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ON FANO SCHEMES OF COMPLETE INTERSECTIONS

C. CILIBERTO, M. ZAIDENBERG

ABSTRACT. We provide enumerative formulas for the degrees of varieties
parameterizing hypersurfaces and complete intersections which contain pro-
jective subspaces and conics. Besides, we find all cases where the Fano
scheme of the general complete intersection is irregular of dimension at least
2, and for the Fano surfaces we deduce formulas for their holomorphic Euler

characteristic.
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INTRODUCTION

The study of hypersurfaces in projective space, or more generally, of complete
intersection, and specifically of varieties contained in them, is a classical subject
in algebraic geometry. The present paper is devoted to this subject, and in
particular to some enumerative aspects of it.

Recall that the Fano scheme Fj(X) of a projective variety X C P is the
Hilbert scheme of k-planes (that is, linear subspaces of dimension k) contained
in X; see [1] or [23], 14.7.13]. For a hypersurface X C P" of degree d the integer

5(d,r, k) = (k+1)(r — k) — (dzk)
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2 C. CILIBERTO, M. ZAIDENBERG

is called the ezpected dimension of Fj(X). Let 3(d,r) be the projective space
of dimension (d?) — 1 which parameterizes the hypersurfaces of degree d > 3 in
P". If either 6(d,r, k) < 0 or 2k > r then Fj,(X) = ) for a general X € X(d,r).
Otherwise Fi(X) has dimension § for a general X € 3(d,r) (|10} 17, [32] 41]).
Setting

y(d,r k) = =6(d,r, k) >0

the general hypersurface of degree d > 3 in IP" contains no k-plane. Let X(d, r, k)
be the subvariety of ¥(d,r) of points corresponding to hypersurfaces which
carry k-planes. Then 3(d,r, k) is a nonempty, irreducible, proper subvariety
of codimension v(d,r, k) in 3(d,r) (see [39]), and its general point corresponds
to a hypersurface of degree d which carries a unique k-plane (see [4]). The
degree of this subvariety of the projective space 3(d,r) was computed in [35].
In Section |1 we reproduce this computation. This degree deg(X(d,r, k)) is the
total number of k-planes in the members of the general linear system L of
degree d hypersurfaces, provided dim(£) = ~(d, r, k). It can be interpreted also
as the top Chern number of a vector bundle. Having in mind the further usage,
we explore three different techniques for computing it:

e the Schubert calculus;

e a trick due to Debarre-Manivel;

e the Bott residue formula and the localization in the equivariant Chow
rings.

In Section 2 we extend these computations to the Fano schemes of complete
intersections in P".

In Sections we turn to the opposite case y(d,r, k) < 0, that is, the ex-
pected dimension of the Fano scheme is positive. In Section [3] we compute
certain Chern classes related to the Fano scheme. In Section 4| we apply these
computations in the case where the Fano scheme is a surface, and provide several
concrete examples. The main result of Section [o| describes all the cases where
the Fano scheme of the general complete intersection has dimension > 2 and a
positive irregularity. This happens only for the general cubic threefolds in P*
(k = 1), the general cubic fivefolds in P° (k = 2), and the general intersections
of two quadrics in P?*3 k > 1; see Theorem [5.1]

In the final Section [6] we turn to the conics in degree d hypersurfaces in P".
Let

e(d,r) =2d+2—3r.

Let 3.(d,r) be the subvariety of (d, r) consisting of the degree d hypersurfaces
which contain conics. We show that ¥.(d, r) is irreducible of codimension €(d, r)
in X(d, r), provided €(d,r) > 0. Then we prove that the general hypersurface in
¥.(d,r) contains a unique (smooth) conic if €(d, ) > 0. Our main results in this
section are formulas (38)-(39) which express the degree of X.(d,r) via Bott’s
residue formula. Notice that there exists already a formula for deg(3.(d,r)) in
the case r = 3, d > 5, that is, for the surfaces in P2, see [34, Prop. 7.1]. It
expresses this degree as a polynomial in d.

Let us finish with a few comments on the case €(d,r) < 0. It is known (see
[26]) that for 2d < r + 1, given a general hypersurface X C P" of degree d
and any point z € X, there is a family of dimension e(r +1 — d) — 2 > ed
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of degree e rational curves containing z. In particular, X carries a 2(r — d)-
dimensional family of smooth conics through an arbitrary point. Moreover (see
[7]), for 3d < 2r — 1 the Hilbert scheme of smooth rational curves of degree e
on a general X is irreducible of the expected dimension e(r —d+1)+r —4. In
particular, the Hilbert scheme of smooth conics in X is irreducible of dimension
3r—2d—2 = —e(d,r). Analogs of the latter statements hold as well for general
complete intersections (see [7]). See also [6, 9] for enumerative formulas counting
conics in complete intersections.
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1. HYPERSURFACES CONTAINING LINEAR SUBSPACES

The results of this section are known, see [35], except maybe for formula
. Our aim is rather didactic, we introduce here the techniques that will be
explored in the subsequent sections.

Recall that the Fano scheme Fy(X) of a projective variety X C P" is the
Hilbert scheme of linear subspaces of dimension k contained in X; see [I] or
[23, 14.7.13]. For a hypersurface X C P" of degree d the integer

5(d,r k) = (k +1)(r — k) — (dj;k)
is called the expected dimension of Fi,(X). Let 3(d,r) be the projective space
of dimension (d;”") — 1 which parameterizes the hypersurfaces of degree d > 3 in
P". If either 6(d,r, k) < 0 or 2k > r then Fy(X) = ) for a general X € X(d, ).
Otherwise Fi(X) has dimension ¢ for a general X € 3(d,r) ([10} 17, 32, 41]).
We assume in the sequel that

(1) y(d,r k) :==—=d0(d,r, k) > 0.

Then the general hypersurface of degree d > 3 in P" contains no linear subspace
of dimension k. Let X(d, r, k) be the subvariety of ¥(d, r) of points correspond-
ing to hypersurfaces which do contain a linear subspace of dimension k. The
following statement, proven first in [35, Thm. (1)-(2)] in a slightly weaker form,
is a particular case of Theorem 1.1 in [4]; see Proposition below.

Proposition 1.1. Assume y(d,r, k) > 0. Then X(d,r, k) is a nonempty, irre-
ducible and rational subvariety of codimension vy(d,r, k) in X(d,r). The general
point of X(d,r, k) corresponds to a hypersurface which contains a unique linear
subspace of dimension k and has singular locus of dimension max{—1,2k — r}
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along its unique k-dimensional linear subspace (in particular, it is smooth pro-
vided 2k < r).

For instance, take d = 3, r = 5, and k = 2. Then X(3,5) parameterizes the
cubic fourfolds in P5, and X(3,5,2) parameterizes those cubic fourfolds which
contain a plane. Since ¥(3,5,2) = 1, we conclude that ¥(3,5,2) is a divisor
in ¥(3,5), and the general point of ¥(3,5,2) corresponds to a smooth cubic
fourfold which contains a unique plane.

Our aim is to compute the degree of ¥(d, r, k) in the projective space 3(d, r)
in the case v(d,r, k) > 0.

1.1. On the Grassmannian G(k,r) of k—subspaces of P", consider the dual S&*
of the tautological vector bundle S of rank k£ + 1. Let I € G(k,r) correspond
to a k-subspace of P". Then the fiber of S* over II is H°(IT, Oy (1)). It is known
([21, Sect. 5.6.2], [23]) that

k+1

C(S*> = 1 + ZO’(li),
=1

where (1) stays for the vector (1,...,1) of length 7, and o(:) is the (Poincaré
dual of the) class of the Schubert cycle ¥;:y. This cycle has codimension 4 in
G(k,r), therefore, X1 € A(G(k,r)) in the Chow ring A*(G(k,r)).

The splitting principle (see [21, Sect. 5.4]) says that any relation among
Chern classes which holds for all split vector bundles holds as well for any
vector bundle. So, we can write formally

S =Ly®...®d L,

the L;s being (virtual) line bundles. In terms of the Chern roots x; = ¢1(L;)
One can express

(S =14+a(S)+...+ 1 (S) =1 +x0) - (L +x) .

Hence o0(;:) is the i—th elementary symmetric polynomial in zo, ..., xy, i.e.,
0'(1):.1'0—|—...—|—{Ek, 0(12) = E Tilj, .., a(1k+1):x0...xk.
0<i<j<k

Consider further the vector bundle Sym®(S*) on G(k,r) of rank

(d?! k) > (k+1)(r — k) = dim(G(k, 7).

