• In the force-displacement plot in figure 7a, the area en-
closed in the half loop equals the dissipated energy Ed.
For the sake of simplicity, the maximum stored energy Es

is often evaluated as the area of the right triangle linking
the origin and the maximum displacement point. However,
in its original publication, Jacobsen [23] rather suggests to
use the area under the actual restoring force curve which
he calls “skeleton”, as depicted in figure 7b to consider
nonlinear elasticity.

• When the loops are not symmetric, there is no actual
reason to pick up the maximum relative displacement
rather than the minimum one when assessing the stored
elastic energy. For this reason, Kumar et al [27] proposed
an approach adapted to asymmetric hysteretic behaviors
in soils as depicted in figure 7c. A method inspired from
this work and more suitable for nonlinear restoring forces
is proposed in figure 7d. The skeleton is computed as the
mean force for a given displacement (reached during both
loading and unloading). This prevents problems related to
softening behaviors.

These observations make the full-cycle skeleton-based method
depicted in figure 7d a reasonable choice to assess the EVDR
from the full cyclic tests results further exposed. This last
method is used after for the computation of the EVDR. Fur-
thermore, the EVDR is identified for the eigenfrequency of the
oscillator.

5



(a) Linearly stored energy eval-
uated on a half-cycle

(b) Nonlinearly stored energy
evaluated on a half-cycle

(c) Linearly stored energy evalu-
ated on a full-cycle proposed by
[27]

(d) Nonlinearly stored energy
evaluated on a full-cycle in-
spired by [27]

Figure 7: Different ways to apply Jacbosen’s areas method [23, 27]

4. Identification of a hysteretic model on experimental data

4.1. Quasi-static full cyclic test

A quasi-static full cyclic loading, labeled QSC1, is carried
out thanks to two actuators mounted at positions L

4 and 3·L
4 with

an increasing cycle amplitude. Each cycle of this displacement-
driven loading is repeated three times to stabilize the damage
state of the beam. The corresponding time-displacement evolu-
tion is given in figure 8. To interpret the whole displacement
response of the beam as that of a simple degree of freedom oscil-
lator (SDOF), a full-field measurement based upon a commercial
digital image correlation method has been used (Videometric
[47]). This method provides displacement data throughout the
beam, allowing for the projection over the eigenmode shapes
[19, 20]. The validation of the assumption of similar displace-
ment fields between 4-point bending test and dynamic loading is
exposed in [19]. In the present case, the presented displacement
data result from the projection of the displacement field of the
beam on the theoretical first mode shape computed thanks to
a finite element model of the experimental setup. Thus, they
can be considered as an estimation of the first mode displace-
ment: v(x, t) = q1(t)φ1(x), with q1(t) the first mode displace-
ment and φ1(x) the first mode shape. The corresponding force-
displacement graph is represented in figure 9.
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Figure 8: Imposed actuators’ displacement and resulting modal displacement of
the experimental QSC1 loading
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Figure 9: Force-displacement (first mode displacement) measurement for the
considered QSC1 test
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4.2. Formulation of a SDOF hysteretic model for the beam
behavior

4.2.1. Objectives
In order to describe the behavior of the beam, a nonlinear

oscillator is associated to the first eigenmode. The nonlinear
behavior of the first mode has been observed experimentally
with a frequency drop from 6.79 Hz to 2.83 Hz (beam HA12-
C1B-1) and from 7.16 Hz to 2.97 Hz (beam HA20-C1A-1). This
observation is explained by the nonlinear phenomena described
and modeled in section 4.2.2. This model is not intended to be
general but rather adapted to the QSC1 test (i.e. bending of the
beam following the first mode shape). It provides a useful basis
for numerical experiments that will be carried out on virtual
quasi-static tests in section 5. Moreover, in paper [19], a space-
time projection error map is presented, showing no significant
error growth during the degradation process. These numerical
experiments investigate the uncoupled influence of both the
loading amplitude (e.g. displacement, curvature, force, bending
moment) and degradation state.

