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Abstract

We prove existence of a solution to the implicit MAC scheme for the compressible Navier-Stokes
equations. We derive error estimates for this scheme on two and three dimensional Cartesian grids.
Error estimates are obtained by using the discrete version of the relative energy method introduced on
the continuous level in [15]. A systematic use of the theoretical "continuous" analysis of the equations
in combination with the numerical tools is crucial for the result. This error estimate does not uses
stability hypotheses on the solution of the numerical scheme.
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1 Introduction

The aim of this paper is to derive error estimates for approximate solutions of the compressible barotropic
Navier-Stokes equations obtained by the Marker-And-Cell scheme (MAC scheme in short). These equa-
tions are posed on the time-space domain Q7 = (0,T) x Q, where  is a bounded domain of R, d = 2, 3,
adapted to the MAC scheme (see Section 3), and T > 0, and read:

0o + div(pu) =0, (1.1a)
O¢(ou) + div(ou @ u) + Vp(p) = pAu + (pp+ A\)V div u, (1.1b)

supplemented with the initial conditions
0(0, ) = go(x), ou(0,x) = gouo, (1.2)
where g and ug are given functions from 2 to R* and R? respectively, and boundary conditions
ujo,r)xo0 = 0. (1.3)

In the above equations, the unknown functions are the scalar density field o(¢, ) > 0 and vector velocity
field u = (uy,...,uq)(t,x), where t € (0,7) denotes the time and = € Q is the space variable. The
viscosity coeflicients p and A, assumed to be constant, are such that

w>0, A4+ p>0. (1.4)

*This work was supported by the MODTERCOM project within the APEX programme of the Provence-Alpes-Cote
d’Azur region



Notice that hypothesis (1.4) covers the natural physical condtions
2
w>0, A+ 3k > 0.

In the compressible barotropic Navier-Stokes equations, the pressure is a given function of the density.
Here we assume that the pressure satisfies

p € C([0,00)), p € C%(0,00), p(0) =0, p'(0) > 0 for all o >0, (1.5a)
/ /
lim £ (f? —po>0 it 2@ oo (1.5b)
g0 o7 e€(0,1) ©

where v > 1. We notice that assumptions (1.5) are compatible with the isentropic pressure law p(p) = o7
provided 1 < v < 2.

The main underlying idea of this paper is to derive the error estimates for approximate solutions of
problem (1.1)—(1.5) obtained by time and space discretization by using the discrete version of the relative
energy method introduced for equations (1.1a), (1.1b) on the continuous level in [15,18,19].

The theoretical analysis of system (1.1-1.3) is quite recent (see e.g. [40] for the existence and unique-
ness of strong solutions on a short time interval, [37], [17], [13] [38] for the existence of weak solutions on
a large time interval, [15], [18], [19] for the stability theory and weak strong uniqueness). In contrast with
the incompressible Navier-Stokes equations (where the above results can be achieved by classical tools
and are quite robust with respect to various perturbations), especially the last two results mentioned
above, cannot be obtained by standard arguments. Instead, they essentially rely on several recent tools
of analysis (as e.g. compensated compactness or renormalization techniques for the transport equation)
tailored to the particular structure of the system. In this analysis the minor deviation in the structure
may discredit the result.

We are confronted with the similar difficulties on the level of the convergence analysis of the numerical
schemes disretizing system (1.1-1.3). Indeed, if the structure of the discretization does not reproduce
faithfully enough the structure of equations on the continuous level, the convergence proofs or error
estimates are likely to fail. Strangely enough, there does not seem to be an apparent correlation between
the empirical computational efficiency of a numerical scheme and availability of a proof of convergence
or an error estimate. There are apparently computationally effcient discretizations without available
convergence proofs and inefficient (slowly convergent schemes) with available convergence proofs.

The investigation of convergence properties of discrete solutions to numerical schemes for system (1.1—
1.3) has a short history. The academic scheme (based on finite vomume/finite element discretization on
primal tetrahedral meshes) suggested in [36] became a precursor of such studies: 1) Convergence of
discrete solutions of this scheme to weak solutions has been proved in [36] for large values of vy (v > 3).
2) Convergence to measure-valued solutions for small values of v (1 < v < 2) has been shown in [16].
3) Finally, error estimates with respect to a strong solution has been obtained in [24]|. In spite of its
good theoretical properties the discretization method [36] (and its finite-difference counterpart [31]) is ill
conditioned and inefficient in the practical numerical simulations.

The staggered schemes (based on finite volume/finite element or finite volume/finite-difference dis-
cretization with the velocity defined on a dual mesh - see e.g. [7], [12], [20], [21], [30] for the Crouzeix-
Raviart type velocity discretization on tetrahedral meshes (CR), [39], [30] for the Ranacher-Turek type
velocity discretization on quadrilateral or hexagonal meshes (RT), and [25], [26], [30] with the velocity
defined on a dual mesh in the context of final differences on "box" meshes (so called Marker And Cell
(MAC) discretization) - provide clearly much better experimental computational efficiency and speed.
Although the rigorous mathematical formulation of the staggered schemes (and notably of the MAC
scheme) is at first glance lengthy and more involved than the formulation of similar disretizations using
only primal mesh, their experimental speed of convergence is worth the effort and investment. Among
them, the MAC scheme seems to be more efficient than CR and RT for several reasons: 1) The velocity
discretization requires less variables, 2) The discretization of convective terms appears in numerical ex-
periments to be more stable compared to RT and CR, 3) It is particularly efficient for the simulations
of flows having dominated direction. Its only disadvantage in many industrial applications is its 'box’
mesh which does not allow to approximate effitiently general domains. In many situations, however, its
advantages prevail the drawback of the quadrilateral mesh, and it is therefore at the basis of several



semi-industrial or industrial codes for computing compressible flows. We quote e.g. the code CALIF3D
of the French Institute of Nuclear Security (IRSN), see [3]|, to name at least one example. The MAC
scheme is also largely used by the scientific community for verifying physical experiments whenever they
can be performed in the geometry on cubes (as e.g. direct simulations of high Reynolds number flows,
testing of large scale models, simulations of complex flows as e.g. two-phase flows or combustion).

In spite of their computational efficiency, the staggered schemes for the fully nonlinear system (1.1)—
(1.3) so far resist to any attempts of any type of convergence proofs. This paper is intended to fill this gap
at least for the issue of the unconditional error estimates for a large class of staggered schemes interesting
from the point of view of mathematical simulations.

The discrete relative energy method was suggested in [24] in the context of the academic finite-
volume/finite element scheme proposed in [36] on primal tetrahedral mesh. The method provides un-
conditional estimate of error between any numerical solution of the scheme [36] and a classical solution
of equations (1.1)—(1.5), without any additional assumption on the numerical solution. This is highly
wanted result, first of its type in the mathematical literature. The natural question arises whether a
similar method can lead to similar unconditional error estimates for the less academic and more practical
numerical schemes, notably the staggered schemes.

The main goal of this paper is to get unconditional error estimates for the MAC scheme implicit in
time (although its 'box mesh’ composed of parallelepipeds can be seen quite restrictive from the point
of view of applications). It is to be noticed here that the same techniques - but less involved - can be
applied to other staggered schemes that remove the disadvantage of the 'box mesh’. This is the case of
e.g. the lowest degree Crouzeix-Raviart finite element discretization of velocity on simplical meshes or
the Ranacher-Turek finite elements. We explain great lines of this issue and formulate the final result in
Appendix B letting the details of proofs to the interested reader. It is worth to mention that the proofs
for these schemes are more simple at many places. At this point, the consultation of paper [30] - where
the authors develop an uniform formalism for a broad class including all staggered schemes mentioned
above - would be of big help.

In spite of the fact that we stuck to the [24] methodology, the proofs remain still difficult. Not
speaking on technicalities linked to the approximations, interpolations and projections to the relevant
function spaces related to the MAC discretization, the most involved part is the treatment of transport
terms in the continuity and momentum equations which requires derivation of quite sophisticated formulas
involving primal and dual fluxes, see Lemma 3.6. In this part, our approach is reminiscent to the recent
work [30] devoted to the staggered space approximations to the Euler equations.

Since the very beginning of the introduction of the Marker-and-Cell (MAC) scheme [29], it is claimed
that this discretization is suitable for both incompressible and compressible flow problems (see [27, 28|
for the seminal papers, [2,5,6,32,33,35,41-43,45,46] for subsequent developments and [47] for a review).
The use of the MAC scheme in the incompressible case is now standard, and the proof of convergence
for the MAC scheme in primitive variables has been recently been completed [23].

The paper is organized as follows. After recalling the fundamental setting of the problem and the
relative energy inequality in the continuous case in Section 2, we proceed in Section 3 to the discretization:
we introduce the discrete meshes and functional spaces and the definition of the numerical scheme, and
state a known existence result, along with the main result of the paper, that is the error estimate, which
is stated in Theorem 3.2. The remaining sections are devoted to the proof of Theorem 3.2:

e In Section 4 we derive estimates provided by the scheme.

e In Section 5, we derive the discrete intrinsic version of the relative energy inequality for the solutions
of the numerical scheme (see Theorem 5.1). We then transform this inequality to a more convenient
form, see Lemma 5.1.

e Finally, in Section 6, we investigate the form of the discrete relative energy inequality with the test
functions being strong solutions to the original problem. This investigation is formulated in Lemma
6.1 and finally leads to a Gronwall type estimate formulated in Lemma 7.1. The latter yields the
error estimates and finishes the proof of the main result.

The Theorem 3.2 remains valid for other finite volume schemes with staggered space discretization
as e.g. non conforming Rannacher-Turek finite elements or the lowest degree Crouzeix-Raviart finite



elements on simplical meshes. These results are formulated without proofs, that are similar and simpler
than those for the MAC scheme, in Appendix B, Theorem B.1.

2 The continuous problem

The aim of this section is to recall some fundamental notions and results for the continuous problem.
We begin by the definition of weak solutions to problem (1.1)- (1.5). Let us introduce the Helmholtz’s
function defined by

%(Q):g/lgi(;)dt, 0>0. (2.1)

Note that # € C(R4), # (1) = 0 and that # is a solution on R* of the ordinary differential equation
oH' —H =p (2.2)
with the constant of integration fixed such that #'(1) = 0. Note also that

%" (0) = p/é@. (2.3)

Definition 2.1 (Weak solutions). Let gg : Q — (0,4+00) and ug : Q@ — R? with finite energy €y =
Jao(Gooluol* + % (00)) dx and finite mass 0 < My = [, oo d@. We shall say that the pair (o, w) is a weak
solution to the problem (1.1)—(1.5) emanating from the initial data (oo, uo) if:

1. 0€ L®(0,T;L7(2)), 0> 0 a.e. in (0,T) x Q, u € L2(0,T; H ()Y and o|lu|? € L>(0,T; L*(Q)).