To compute the Chern class of Sym?(S*) one writes
Sym(st) = P Ly Ly
’Uo+...+’L}k=d
Since ¢1(Lg’ - - - L;*) = vozo + . .. + vy, one obtains
(2) c(sym*SM)) =[] (1 +vomo+... +vey).
vo+...+vg=d

The following lemma is standard, see, e.g., [35, Thm. (3)]. For the reader’s
convenience we include the proof. As usual, the integral of the top degree
cohomology class stands for its value on the fundamental cycle. The integral of
the dual of a zero cycle a coincides with the degree of a.
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Lemma 1.2. Suppose holds. Then one has

deg(S(dr) = [ oo (Sym'(S").
G(k,r)

Proof. Let p : V(k,r) — G(k,r) be the tautological P¥-bundle over the Grass-

mannian G(k,r). Consider the composition

0 Vk,r) S P x Gk, 1) 5 P

where ¢ is the natural embedding and 7 stands for the projection to the first
factor. Letting 7 = Opr(—1) and S; = Sym?(7*) one obtains

S* = R%,¢*(T*) and Sym%(S*) = R%.,p"(S,).

Any F € H(P",Opr(d)) defines a section o of Sym®(S*) such that op(I1) =

Fln € H°(II, On(d)). Consider the hypersurface Xr of degree d on P" with

equation F' = 0. The support of X contains a linear subspace II € G(k, )

if and only if or(II) = 0, i.e., the subspaces II € G(k,r) lying in Supp(Xr)

correspond to the zeros of o in G(k, ), which have a natural scheme structure.
Let p = dim(G(k,7)) = (k+ 1)(r — k). By our assumption one has

rk (Sym?(8*)) — p = ~(r, k,d) > 0.

Choose a general linear subsystem £ = (Xo,...,X,) in X(d,r) = |Opr(d)| of
dimension v = y(r, k, d), where X; = {F; = 0}. By virtue of Proposition[L.1} £
meets X(d,r, k) C X(d,r) transversally in deg(X(d, r, k)) simple points, and to
any such point X € 3(d,r, k)N L corresponds a unique k-dimensional subspace
IT € G(k,r) such that IT C X.

Consider now the sections o; := op, i = 0,...,7, of Sym%(S*). The inter-
section of £ with X(d,r, k) is exactly the scheme of points II € G(k,r) where
there is a linear combination of oy, ..., vanishing on II. This is the zero
dimensional scheme of points of G(k,r) where the sections oy, ..., o, are lin-
early dependent. This zero dimensional scheme represents the top Chern class
c,(Sym?(S*)) (see 21, Thm. 5.3]). Its degree (which is equal to deg(%(d, r, k)))
is the required Chern number fG(kﬂ‘) c(k+1)(r,k)(8ymd(8*)). O

Let us explain now three methods for computing deg(X(d, r, k)).

1.1. Schubert calculus. In order to compute c(.—g)+1)(Sym?(S*)), one com-

putes the polynomial in xg, ...,z appearing in and extracts the homo-

geneous component 7(q,x of degree (k + 1)(r — k). The latter homogeneous

polynomial in xg, ...,z is symmetric, hence it can be expressed via a polyno-

mial in the elementary symmetric functions o), i =0,...,k + 1:

(3) T(ark) = Z bar(J1, 72, - - - ajk+1>aﬁ)0'g2) X 'Uzlfﬁl)
J14+224 A (k1)1 =(k+1) (r—k)

with suitable coefficients ¢q, (71, ja, - - -, jr+1)- In this way the top Chern number
Trk) = k) (Sym?(S7))
in Lemma [1.2|is expressed in terms of the Chern numbers

Ji g2 . Jk41
Tz Ikt
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appearing in (3). By computing the intersection products among Schubert
classes and plugging these in one obtains the desired degree

deg(E(d, T, k)) = T(d%k)'

1.2. Debarre—-Manivel’s trick. This trick (applied for a similar purpose by
van der Waerden [49]) allows to avoid passing to the elementary symmetric
polynomials, which requires to compute the coefficients in . Let us recall the
basics on the Chow ring of the Grassmannian G(k,r) following [36].

A partition A of length k + 1 is a (non-strictly) decreasing sequence of non-
negative integers (Ao, . .., Ax). To such a partition A there corresponds a homo-
geneous symmetric Schur polynomial sy € Z[zo, ..., x;] of degree |A| = Ao+. ..+
Ax. These polynomials form a base of the Z-module Ay of symmetric polyno-
mials in xg, ..., zg. One wrights A C (k+1)x(r—k)ifr—k > X > ... > A\ > 0.
This inclusion means that the corresponding Ferrers diagram of X\ is inscribed
in the rectangular matrix of size (k+ 1) x (r — k) occupying A;_; first places of
the ith line fori =1,...,k+ 1. Toany A C (k+ 1) x (r — k) there correspond:

e a Schubert variety ¥\ C G(k,r) of codimention |A|;

e the corresponding Schubert cycle [¥,] in the Chow group A,(G(k,7));

e the corresponding dual Schubert class oy, of degree |A| in the Chow ring

A*(G(k,r)).

The nonzero Schubert classes form a base of the free Z-module A*(G(k, 7))
([36, Cor. 3.2.4]). There is a unique partition Apax = (r — k,...,7 — k) C
(k4 1) x (r — k) of maximal weight |Amax| = (k+1)(r — k). Its Ferrers diagram
coincides with the whole rectangle (k4 1) x (r — k). The corresponding Schur
polynomial is sy,,, = (zo---z;)""*. The corresponding Schubert cycle is a
reduced point, and the corresponding Schubert class o, generates the Z-
module A®TVC=R)(G(k, 7)) ~ Z.

Let as before zq, ..., 7, € AY(G(k,r)) be the Chern roots of the vector bun-
dle §* over G(k,r). A homogeneous symmetric polynomial 7 € Z[x, ..., zk]
of degree (k + 1)(r — k) admits a unique decomposition as an integral linear
combination of Schur polynomials s, of the same degree. The corresponding
Schubert classes o) vanish except for o), . If 7 corresponds to an effective
zero cycle on G(k,r), then the degree of this cycle equals the coefficient of
Samee = (T -+ x)" " in the decomposition of 7 as a linear combination of
Schur polynomials. Multiplying 7 by the Vandermonde polynomial

V=V(xg,...,zx) = H (i — ;)
0<i<j<k

this coefficient becomes the coefficient of the monomial zjz}~'--- 2, " in the

product 7 - V| see the proofs of [I7, Thm. 4.3] and [36, Thm. 3.5.18].

Let P(zo,...,zx) be a polynomial, and let xéo o :132’“ be a monomial, which
we identify with the lattice vector i = (ig,...,i,) € ZFtL. We write ¢;(P)
for the coefficient of i --- 23 in P = Y . ¢(P)ad ---x}¥. Summarizing the
preceding discussion and taking into account Lemma (1.2 one arrives at the
following conclusion.

Proposition 1.3. ([35, pp. 311-312]) One has
deg(z(d7 T, k)) = w(’f‘,’l‘—l,...,’l‘—k) (V . T(d,r,k:)) ’
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that is, the degree deg(X(d,r,k)) equals the coefficient of xhxi ™ -+ 27" in the
product T -V, where T = T(q,1)(Zo, - .., k) s as in .

See also the table in [35, p. 312] of the values of deg(X(d,r, k)) for several
different values of (d,r, k), and an explicit formula in [35, Cor. on p. 312] which
expresses deg(X(d,3,1)) as a polynomial in d of degree 8.

1.3. Bott’s residue formula. Bott’s residue formula [11, Thms. 1, 2] says, in
particular, that one can compute the degree of a zero—dimensional cycle class
on a smooth projective variety X in terms of local contributions given by the
fixed point loci of a torus action on X. Here we follow the treatment in [27]
based on [12], [20], and [38] and adapted to our setting.

We consider the diagonal action of T' = (C*)r+1 on [P" given in coordinates
by

(to,...,tT)'(l'o e i.fL'T) = (tol’o L. :t,,.xT).
This induces an action of T" on G(k,r), with (Zﬁ) isolated fixed points corre-

sponding to the coordinate k—subspaces in P", which are indexed by the subsets
I of order k + 1 of the set {0,...,r}. We let Z;; denote the set of all these
subsets, and II; € G(k,r) denote the subspace which corresponds to I € Z;.
Bott’s residue formula, applied in our setting, has the form

i} c
deg(X(d,r k)) = / Clr—k)(r41) (Sym?(S*)) = —,

e
G(k,r) = I

where ¢ results from the local contribution of ¢ x+1)(Sym?(S*)) at I1;, and
ey is determined by the torus action on the tangent space to G(k,r) at II;.
As for the computation of e, this goes exactly as in [27, p. 116], namely

ef = (=) T - 1),
iel j¢I

Also the computation of ¢; is similar to the one made in [27), p. 116]. Recalling
, for a given I € 7,1, consider the polynomial

vo+...+vp=d i€l

and extract from this its homogeneous component T(Idm y of degree (k+1)(r—k).
Then

Cr = Tl (—ti)ier = (—1)(7"7]6)(“1)7(1(1,7«,@ (ti)ier-
In conclusion we have

Tl (ti)ier
I€T4 1 Hie[ ngj(ti — ;)

As in [27, p. 111], we notice that the right hand side of this formula is, a
priori, a rational function in the variables ty, ..., ;. As a matter of fact, it is a
constant and a positive integer.