4.2.2. Modeled phenomena
The model presented in this section strongly relies on the

work of Moutoussamy [34]. For small displacements applied at
the initial state, the beam in bending has a linear elastic behavior,
i.e. has a constant stiffness K which can be identified. Beyond
a limit displacement δd (i.e. displacement at which first crack
occurred in concrete) , the beam starts to exhibit nonlinearities.
A stiffness decrease is observed during the unloading phase, this
indicates the creation and propagation of cracking and motivates
the use of the damage mechanics framework [30].

Steel yielding is not observed during the tests and is conse-
quently not taken into account. Nevertheless, hysteresis loops
are observed during loading-unloading cycles. It is explained
by the existence of friction within the reinforced concrete, e.g.
between cracks surfaces or between the steel reinforcements and
the surrounding cracked concrete. Hence, a sliding displacement
variable uπ is defined [39, 42].

The unilateral effect is taken into account by splitting each
internal variable related to damage in two parts. These parts
correspond to two independent families of cracks on upper or
lower half cross-sections of the beam from either side of the
neutral axis depending on the direction of deflection. Supposing
a linear behavior of concrete in compression, the beam behavior
is mainly driven by the tension area (and the associated damage
state). The index i will be used to stand for both direction indexes
“+” and “−”. A kinematic hardening variable απ is associated to
the friction displacement uπ.

Finally, the last observed phenomenon is the so-called “pinch-
ing” effect which consists in a stiffness reduction in the neighbor-
hood of the zero-displacement point that explains the reversed
S-shape of the load displacement curve. The origin of this effect
is not clearly understood but different hypotheses exist. Sev-
eral researchers state that this effect indicates a failure driven
by shear [3, 36, 2, 35, 11, 48, 1]. However, a shear failure is
unlikely to occur with such a flexible beam in four-point bending
test. Hence, two explanations are here proposed:

(a) Cracked

(b) Bent

Figure 10: Illustration of the increase of moment of inertia due to crack closure
under bending

Mechanism Observable variable Internal variable

Displacement u
Damage di

Friction uπ

Kinematic hardening απ

Crack closure η

Table 1: Internal variables of the model

• in the case of a crossing crack, the crack surfaces get
into contact when the displacement is high enough (as
illustrated in figure 10) thus enlarging the virtual cross
section of the beam at the crack location;

• the steel-concrete bond failure induces slipping until the
adherence is found again at the interface (inter-locking).

4.2.3. State potential
The thermodynamical framework [30] of the model is de-

fined in this part. Helmoltz’s free energy is chosen as state
potential, which is a function of the internal and observable
variables summarized in table 1:

Ψ(u, di, uπ, απ, η) = Ψe(u, di, η) + Ψπ(uπ, απ, η, di) (8)

For a linear elastic behavior:

Ψe =
1
2
· K · u2 (9)

To take into account the stiffness degradation, the damage vari-
able di is introduced:

Ψe =
1
2
· K · (1 − di) · u2 (10)

The pinching effect only exists along with damage. This is taken
into account thanks to a crack closure variable η that evolves
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Figure 11: Plot of the pinching function over displacement for di = 1 (0 value
corresponds to completely closed cracks)

from 0 (cracks completely closed) to 1 (cracks opened):

η = di · exp
(
−

∣∣∣∣∣ u
Uc

∣∣∣∣∣) (11)

Uc corresponds to the crack closure displacement. Hence, the
altered stiffness Kp is defined as follows:

Kp(η) = K · (1 − η) (12)

which means that the pinching appears progressively with the
damage. Examples of “pinching curves” for a fully damaged
beam (i.e. di = 1) are given in figure 11. Then:

Ψe =
1
2
· Kp(η) · (1 − di) · u2 (13)

If the friction state potential is now considered:

Ψπ =
1
2
· Kp(η) · di · (u − uπ)2 +

1
2
· bπ · (απ)2 (14)

To summarize, the overall state potential writes:

Ψ =
1
2
·Kp(η)·(1−di)·u2+

1
2
·Kp(η)·di·(u−uπ)2+

1
2
·bπ·(απ)2 (15)

4.2.4. State laws
The next step is to formulate the state laws by differentiating

the state potential in equation (15), namely:

Fe =
∂Ψ

∂u
= Kp(η) · (1 − di) · u + Kp(η) · di · (u − uπ) (16)

Fπ = −
∂Ψ

∂uπ
= Kp(η) · di · (u − uπ) (17)

Xπ = −
∂Ψ

∂απ
= bπ · απ (18)

(19)

4.2.5. Flow rules
The energy rate Yd

i that drives damage is defined by:

Yd
i =

1
2
· Kp(η) · 〈u〉i2 (20)

Par. Description Value Unit

δd Displacement at first crack in concrete 6.4 mm
K0 Initial stiffness 1.88 N·mm-1

p Stiffness loss coefficient (=1-d∞) 0.228 –
q Fragility coefficient 0.426 –
aπ Hysteresis loops width 1480 N
bπ Initial stiffness of the hysteresis loops 74.7 N·mm-1

Uc Crack closure displacement 54.2 mm

Table 2: Model parameters and identified values

Y0 is an initial energy threshold:

Y0 =
1
2
· K · δd

2 (21)

The damage evolution law is chosen similarly to the one of
Moutoussamy [34]:

di = d∞ ·
1 −  Y0

Yd
i

q (22)

with d∞ ≤ 1 the maximum potential damage (i.e. giving the
secant stiffness K0 · (1 − d∞) for an infinite displacement) and q
a coefficient driving the slope right after the damage initiation in
the force-displacement curve.

For the friction phenomena and the kinematic hardening, the
threshold surface is:

f π = |Fπ − Xπ| (23)

However, to take into account hysteresis loops that are nonlinear
by nature, a non-associative potential of dissipation is used, as
proposed by Armstrong–Frederick [14]:

Φπ = |Fπ − Xπ| +
1
2
· aπ · (Xπ)2 (24)

Then, the flow rules are:

u̇π = λ̇π ·
∂Φπ

∂Fπ
= λ̇π · sign(Fπ − Xπ) (25)

and:
α̇π = −λ̇π ·

∂Φπ

∂Xπ
= λ̇π · sign(Fπ − Xπ) (26)

λ̇π is the plastic multiplier.

4.2.6. Model identification strategy
The model identification is performed thanks to a minimiza-

tion algorithm applied on the global relative force error εF given
in equation (27).

εF =

N∑
i=1

(
Fi − Fexp

i

)2(
Fexp

i

)2 (27)

Fi is the total force.
There are 7 parameters to identify, as summarized in table 2.

To facilitate the identification process, a sequential procedure is
followed:
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(a) Parameters influence for a
monotonic loading

(b) Parameters influence for a
unilateral cyclic loading (without
pinching)

Figure 12: Description of some parameters influence on the model behavior

1. the elastic parameter K0 is identified either on the 1st load-
ing, prior to the 1st nonlinearity (expected at the initial
value set for δd), or is set arbitrarily to match the 1st mea-
sured eigenfrequency, knowing the associated modal mass.
If K0 influences the whole behavior of the beam, its role
is difficult to uncouple from the ones of other parameters
in the nonlinear domain while it is straightforward in the
linear domain;

2. δd, p, q are identified on the nonlinear part of the capacity
curve (i.e. beyond δd) deduced from the test;

3. the last 3 parameters (aπ, bπ, Uc) are identified on the full
cyclic QSC1 force time-history.

The effects of the different parameters are graphically de-
scribed in figures 11 and 12.

4.3. Identification results
The procedure described in section 4.2.6 has been carried out

on the different beams tested with QSC1. The results obtained
for the beam HA12-C1B-1 are summarized in table 2 and the
corresponding error indicator of equation 27 equals εF = 0.0376.
The behavior of the identified model is illustrated in figure 13a
in comparison with QSC1 experimental data. The quality of the
identification validates the choices made for the macro-element
(RC beam) model. The total force (Fe + Fπ) is plotted in figure
13a.

5. Numerical study of the EVDR dependence on engineer-
ing demand parameters

5.1. Engineering demand parameters
The dependence of the EDVR on the degradation and loading

levels are investigated. The choice is made in this paper to
select the mid-span curvature γ (see figure 14) as the quantity
of interest to quantify the loading level. Also, a degradation
index Γ is defined as the maximum historic curvature measured
at mid-span γm over the theoretical first steel yielding curvature
γy as expressed in equation (31).