2. The continuity equation (1.1a) is satisfied in the following weak sense
T
/ / <g@t<p + ou - Vap) dedt = —/ 00p(0, ) de, (2.4)
0 Q Q
for any p € C°([0,T] x Q) such that p(T,-) = 0.
3. The momentum equation (1.1b) is satisfied in the weak sense,
T
/ / (Qu-atzp +ou®u: Vip + p(o) divz/;) da dt
0 Q
T
= / / <uVu :Vypdaedt+(p + /\)divudiV'L/)) dedt = —/ oouo - ¥ (0,z)dx, (2.5)
0 Q Q

for any 4 € C([0,T] x Q)? such that ¥(T,-) = 0.

4. The following energy inequality is satisfied a.e in (0,7T)
1 T
/ (olul +7(0)) (r) da +/ / (kI Val + (ot X[ divulP) dede <&, (26)
o \2 0 Jo

Note that the existence of weak solutions emanating from the finite energy initial data is well-known
on bounded Lipschitz domains under assumptions (1.4) and (1.5) provided v > d/(d — 1), see Lions [37]
for "large" values of 7, Feireisl and coauthors [17] for v > d/(d — 1). More details about this problem
are avaible in monographs [37], [13], [38].

Remark 1. The density o satisfies the conservation of mass that is

/Qg(t) dx = My a.e in (0,T). (2.7)



Let us now introduce the notion of relative energy. We first introduce the function

E: [0,00) x (0,00) = R,
(0,7) = E(o|r) = # (¢) = #'(r)(e — 1) — X (r),

(2.8)
where % is defined by (2.1). Since p satisfies the thermodynamic stability condition that is

p’ >0 on R%,
the function # is strictly convex on R* and we have

E(o|lr) >0 and E(plr)=0 < p=r.

More precisely, E satisfies the following algebraic inequality whose straightforward proof is left to the
reader:

Lemma 2.1. Let 0 < a < b < oo. Then there exists a number ¢ = ¢(7, poo, a, b, ming, 5 p, Mingg /2 2] p) >
0 such that for all o € [0,00) and r € [a,b]

E(o|r) > c(a,b) <Q”1R+\[a/z,2b](9) + Ir \[a/2.20) () + (0 — T)Ql[a/z,zb}(9)>
> e(a,0,7) (lo = "B \w/200(0) + (0= 1) 1ap(0)). (2:9)

In order to measure a “distance” between a weak solution (o, u) of the compressible Navier-Stokes
system and any other state (r, U) of the fluid , we introduce the relative energy functional, defined by

€(o,u

T,U):/Q<;Q|U—U]2+E(g\r)>dm. (2.10)

It was proved recently in [15] that, provided assumption (1.5) holds, any weak solution satisfies the
following so-called relative energy inequality

+/

//QWU V(U — ) + (u+ A divU div(U — u))dmdt

E(o,u|r,U)(7) — €(o,

U)(0)

,u|Vu— )2+ (,u+)\)|div(u—U)|2>d:cdt

=)
{O

[e=]

+/ /g@tU (U - u)d:ndt+/ /gu VU - (U — u)dzdt
0o Jo

—i—/ /T atrdccdt—/ / r)Vr-udxdt
0 Q Qfl
// )divU dedt. (2.11)

re CH[0,T] xQ), r>0, U e CH0,T] x Q)3, Ulpg =0.

for a.a. 7 € (0,7), and for any pair of test functions

Moreover if (r,U) is a sufficiently strong solution to problem (1.1)—(1.5) emanating from initial data
(ro, Up), the right member becomes quadratic in difference (9 — r,u — U) and inequality (2.11) reduces

(o,

ulr, UY( // IV (e~ U+ -+ X) div(u — U)) da dt

< @(go,uo‘r(O),U(O)) + /OT%(Q,u r,U)dt (2.12)



where

%(g,u’r, U) :/

Q(g—r)(atU+U-VU)-(U—u)dw+/Q(u—U)-VU-(U—u)dac

Q

+ / VI;(T) (r—o)(u-U)dz - / (p(0) — P'(r)(o— 1) — p(r)) divU dz. (2.13)
Q Q

In order to obtain a stability result of strong solutions in the class of weak solutions, the goal is to find
an estimate of the left hand side of from below by (2.12) by

C/ Jw — UH%/VL?(Q)?’ dz _Cl/ ¢(o,u
0 0

and thanks to lemma 2.1 the right hand side from above by

r, U)(t) dt +&(o, u)r, U)(r) (2.14)

@(Qo,uo‘r(O),U(O))vLé/oTHu—U||%/V1,2(Q)3 dz + ¢ (6) /OTa(t)e(g,u)r, U)(t)dt (2.15)

with any § > 0, where ¢ > 0 is independent of §, @ > 0, ¢ = ¢/(§) > 0 and a € L*(0,T). This process
leads to the estimate

@(g,u’r, U)(r) < Qf(@o,uo‘r(O), U(0)) + c/OT a(t)€(o,u

r,U)(t)dt. (2.16)
It remains to conclude by using Gronwall Lemma. This implies the stability of strong solutions in the
class of weak solutions. The exact statement is formulated in the following proposition, see [15].

Proposition 2.1 (Estimate on the relative energy). Let ) be a bounded Lipschitz domain. Assume that
the viscosity coefficients satisfy assumptions (1.4) and that the pressure p satisfy

p'(0)
o1

p € C([0,00)), p € C*(0,00), p(0) =0, p'(0) > 0 for all 0 > 0, Qli_{go = Poo > 0,

where vy > g. Let (p,u) be a weak solution to problem (1.1)—(1.5) emanating from initial data (0o > 0, uy),
with finite energy ¢ and finite mass My = fQ oodx > 0. Let (r,U) that belongs to the class

0<r<r<7 relL®(0,T)xQ), (2.17a)

U < L*(0,T; H (Q)%), (2.17b)

Vr. VU € L(0,T5 L°(9)), q > max(3, - 6y o) (2.17¢)
P

be a strong solution of the same equations with initial data (r(0),U(0)) = (ro,Uy). Then there exists
¢ = (T, Q, Mo, &o,7,7,7, | div U | L1 (0,100 () | (V7 V2U) || 2 (0,709 ()12)) > 0
such that for almost all t € (0,T),

E(o,ulr,U)(t) < c€&(09, uo|r0, Up). (2.18)

The goal of the present paper is to obtain estimate of type (2.18) for (g, ) being a numerical solution
of Problem (1.1)-(1.5) obtained by the MAC discretization.

3 The numerical scheme

3.1 Space discretization

We assume that the closure of the domain 2 is a union of closed rectangles (d = 2) or closed orthogonal
parallelepipeds (d = 3) with mutually disjoint interiors, and, without loss of generality, we assume that
the edges (or faces) of these rectangles (or parallelepipeds) are orthogonal to the canonical basis vectors,
denoted by (e(V), ... ,e(d)),



Definition 3.1 (MAC grid). A discretization of Q with MAC grid, denoted by D, is given by D = (M, E),
where:
- The density and pressure (or primal) grid denoted by M, consists of a union of possibly non uniform
(closed) rectangles (d=2) or (closed) parallelpipeds (d = 3), the edges (or faces) of these rectangles
(or parallelepipeds) are orthogonal to the canonical basis vectors; a generic cell of this grid is denoted
by K ( a closed set), and its mass center xy. It is a conforming grid, meaning that

Q = Ugen K, where int(K) Nint(L) = 0 whenever (K, L) € M?*, K # L, (3.1)

and if KN L # ( then KN L is a common face or edge or vertex of K and L. A generic face
(or edge in the two-dimensional case) of such a cell is denoted by o € E(K) (a closed set), and its
mass center x,, where &(K) denotes the set of all faces of K. We denote by ny k the unit normal
vector to o outward K. The set of all faces of the mesh is denoted by &; we have & = Eing U Eext,
where &y (resp. Eext) are the edges of & that lie in the interior (resp. on the boundary) of the
domain. The set of faces that are orthogonal to the it unit vector e of the canonical basis of R%
is denoted by &), fori=1,...,d. We then have ") = %l(éz U %g{)t, where %I(I:g (resp. %e(}?c) are the

edges of €4 that lie in the interior (resp. on the boundary) of the domain. Finally, fori=1,...,d
and K € M, we denote ) (K) = &(K)N&D and &) (K) = &(K)n &

int int”

- For each o € &, we write that 0 = K|L if o = 0K NIL and we write that o = ITI)/ if, furthermore,
o c & and (xp — x) - e >0 for somei € [1,d]={1,...,d}. A primal cell K will be denoted
K = [ﬁ] ifo,0' € 8D NE(K) for somei=1,...,d are such that (x, —x,)-e® > 0. For a face
o € &, the distance d, is defined by:

. {d(wK,wL) if o = K|L € &,

. (3.2)
d(xg,xs) if 0 € et NE(K)

where d(-,-) denotes the Euclidean distance in R?.
- A dual cell D, associated to a face o € & is defined as follows:
xif 0 = K|L € &yt then Dy = Dy i U Dy 1, where Dy k- a closed set (resp. Dy 1, -a closed
set) is the half-part of K (resp. L) adjacent to o (see Fig. 1 for the two-dimensional case) ;
* if 0 € Eexy 15 adjacent to the cell K, then Dy = Dy k¢

The dual grid {Da}ae%(” of Q (sometimes called the i-th velocity component grid) verifies for each
fized i € {1,...,d}

Q=U, pwDs, int(Dy)Nint(Dy) =0, 0,0’ € 8, 5 £ 0. (3.3)

- A dual face separating tﬂ? neighboring dual cells D, and D, is denoted by e = olo’ or e = DU|&;

(a closed set) or e = olo’ when specifying its orientation: more precisely we write that € = olo’
if (g — o) - €9 > 0 for some j € [L,dl. The set of all faces of Dy, is denoted &(Dy);
it is decomposed to the set of external faces Eoi(Dy) = {€ € &(Dy)|e C Q) and the set of
internal faces &ni(Dy) = {€ € &(Dy)|inty_1e C Q}, where inty_ denote the interior in the
topology of R¥~1. The set of all dual faces of the dual grid {Ds} ety is decomposed into the
internal and boundary edges: & = %1(12 U %e(;)t, where gl(rft) = {e = old’|o,0 € €D} and
%e(z; = {e=0D, NN o € &) 0D, NI # 0}. We denote by np, the unit normal vector
to € € D, outward D, .