(4) deg(3(d,r k) =
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2. FANO SCHEMES OF COMPLETE INTERSECTIONS

In this section we extend the considerations of Section |If to complete inter-
sections in projective space. We consider the case in which a general complete
intersection X of type d := (di,...,d,,) in P", where [[\", d; > 2, does not
contain any linear subspace of dimension k. Like in the case of hypersurfaces,
the latter happens if and only if either 2k > r — m = dim(X), or

y(d,r, k) ::Z (dj;_k) —(k+1)(r—k) >0,

J=1

see [10, [17, 32} 39, 40, [41].

Let 3(d, r) be the parameter space for complete intersections of type d in P".
This is a tower of projective bundles over a projective space, hence a smooth
variety. Consider the subvariety Y (d,r, k) of ¥(d,r) parameterizing complete

intersections which contain a linear subspace of dimension k. One has ([4, Thm.
1.1]):

Proposition 2.1. Assume ~v(d,r, k) > 0. Then X(d,r, k) is a nonempty, irre-
ducible and rational subvariety of codimension y(d,r, k) in 3(d,r). The gen-
eral point of ¥(d,r, k) corresponds to a complete intersection which contains
a unique linear subspace of dimension k and has singular locus of dimension
max{—1,2k +m — 1 — r} along its unique k-dimensional linear subspace (in
particular, it is smooth provided r > 2k +m).

Next we would like to make sense of, and to compute, the degree of ¥(d, r, k)
inside ¥(d, ) when ~(d,r, k) > 0. To do this we consider the general complete
intersection X of type (di,...,d_1), and the complete linear system

X(dm, X) = |Ox (dm)-

We assume that the Fano scheme Fi(X) of linear subspaces of dimension k
contained in X is non—empty. This implies that

(5) dim(F(X)) = (k4 (k) - 5 (55 = (") - =0

J=1

(see [10) 32 41]). Moreover, assume

(6) dim(3(d,,, X)) > y(d,r, k) > 0.

Notice that (5]) and (6)) do hold if v(d, r, k) is sufficiently small, e.g., if y(d, r, k) =
1

Let now X(d,,, X, k) be the set of points in X(d,,, X) corresponding to com-
plete intersections of type d = (dy,...,d,,) contained in X and containing a
subspace of dimension k. As an immediate consequence of Proposition [2.1], we
have

Corollary 2.2. Assume vy(d,r, k) > 0 and holds. Let X be a general com-
plete intersection of type (di, ..., dm—1) verifying (€). Then X(dm, X, k) is irre-
ducible of codimension vy(d,r, k) in X(dp, X). The general point of ¥(d,,, X, k)
corresponds to a complete intersection of type d = (dy, ..., d,,) which contains
a unique subspace of dimension k.
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Next we would like to compute the degree of 3(d,,, X, k) inside the projective
space X(dp,, X).
Consider the vector bundle Sym? (S8*) on G(k,r) and set

p= (") <) = im0

k
Similarly as in Lemma [1.2] one sees that
@ (S0 X ) = [ cSymin () - IAO),

where [F},(X)] stands for the dual class of Fi(X) in the Chow ring A*(G(k,r)).

2.1. Schubert calculus. The Chern class c,(Sym? (S*)) is the homogeneous
component # of degree p of the polynomial

H (1 +wvoxo + ... + vpxg).
’U0+...+Uk=dm

As usual, 6 can be written as a polynomial in the elementary symmetric func-

tions of the Chern roots xo,...,ry, which can be identified with the o(:s.
Eventually, one has a formula of the form
Cp<Symdm (S*)) = Z ¢dm,r<j17j27 v 7jk+1)o'gi)0-552) e O"(])f,jil)

J1+2j2+.. A+ (k+1)jr+1=p

In conclusion one has

deg(X(dp, X, k)) =
(8) = /G(k ) [Fk(X)] . Z ¢dm,r(j17 s 7jk+1)aﬁ) T O—gljil) .

J1+2j2+.. A+ (k+1)jr+1=p

2.2. Debarre—Manivel’s trick. Formula is rather unpractical, since both,
the computation of the coefficients and of the intersection products appearing
in it are rather complicated, in general. A better result can be gotten using
again Debarre-Manivel’s idea as in . Taking into account one sees that
deg(X(dyn, X, k)) equals the coefficient of the monomial zja}™"---27~* in the
product of the following polynomials in xy, . .., z:

(i) the product Qa4 = H:l_ll Qk.q; of the polynomials

Qea, = [ (vowmo+-- +vpan);
’Uo+...+’Uk=di
(ii) the polynomial 6;

(iii) the Vandermonde polynomial V' (z, ..., zg).

Notice ([23, 14.7], [36) 3.5.5]) that Q.4 in (i) corresponds to the class [F})(X)]
of degree (k + 1)(r — k) — p in the Chow ring A*(G(k,r)), whereas 6 in (ii)
corresponds to the class of ¢,(Sym™ (S*)) of degree p. In conclusion,

The Bott residue formula does not seem to be applicable in this case.
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3. NUMERICAL INVARIANTS OF FANO SCHEMES

In this section we consider the complete intersections whose Fano schemes
have positive expected dimension

9)  8(d,r k) = —(d, k) = (k+1)(r — k) — Z (dj Z k) >0

where d = (dy,...,d,). We may and we will assume d; > 2, i =1,...,m. If
also r > 2k +m+ 1 then, for a general complete intersection X of type d in P",
the Fano variety Fj(X) of linear subspaces of dimension £ contained in X is a
smooth, irreducible variety of dimension §(d, r, k) (see [10, 16} 17, 32} 40, [41]).
We will compute some numerical invariants of F(X). If §(d,r k) = 1 then
Fi(X) is a smooth curve; its genus was computed in [28]. In the next section
we treat the case where F(X) is a surface, that is, 0(d, r, k) = 2; our aim is to
compute the Chern numbers of this surface. Actually, we deduce formulas for
c1(Fp(X)) and co(Fp(X)) for the general case 6(d,r, k) > 0. To simplify the
notation, we set in the sequel F' = Fi(X), G = G(k,r), § = o(d,r, k), and we
let h be the hyperplane section class of G in the Pliicker embedding.
Recall the following fact (cf. Proposition [1.3)).

Proposition 3.1. ([I7, Thm. 4.3]) In the notation and assumptions as before,
one has

deg(F) = Ygr-1,.r—k)(Qra - e - V) where e(x):=x0+ -+ x4,

-----

that is, the degree of the Fano scheme F' under the Plicker embedding equals the
coefficient of the monomial xfx} " - - -{L’Z_k of the product of Qya-€°-V where V
stands for the Vandermonde polynomial (see Subsectz'on for the notation).

Remark 3.2. An alternative expression for deg(F') based on the Bott residue
formula can be found in [27, Thm. 1.1] and [28, Thm. 2]; cf. also [23, Ex.
14.7.13] and [36], Sect. 3.5].

The next lemma is known in the case of the Fano scheme of lines on a general
hypersurface, that is, for k =m = 1, see [1], [31, Ex. V.4.7].

Lemma 3.3. In the notation and assumptions as before, one has

(10) ci(Tr) = (r+1—zm: (iif))hw

i=1
and
"N (di+k
11 Kp~O ( i Cra1 )
1) ror(3 (1)) -0
where Op(1) corresponds to the Pliicker embedding. In particular, F is a smooth
Fano variety provided Y ;" (‘i‘if) <r.

Proof. From the exact sequence
0—Tp — Tgir = Npjg — 0

one obtains

C(T(;,|F) = C(TF) . C(NF|G) .
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Expanding one gets

(12) a(Tr) = ai(Tgir) — a1(Nrje)

and, for the further usage,

(13) 2(Tr) = c2(Tgr) — c2a(Neg) — e1(Tgir) - e1(Npie) + e (Npjg)?.

Notice ([2I, Thm. 3.5]) that Tz = S* ® Q, where, as usual, S — G is the
tautological vector bundle of rank £+ 1 and Q — G is the tautological quotient
bundle. Furthermore (|28, Lemma 3]), F' is the zero scheme of a section of the
vector bundle @7 Sym% (5*) on G. It follows that

(14) Nrje =~ @, Sym® (8")r .
By [28, Lemma 2| one has
(15) c1(Tg) = (r+1)b.

Taking into account (14)), [28, Lemma 1] (see also Lemma [3.6] below), and the
fact that ¢1(S*) = b (see [21] Sect. 4.1]), one gets

m

(16) c1(Nrg) = ch Sym®(S*)r) = (i(?:f))h}?

=1

Plugging and in we find and then . U

Corollary 3.4. One has

(17) K§ = (2:? (iif) —(r+ 1)>6deg(F),

where deg(F) is computed in Proposition |3. 1.

Next we proceed to compute c3(Tr). Recalling , we need to compute
c2(Npjc) and co(Tg). This requires some preliminaries. First of all, we need
the following auxiliary combinatorial formula.