The curvature has the advantage over the displacement to
be bending-type independent (e.g. 3-point or 4-point bending)
since it is defined at the most critical section. Moreover, γy can
be computed in a predictive way on the basis of design rules
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Figure 13: Comparison between model and experiments

Figure 14: Displacement and curvature as engineering demand parameters
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Figure 15: Concrete constitutive law from Eurocode 2 [6]

(such as Eurocode 2 [6]) knowing the material and geometrical
properties of the RC section. By using the assumption of non-
evolution of the mode shape, one can compute directly by using
the analytical mode shape of a dynamically bending beam, the
coefficient kr of the curvature mid-span displacement law in
equation (28).

γ = kr · δ (28)

with kr =
π2

L2 ≈ 0.28 m−2 (29)

For the computation of steel-yielding curvature, a Eurocode
2-type constitutive law for the concrete is considered:

σc =


0 εc < 0

fc ·
[
1 −

(
1 − εc

εc2

)2
]

0 ≤ εc ≤ εc2

fc εc2 < εc

(30)

where εc2 and fc are the (nonlinear) elastic limits in strain and
stress depicted in figure 15. The value of steel-yielding curvature
obtained for the studied beam is given in equation (32). It is
recalled that the dissipations associated to steel yielding are not
in the scope of this study. Hence, Γ is expected to remain within
the range [0, 1].

Γ =
γm

γy
(31)

with γy = 0.0298 m−1 (32)

The study of the influence of the degradation level and the
loading on the EVDR is challenging for pragmatic reasons. A
full cyclic quasi-static test as QSC1 takes about 4 hours to per-
form (not counting the setup phase). Then, the testing for many
degradation states could be very time-consuming. When practi-
cal constraints (for example related to the schedule, the cost, or
the available equipment) make impossible to investigate experi-
mentally the influence of different parameters on a quantity of
interest, numerical experimentation represents an elegant way
to address the problem, under the condition that the numerical
model used has been validated experimentally. Considering
the ability of the model identified in section 4.3 to describe the
phenomena taking place during the bending, it can be used as
support of virtual quasi-static testing.

Run δm Γ δ1 δ2 δ3 . . . δN
(cm) (cm) (cm) (cm) (cm)

1 0.2 0.018 0.2
2 0.3 0.027 0.2 0.3
3 0.4 0.036 0.2 0.3 0.4
. . . . . . . . . . . . . . . . . . . . .

N 10.0 0.91 0.2 0.3 0.4 . . . 10.0

Table 3: Loading procedure with increasing degradation index – δm: maximum
displacement; δi: amplitude of ith block
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Figure 16: Loading procedure for the sensitivity study (example for Γ = 0.091)

5.2. Influence of the degradation and loading levels

5.2.1. Numerical loading
As a side positive consequence for the use of a virtual exper-

imental, there is no spurious dissipation due to external sources.
Hence, the validity of the representation of hysteretic dissipa-
tion by an equivalent viscous damper is assessed. To study the
influence of the degradation level Γ and the prescribed curvature
amplitude of the cycle γ, an increasing full cyclic quasi-static
displacement loading has been designed and is illustrated in fig-
ure 16. Each cycle of displacement amplitude δ is repeated twice
so the hysteretic behavior in the 2nd cycle can be considered as
stabilized and the energy dissipation due to damage initiation is
not taken into account. It is important to note that the first two
cycles are equal to the last two in order to remain at the same
degradation index Γ of the beam all along the loading.