We denote for further convenience n. and n, a normal unit vector to face € and o, respectively.
We write € L o resp. o0 iff ne-ny, = 0 resp. ny, -ny, = 0. Similarly we write ¢ L el
resp. o L €W iff n. and 9 resp. n, and e are parallel. We also denote by ab the segment
{a+t(b—a)|t € [0,1]}, where (a,b) € R*, and by x, resp. Ty the mass centers of the face €
resp. of the set o Ne (provided it is not empty).

- In order to define bi-dual grid, we introduce the set %(i’j) ={e € %(i) le L e(j)} of dual faces of
the i-th component velocity grid that are orthogonal to e, A bi-dual cell D, associated to a face
€ € & 1is defined as follows:



_ - o) (4) (i)
s« Ife=oclo’ €& N&;; then D, = € X Ty, (see Figure 2). (We notice that, if 0,0’ € U
with K = [o0'| € M and € = o|o’ then D. = K.)
x If € € gt m%f;)t with € € €(Dy) and i # j then De = € X TyTone.

(42) (@)

In the list above we did not consider the sitution ¢ € & N % « With € € %(D ). In this case

e =0 C I, and we set for completeness D¢ = ).
It is to be noticed that, for each fived couple (i,j) € {1,...,d}?

Ueegti) De=Q, int(De) Nint(De) =0, e # €, €,€ € &), (3.4)

To any dual face € € %(1)7 we associate a distance de

d(xy,xy) if € € g %l(rzl)t,
de =4 d(@0,zone) if e € 8" NEY with ¢ € €(Dy) and i # j, (3.5)
ifec @ &Y with e e &(D,).
(We notice that the last line in the above definition is irrelevant and pure convention, since in that
case D, =10).)

- We also define the size of the mesh by

hy = max{hK,K € ﬂ} (3.6)
— A
where hy stands for the diameter of K. Moreover if K = [00’] where 0,0’ € €9 N&(K) for some
i=1,...,d we will denote
0 _ Kl _ |K]
hy =— ="—. (3.7)
B ol o]

In the above |A| denotes the R1— resp. R4~'— dimensional Lebsgue measure of A C R? resp.
ACRL

We measure the regularity of the mesh through the positive real number 14 defined by
N = max{m, ce&® o c&V) (i) e{1,..,d}? i+ }. (3.8)
Finally, we denote by h, the diameter of the face 0 € &.

- Some geometric notions introduced in this definition are exposed in the figures 1 and 2:

Definition 3.2 (Discrete spaces). Let D = (M, &) be a MAC grid in the sense of Definition 3.1. The
discrete density and pressure space Ly is defined as the set of piecewise constant functions over each
of the grid cells K of M, and the discrete i — th velocity component space Hg) as the set of piecewise
constant functions over each of the grid cells D, ;o € &% As in the continuous case, the Dirichlet
boundary conditions (1.3) are (partly) incorporated in the definition of the velocity spaces, and, to this

purpose, we introduce j288 )0 C j258 ),z =1,...,d, defined as follows:

Héi,%:{veHg), v(@)=0Ve e D,, €8, i=1,. d}.

ext?

We then set Hg o = H?:l Hg)o. Since we are dealing with piecewise constant functions, it is useful to
introduce the characteristic functions Xx, K € M and Xp,,0 € & of the density (or pressure) and
velocity cells, defined by

B lifee K, B 1 ifx € Dy,
SXK(“’)_{ 0ifwd K, '%D"(m)_{ 0ifwdD,.

We can then write a function v € Hg o as v = (v1,...,vq) with v; = Z vep,, © € [1,d] and a

UE%( 9

int

function q € Ly as g = Z qr XK.
Keu



D —
/
K xo—’ g
€1 =0 (7/

de, -

D,
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Figure 1: Notations for control volumes and dual cells
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e =dgld’
~
K = L
I
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Figure 2: Notations for bi-dual cells

3.2 Time discretization

Let us now turn to the time discretization of Problem 1.1. We consider a partition 0 = t° < ¢! < ... <
tN = T of the time interval (0,7, and, for the sake of simplicity, a constant time step ot = " — ¢"~1;

hence t" = ndt for n € {0,---,N}. We denote respectively by {ul},o € %i(lf,z,i € {1,---,d},n €
{0,--- ,N}}, and {o%, K € #M,n € {1,---,N}) the sets of discrete i-th component of velocity and
density unknowns. For ¢ € %i(rft), i€ {1, -+ ,d} the value u?} is an expected approximation of the mean
value over (t"~1 #") x D, of the i-th component of the velocity of a weak solution, while for K € 4 the
value o' is an expected approximation of the mean value over (t"1,¢") x K of the density of a weak
solution. To the discrete unknowns, we associate piecewise constant functions on time intervals and on
primal or dual meshes, which are expected approximation of weak solutions, For the velocities, these

constant functions are of the form:

N
wilt,) =Y Y ul Xp, (@) Lign-1,my(t),

n=1 aeg-(i)

int

where &(jn-1n) is the characteristic function of the interval (t"~1,¢"). We denote by Xz st the set of

such piecewise constant functions on time intervals and dual cells, and we set Xg 51 = Hle Xz st For
the density, the constant function is of the form:

o(t,x) = g% for x € K and t € (t"" 1, "),

and we denote by Y 4 5; the space of such piecewise constant functions.
For a given u € Xg 5 associated to the set of discrete velocity unknowns {u}}, o € %i(rft),i e{l,---,d},ne
(%)

{1,---,N}}, and for n € {1,--- , N}, we denote by u] € Hg |, the piecewise constant function defined



by ul'(x) = ul} for x € D,,0 € &% and set u" = (uf,...,up)" € Hgo. We sometimes write u}’,

int?

instead of ug in order to avoid all confusion. Notice that u;’, may be non zero for o € %l(t) while it

is zero whenever o € %e(fgn In the same way, given o € Y 5 associated to the discrete density un-

knowns {¢%, K € M,n € {1,--- ,N}} we denote by o" € L 4 the piecewise constant function defined by
o"(x) =0} forxe K, K € M.

Finally, the discrete initial condition (0", u®) € L4 x Hg ( is such that 0% > 0 and the discrete initial
total mass and energy are respectively defined by

1
Mo,/ﬂZ/Qodw, %”0,/%2/ Q0|u02d5'3+/7f(90)d33- (3.9)
Q Q2 Q

3.3 The numerical scheme

We consider an implicit-in-time scheme, which reads in its fully discrete form, for 1 < n < N and
1<i<d:

1

E(g” — 0" + div'p (0"u™) = 0, (3.10a)

1 /\(z) — (@)

Qn—l u 1) + dlv(l)(gnunun) . Mﬁg)U?
- (,M + )\)61 divgy u" + 6,’]?(@”) =0, (310b)

&(@ u;’

where the terms introduced for each discrete equation are defined hereafter.

3.3.1 Mass balance equation

Equation (3.10a) is a finite volume discretization of the mass balance (1.1a) over the primal mesh. The
discrete "upwind" divergence is defined by

diVu/%p: L/%XHg,O—>L/%

(0, ) — div'D(ou) z Y Felow) (3.11)
Ke/% UE%K)

where F,, i (0, u) stands for the mass flux across o outward K, which, because of the Dirichlet boundary
conditions, vanishes on external faces and is given on the internal faces by:

Vo = K’L S ginta Fa,K(Qa ) ’J| Oy e Ug, K 5 (312)
where u, i is an approximation of the normal velocity to the face o outward K, defined by:
Ug K = Ug e ‘N i for o € 40N &(K). (3.13)

Thanks to the boundary conditions, u, x vanishes for any external face o. The density at the internal
face o = K|L is obtained by an upwind technique:

| 0K if ug i >0,
o = | (3.14)
or, otherwise.

Note that any solution (¢",u") € Ly x Hg g to (3.10a) satisfy o} > 0, VK € 4 provided g?(_l
0, VK € M and in particular p(o™) makes sense. The positivity of the density o™ in (3.10a) is not
enforced in the scheme but results from the above upwind choice. Indeed, for a given velocity field, the
discrete mass balance (3.10a) is a linear system for " the matrix of which is an invertible matrix with a
non negative inverse [20, Lemma C.3].

Note also that, with this definition, we have the usual finite volume property of local conservativity
of the flux through a primal face 0 = K|L i.e.

Fok(0,u) = —Fo (0, ). (3.15)

10



Consequently, summing (3.10a) over K € . immediately yields the total conservation of mass, which
reads:

Vn=1,..N, /gndx:/Qde. (3.16)
Q Q

This is a discrete version of (2.7).

3.3.2 The momentum equation

We now turn to the discrete momentum balances (3.10b), which are obtained by discretizing the momen-
tum balance equation (1.1b) on the dual cells associated to the faces of the mesh.

The discrete convective operator - The discrete divergence of the convective term pu ® w is
defined by

div%p : Lu xHgog— Hg
(00) — divP (o &) = (@vD(uun), o WD (ui),
where for any 1 < i < d, the ith component of the above operator reads:
div(gf) : L x Hgy —> Hg,)o
(0,u) — divg)(guui) = Z |1’ Z F.o(0,u) ue Tp,, (3.18)

o ~

O'Eggi) eeg(Do)

int

where the quantity Fi, = F¢ (0, u) stands for a mass flux through the dual faces of the mesh and u,
stands for an approximation of ¥ component of the velocity over e. These quantities are defined in
(3.19), (3.20), (3.25).

Let o € %(z)

int

(without loss of generality). The dual flux Fi ,(o,u) is defined as follows

- First case — The vector e is normal to €, so € is included in a primal cell K, and we denote by
o’ the second face of K which, in addition to o, is normal to e(?. We thus have ¢ = D,|D,r (see
Figure 3.3.2). Then the mass flux through e is given by:

1
FE,O’(Q7 u) = 5 [FU,K(Q7 u) Ne D, " NoK + Fa’,K(Q: 'u') Ne D, - na’,K] . (319)
where n. p_ stands for the unit normal vector to € outward D,,.

- Second case — The vector e is tangent to €, and € is the union of the halves of two primal faces
7 and 7/ such that 7 € &(K) and 7/ € &(L) (see Figure 3.3.2). The mass flux through € is then

given by:
1
Fe,U(Q7 u) = 5 [FT,K(Q> u) + FT’,L(Qv u)] . (320)
T e 1
" ol
K U X L
w I
ol D,

Figure 3: Notations for the dual fluxes of the first component of the velocity.

We notice that the sum over € € &(D,) in formula (3.18) can be replaced by the sum over € € & (D, ).
Note that, with this definition, we have the usual finite volume property of local conservativity of the
flux through a dual face e = D,| D, i.e.