Lemma 3.5. For any integers n,m,k where n > m > 1 and k > 0 one has

2 (o) (-G

Proof. E|The choice of m + k integers i1, ..., i1, among {1,...,n+ k}, where

1 <ip < vl <y < oo < ipak < n+ k, can be done in two steps. At
the first step one fixes the choice of i,, = i, where, clearly, i € {1,...,n}. It
remains to choose iy, ..., 4,1 among {1,...,7i — 1} and i1, ..., lmer among
{i+1,...,n+k}. O

Lemma 3.6. Let E be a vector bundle of rank k + 1. Then
(18) co(Sym™(E)) = aci(E)? + Bea(E)  and ¢ (Sym™(E)) = yc1(E)

IThe authors are grateful to Roland Basher for communicating this beautiful, elementary
argument.
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a—l n+k 2_1 n+k B n+k
C2\k+1 2\k+1 E+2)’
n+k-+1 n+k
5_( k42 ) and 7_(k+1)'

Proof. We use the splitting principle. Write E as a formal direct sum of line
bundles E = Ly @ ... ® Ly, with ¢;(L;) = x;, for 0 < i < k. From the equality

where &

(19)

one deduces
(20) a(E)=x0+---+zr and c(F)= Z TiTj.
0<i<j<k

Since

Sym"(E)= > Ly Ly

Vot V=N

one has
csym"(E)) =[] (+wvozo+ - +om) =[] QA+ (v.x),
vo+-FUE=n [v|=n
where x = (g, ..., %), V= (vg, - ,v;), and |v| = vg + - - - + vg. Therefore,
(21) o (Sym™(B)) = ) (v,x)
[v]=n
and

(22) aEm(E) =5 Y (vxiwx).

[vl=lw|=n,vAw

The right hand sides of and are symmetric homogeneous polynomials
in g, ...,z of degree 1 and 2, respectively. Using one deduces

a1 (Sym”(E)) = Z (v,x) =y(wo + - +a3) = yer1 (E)
[v]|=n
and

sy (E) =5 3 vxwx)

vl =lw|=n,vAw

:a(x0++$k)2+5 Z Iin:acl(E)2+BC2(E)a

0<i<j<k

cf. . In order to compute «, 8 and v, we let in these relations zg = 1,2, =
... =x = 0, so that the coefficient of § vanishes and the coefficients of o and
~v become 1. Similarly, for xg = 1 = 1,29 = ... = z;, = 0 the coefficient of

2See also [28, Lemma 1] for .



FANO SCHEMES OF COMPLETE INTERSECTIONS 13

in the decomposition of co(Sym"(F)) is 1 and the coefficient of « is 4. So, one
gets

1 1
o= 5 Z vowy, B +4da = 5 Z (vo +U1)(w0 +w1),

and

B+ 4da =

Vo +v1=wo+w1=n vo+vi=n

=
3

no
|

DN | —
3

[N}

1
= §n2(n +1)% — §n2(n +1)==n*(n+1).

Plugging in the value of a gives

52%ng(n—i-l)—zlog:%n3(n+1)_<3n+2)(n+1) _ (n+2)‘

Similarly, if £ = 2 one has

a:%Zij(n—i+1)(n—j+1)—Ziz(n—i—i-l):g(n—i—l)(n;g)

ij=1 i=1

and

5%(Zz~<z'+1>j<j+1>—2f<i+”) e (nzg)

ij=1 i=1

In the general case, applying Lemma 3.5 with a suitable choice of parameters

we find
" /n—i+k—1 n+k
7_22( k-1 >—(k:+1)
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n—i+tk—1\(n—j+k—1\ 1= ,/m—i+k—1
k-1 )( k-1 ) 5;;2( k-1 )
n—i+k—1 i1\ (n—it+t k-1
k—1 ))"Z;(Q )( k—1 )+
_'_1 - ; —i+k—1
2 - k—1
C1(n+k\ (nt+k+1 LRy Ltk o 1fn+k\
S 2\k+1 k+2 2\k+1) 2\k+1 2\k+1
where at the last step one uses the standard identity
N+1 N N
24 = .
(24) <k+1) (k+1)*’(k)
Applying Lemma [3.5] and the identity
+1 1 +1
200 1) = of°
i+ 1) (2 +6{ 5 )
1 . o n—j+k—2
ﬂ+4oe—§ijzlz(2+1)j(j+1) L9 ( .o >
I, n—z+k—2 i1\ (n—i+k—2)\2
2 reen(" ) 0 () ()
"L i1 n—z+k—2 i1\ (n—itk—2
()0 ) 3 3)( )

=1

_o n+k 2_ n+k n+k

S T\k+1 k+1 k42

Using the formula for o and we deduce

5= n+k N n+k B n+k-+1
S \k+1 k+2) k+2 )°

Remark 3.7. The proof shows that for & = 1,2, can be simplified as
follows:

o
I I
N | — N | =
A/
3.5
(]
~.
. <.
S /N

/\\

for k > 3 we find:
u (n—i+k—2

N—

/\

U

=) () k=1

(25) (0 8) = q P stoen) sy (o

P (). k=2
One can readily check that the expressions for « in these formulas agree with
the one in ([19).
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Lemma 3.8. One has

C1(Q)
C2(Q)

c(S*) =1 and
Cl<8*>2 — CQ(S*> = [)2 — 02(8*).

Proof. One has ¢(Q) - ¢(S) = 1. By expanding and taking into account that
ci(S) = (—1)'c;(S*) for all positive integers 7 and ¢;(S*) = b ([21, Sect. 4.1]),
the assertion follows. O

Lemma 3.9. One has

(26) es(T) = ((7’ ’g 1) + k>h2 4 (r— 2k — 1) ea(SY).

Proof. We use again the splitting principle. Write
S'=Lid- DLy, Q=M &My

with ¢1(L;) = x5, c1(M;) = y;, for 0 < i < kand 1 < j < r — k. Since
Te = Q® S*, see [21, Thm. 3.5, one obtains

k r—k

o(Tg) = c(Q®8") = [T T[T + i + ).

i=0 j=1
whence

c2(Tg) = % Z (T + Yo ) (T + Yp) -

o,p=1,...r—k
(A o)# (1)

By expanding, we see that in ¢y(T) appear the following summands:
o &= Zf:o 2? and n = Z::_f y3, the former appearing (Tgk) times, the latter
(k;rl) times;
® o(S") = D ocicjcr TiTjy 2(Q) = D1 icjcr 1 YiYj, the former appearing (r —
k)? times, the latter (k + 1)? times;
e 1(Q)(S*) = Zf:o Z;;]f x;y; appearing (k+ 1)(r — k) — 1 times.

Using Lemma (3.8 one obtains

k
= Z:pf = (zo+...+2p)*—2 Z 22 = c1(S*)? —202(S*) = b2 —2¢5(S%),
i=0

0<i<y<k

and similarly

n=c1(Q)* = 2¢2(Q) = b? — 2(h” — 2(S")) = 2¢2(S*) — b,
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Collecting these formulas and taking into account Lemma (3.8)) one arrives at:

e (Tg) = (r ; k)g + (k ; 1)77 + (r — k)?ca(S*) + (k + 1)%c2(Q)

+((k+1)(r—k) = 1) cr(Qer(S7)

__ r—k _ k+1 2 c * r— 2C *
155 - (3 )] 02 = 2ty 4 6 - wpes
+_ (k+1)* (5> = 2(S") + ((k+ 1)(r — k) — 1)b?

= _(T_k)—(k_gl)+(/£+1)2—|—(k—|—1)(r—k)—11 b’
) 1) —2(7”;’“) +(r—k)2—(k+1)2} es(S")

NG
2
_ ((7"‘2”) +k:)h2+ (r — 2k — 1)ea(S*).

Now we can deduce the following formulas.

Lemma 3.10. Let «;, B;, and ~; be obtained from «, 3, and v in by
replacing n by d;, i =1,...,m. Then one has

(27) es(F) = oo(Tr) = (Ah2 + BCQ(S*)> [F]

where [F] is the class of F' in the Chow ring A*(G), and[]

A= (T_gl)%—k—Zai— Z ViV

i=0 1<i<j<m

(29) . m 2
e 2 () (2 (00)

and

(29) B:r—ka—l—Zm:ﬁi.

Proof. Using and we deduce
L (di+ k

) @l aie = (0+0Y (7 7))e i
i=1

and
o e = (3 (5 11)) -7

3The sum > i<icj<m Vi7Vj disappears if m = 1.
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Furthermore, the Whitney formula and Lemma yield

e2(Npjg) = i@(Symdi(S*)lF) + D al(Sym™(S)r) e (Sym™(S)|r)
= (Zil: (aicl( )2 + Bica( S* Z Yivic(S ) - [F]
= <iz::ai + 1<;<m%7j> <Zﬁz>02 [F].

Plugging this in together with the values of the Chern classes from ,
, and gives , , and . Il

Remark 3.11. The cycle F' on G is the reduced zero scheme of a section of
the vector bundle £ := @,Sym®(S*) on G of rank

() = (d;:k) ::g(dizk).