5.2.2. Observations resulting from the numerical simulations
It is clear from the results given in figures 17a,17b,17c that

the degradation index Γ and the displacement amplitude play a
major role in the EVDR. Moreover, these two parameters are
model-independent. The model includes damage mechanisms,
hence, the maximum elastic energy storage decreases with the
degradation index Γ (figure 17b). The other important observa-
tion is that the energy dissipated does not seem to depend on Γ

for the present nonlinear model. However, since the equivalent
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(b) Influence of the cycle amplitude on the stored energy per cycle Es

for different degradation indexes Γ
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(c) Influence of the cycle amplitude on the equivalent viscous damping
ξeq ratio for different degradation indexes Γ

Figure 17: Influence of the degradation index γ over energies and equivalent
viscous damping ratio ξeq for different cycle amplitudes obtained by Jacobsen’s
areas method

viscous damping ratio depends on the ratio of the dissipated
energy over the stored one, the EVDR seems to increase with
respect to the degradation index (see figure 17c).

One can guess a relatively smooth surface fitting the EVDR

points. Then, the highest EVDR point is chosen as the “iden-
tification” point of coordinates (Γid, γid, ξid) and is used for the
next steps:

• γ = γid is fixed at this point, and the best-fitting function
f (Γ) is identified (thanks to a nonlinear least squares algo-
rithm implemented in the curve fitting toolbox of Matlab)
as in figure 18a:

f (Γ) =
3.679 · Γ

Γ + 0.2806
(33)

then f (Γ) =

{
0 % if Γ = 0
3.679 % if Γ→ +∞

(34)

• Γ = Γid is fixed at this point, and the best-fitting function
g(γ) is identified as in figure 18b:

g(γ) =
0.03759 · γ

γ2 − 0.004994 · γ + 8.397 · 10−5 (35)

then g(γ) =

{
0 % if γ = 0
0 % if γ → +∞

(36)

• the surface given by equation (37) where α = 1
ξid

is a
normalization coefficient:

ξ = α · f (Γ) · g(γ) (37)

The search for an equation of surface in the form of a product
of rational functions is motivated by the form of the expression
of the EVDR evaluated by Jacobsen’s areas method as a ratio
between two energies. The degrees of these polynomial func-
tions are deduced from the shape of the curved guessed from the
red dots in figures 18a and 18b.

The values obtained for the EVDR depending on both Γ and
displacement amplitude γ are represented with the red dots in
figure 19a and 19b. In figure 19a, the blue arrow illustrates
the loading path actually performed experimentally (curvature
amplitude and degradation index increasing together). This is
also the loading path used for the identification of the nonlinear
oscillator model (figure 8). Each point in the figure 19a (red
and black points) corresponds to a different and independent
quasi-static numerical computation and not to an extrapolation
of the black points. Finally, the black points are, among all the
tests performed (red dots), those used to identify the functions
f (Γ) and g(γ) (identification illustrated in figures 18a and 18b).

In figure 19b, the surface obtained with the ξ(Γ, γ) (equa-
tion (37)) is compared to the numerical experiments performed
(red and black dots). The so-called ”damping surface” fits very
well the numerical experiments as seen in figure 20. Indeed,
only the black dots in figures 19a, 19b have been used for the
calibration. The set of red points corresponds to additional nu-
merical experiments considering different loadings for the same
beam.

Even though this paper focuses on one particular beam
(HA12-C1B-1), several beam designs have been tested as ex-
plained in section 2.1. The model proposed in section 4.2 is able
to reproduce the behavior of these different designs because the
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Figure 18: Uncoupled identification of dependence between EVDR, degradation
index and curvature amplitude

phenomena involved are the same. The figures 21a and 21b il-
lustrate the fact that similar functions f (Γ) and g(γ) are obtained
for this second tested beam with only a change in the constant
values obtained after the identification process exposed in the
current section. The parameters identified are different though,
and this results in slightly different shapes of the damping sur-
faces. However, their overall aspects remain the same as shown
on figure 22.