Fe,a(@ u) = _Fe,o’(97 U), (321)

and vanish through a dual face included in the boundary of €.

11



In what follows we shall often use the abbreviated notation

Fo(0"u") = Fly, Feq(o" u")=F, (3.22)

€,0°
The density on a dual cell is given by:

for o € &int, 0 = K’L ‘DO'| Op, = ‘DO',K| 0K + |D0',L
for 0 € ext, 0 € E(K), 0p, = OK-

oL (3.23)

and we denote
for1<i<d, 2"= Y op,p,
oeg (i)

These definitions of the dual mass fluxes and the dual densities ensures that a finite volume discretiza-
tion of the mass balance equation over the diamond cells holds:

. (%) 1 n n—1 1 no__
V1§7J§d7 V()'G(gint’ &(QDU_QDU )+m Z FE,U_O' (324)
EE%(DG‘)
This is a necessary condition to be able to derive a discrete kinetic energy balance (see Theorem 4.1).
Since the flux across a dual face lying on the boundary is zero, the values u, are only needed at the

internal dual faces, and we make the centered choice for their discretization, i.e., for e = D,|Dys € %1(;1,

Uy + Uy’ Ui, + U, o’

e = Uje = = . 3.25
U u"'u 2 2 ( )

Discrete divergence and gradient - The discrete divergence operator div 4 is defined by:

div g : He — Ly
1
ur—divyu = Z m Z lo|uo k Xk, (3.26)
Kedl oc®(K)

where u, i is defined in (3.13).

The discrete divergence of u = (uq,...,uq) € Hg o may also be written as

d
diVﬂ u = Z Z (51'11,1‘)[(%‘[(, (3.27)

i=1 Kesl
where the discrete derivative (0;u;)x of u; on K is defined by

_ o

— .
=K (Ugr — uy) with K = [00'],0,0" € €D, (3.28)

(O5ui) K

The gradient in the discrete momentum balance equation is defined as follows:
Vg : Lu — Hgp
p+— Vep (3.29)
Vep(z) = @ip(z),. .., 0ap(2))",

where 0;p € Hg)o is the discrete derivative of p in the i-th direction, defined by:

_ o]
D7)

—> .
(o, —pr) Ve eD,, foroc=K|Lc&Y, i=1,....d (3.30)

6lp(m) int>
Note that in fact, the discrete gradient of a function of L, must be defined on the internal faces, and
does not need to be defined on the external faces; we set it here in Hg o (that is zero on the external
faces) for the sake of simplicity.

The gradient in the discrete momentum balance equation is built as the dual operator of the discrete
divergence which means (see [23]):

12



Lemma 3.1 (Discrete div — V duality). Let ¢ € Ly and v € Hgy then we have:

/ q divgvdx + / Vgq-vdx = 0. (3.31)
Q Q

Discrete Laplace operator - For : = 1...,d, we classically define the discrete Laplace operator of
the discrete i-th velocity component by:

(i) . (1) (i)
—Ay’ Hgy — H%,o
Ui — —A(l)ui
— Ay, ’ Z beo(t;), V@ €D, foroecd), (3.32)
EEX(D )
where &(D,) denotes the set of faces of Dy, and
’;‘(u(7 —u,) ife=odo’ € %I(I;Lt),
Geo(ui) = (3.33)
|;|ug if e €% N&(D,)

where d. is defined by (3.5). Note that we have the usual finite volume property of local conservativity
of the flux through an interface e = o |0’

¢€:0(ui) = _¢e,o" (u1)> Ve = O'IU €& 1nt) (334)
Then the discrete Laplace operator of the full velocity vector is defined by

—Ag : Hfgy[) — Hfg@ (3 35)
u— —Agu = (—Ag)ul, cee —Aégd)ud)t. .
Let us now recall the definition of the discrete H{ inner product [11]; it is obtained by multiplying
the discrete Laplace operator scalarly by a test function v € Hg ¢ and integrating over the computational
domain. A simple reordering of the sums (which may be seen as a discrete integration by parts) yields,
thanks to the conservativity of the diffusion flux (3.34):

d
V(u,v) € Hg %, / —Agu-vde = [u,v)1 50 = Z[Uu”l]l £(0) 05

=1
. € € 3.36
with [Uia Ui]l,‘g(i),o = Z |J (UU - UU’) (UU - Ua’) + Z ‘de Us Vo ( )
ee%frff ee%e(;)t
_010 GE%(DG)
HD x HY) SR Hg o x Hgo — R (i)

The bilinear forms are inner products on H%ZO and

(u,v) = [u,v]1%0

(u,v) = [us, vily g g
Hg o respectively, which induce the following discrete H& norms:

€ € :
Hulul g(z) ,0 [ulaul]l g( ) = Z |d| (uo' - Uo—/)2 + Z |d| Uz. for 7= ]., ceey d, (337&)
e=olo’ eeg(Dg)
Huulgo— u,ul1 g0 = ZHuz”lgg( (3.37b)

Since we are working on Cartesian grids, this inner product may be formulated as the L? inner product

13



a4, € i N
D)
U5 — U,
(O1u1)p, = = y 4
€
RN
D,
E €
LN Deud | LN
D,
€
Uy — U —1U, uo’
Os2u =< 9 Oou =7 Oou =2
(O2u1) D, 4 (02u1) D, o (O2u1) D, 7

Figure 4: Notations for the definition of the partial space derivatives of the first component of the velocity,
in two space dimensions.

of discrete gradients. Indeed, consider the following discrete gradient of each velocity component ;.

ngui = (51%“ e ,5dui) with 5jui = Z (5jui)De ‘%‘Dw (3.38)

ecg(®
eleld)

where the elements D, of the bi-dual grid are defined in (3.4) (see also Figure 2) and

;- —
Uo—diua with € = oo,
€
(Ojui)p, = (3.39)

—%e(j) N p, With € € g9 n &(D,),

ext
€

where n p, stands for the unit normal vector to e outward Dy, see Figure 4. This definition is compatible
with the definition of the discrete derivative (0;u;)x given by (3.28), since, if ¢ C K then D. = K. Note

that the second line in (3.39) is zero provide i = j, or provided o € %éi)t, ¢ L eU) with 7 # j. With this
definition, it is easily seen that

/ Vet Vv da = [u, v, g o, Yu,v € Hop Vi=1,....d. (3.40)
Q I K b

where [u, v]; @) ¢ is the discrete H¢ inner product defined by (3.36). We may then define
Veu = (Vemut, ..., Vgaua),

so that
/ Vgu : Vegvde = [u,v]1%0.
Q

We will need discrete Sobolev inequalites for the discrete approximations. The following lemma is
proved in [11].
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Lemma 3.2 (Discrete Sobolev inequalities). Let Q be a bounded domain of R?, d = 2 ord = 3, adapted to
the MAC-scheme (that is any finite union of rectangles in 2D or rectangular in 3D ), and let D = (M, E)
be a MAC grid of Q. Let ¢ < 400 ifd = 2 and ¢ = 6 if d = 3.Then there exists ¢ = c(q, ||, n.x)
depending on 1,4 in a nondecreasing way such that, for all uw € Hgp,

1wl o) < cllulligo-

3.4 Projection operators

In this section we introduce several projection operators. We first define the mean-value interpolator over
L_/%Z

(@ﬂ : LIIOC(Q) — Lﬂ
Keu
with
YK = / x)dx, VK € M. (3.42)
|K]
This operator satisfies for any 1 < p < 0o and for any r € LP(2),
| Par|er) < I7lloro)- (3.43)

We also define over Hé)o the following interpolation operator 9’(1)

P HY(Q) — HYY,
¢ = o= 3" s T, (3.44)
UG%I(;S
with
Yo = B ’/ VUE%S&, (3.45)

where dy(x) is the d — 1-Lebesgue measure on ¢ and we denote
Ps = (P, .., PV € 2(HH(), Hg o), vs := Pgv (3.46)

its vector valued extension. This operator preserves the divergence in the following sense (see [22]):

Yv € H&(Q)d,Vq € L/ﬂ,/ q divy Pevdx = / q divvdzx. (3.47)
Q Q

This operator satisfies for any 1 < p < 0o and for any U € W&’p(Q)d,
H g’g U”Lp(ﬂ)d < CHVUHLp(Q)dxd. (348)

where the constant ¢ depends on d and p and on ||
In the following Lemma we recall some classical mean value inequalities. These inequalities are used
to obtain estimates involving the projector operators &, and Pg previously defined.

Lemma 3.3. [Mean value inequalities|

1. Let D = Hl 1(ai, b;) be a bounded open square of RY, d > 1. Let o C 9D be a face of D. Let
1 < p < oo. There exists c only depending on d and p such that Yv € WP (D),

1o = vollinp) < ¢ diam(D)[[ Vo] o pye, (3.49)

lo = vpllz(p) < ¢ diam(D)[ Vo]l oy, (3.50)
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where vp = ﬁvadm and v, = ﬁfavd’y(m) (d~(x) is the d — 1-Lebesque measure on o).
Moreover if v € C%(D) then

lvp —v(xp)| < Hv2'UHLoo(D)d><d diam(D)?, (3.51)
where xp stands for the center of mass of D and

x+ 1 1 —
) = 5(0(@) + o) < SVl o @yoale — yP, Ve, y € D. (3.52)

o ;

2. Let D = (M,E) be a MAC grid of the computational domain Q, let 1 < p < oco. Then there exsits
c only depending on p and on d such that for any (r,U) € WHP(Q) x Wol’p(ﬂ)d,

llr —ParlLe@ <ch/¢HVvHLp Q)5 (3.53)
U = P Ullpgays < choa|VU 1y gyina, (3.54)

3. There exists ¢ only depending on d and p and || and on 4 in a nondecreasing way such that for
any U € Wol’p(Q)d,
||Vg g’g U”Lp(Q)dxd S CHVUHLp(Q)dxd, (355)

Moreover if U € C%(Q)4,

Proof. Let us prove (3.50). Let us define the reference square D = (0,1)% and let ¢ = (;)1<i<q defined
by

One has for any v € WHP(D)

1
Di»
b" _‘a.Hai(’UO(p)HLp([))- (3.57)

1
lellzroy = IDIFlvo el l0lago) =

Since WP(D ) is compactly embedded in LP(D) there exists ¢ only depending on d and p such that for
any v € WP(D)

Hv - Uf)HLP(D) < CHVUHLp(ﬁy

If p = +o00 one has
o = vpllLe(p) = lv —vowpllemp) = lvep —voppllep) < Ve @)l wp:
Using (3.57) we infer that
V(v o @)l oo py < cdiam(D)[[(Vo) 0 @l oo py < cdiam(D)|[ Vo[ (p)

which gives (3.50). If 1 < p < 0o one has for any v € W1P(D)
lo=0llp) = [ fo=vnl?de = [ jo=voppPde= DI [ jvop—vopslde < DIV oL,
Using (3.57) we infer that

1900 @), ) < cdiam(DY|(Vo) oo, o < cdiam(D)—|[Vo},

\D!
which also gives (3.50). The proof of (3.49) is similar. Let us prove (3.51). We have
1 2
vp —v(xp) = =——= [ (Vv(e(x))(x —xp)) - (& — xzp)de.
2[D| Jp

16



where c(z) € D wich gives

1
lvp —v(xp)| < HV2UHLO<>(D)dxd|m/D |z — xp|? de.