The Poincaré dual [F] € A (G) of the class of F'in As(G) is the top Chern
class C(a1k) (Er). The latter can be expressed in terms of the Chern roots as
k

[F] = Qralzo, ..., 21) = [[ Qralxo, ..., 2) € AL (G),
=1
see Section 2.2

4. THE CASE OF FANO SURFACES

Let us turn to the case where the Fano scheme F' = Fi(X) of a general
complete intersection X C P" of type d is an irreducible surface, that is, 6 = 2
and r > 2k + m. Let us make the following observations.

In the surface case, [, ca(F) = e(F) is the Euler-Poincaré characteristic of

F. By Lemma one can compute e(F') once one knows [, bh* - [F] and
fG c2(S*) - As for the former one can use the Debarre-Manivel formula for
the degree deg = Joh? - [F], see Proposition , cf. also Remark .

As for the latter, recall that c2(S8*) = 0(12) is the class of the Schubert cycle
of the P¥s in P" intersecting a fixed P""*~! in a line. Computing [, c2(S*) - [F]
geometrically is difficult. However, one can compute it using Debarre-Manivel’s
trick. Indeed, arguing as in the proof of [I7, Thm. 4.3], cf. Subsection [1.2] one
can see that [, c2(S*)-[F] equals the coefficient of 2z} ™" - - - 2} " in the product
of the three factors:

® Qra=1[", Qra, see Subsection ;
° »(S%) = 20<i<j<k LiLy,
e the Vandermonde polynomial V (zo, ..., zx) = [[,o;(z: — x;).

Notice that for 6 = 2 one has

deg (Qk,d . Z xi:vj) = (d Z k) +2=(k+1)(r—k)=dim(G).

0<i<j<k
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Putting together , and one finds a formula for the Euler char-
acteristic e(F) = [, co(F). Then, using and the Noether formula

X(OF) = o5 (K3 4 e(F)) = = (c(F)? + o))

12
one can compute the holomorphic Euler characteristic x(Op), the arithmetic
genus p,(F) = x(OFp) — 1, and the signature 7(F) = 4x(Op) — e(F).

Example 4.1. Let us apply these recipes to the well known case of the Fano
surface ' = F;(X) of lines on the general cubic threefold in P4. Letting r =
4,k =m=1,d = 3 one gets 6 = 2 and

Ql,(3)(x07$1) = 9zox1 (220 + 21) (20 + 221), V(20,21) = 20 — 271 .

Therefore,
deg(F) = / b2 . [F] = / (S - [F] = s(Qus) - (w0 +21)° - V) = 45
G(1,4) G(1,4)

and
/ 02(8*) . [F] = w4’3<Q17(3) - Toly V) = 27
G(1,4)
Applying and one obtains
a=11, =10, A=6, and B =-9.
Using the Noether formula and one arrives at the classical values (see [1],
33])

e(F) = co(F) = 6 deg(F) — 9/@(1 S IF =645 927 =7

and
o(F)2 = K2 = ((;l) - 5)2 deg(F) = 45, x(OF) = %(45 4 27) = 6.

Example 4.2. More generally, one can consider the Fano surface F' = F;(X)
of lines on a general hypersurface X of degree d = 2r —5 in P", r > 4. Plugging

in — the values of o and  from one obtains

o —4\? [r+1 6r —13 /2r — 4 o — 4
a= () L) e ) (),

1
= —(6r* — 56r° 4 177r* — 2117 + 78) ,

3
B=r—3- (QT;?)).
Furthermore,
() = o) = Ades(P)5 | asam, = (7 1))
and
X(Or) = 55 ((F) + ex(F))
where

deg(F) = trr-1 (Qua - (zo +21)* (w0 — 71))
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and
/ 02(5*) : [F] = %Zfr,r—l (Ql,(d) '350331(350 - 3?1))
G(1,r)

with
Quay= ] (ozo+viz1).

vo+v1=d

Consider, for instance, the Fano scheme F of lines on a general quintic four-
fold in P°. One has

r=>5d=5k=m=1,0=2.
One gets
a=285 [f=35 A=66, B=-33,

and further (cf. [I7, Table 1] and [49])

deg(F) =54 (Qu,5) - (wo + 21)*(zo — 21)) = 25 - 245 = 6125
and

2(8*) - [F] =54 (Qu,5) - mox1 (0 — 21)) = 25 - 115 = 2875.
Hence

e(F) = cy(F) =25-33-375 = 309375, c3(F) =25-81-245 = 496125 .

Finally,

1
X(Or) = 12

Example 4.3. Consider further the Fano surface F' = Fj(X) of lines on the
intersection X of two general quadrics in P°. We have

(G(F) +ca(F)) =25-15-179 = 67125.

r=5 m=2 d=(2,2), k=1, 6§=2,

Q17(272)<£L’0, l'1> = 161’3%%(1’0 + $1)2, and V(.To, LIZ’l) =Ty — 1.

Hence
deg(F) = ¢54(Qu,22) - (o +21)* - V) =32
and
/ 62(3*) : [F] = 1%,4(@1,(2,2) " Loy - V) =16.
G(1,5)
Furthermore,

0[1:@2:27 61:ﬁ2:4, ’)/1:’)/2:37 A:3, and B = —6.

Therefore,

e(F) = 3deg(F) —6/ (S - [F]=3-32-6-16=0,
G(1,5)

e (F)? = (2 (2) - 6)2 deg(F) =0, andso, x(OF)=0.

In fact, F is an abelian surface ([42]).
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Example 4.4. Let now F' = F5(X) be the Fano scheme of planes on a general
cubic fivefold X in PS. Thus, one has

r=6, m=1, d=3, k=2, and 0=2.
Letting
Qa,(3) = 2Twor172(270+71) (220 +72) (T0+271 ) (T0+272) (221 +22) (21+222) (To+21+72)
and
V(zo, x1,22) = (o — x1)(T0 — x2) (21 — T2) .
The Wolfram Alpha gives (cf. [I7, Table 2])
deg(F) = t654(Qa,3) - (o + x1 4+ 22)* - V) = 27 - 105 = 2835

and
/ CQ<8*> . [F] = 1/)6’5’4(6227(3) . (130.751 + ToX2 + l’ll'Q) . V) =27-63=1701.
G(2,6)

Standard calculations yield
a=40, pg=15 ~=10, A=13, and B=-14.
So, one obtains

e(F) = 13 deg(F) — 14¢5(S*) - [F] = 13041,

2
K2 = ((g) - 7) deg(F) = 9deg(F) = 9-27- 105 = 25515 ,

and

13041 + 25515
\(OF) = 1+2 — 3213,

5. IRREGULAR FANO SCHEMES

In this section we study the cases in which the Fano scheme F' of a general
complete intersection is irregular, that is, ¢(F') = h'(Or) > 0. As follows from
the next proposition, for the Fano surfaces F' this occurs only if F' is one of the

surfaces in Examples (or, which is the same, in for r =4), , and .

In all these cases one has r = 2k +m + 1.

Theorem 5.1. Let X be a general complete intersection of typed = (dy, . .., dy,)

in P". Suppose that the Fano scheme F' = Fy(X) of k-planes in X, k > 1, is

wrreducible of dimension d > 2. Then F' is irreqular if and only if one of the
following holds:

(i) F is the variety of lines on a general cubic threefold in P* (dim(F) = 2);

(ii) F is the variety of planes on a general cubic fivefold in P (dim(F) = 2);

(i) F is the variety of k-planes on the intersection of two general quadrics

in P ke N (dim(F) =k +1).

Proof. By our assumption, § > 2. By [I7, Thm. 3.4] one has ¢(F) = 0 if
r > 2k +m + 2. By [I7, Thm. 2.1], F being nonempty implies r > 2k + m.
Therefore, g(F') > 0 leaves just two possibilities:

r=2k+m and r=2k+m-+1.
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We claim that the first possibility is not realized. Indeed, let r = 2k +m. We

may assume that d; > 2 for all i =1,...,m. From @ one deduces:
N (di+ k k+2
(32) (k+1)(k;+m):(k+1)(r—k):5+Z( N >Z2+m< N )
— k 2

This implies the inequality
(33) 4 <k(k+1)(2—m),
and so, m = 1, that is, X is a hypersurface in P?**1. Letting d = d;, (32) reads

5=(k+1)2—(d;gk) > 2.

This inequality holds only when d = 2, that is, X is a smooth quadric of di-
mension 2k. However, in the latter case F' = Fj,(X) consists of two components
([19, Lemma 1.1]), contrary to our assumption. This proves our claim.

In the case r =2k +m + 1, and must be replaced, respectively, by

(k+1)(k+m+1):(k+1)(r—k):§+i(dizk> 25+m(k;2)

and
(34) 4<26<(k+1]2k+m+1)—m(k+2)]=Fk+D[(2-mk+2].

It follows from that either m =1 and r = 2k+2, or m = 2 and r = 2k + 3.
In the hypersurface case (i.e., m = 1) one has

k

This holds only if either d =2, or d > 3 and k € {1,2}.

If d = 2, that is, X is a smooth quadric in P?*2 then § = (k'f), cf. [19,
Lemma 1.1]. However, by [19, Lemma 1.2], in this case F' is unirational, hence
q(F) = 0, contrary to our assumption.