12



0

1

0.8

1

0.6 0.03

(%
)

0.025

2

0.4 0.02

(m -1)

0.015
0.2 0.01

3

0.005
0 0

experimental loading path

(a) EVDR values from numerical simulations

(b) Same as figure 19a with superposed fitted surface

Figure 19: EVDR values for an increasing degradation index Γ and curvature amplitude γ — ξid represents the identification point for uncoupled functions plotted in
figures 18a and 18b; the black dots correspond to the data used for the functions identification of equations 33 and 35

13



Fitted EVDR

0
.5

1
1
.5

2

2

2
.5

0.005 0.01 0.015 0.02 0.025

 (m -1)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0 %

0.5 %

1 %

1.5 %

2 %

2.5 %

3 %

(a) EVDR(%) values from numerical simulations

Absolute fitting error

00

0
.1

00

  -0.03 %
  0.19 %

0.005 0.01 0.015 0.02 0.025

 (m -1)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Minimum

Maximum

-0.1 %

-0.05 %

0 %

0.05 %

0.1 %

0.15 %

0.2 %

(b) Absolute error of EVDR(%) between the fitted surface and the
numerical simulations

Figure 20: Comparison of the EVDR estimated from the numerical simulations and the corresponding values on the best-fitting surface (interpolated on the
identification domain)

14



0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

3.5

 (
%

)

R
2
 = 0.9993

(a) Identified dependence between EVDR and degradation index for the
curvature amplitude γid

0 0.005 0.01 0.015 0.02 0.025 0.03
0

0.5

1

1.5

2

2.5

3

3.5

 (
%

)

R
2
 = 0.9975

(b) Identified dependence between EVDR and curvature amplitude for
a degradation index Γid

Figure 21: Uncoupled identification of dependence between EVDR, degradation
index and curvature amplitude for beam HA20-C1A-1

15



0

1

0.8

1

0.6 0.03

 (
%

) 2

0.025
0.4 0.02

 (m-1)

0.015

3

0.2 0.01
0.005

0 0

Figure 22: Comparison of numerical results for beam HA12-C1B-1 (in red) also drawn on figure 19a and HA20-C1A-1 (in green)

16



6. Conclusions

In order to improve the relevancy of simplified nonlinear
time-history analysis by enhancing the additional viscous damp-
ing term, an experimental campaign has been carried out on
reinforced concrete beams in both quasi-static and dynamic tests.
In particular, a RC beam has been subject to a quasi-static full
cyclic four-point bending test. Then, a single-degree-of-freedom
model has been proposed and identified to reproduce the ex-
perimental restoring force for a prescribed modal displacement
measured thanks to a dedicated image correlation based tech-
nique. This model has been used to perform additional numerical
tests in order to assess both the influence of a degradation index
Γ and the amplitude of the curvature at mid-span γ due to the dis-
placement prescribed by the actuators. It is observed that both
parameters have a major influence on the equivalent viscous
damping. More specifically, the equivalent viscous damping
ratio (EVDR) increases with degradation index Γ in an asymp-
totically way according to the model identified in figure 19b.
However, the evolution of the EVDR as a function of the curva-
ture amplitude is not monotonous according to the same model
identified in figure 19b: a maximum is reached before the EVDR
decreases asymptotically to zero. A function resulting from the
product of the two previously identified ones sums-up these
observations. It corresponds to the equation of a smooth sur-
face that can be used as a virtual abacus for a more predictive
choice of EVDR. It has been shown with two different RC beams
(differences regarding concrete and geometry of the reinforcing
steel bars) that the evolution of EVDR stays similar according to
degradation state of the structure and the displacement demand.
Nevertheless, these local quantities (quality of concrete, steel re-
bars diameter, etc.) affect the coefficients involved in the EVDR
surface equation. A perspective of this work is the definition of
this link by considering additional experimental and numerical
tests.

At this point of this study, it seems important to take into ac-
count the variations of EVDR during the nonlinear time-history
analysis since this value can evolve from almost 0 % to 3 %
for the studied RC beam. For instance, this evolution of the
EVDR can lead to a reduction of the local pseudo-acceleration
spectrum and as a consequence, of the loading observed by the
structure up to 10%. It is worthy noting that the steel yielding is
not taken into account in this model, while it is a highly dissi-
pating phenomenon. Many studies focusing on the dissipations
related to steel yielding during earthquakes are found in the
literature, often proposing an EVDR evolving with respect to the
displacement ductility. Hence, the work carried out in this paper
is intended to be complementary to these models. The next step
of this study will be to use the damping surface as a basis for a
fast and physical-wise updating strategy for the EVDR during
nonlinear time-history analyses.
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