Consequently
lvp = v(@p)| < [|V?0|| oo (pyixa diam(D)?, (3.58)

Let us prove (3.52). A Taylor expansion of the function ¢t — v(tx + (1 — t)y) gives

o(@) = oY) 4 VT Y) B L (V@)@ - ) - (= - v).
o) = o2 L)+ 9P TY) LT 4 (@) e - 9) (- )

where &, € [, y]. The expected result follows from the summation of the two previous identities. The
proof of (3.53) and (3.54) are trivial consequences of (3.49) and (3.50). The proof of (3.55) can be found
in [22]. Let us prove (3.56). By virtue of (3.4) one has

10;P«U; — 0;U; HLOO(Q) < max ”8 PeU; — 0,U; HLoo(D
E%

(4)

———> .
Moreover by virtue of (3.51) and (3.52) we can write for € = 0|0’ € &y, € L e, @ e D,,

(@D ry . 0 Loag@Wy @y y_ 9
0;(P¢’ Ui)p, %JU( x) = dE((g"g Ui)or — (P Ui)o) 8ij( )
1 0
_di(U (o) — Ui(zs)) %U( )+ R
a n a n
T%U (waa) T%U( )+R

where z,, € [Xs, %], and where the remainder R} satisfies

|Re| < chu

with ¢ > 0 dependent on 7, and on ||v2U||Loo(Q)d><d. Note that the case € € %i;)t can be treated in the
same way. Consequently we have inequality

18, PsUs — ;Ui by < choa, V(i j) € {1,2,3)%, Ve € 811, € L e,

int>»

where the constant ¢ depends on HVZUH Leo() and we obtain the expected result.

O
In the following defintion, we introduce two velocity interpolators.
Definition 3.3 (Velocity interpolators). 1. For a given MAC grid @ = (M, &), we define, fori,j =
1,...,d, the full grid velocity reconstruction operator with respect to (i,j) by
(63) . pp(@) ()
R+ Hy o — Hy
ver g0 = 3 (RE0)e I, (3.59)
C’G%(]t)
where
RED), = v ifo e 8D, (RODy), = L S vpr otheruise (3.60)
& int? & card (/) ’
o'eNy
where, for any o € &int \ %HQ, Ny ={c' €& D,No" 0} (3.61)

We refer the reader to Figures 5 and 6 for the geometrical illustration of this notion.
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2. For any i =1,...d, we also define a projector from Hg) into Ly by

R0 HY = Ly

V= ‘%(/Z)U = Z (%%U)KVTK,

(3.62)
Keau
where )
(@) _
(Ryv)K =5 Z Vg (3.63)
oc&(K)

We then define
Ry Hy — LY,

v = (v1,..09) = Byv = (‘%(/2) vy, ...,%(d) )

o Vd)- (3.64)

o1 02

oc=K]|L

o3 04
K

Figure 5: Set W, = {01, 09,03,04} with 0 € %i(rf't)(K), j # 4 in two dimensions (i = 1, j

o= K|L

Figure 6: Full grid velocity interpolate.
These operators satisfy the following stability estimate (see [23]).

Lemma 3.4. There exists ¢ > 0, depending only on d,p and on 14 in a nondecreasing way such that for
any i,7 =1,...,d and for any v € Hg)(w

IRSD vl oy < ellvllzogy, 1< p < o0, (3.65)
125 ol o) < chalBivll ooy,
Moreover, the following lemma holds:

Lemma 3.5. There exists ¢ > 0, depending only on d,p and on 14 in a nondecreasing way such that for
any 1,7 =1,...,d and for any v € Hg,)o,

”@g,g)v — 0|l r () < chal|Vewvllr), 1 <p < oo,

(3.66)
and

125 v — vl Lo < cha|Bivlo), 1< p < . (3.67)
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Proof. Let us prove (3.67). From the definition of 92(/2 (see (3.62)) we have for 1 < p < oo

2L 0=l = D IR v—oli = > (1290 =vltp, o+ 1RG0 =0l )

o,0'cg®
< gt S B0l ey < ety 50l
Keu
which gives the expected result. For p = 400 we have
|2 0 — || ooy < max | R 0= oo sy = Kmfﬁq (|| R 0|l oo, o)+ | BY 0 —v||Loo(DU,YK))
=00
0,0’ c&®
1
< Sha 3 10wl < 0wl <o

Keua
This completes the proof of estimate (3.67).

Let us now prove (3.66). For the sake of simplicity we assume that d = 2, ¢ = 1 and j = 2. Other
cases are similar. First we write

Ry — v = R0 — R v+ R v — v

The second term in the right hand side of the previous equality is estimated uisng (3.67). Now using the
decomposition of D, established in Figure 7 we can write

1280 = R ol = S 1FET v — 2 Gl

cegld)
= Y -, o+ 1ET = Rl
o=K|Leg{)
+ Z ”92 iy U”ip(pa)
UE%&Q
< Y Dol @G 0)e — (R )k [P+ Do |[(RE 0)0 — (R 0)L ]
o=K|Legl)
+ X DR o)kl
ocg) nE(K)
<cly S (00l )+ 1001, )+ el > IDI@u)p, )
oesl) ccaD,ng
o=K|L
< ch?,|19;v]",

This finishes the proof of Lemma 3.5.
O

The following algebraic identity is used to transform the terms involving dual fluxes into terms
involving primal fluxes, compare with [30, Chapter 3]. It is crucial for the transformation of the discrete

convective terms in the proof of the error estimates for the staggered schemes in general, and, in particular,
for the MAC scheme.

Lemma 3.6. Let o € Ly and w € Hgp. Let i € {1,...,d} and let o =} es(®) PoXD, EHé)O be a

discrete scalar function. Let the primal fluxes be given by (3.12) and let the dual ﬂua:es F.; be given by
(3.19) or (3.20) (depending on the direction of n. with respect to ) ). Then we have:

Z Z Feoueps = Z Z Z FoK g UZ) +R(uu ®)

ocgll) ec8(Dy) Kew 7=1 gegl) (K)
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L
o1 02
D
l r
Lo o=KL o
D,r
g a.
3 K 4

Figure 7: Decomposition of D,

where

) =3 S ( V) o (15 — (R 1))

Keua eg(l)( )

int

FT Y @0 XY Y (e (g,

Keu Eg(l)( K) j= l,j;é'LTEg(J)( )UG-/VTG‘

int

In the last sum we have denoted
Nyy = {0’ € 8D |inty_17 Nintg_1(D,|Dyr) # 0},

where o € %1(12 (K), 7€ %l(rft)( K), j #1, intqy_1 means interior in the topology of R4~

™

< <
K U | L
5 I
T ol D,
\b Dl

Figure 8: Set J#;, = {0’} with 7 € %l(rft)( K), 0 € €9D(K), j# i in two dimensions (i = 1, j = 2)

Proof. We split the sum at the left hand side of the identity in Lemma 3.6 to two sums, first one over
faces € parallel to faces o and second one over faces € orthogonal to sigma:

Z Po Z Fe,oui,e = Z Po Z Fe,aui,e

ocgl) €€&(Dy) ocgl) €€&ini (Do)

int int

=2 X el X Fowr Y Y T F

Ketl 5eg (K €€&ni(Dy),c€K 7=L3# regV) (K) €N o

int

Foud

where we have used definition (3.20) of F¢ , and denoted for fixed o € %l(rf,z (K)and 7 € &ne(K)\ mt( )

Nrg={c€&Dy)|e Lo, 0 #enK C T}

For further calculation we notice that (see Figure 9)
N = Uyego i) Vro UENK), Nyo ={Dg|Dyr |0’ € Ny}, (3.68)
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Figure 9: Set J; , = {€} with 7 € %(J)( K), 0 € &9(K), j # i in two dimnsions (i = 1, j = 2)

int
where /7 ; is defined in Lemma 3.6.

Realizing that the set {e € &(D,)|e € K} contains exactly one face denoted ex (see Figure 8), we
rewrite the above expression using definitions (3.25), (3.68) as follows

Z Po Z Fe,o’ui,e Z Z (po'|: €r,0 Wiep -+ Z Z Z K Wio +Uza' :|

oesl) €& (Do) Ket 5egl) (k) I=L5#1 regl) (k) 0 €Nr0
Ku +u
=3 > [P i + Foctio + Oy oy P i)
Keu ae%l(nz(K) J=1j#i TE%(J>(K) o'eENr &
L TKU +u o
=3 X ALK | Fox uio + S Y Y i ¥ Yio']
Keu Eg(lz( K) j= l,j;éz,reg(])( )O’G/VTU
(2) Kulg—l-u“,
FY T oo @] [Fatio t Faciat XY Y J
Ke 5ecg (k) 7=13#1 rcg) (k) 7' €Nro

In the above we have used the conservation (3.15) of primal fluxes (which gives in particular the identity
> Keu ZU &) (k) voFy kui e = 0) to pass from the first to the second expression, and the conservation

(3.21) of dual fluxes (in particular ), , Zaeg'@)(}() (%SZ (©)) K Fey .ottie, = 0). Consequently,

Z Z Po Z Fe,aui,e = Z (%(Z IK"’ Z (369)

Kel ;g €& (Dy) Kew Kew
where
IzKZ Z FGKUZU+ Z Z Z Z TKUZU+U10'
Uegl(nt)(K) ‘] 1"7#1 TEg(J)(K) O’Gg( )(K) o E'/VT o
and
‘ K Uio + U;
Bom S oo @] [t + i+ Y YY) Fuktie b
O’Ggl(r:z(K) j=1,j#i Teg(])( )0’ 'eNr o

Employing (3.68) together with (3.60) (see also Figures 5 and 8) we easily find that

z N Frr (R (ui)o (3.70)

7=1 e%(])(K)

int

In order to transform Jf, we first remark with help of (3.19) the identity

d
Fok+Feot > > > %:% > Fox (3.71)