The possibility d > 3 realizes just in the following two cases:

(i) (d,r k) = (3,4,1), that is, F' is the Fano surface of lines on a smooth
cubic threefold in P*;

(ii) (d,r, k) = (3,6,2), that is, F' is the Fano surface of planes on a smooth
cubic fivefold in PS.

If further m = 2 then r = 2k + 3 and
di +k dy + k
2§(5:(k+1)(k+3)—< 1]’; )-(22 )

This inequality holds only for d = (2, 2), that is, only in the case where

2< 5= (k+ 1)(k+2)— <d+k>.

(iii) F' = Fj(X) is the Fano scheme of k-planes in a smooth intersection of
two quadrics in P?+3,

Notice that F' as in (iii) is smooth, irreducible, of dimension § = k + 1, cf. [42]
Ch. 4] and Remarks [5.2| below.

It remains to check that ¢(F) > 0 in (i)-(iii) indeed.

The Fano surface F' = F}(X) of lines on a smooth cubic threefold X C P* in
(i) was studied by Fano ([22]) who found, in particular, that ¢(F) = 5. From
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Example we deduce that p,(F) = 10 (cf. also [5, Thm. 4], [§], [14], [25],
[33], [42), Sect. 4.3], [43], [45], [46]). There is an isomorphism Alb(F') ~ J(X)
where J(X) is the intermediate Jacobian (see [14]). The latter holds as well for
F = Fy(X) where X C P° is a smooth cubic fivefold as in (ii), see [I5]. Thus,
q(F) > 01in (i) and (ii).

By a theorem of M. Reid [42], Thm. 4.8] (see also [18, Thm. 2], [48]), the Fano
scheme F' = Fj(X) of k-planes on a smooth intersection X of two quadrics in
P25+3 as in (iii) is isomorphic to the Jacobian J(C) of a hyperelliptic curve
C of genus ¢g(C) = k + 1 (of an elliptic curve if & = 0). Hence, one has
q(F) = dim(F) = k+1 > 0 for £ > 0. Notice that there are isomorphisms
F ~ J(C) ~ J(X) where J(X) is the intermediate Jacobian, see [19]. O

Remarks 5.2. 1. The complete intersections in (i)-(iii) are Fano varieties. The
ones in (i) are the Fano threefolds of index 2 with a very ample generator of the
Picard group. The complete intersections Fano threefolds of index 1 with a very
ample anticanonical divisor are the varieties V39> C P9*! of genera g = 3,4, 5,
that is, the smooth quartics V3! in P? (¢ = 3), the smooth intersections V
of a quadric and a cubic in P° (g = 4), and the smooth intersections V3 of
three quadrics in P° (g = 5), see [29, Ch. IV, Prop. 1.4]. The Fano scheme
of lines F' = F} on a general such Fano threefold Vzg % is a smooth curve of
a positive genus g(F) > 0. In fact, g(F) = 801 for g = 3, g(F) = 271 for
g =4, and g(F) = 129 for g = 5, see [37] and [28, Examples 1-3]. For these
X = V5972, the Abel-Jacobi map J(F) — J(X) to the intermediate Jacobian
is an epimorphism, and J(X) coincides with the Prym variety of X, see [29]
and [47, Lect. 4, Sect. 1, Ex. 1 and Sect. 3].

2. Notice that the complete intersections whose Fano schemes of lines are
curves of positive genera are not exhausted by the above Fano threefolds ngg -2,
The same holds, for instance, for a general hypersurface of degree 2r — 4 in P",
r > 4, and for general complete intersections of types d = (r — 3,7 — 2) and
d=(r—4,r—4)in P" for r > 5 and r > 6, respectively, see [28, Examples
1-3], etc. One can find in [2§] a formula for the genus of the curve F.

3. Let X be a smooth intersection of two quadrics in P?**2. Then the Fano
scheme F,(X) is reduced and finite of cardinality 2%*2 ([42, Ch. 2]), whereas
Fi_1(X) is a rational Fano variety of dimension 2k and index 1, whose Picard
number is p = 2k + 4, see [2], [13], and the references therein.

As for the Picard numbers of the Fano schemes of complete intersections, one
has the following result (cf. also [I7]).

Theorem 5.1. ([30, Thm. 03]) Let X be a very general complete intersection
inP". Assume §(d,r, k) > 2. Then p(F(X)) =1 except in the following cases:

o X is a quadric in P***1 k> 1. Then F}.(X) consists of two isomorphic
smooth disjoint components, and the Picard number of each component
1s 1,

o X is a quadric in P***3 k> 1. Then p(F(X)) = 2;

e X is a complete intersection of two quadrics in P?*™*, k > 1. Then
p(Fr(X)) =2k + 6.

«.

The assumption “very general” of this theorem cannot be replaced by “gen-
eral”; one can find corresponding examples in [30].
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6. HYPERSURFACES CONTAINING CONICS

Recall (see [24, Thm. 1.1]) that for the general hypersurface X of degree d
in P, the variety Ra(X) of smooth conics in X is smooth] of the expected
dimension p(d,r) = 3r — 2d — 2 provided u(d,r) > 0, and is empty otherwise.
In this section we concentrate on the latter case.

6.1. The codimension count and uniqueness. Set
e(d,r) =2d+2—3r.

Consider the subvariety X.(d,r) of ¥(d,r) whose points correspond to hyper-
surfaces containing plane conics. By abuse of language, in the sequel we say
“conic” meaning “plane conic”; thus, a pair of skew lines does not fit in our
terminology. A conic is smooth if it is reduced and irreducible.

Theorem 6.1. Assume d > 2, r >3, and e(d,r) > 0. Then the following hold.

(a) X.(d,r) is irreducible of codimension €(d,r) in X(d,r).

(b) If e(d,r) > 0 and (d,r) # (4,3) then the hypersurface corresponding to
the general point of X..(d,r) contains a unique conic, and this conic is
smooth. In the case (d,r) = (4,3) it contains exactly two distinct conics,
and these conics are smooth and coplanar.

Proof. (a) Let H., be the component of the Hilbert scheme whose points pa-
rameterize conics in P". There is an obvious morphism

7 Her — G(2,7)

sending a conic I" to the plane IT = (I'). The fibers of 7 are projective spaces of
dimension 5, hence H,., is a P>-bundle over G(2,r). Therefore H..,. is a smooth,
irreducible projective variety of dimension 3r — 1.

Consider the incidence relation

I={T,X)eH,xE(dr)|ICcX}
and the natural projections
p: I —H., and q:1— X(d,r).

It is easily seen that ¢(I) = X.(d,r) and that, for any I' € H,.,, p () is
a linear subspace of {I'} x 3(d,r) of codimension 2d + 1. Indeed, I" being a
complete intersection, it is projectively normal, hence the restriction map

HO(P", Opr(d)) — HO(T', Op(d)) ~ C24+!

is surjective. It follows that [ and X.(d,r) are irreducible proper schemes.
Moreover, one has

dim(I) = dim(p~ (")) + dim(H.,) =

_ (d?l‘r> 1= (2d 42— 3r) = dim(S(d 1)) — e(d, 7).

Letting k(d,r) be the dimension of the general fiber of ¢: I — X.(d,r), one
obtains

dim(X.(d,r)) = dim(I) — k(d,r) = dim(X(d, r)) — e(d,r) — k(d,r),

4and connected provided o > 1 and X is not a smooth cubic surfaces in P3.
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and therefore
codim(X.(d,r),3(d,r)) = e(d,r) + r(d, ).

Next we prove that x(d,r) = 0, which will accomplish the proof of part (a).
To do this, we imitate the argument in [I0] p. 29].

First of all, consider again the surjective morphism ¢ : I — 3.(d,r). Since
I is irreducible, the general element (I, X) € I maps to the general element
X € ¥.(d,r). Since (I', X) € I is general and p: I — H,, is surjective, then
I is smooth. Hence the general X € X.(d,r) contains some smooth conic I'.
Moreover, the general fibre of ¢ could be reducible, but, by Stein factorization,
all components of it are of the same dimension and exchanged by monodromy.
This implies that the general element (T', X') of any component of ¢~!(X) with
X € X.(d,r) general, is such that I' is smooth (cf. Claim below for an
alternative argument).

By choosing appropriate coordinates, we may assume that if (I', X') is the
general element of a component of ¢71(X) with X € ¥.(d,r) general, then T
has equations

xga:l—xgzxg:'--:xrzo
and X has equation F' = 0 with
2
F:A(ZL'()CL’l—I2)+B3$3+"'+BTIT+R
where
A= E ayro’x] ey, By = E Bwrgxy xy?, for i=3,...
vo+v1+v2=d—2 wo+wi+we=d—1

and R € I}. By Bertini’s theorem we may assume that X is smooth. We have
the normal bundles sequence

0— NF|X — Np‘pr ~ OF<2) D OF<1)€BT73 — qupr‘F ~ Or(d) — 0

We want to show that h°(Npx) = 0, which implies that x(d,r) = 0, as desired.
In order to prove this, we will prove that the map

p + HY(Nrjpr) = H*(Nxppr )
is injective. Notice that h®(Nppr) = 3r — 1 and hO(NXW‘F) = 2d + 1, and so,
the assumption €(d,r) > 0 reads h?(Nppr) < h0<NXI1P”“|r)'

We can interpret a section in H(Nppr) as the datum of (f, fs, ..., f), where
f € H%Or(2))) is a homogeneous polynomial

f = Z bijxixj
0<i<j<2
taken modulo zgz; — 22, and f; € H°(Or(1))) is a linear form
fi = Q;0To + a;1T1 + AT, for 1= 37 Lo,

Notice that the parameters on which (f, fs,..., f,) depends are indeed 3r — 1,
namely the 3(r—2) coefficients a;;s plus the 5 coeflicients b;;s. The map ¢ sends
(f, f3,..., fr) to the restriction of Af + Bsfs +---+ B, f, to I'. By identifying
' with P! via the map sending t € P! to

(35) o=l =t a0y =tag=--=x,=0
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the restriction of Af + Bsfs + -+ + B, f, to I identifies (after the substitution
(35))) with a polynomial P(t) of degree 2d in t. Let us order the 3(r — 2)
coefficients a;;s and the 5 coefficients b;;s in such a way that the b;;s come
before the a;;s, and inside each group they are ordered lexicographically. Then
we can consider the matrix ® of the map ¢, which is of type (2d+1) x (3r —1).
Indeed, each one of the 2d + 1 coefficients of the polynomial P(t) of degree 2d
is in turn a polynomial of the b;; and a;;. Given b;; or a;j, its coefficients in
those polynomials form the corresponding column of ®.

Notice that the latter coefficients (that is, the entries of ®) are linear functions
of the ays and the fBys. Moreover, in each row and in each column of ¢ a given
ay and a given [, appear at most once.

The map ¢ is injective if and only if ® has rank 3r — 1 for sufficiently general
values of the ays and the fys. We will in fact consider the a,s and the Sys as
indeterminates and prove that there is a maximal minor of ®, e.g., the one @’
determined by the first 3r — 1 rows, which is a non-zero polynomial in these
variables. This will finish our proof.

Consider, for example, the order of the ays and the Sys in which the former
come before the latter and in each group they are ordered lexicographically.
Let us order the monomials appearing in the expression of &' according to
the following rule: the monomial m; comes before the monomial my if for
the smallest variable appearing in m; and in my with different exponents, the
exponent in m; is larger than the exponent in msy. The greatest monomial in
this ordering will have coefficient £1 in ®’, since in each row, the choice of the
as and the fys entering in it is prescribed. This proves that &' # 0.

(b) We have to show that, if ¢(d,r) > 0 and, except for (d,r) = (4,3),
the hypersurface X corresponding to the general point of 3.(d,r) contains a
unique conic. To do this we use counts of parameters, which show that the
codimension in X(d,r) of the locus of hypersurfaces X containing at least two
distinct conics is strictly larger than e(d, r). The proof is a bit tedious, since it
requires to consider a number of different possibilities, namely that two conics
on X do not intersect, or they intersect in one, two or in four points (counting
with multiplicity). We will not treat in detail all the cases, but only the former
and the latter, leaving some easy details in the remaining two cases to the
reader, which could profit from similarity with the dimension count we made
at the beginning of this proof.

We start with the following two claims.

Claim 6.1. The subset Yo(d, 1) of all the X € X.(d,r) such that X contains
a double line is a proper subvariety of ¥.(d,r).

Proof of Claim[6.1. Consider the closed subset Hay,, C H.., whose general point
corresponds to a double line in P". There is a natural P?-fibration Hor —
G(2,7). Hence one has dim(#Hsy,) = 3r — 4. Consider further the incidence
relation
Iy ={(I", X) € Hu, x 2(d,r)|T" € X}

with projections po, gy to the first and the second factors, respectively. The
general fiber Fy of po; is a linear subspace of ¥(d, ) of codimension 2d + 1. It
follows that Iy is an irreducible projective variety of dimension

dim([y) = dim(X(d,r)) — (2d + 3 — 3r) .
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Therefore, the image Yo;(d, ) = g9(I) is an irreducible proper subvariety of
¥(d,r) of codimension at least

2d+ 3 — 3r = €(r,d) + 1 = codim(X.(d, ), (d, 7)) + 1,
see (a). O

We know by (a) that if X € 3.(d,r) is general, then X contains only finitely
many conics (recall that the general fiber of ¢ : I — X.(d,r) has dimension
k(d,r) = 0). Our next claim is the following.

Claim 6.2. The conics contained in the general X € ¥.(d,r) are all smooth.

Proof of Claim[6.3. The incidence variety I being irreducible, the monodromy
group of the generically finite morphism ¢ : I — ¥.(d, r) acts transitively on the
general fiber ¢7!(X). Tts action on [ lifts to the universal family of conics over
I. The latter action by homeomorphisms of the general fiber (which consists of
a finite number of conics) preserves the Euler characteristic. We know already
that the general X contains a smooth conic. Due to Claim [6.1, X does not
carry any double line. Since the Euler characteristic (equal 3) of the union of
two crossing lines is different from the one of a smooth conic, all the conics in
X are smooth. U

Suppose now the general X € Y.(d,r) contains more than one conic, and
assume first it contains two conics which do not intersect. We will see this
leads to a contradiction.

Let H.., be the component of the Hilbert scheme whose general point corre-
sponds to a pair of conics in P” which do not meet. It is easy to see that H.,
is an irreducible projective variety of dimension 6r — 2.

Consider the incidence relation

I={T,X) € Hepr x2(d,r)| I C X}
and the natural projections
p: Il — Heep and q: I — X(d,7).

Claim 6.3. For any I' € H,., which corresponds to a pair of disjoint smooth
conics, p~1(T') is a linear subspace of {T'} x X(d,r) of codimension 4d + 2.

Proof of Claim[6.3. By our assumption, r > 3. Then the hypothesis €(d, r) > 0
implies d > 4. So, we have to prove that the restriction map
p: H'(P",Opr(d)) — H(T, Op(d)) ~ C**2

where I' = I'y U T’y with I', 'y disjoint smooth conics, is surjective as soon as
d > 4. Actually we will prove it for d > 3. By projecting generically into P3, it
suffices to prove the assertion if r = 3.

The restriction map

H°(P?, Opr(d)) — H(T'y, Or, (d)) ~ C***

is surjective for all d > 1 because I'; is projectively normal. Hence the kernel
of this map, i.e., H*(P?, I, ps(d)) has codimension 2d + 1 in H°(P3, Ops(d)).
Consider now the restriction map

p HY (P, Ip,ps(d)) — H°(['2, Or,(d)) ~ C***1.
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We will prove that this map is also surjective. This will imply that its kernel,
ie., H'(P? Zrps(d)) has codimension 2d + 1 in H(P?, Ip, jps(d)), hence it has
codimension 4d + 2 in H°(P?, Op+(d)), which proves that p is surjective.

Let II; = (I';) be the plane spanned by I';, for i = 1,2. Consider the intersec-
tion scheme ® of I'y with Il,, so that ® is a zero dimensional scheme of length
2, and @ is not contained in I's. To prove that p is surjective, notice that it is
composed of the following two restriction maps

pr: HY(PP, Ip, ps(d)) — H°(Ily, Zojm, (d)),
p2 - H0<H27I©|H2(d>> — HO(F27OF2(d>)'

The map p; is surjective, because its cokernel is H'(P?, Zr, jps(d — 1)) which is
zero because I'y is projectively normal. So, we are left to prove that the map
p2 1s surjective. The kernel of ps is H(Ilz, Zo)n, (d — 2)), whose dimension is

(1 Tamd - 2)) = () -2

as soon as d > 3. Similarly

(it Zam @) = (1) -2

for any d > 1. Hence the dimension of the image of ps is

(1 Zam @) ~ 1 Toms(d - 2) = (15 7) = (5) =24 +1

which proves that p, is surjective. Il

By Claim , I has a unique component /" which dominates #..,, and
dim(I') = dim(Hee,) + dim(X(d, 7)) — (4d +2) =
= dim(3(d,r)) — (4d — 6r + 4).
Since we are assuming ¢(I") = X.(d,r), we have
dim(X(d,r)) — (4d — 6r +4) = dim(I") >
> dim(q(I')) = dim(X(d,r)) — e(d,r) = dim(X(d, 7)) — (2d — 3r + 2),

whence €(d,r) = 2d + 2 — 3r < 0, contrary to the assumption €(d,r) > 0.