J=Li# regl) (k) o' €Nra 0€&int (K)
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consequently,

d
Z (900_(9?(/2@)}() FG’,K+F€K70’+ Z Z Z

O'E%fng (K) J=Llj#i Tegi(gt)(K) o'eNr o
%o (0
Z Fo.x Z o9 | (R p)x| =0,
0EEint (K) o—eg(z‘)(K)

where, we have used (3.63). Next we write

HE= 3 e = @D @) k] [Fore (i = (2L @)K ) + Foreo (1.0 — (2 (i) i)
&) (K)

int

I I Y )

=L e (1) 7 e

+ Y e~ @@Lk o + Forc + f > Y T @

g(l)( K) j=1,5%#1 Tegi(gt) (K) o'eNro

int
where 4
Wiy — (A (W) =0
(due to (3.63) and (3.25)) and

> |¢0 — ROk [Fao + Fouc + > oy oy

O.Eg(l) (K) j=1,j#1 TE%(J)( )0’ 'eNr o

int

} 9?(1 i)k =0

due to (3.71). Consequently,

o)=Y JE=3" 3 O O i) o (e — (R i) k)
Keun Keua O'Eg( t)(K)
Ui, + Ui, o’ i
YN e @len Y Y Y F = ~ (@ w))K) (3.72)
Keu egl(rfg(K) j= 1,]761T€g(J)(K)J ENro
Putting together formulas (3.69), (3.70) and (3.72) concludes the proof of Lemma 3.6. O

3.5 Main result: error estimates

Now, we are ready to state the main result of this paper. For the sake of clarity, we shall state the
theorem and perform the proofs only in the most interesting three dimensional case. The modifications
to be done for the two dimensional case, which is in fact more simple, are mostly due to the different
Sobolev embedings and are left to the interested reader.

Let us introduce the following functional space:

F = {(r, U)cCH[0,T) xQ)* 0<r= inf r(t,z), VU € C([0,T] x Q)>, &r € L'(0,T; L" (Q)),
(tvx)EQT
d,Vr e L*(0,T; L5/ ®=9(Q)3), (9?U,8,VU) € L*(0, T; L6/5(Q)12)}, (3.73)

endowed with the following norm

[, U)lle = I, U)ll o1 o mywiys + HV2UHC([0,T]X§)3 + ||51527“||L1(07T;m’(9)) FN0:V 7l 20,1160 /5v-0) (0)2)
H 107U 2. 1:r605 2y + 10:VU || 20 7 pos ey (3.74)
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Let (r,U) € & such that U = 0 on 99Q. Let us consider a MAC grid @ = (M, &) of size h4 and
regularity 7.4 of the computational domain € , a partition 0 = t° < t! < ... <t = T of the time interval
[0, T, which, for the sake of simplicity, we suppose uniform (where ¢ stands for the constant time step)
and (o, u) € Yz 5t X Xg 5 a solution of the discrete problem (3.10). Inspired by (2.10), we introduce the
discrete relative energy functional

1
(" | ) = [ (5ol ~ U2 + Bl ) de (3.75)
5 1
=> > 51Poleb, ug — U2+ > |KIE(dklrE),
i=1 Uegi(l'i])t Ken
where
r=rt",), U"=U{","), v’y = Pu(r"), Uz = P=(U"), (3.76)

where & 4 and Py are respectively defined in (3.41) and (3.46). Finally as in Proposition 2.1 we denote

0O<r= min r, 7= max 1, [Opr]™ = Oyr(t",-). (3.77)
X

Let us now state that the discrete problem (3.10) admits at least one solution. This existence result
follows from standard arguments of the topological degree theory (see [8] for the theory, [10] for the first
application to a nonlinear scheme). We refer to Appendix A for its proof. The theorem reads:

Theorem 3.1. Let (¢°,u’) € L4 x Hgp such that ¢* > 0 (that is 0% > 0 for any K € M ). There
exists a solution (u,0) € Hg g %X Ly of Problem (3.10). Moreover any solution is such that o > 0 a.e in
Q (meaning that o > 0 for anyn=1,..., N and for any K € M ).

The following Theorem is the main result of the paper. It can be seen as a discrete version of inequality
(2.18).

Theorem 3.2 (Error estimate). Let  C R3 be a domain which is a union of orthogonal closed par-
allelepipeds with mutually disjoint interiors, and, without loss of generality, such that the faces of these
parallelepipeds are orthogonal to the canonical basis vectors. Assume that the viscosity coefficients satisfy
assumptions (1.4) and that the pressure p satisfy (1.5) where v > % Let D = (M, &) be a MAC grid of Q
(see Definition 3.1 in Section 3), with step size h 4 (see (3.6)) and regularity n.4 where 14 is defined in
(3.8). Let us consider a partition 0 = t° < t! < ... <t = T of the time interval [0, T|, which, for the sake
of simplicity, we suppose uniform, where 6t stands for the constant time step. Let (o,u) € Yy 5t X Xg 5
be a solution of the discrete problem (3.10) emanating from (o°,u’) € L4 x Hg o such that o° > 0 (the
existence of which granted by Theorem 3.1), and (r,U) € &F be a (strong) solution of problem (1.1). Then
there exists a constant ¢ > 0 only depending on T',|Q, po, Poos ft, A, Y, T, Miny,. 7 p, ming. /2 o7 2, [Pl 02 (7))
|(r,U)||#, on &o.u in a nondecreasing way and on 1,4 in a nondecreasing way such that

oax, E(", u"|r’y, Ug) < c((’i(go, uo‘r%, UQ) + hy + \/ﬁ), (3.78)
where 9y _3 1
A = min( 7 , 5) (3.79)
Remark 2.

1. As mentioned previously, Theorem 3.2 holds also in dimension 2 under the assumption that v > 1.
The value of A in the error estimate (3.78) is

{ A<min(®=2,1) ify € (1, 3), (3.80)
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2. Suppose that the discrete initial data (0°,u®) coincides with the projection (P4 1o, Peug) of the
initial data determining the strong solution. Then formula (3.78) (combined with Lemma 2.1 and
with the fact that o x4 is bounded uniformly with respect to the mesh) provides, in terms of classical
Lebesgue spaces, the following bounds:

0" = " Fa(qe 2 gnary) + 10" = U ey grcamy < (i + V)

for the "essential part" of the solution (where the numerical density remains bounded from above
and from below outside zero), and

{o" <r/2} + " = 27H + 10" D angrsary + 10" 16" = U Pl qgrsary) < chy + Vo)

for the "residual part” of the solution, where the numerical density can be "close" to zero or infinity.
(In the above formula, for B C 2, |B| denotes the Lebesque measure of B.) In particular, we obtain

lo = rle(qe acpcomy) + 1 = Ul acpcam) < (Al +V01).

Moreover, in the particular case of p(0) = 0* (that however represents a non physical situation)
E(o|r) = (0 — r)? and the error estimate (3.78) gives

" — Tn”%oo((),T;LQ(Q)) + [Jo"[u" — Un|2||L°°(O,T;L1(Q)) < C(\/E/% + \/ﬁ>

3. If we assume that the discrete density o is bounded from above uniformly with respect to (h 4, dt),
the growth condition at infinity in (1.5) becomes irrelevant. In this case, following step by step proof
of Theorem 3.2 we obtain error estimate (3.78) with A = % for any vy > 1. Compare with [1/], where
the similar problem is treated for a Finite volume/Finite element method. This is qualitatively better
result than any other conditional error estimate in the mathematical literature dealing with finite
volume or mized finite volume/finite element methods for compressible fluids (see [4], [10], [34],
[44], [48]), where the authors need to assume other bounds for the numerical solution, in addition
to the upper bound for the density.

4. Theorem 3.2 can be viewed as a discrete version of Proposition 2.1. It is to be noticed that the
assumptions on the constitutive law for pressure guaranteeing the error estimates for the scheme
(3.10) are somewhat stronger (v > 3/2) than the assumptions needed for the stability in the contin-
uous case (y > g) In particular, the asymptotic behaviour of the pressure for small densities is
not needed in the continuous case. The threshold value v = 3/2 is however in accordance with the
existence theory of weak solutions. The assumptions on the regularity of the strong solution to be
compared with the discrete solution in the scheme are slightly stronger than those needed to establish
the stability estimates in the continuous case.

5. The assumption on the asymptotic behaviour of the pressure for small densities in (1.5) can be
relazed for v > 2, see [2/]. In particular Theorem 3.2 also holds for the isentropic pressure law
p(o) = @" where v > 2.

The rest of the paper is devoted to the proof of Theorem 3.2. We employ the methodology inspired
by that one suggested in [15] in the continuous case. It can be summarized as follows:

1. We establish the energy identity for discrete solutions of the numerical scheme - see Theorem 4.1,
formula (4.1). This corresponds to the energy inequality (2.6) in the continuous case.

2. Knowing (4.1) we establish the discrete relative energy inequality for the discrete solution of the
numerical scheme with test functions taken in the discrete spaces introduced in Definition 3.2 - see
formula (5.1) in Theorem 5.1. This is a numerical counterpart of relative energy inequality (2.11)
in the continuous case.
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3. Now, we take first in the discrete relative energy inequality as test functions the projections (r 4, Ug)
of a smooth couple (r,U) and transform conveniently each term at its right hand side, see formula
(5.14) in Lemma 5.1. Then we take in the discrete relative energy inequality as test functions
the projections (4, Ug) of a strong solution (r,U) to the problem (1.1-1.3), in order to derive a
consistency error for the strong solution, see equality (6.1) in Lemma 6.1. We must do it in such
a way that the leading expressions in all terms at the right hand side of formulas (5.1) and (6.1)
are ’comparable’, provided (r,U) in both inequalities is a regular solution of problem (1.1-1.3).
In contrast with the error estimate [24] for the academic scheme [36], this process for the MAC
scheme (and for the staggered schemes, in general) is more involved and far to be obvious. The
difficulties are caused by the fact that the defects of ’structure’ of MAC discretization with respect
to the structure of the problem on the continuous level are more important than the same defects
of the academic scheme [36|. The most difficult terms in this process are the convective terms. It
is here, where Lemma 3.6 plays crucial role.

4. Combining Lemma 5.1 and Lemma 6.1 we obtain inequality (7.1). This inequality is a numerical
counterpart of relative energy inequality (2.12) in the continuous case.

5. We estimate conveniently the right hand side of inequality (7.1) in order to get the Gronwall type
estimate, see Lemma 7.1. The latter Lemma implies the result.

4 Mesh independent estimates

4.1 Energy Inequality

Our analysis starts with an energy equality (which can be seen as a discrete differential version of (2.6)),
which is crucial both in the convergence analysis and in the error analysis.

Theorem 4.1 (Energy estimate). Let (o,u) € Y5 X Xg 5t be a solution of (3.10). Then for any
n = 1,..,N, there exists 0" ™ € L4 such that min(o" !, ") < 0" 1" < max(o" !, ") and o7 €
[min(e%, 0}), max(0’%, 0})], 0 = K|L € &iny such that

1 1
- H(o™) — F n—ld - n,n2 __ n-—l1 n—12d
5 [#e =@ et g [ - e e

) 1 _ _
tull i+ (oot Wl divae s + 557 [ 07 = w0 de

1 1
[ @I - ey Y ol # @) ek o Plu =0, (41)
@ 0€&int,0=K|L
The notation and all discrete operators employed in formula (4.1) are introduced in Section 5.
Proof. Multiplying (3.10a) by %’(¢") and using a Taylor expansion we obtain the existence of o" 1" €
L.y such that min(" 1, o) < 0" 1" < max ("', 0") and

ny __ e n—1
/%(9 ) =~ #e )da:+/ 1?f”(gn1’”)(@”—@”1)2dw+/divuﬂp(g"u”)%’(g”)dwzo. (4.2)

Using again a Taylor expansion (see for instance [21]) one has
. . 1 _
/levu/%p(g”un) ' (") da = /Qp(@”) divgu'de+s Y |o| (@) (dk — o} luf k| (43)
0E€&in,0=K|L

where 97 € [min(oY, 0}), max(o%, 07 )]. Consequently

%(Qn) 7%(Qn_1) / 1 I n—1n n n—1\2
/Q 5 de + 92&7/(0 )" — 0" ) dae

. 1 _
[ o divaurde s S ol @ ek — o lutl = 0. (1)
& o€y, 0=K|L
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Mutliplying (3.10b) by u}}, summing over o € ©9 and i = 1,2,3 and using (3.31) we infer that

int

o"u™ — Q”_lu”_l ‘
/Q o cuda + pllu|f] g0 + (1 + A divae w7 g

3
+Z Z Z Fg}au? 2—/p(gn)divﬂu"dm:0_

. - Q
=1 0’6%(11 €€€(Ds)

in

By virtue of the centered choice for u} (see (3.25)) we have

3 n\2
DD DD SINETED S DI L 2=

i=1 55 ccB (D) =1 g D) ced(Dy)

int

Multiplying (3.24) by @ and summing over o € # and i = 1,2, 3 we infer that

int

1 n n—1 n|2 : n(ug)Q
T ACETAUCAE R DI DD DEP o SRl

i=1 g () e (Do)

Subtracting (4.7) and (4.5) gives

1 1y e :
%51 Q@”\u”\Q—Q” Hu" P de 4 pllu” | + (0 + Al divee w12 q)

1
+ / Qn—l‘un _ un—1’2 de — / p(gn) div/% udx = 0.
Q

20t Q

Consequently adding (4.4) to (4.8) together with (4.3) yields (4.1).

(4.5)

(4.7)

(4.8)

O

Remark 3. Theorem 4.1 shows that this numerical scheme is unconditionally stable, meaning that the

discrete energy inequality holds without any extra assumptions on the discrete solution.

The following estimates are obtained thanks to the identity (4.1) and Lemma 3.2. In particular
the numerical diffusion (4.16) is bounded due to the upwind discretization of convective terms and
assumptions (1.5), as is classical in the framework of the hyperbolic conservation laws, see e.g. [11].

Corollary 4.1. Let (o,u) € Yy 5¢ X Xg 51 be a solution of (3.10). Then we have

1. There exists ¢ > 0 only depending on &g 4 in a nondecreasing way (independent of hy and 0t)

such that
lwll 220,714 0(02)) < €

[l z20,7;06(0)3) < ¢
lolul? (| Lo (0.1:21 () < €
lloll Lo 0,127 () < ¢

[[oul| <c

6y
L2(0,T;L7T6 (Q)3)

2. If (r,U) € L>®((0,T) x Q) x L>=((0,T) x Q)3, then

max E(o", u"|r", UZ) <c
1<n<N (Q’ /A %)—7

(4.14)

where ¢ depends on T, |U|| oo ((0,1)xQ)3 E0.4 i a nondecreasing way and the projections v and

Ug are defined in (3.76).
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3. There exists ¢ only depending on o 4 in a nondecreasing way such that for any m =1,...,. N

3
Y |Dg |0 Hul —u 12 < c. (4.15)
D,

n=1i=1 _ ()

int

4. The following dissipation estimate due to the upwinding of the density in (3.10a) and (1.5) holds

Y (0f — o})® n
oty Y, ol +Lgn>1y [ug k|

2—
L o— R e, [max (ol QTLL)]( )

N
+6tY> > lolok — 0f) Lgpeary lun x| < e (4.16)
n=10=K|LE&nt

where ¢ depends on &¢ 4 in a nondecreasing way and where the quantity oy is defined in Theorem
4.1. In the above the symbol 1¢,>1y is equal to 1 if s > 1 and 0 if s < 1, while 1,.1y 15 equal to 1
if s <1 and 0 otherwise.

5 Relative energy inequality for the discrete problem

5.1 Exact relative energy inequality for the discrete problem

The goal of this section is to prove the discrete (differential) version of the relative energy inequality
(2.11).

Theorem 5.1 (Exact discrete relative energy). Any solution (o, w) € Y.z 5t X Xg 5 of the discrete problem
(3.10) satisfy

1 (G(Q",u”

5 ,rn’ Un) o Qf(@n_l, un—l

e U"_l)) +ullu” = U g 0+ (N divae (u” =U™)|[72q)

l(.n\ _ I(pn—1
< /(r” - .Q")% (") 5;’% (") dx + / div'y (0" u™) 7' (r" 1) de
Q Q

U™ —u™ U0 + (1 + \) / div.4 (U™ — u") div4 U™ da
Q

Ul —yn 1
- / p(0")div, U" dx + / o . (u"_l — (U™ + U")) da
3
+>> 3 Y mLup(e-ur) 6)
=1 gegll) ec®(Dy)

forany 0 <reYys, U Xgs.
The notation and all discrete operators employed in formula (5.1) are introduced in Section 3.

We notice, comparing the terms in the “discrete” formula (5.1) with the terms in the “continuous”
formula (2.11), that Theorem 5.1 represents a discrete counterpart of the “continuous” relative energy
inequality (2.11). The rest of this section is devoted to its proof. To this end, we shall follow the proof
of the “continuous” relative energy inequality (see [15] and [19]) and adapt it to the discrete case.

Proof. We proceed in several steps.
Investigation of the momentum equation (3.10b) : Multiplying (3.100) by U™ and integrating
over ) we obtain

3
/ %(g"u” — "t UM de + Z Z Z FlulUy
Q

i1 o) (D)

—i—u[u”,U”]Lg,o—l—(u%—/\)/diVﬂu”diVﬂU"dw—/p”div/ﬂU”dw—O
Q Q
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We observe that
(Qnun _ Qn—lun—l) Un = Qnun Un — Qn—lun—l . Un—l + Qn—lun—l . (Un—l _ Un)

Consequently

3
1 1
_(St/ Qnun.Un_Qn—lun—l.Un—ldm:(St/ Qn_lun_l-(Un_l—Un)d$+§ : § : § : F:,UU'ZU;L
¢ ¢ =1 5egll) cc& (Do)

+u[un,U”]1,g7o+(u+)\)/div/%u"div/%U”d:c—/p”div/% U'dx. (5.2)
Q

Q
Investigation of the dual continuity equation (3.24) : Multiplying (3.24) by £|U|?> we obtain
1 1<
n n—1 n|2 n n|2
— — Uu"l“d - F2 U =0. 5.3
5 | (@ = U Pae 530 S S R (53

=1 G'Ggi(lfg e€&(Dy)

Moreover due to (3.21)
3

%Z S Y murun =o. (5.4)

=1 pead) ccd (Dy)

We observe that
/(Qn . Qn—l)‘Un|2 dx = / Qn|Un|2 o Qn—1|Un—1’2 dx +/ Qn—l(Un—l + Un) . (Un—l o Un) dx.
Q Q Q
which gives

1 1
/Q<Qn’Un|2 _ Qn—1|Un—1|2) de = /an—l(Un—l + Un) . (Un—l _ Un) dx

20t 25t
> > FLURP. (5.5)

Uegi(rfg €€%(Do‘)

1
2

(2

3
=1

Investigation of the primal continuity equation (3.10a) : Multiplying the continuity equation by
' (r"~1) and integrating over {2 we obtain

1 1
/(g”%"(r”)Q”_l%’(r”_l))dm: / Q”(%”(r”)%’(r”_l))der/ divy (o"u™) #'(r" ') da.
(5.6)
Finally, thanks to the the convexity of the function #, we have
l n gpl (nn\ n o n—1 gpl(,.n—1\ n—1 _i n o AN re.n—1
= Q[(r X' (") — F (r )) <r 2 (Y — # (r ))}dm_& - (%(r )~ ' (r ))dw
_l ny _ (.0 _ ,n—1 rin—1y n—1
&/Q(%(r) (r" ="YX (r" ) = FH (r ))dcc
1
< n I\ _ gpl(,n—1 ) )
<5 (e —we ) e 6)
Conclusion : Summing (4.1), (5.2), (5.4), (5.5), (5.6) and (5.7) we obtain (5.1). O

5.2 Approximate relative energy inequality for the discrete problem

The exact relative energy inequality as stated in Section 5.1 is a general inequality for the given numerical
scheme, however it does not immediately provide a comparison of the approximate solution with the
strong solution of the compressible Navier-Stokes equations. Its right hand side has to be conveniently
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transformed (modulo the possible appearance of residual terms vanishing as the space and time steps
tend to 0) to provide such comparison tool via a Gronwall type argument.

The goal of this section is to derive a version of the discrete relative energy inequality, still with
arbitrary (sufficiently regular) test functions (r,U), that will be convenient for the comparison of the
discrete solution with the strong solution.

Let us introduce some notations useful for the rest of the paper. Considering a solution (g, u) of
Problem 3.10, and (r,U) € # we define for 0 = K|L € &y

T if uy g >0,
TP = (5.8)
rT otherwise,

where 7 and u, k are respectively defined in (3.42) and (3.13). Note that rs""" is not prescribed for
0 € &ext (it is a consequence of the fact that u, g vanishes for o € &(K) N &ex). Similarly to (3.23)
we define

for o € &y, 0 = K|L |Do| v, = | Do, | " + |Do,L| 77, (5.9)
for 0 € &oxy, 0 € E(K), 1} =rk. '
Fori=1,...,d and € = D,| D, E%()twe set
() prn (@) rrn
P’ UM + (P’ U)o

where 9’((;) is defined in (3.44).