A similar argument works also in the cases where the general X € 3.(d,r)
contains two smooth conics which meet in one or two points, counting with
multiplicity. The corresponding closed subset Hcc r C Heer Wwhose general point
corresponds to a pair of smooth conics which meet in ¢ points, where ¢ = 1, 2,
is an irredumble proper scheme of dimension 5r for ¢ = 1 and 4r + 2 for i = 2.
Letting I C Hcm x X.(d,r) be the corresponding incidence relation and
arguing as in the proof of Claim [6.3] one can easily show that any fiber of the
projection I’ — Hccr over a point I' € Hccr representing a pair of conics with
exactly ¢ places in common counting with multiplicity, is a linear subspace of
¥ (d,r) of codimension 4d + 1 if i = 1 and 4d if i = 2, where [’ is the unique
component of I which dominates ¥.(d, r). Proceeding as before, this leads in
both cases to the inequality r» < 2, which contradicts the assumption r > 3.
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Consider finally the remaining (extremal) case in which the general X €
Y..(d,r) contains two conics which are coplanar, i.e., they intersect (counting
with multiplicity) at 4 points.

We denote by F(= ’Hgé)r) the subvariety of the Hilbert scheme whose general
point corresponds to a pair of coplanar conics in P". It is easy to see that F is
an irreducible projective variety of dimension 3r + 4.

Consider the incidence relation

I=14 —{(F X)e FxX(dr)|T'c X}
and the projections
p: I —F and q: 11— X(d,r).

For any I' € F, p~}(T) is a linear subspace of {I'} x X(d,r) of codimension
4d — 2. Indeed, since I' is a complete intersection, it is projectively normal.
Hence the restriction map

HO(P", Opr(d)) — H(T, Or(d))

is surjective for all d > 1. On the other hand, I is a curve of arithmetic genus 3,
and the dualizing sheaf of " is Or(1). Hence, h°(T", Or(d)) = 4d—3+1 = 4d—2,
as soon as d > 2.

Thus, I is irreducible, and

dim(7) = dim(F) + dim(X(d, r)) — (4d — 2) =
¥(d,r)) — (4d — 3r — 6).
Since we are assuming ¢(/) = X.(d,r), we have
dim(3(d,r)) — (4d — 3r — 6) = dim([) >
> dim(q(1)) = dim(X(d,r)) — e(d, r) = dim(X(d, r)) — (2d + 2 — 3r),
whence d < 4. Since
0<e(d,r)=2d4+2—3r <10—3r

we see that the only possibility is d = 4, = 3. In this case a similar argument
proves that the general X € ¥.(4,3) contains exactly two coplanar, smooth
conics. 0

o~~~

= dim

6.2. The degree count. Next we compute the degree of ¥.(d,r) in 3(d,r),
provided €(d,r) > 0.

Let f : C — H., be the universal family over H.,, which is endowed with
amap g : C — P". We denote by &; the vector bundle f,(g*(Op-(d)) over
H.r. If ' is a conic, the fiber &;r of &; at (the point corresponding to) I'
is H(T',Or(d)). We set £ = &. Notice that &; is a vector bundle of rank
2d+1 > 3r — 1 =dim(H.,); in particular, k(&) = 3.

Lemma 6.4. Ife(d,r) > 0 and (d,r) # (4,3), then
deg(S.(d, 7)) = / o1 (E2).

Moreover

deg (3, (4,3)) — % /H es(En)
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Proof. Any homogeneous form F' of degree d in r + 1 variables defines a section
op of & such that ox(T') = F|r € H°(T',Or(d)). Consider the effective divisor
Xr of degree d on IP" of zeros of F'. The support of Xp contains I' if and only
if op(I') = 0. Counting the conics I' € H,., lying in Supp(Xp) is the same as
counting the zeros of o in H,, with their multiplicities.

Let further p = dim(#.,) = 3r — 1. By our assumption one has

tk (&q) —p=€(d,r) > 0.

Choose a general linear subsystem £ = (Xo,...,X,) in |Opr(d)| of dimen-
sion € = €(d,r), where X; = {F; = 0}. By virtue of Theorem [6.1] £ meets
Y(d,r k) C X(d,r) transversally in deg(X.(d,r)) simple points.

Consider now the sections o; := op, 1 = 0,...,€, of & and assume (d,r) #
(4,3). By Theorem [6.1] the intersection of £ with X(d,r, k) is exactly the
scheme of points I' € H., where there is a linear combination of oy, ..., o
vanishing on I'. This is the zero dimensional scheme of points of H., where
the sections oy, ...,o0. are linearly dependent. This zero dimensional scheme
represents the top Chern class ¢,(&q) (see [2I, Thm. 5.3]). Its degree is the top
Chern number fH” c3r—1(&g)-

The case (d,r) = (4, 3) is similar: one has to take into account again Theorem
6.1, which says that the general quartic surface in P? contains exactly two
smooth conics, and these conics are coplanar. O

To compute c3,_1(E;) we proceed as follows. For a positive integer d consider
Sym?(£). Note that the universal family C over H.., is the zero set of a section
¢ of Sym?(&). For any d > 2 one has the exact sequence

0 — Sym®2(&) -5 Sym%(€) —» £, — 0.
Hence
(36) (€a) = oSym™(€)) - o(Sym*2(£))".

To compute Chern classes, as usual, we use the splitting principle. We write
formally

E=1L1® Ly ® L3,
the L;s being (virtual) line bundles. Consider the Chern roots z; = ¢;(L;) of £.
One has
o(€) = (1 +z1)(1+ z2)(1 + 3),

that is,
01(5) =T+ 29 + xrs3, 02(5) = T1T2 + T1X3 + To3, 63(8) = X1T2X3.
Furthermore,
sym&)= @ LyLeLy.
v1+v2+v3=d
Letting

c1 (L' L3P LS?) = vy + vae + v3x3 = (V, X)
where x = (21, 2, z3) and v = (v, vg, v3) with |v| = vy + v 4+ v3 one obtains

c(Sym(€)) = [] (1 + (v.x)

|vl=d
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and, by ,

-1

(37) €)= [Ta+vx)| - I] +vx)

|v|=d |v|=d—2

Now, the top Chern class c3,—1(&;) is the homogeneous component 7(xy, za, x3)
of degree 3r — 1 in the right hand side of written as a formal power series
in xq,xs, 3. This is a symmetric form of degree 3r — 1 in xq, x2, 3. It can be
expressed via the elementary symmetric polynomials in x1, 2, x3, i.e., in terms
of c1(€),c2(E),c3(E).

In order to compute c3,_1(&,) effectively, we prefere to use the Bott residue
formula. The standard diagonal action of T = (C*)"™" on P’, see , induces
an action of 7" on G(2,r) and on H.,.

Lemma 6.5. The action of T on H., has exactly r(r*—1) isolated fived points.

Proof. Let I' be a fixed point for the T-action on H.,. Then II = (I') is fixed
under the action of 7" on G(2,7). Hence II is one of the coordinate planes in
P", and these are (’"”;1) in number. We let z,y, 2 be the three coordinate axes
in II. Then the only conics on II fixed by the T-action are the singular conics
r+y,r+ z,y+ 2 2x,2y,22. Thus, we get in total 6(TJ§1) = r(r? — 1) fixed
points of 7" in H.,. O

We denote by F the set of fixed points for the T-action on H.,. Bott’s
residue formula, applied in our setting, has the form

deg(S(d, 1)) — / o1 (E) =S

Her rer T

where g—; is the local contribution of a fixed point I' € F. Recall that cr results
from the local contribution of c3,_1(&4) at I, and er is determined by the torus
action on the tangent space to H., at the point corresponding to I', see

To compute er we have to compute the characters of the T-action on the
tangent space

Tr(Hep) ~ H(T, Nppr) =~ HO(T, Op(1)202 @ HOT, Or(2)) ~ EX" P @ &,r .

Let IT = (I'). Then II is a coordinate plane which corresponds to a subset
I ={i,j,k} C {0,...,r} consisting of 3 distinct elements. Let Z3 be the set

of all the (Tgl) such subsets I. The characters of the T-action on & have
weights —t, with o € I. Let I® be the symmetric square of I; it consists of 6
unordered pairs {«a, 5}, o, 8 € I. The characters of the T-action on & have
weights t,, + t5 with {a, 8} € I® \ {a, b}, where z,2, = 0 is the equation of T

in II. Then

er = (—1)30D(ttt),) 2 [T tatts).
{a,BYeI@\{a,b}

As for cr, with the same notation as above we have

cr = n(_tw _tja _tk> = (_1)3T717]<ti7t]’7 tk) where [ = {i7j7 k}
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In conclusion we find the formula

(38) deg(Z(dr))=— > 3 0(ti; 1, t)

r—mets ere Gt 7 Mo preroan (ta +ts)

Again, the right hand side of this formula is, a priori, a rational function in the
variables tg,...,t.. In fact, this is a constant and a positive integer. Letting
t;=1foralli=0,...,r we arrive at the following conclusion.

Theorem 6.6. Assuming that e(d,r) =2d+2—3r >0 and (d,r) # (4,3) one
has

(39 dog(s.(a.r) =~ ("5 )10,

where n is the homogeneous form of degree 3r — 1 in the formal power series
decomposition of the right hand side of .

Remark 6.7. In the case of the surfaces in P2, one can find in [34, Prop. 7.1]
a formula for the degree of ¥.(d,3) expressed as a polynomial in d for d > 5.
This formula was deduced by applying Bott’s residue formula. After dividing
by 2, this formula gives also the correct value deg(3.(4,3)) = 2508.
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