Starting from now, we shall use the following convention for the constants in estimates. We shall
denote by ¢ a positive number which can take different values even in the same formula. It always
depend tacitly on the geometric and structural coefficients

Ta‘Q|7p07poonu’7)‘7’Ya (511)

and if not stated explicitly otherwise, on the characteristics of the strong solution

r,minp, [rr/mn}p pllez (e, [1(m, U)ll# (5.12)
and on
&o,.« in a non decreasing way, 14 in a nondecreasing way. (5.13)

It is always independent of the size of the discretisation 0t and h 4.

Lemma 5.1 (Approximate discrete relative energy). Let (o,u) € Y5t x Xg st be a solution of the
discrete problem (3.10) and (r,U) € & such that Ujpo = 0. Then there exists ¢ only depending on
parameters (5.11-5.13) such that for allm =1,... N:

e | Ug") — (e u’|ry, Ug)
+ 5752 (MHun - U%?Hi%,o + (p+ A divg(u" - Ug)”%%sz))
n=1

<6ty (M[Ug — " Uligo + (1 + \) / div. g (UZ — u™) div.4 UR da:)
n=1

+5t§:/gg"l_1<Ug5Un) (Ug—u —|—5t2/ 'y —0") n%)[atr]"dm
n=1

T

m 3

+6tZZZZ S ol ™(2Y UP)oeD - ng

n=1i=1 Kel j=1 ;c5() (K)

< (R (i = 2 UM (RYPE UM = (2 U1),)

(2

m Qn .
—5t2/gr%p'(r ) B (u™) - Vrm dm—étZ/ M divU" dx + Ry 5+ 5 (5.14)
n=1
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for any pair (r,U) belonging to the class (3.73) such that U|pq = 0, where

9 5l < < 5152@@ : WW,Ug +55tZ||u — U240, (5.15)

n=1

with any § > 0,
| Ry ot | < (Yot + hiy), (5.16)

and where A is given by (3.79).
The notation and all discrete operators employed in formula (5.14) are introduced in Section 3.

Proof. The right hand side of the relative energy inequality (5.1), after a summation over n and a
multiplication by dt, is a sum 25:1 T;, where

T1—5t2< Ug,Ug—u ]1g0—|—(u—|—)\)/diVﬂUgdiv%(Ug—u”)dm>,
Q

n—1 n—1 n
Tg—étZ/ n-1U, U (U‘g 2+U%_ n— 1)dm

m

ngétzzz S FQUU;L(u?—U?)

n=li=l 5eg() ecq(Do)
€= Do‘lD ’

(5752/ ") divU" d,
n n %,(T;L%) - %I(T.n%_l)
T5—5tnzz:l/ﬂ(r/%—g) 5 dxz,

T6—5t2/ div'p (o"u™) %' (r", t) de
n=1"9

The term 77 and Ty will be kept as they are; all the other terms T; will be transformed to a more
convenient form, as described in the following steps.
Step 1: Term Tp. We have Th =T 1 + Ra 1 with

n__ n—1
Ton =6ty 01 Jq anl(U(g (gg > : <U§_1 - “nﬂ) da,

(5.17)
Ron =31, fQ %Qn_lwg - Ugil‘Q de.

)

Thanks to the mass conservation (3.16), (4.12) and the Taylor formula applied to the function t — U (t, x)

between t"~! and t" we easily get

’R271| S C(St (5.18)

where ¢ depends on H@tUHLw([O 7)) and on &y . Let us now decompose the term T ; as

U Un—l
T2 1= T22 + RQ 25 with T22 == 5tZ/ %) . (Ug - ’U,n> dx (519)

and Ry =0t ) " | Ry o where

Ry, = /QQ’H (Fa—Pe _5;];_1) (vgt - vg) - /Q e _5;];_1) (- ) da

By the same token as above, and using estimate (4.15) we may estimate the residual term as follows

|Ryo| < Vit (5.20)
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where ¢ depends on ||0:U || ((0,1)x0)3 and on &g« -

Step 2: Term T5. Using Lemma 3.6 we can write

T3y Y @ v Z S lolerup (S wp - 7 Um),

n=1 i= 1 Kead g(])(K)

int
m 3
+ ot Z Z(Rg,l,l,i +Ry19;) =T31+R31 (5.21)
n=1 i=1

where the reminder Ry, ; and Ry, ; are respectively given by

= > > ((FPU, —@Q PP U ) o (s = (28 U)o — (R = 2 UM)xc)
Ke 55 (K)

in

and

f2i= 2 > (@0, — (39 7)) Uk

ReA el )

d Fiye quly +uly = (PP UMy = (25 U)o
<Y Y (T -

=L s (a0 7 e

— (@A = 2 UM ).

From the definition of 99(/2 and g’g), cf. (3.41), (3.44), we infer that

Rivii= D, D, 4 ||a\’2 (B:(PF UM) ke (0i(ui — P UP)) k ¢
Keal €%<Z)(K)

int

From (3.49) and the definition (3.28) of the discrete derivative, we infer that for any ¢ € {1,2,3} and
K e '
(7 UM)cl < e

where ¢ depends on 71,4 and on [[VU || e ((0,1)x)3x3. Using the Hélder’s inequality we infer that

IREad<e Y Vhololeh [0 (uf — 2L UM 2 ko

oce&!) o=K|L

int?

<e Y VholollDo T o = 2 U)o lle e

v+6 (Dg)
oegV) o=K|L

int>

(4)

where ¢ depends on [|[VU ||z ((0,17)x0)3xs and on n.4. We can write for all o € &,

c1hd < |Dy| < eh3,  c3h? <|o| < ceyh?
, where ¢; and c3 depend on 7,4 in a nondecreasing way and cz and ¢4 depend on 7,4 in a nondecreasing

way, which gives
_7.7% A
Vhelo||Dg| 6 < chiy,

where ¢ depends on 7,4 and where A is given by (3.79). Consequently

Ryl <chly Y l0uu = QUM a@on el o

L378(Dy)’
oe&() o=K|L
0 1 1
A
Bl <ende( X 10 = 2L U ) (X e )"
(@) (i) L7+6 (Do)
c€&, 1, 0=K|L o€, 1, 0=K|L

int? int>
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wherel<p,q<+ooand%+%:1.
If%§7§3,then55—16ZQandwetakeng)S—ZG,q:%inordertoget

n | < cpA4 (T _ (%) n n,n
[R50l < halB:ui’ = P (U 2@l il o o

If v > 3, then % > 2 and we take p = 2, ¢ = 2 in order to obtain

n A n (2) n n, n
|RS 1 14| < chigl|0i(ui® — P’ (U) | L2 (o) ll 0" ||L%(Q),

where the constant ¢ depends on [|[VU]| e ((0,7)xn)s and on 7,4. Finally from the estimates (3.55), (4.9)
and (4.13) we deduce that

N 3
ot Z Z |R§,1,1,i’ < 0h27

n=1i=1
where ¢ depends on [[VU || oo ((0,7)x0)3, 80, and on 1.4. Let us now estimate the remainder 3, 5 ;. Let
K € and let us consider o € &9 (K). Without loss of generality we assume that o = K|L € © Let

nt*

€c E%(Dg) such that € # ex and e N K C o’ € &) for j # i that is € € /170/70 . Since the primal fluxes
vanish on external faces we can assume that € € %l(;)t saying € = o|o”, where ¢” € 2" that is o € Nt -
Let K € J such that o' = K|K. We define 0" € &% such that K = [0"0"] and 0" € &9 such that
K = [0""0]. Finally let L be the primal cell such that ¢” = K|L. We summarize the above notations in

the figure 10.

" | K o L
D,| D.
¢ U””! g e = dlo
Y
" | K o' L

Figure 10: Decomposition of the dual grid

In accordance with the defintion of v and U* we can write

=l = U = (2w}~ 28 UP))|
< clo’| ey (o 10:(i = 25 U + s — 2 U, )

_1 7 n n % n
< ch o' o, Ju (10iCu = 2§ U 2o, ) + 1050 = 2 U)o, ) )

< ch/yh 7} o™ u?
< chiuhy lle uJIIL%(DUI)

(1Bs(ut = 28 UM 20,0y + 050 = L UM 20,0 )
We deduce from the previous computation that

n A n, n n @) rrn n (@) rrn
|R3,1,2,i| < chy 27; E:(.) o Uy HL%(DJOO@(% — P U )HL?(DU/) + 1|18 (ug" = P U )HLQ(DU/))’
IF olcEY

where the constant ¢ depends on 7,4. Finally from the estimates (3.55), (4.9) and (4.13) we deduce, by
the similar argument as for the term R3 11, that

sLyty

N 3
ot Z Z R 104l < chiy,

n=1 i=1
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where ¢ depends on [|[VU || 0 ((0,1)x0)3, &0, and on 1,4. Consequently we have

N 3
5tZZ(| 511l IR 24]) < chfg. (5.22)

n=1 i=1

Evidently, for each face o0 = K|L € &y, ul} j + ulr ; = 0 ; whence,

m 3 3
D=0t > > > D loloy™uze” o
n=1i=1 Kel j=1 ;c5() (K)
5 (%(M)(un 10 Um) ((%(i) P UMk — (9(1) U™)y)
€ i & Yi))o\ P Tg K € o

7 1

Consequently

3
SN Joler (2 U )ee ) ng i

1 Kedl j=1 55 (K)

x (RED () — PP UM (BY) PP UM K — (P UM ,) + Rsa, (5.23)

3 3
where R3 o = 0t Z?:l > i ZKG/% Zj:l Zae%(j)(K)ﬂ%int R?,z,i,K,j,av

NE
Mw

Tg’l =it
134

3
Il

R i kie = ool — (PP UM)eD) - ng (2L () — 20 UM (R 2L UMk — (28 UP)y)
Using (3.49) we infer that for any (,) € {1,2,3}%, K € M,0 € €9 (K) N &y,
\(933(/2 9’(; Uk — (9‘5;’ UMo| < chye,

where ¢ depends on ||[VU || ((0,1)x0)3xs and on 7,4. Consequently we can estimate the general term of
R3 9 as follows
RS2 k50| = |lolo ™ (u— (2 U;‘>a>e<f>'no,f<<%‘g’”<u ~2 UM)o (R 2 U ke~ U7)s)
< el D05l (uy — (2 UM [(RE () = 2 U)o
< el Do | (0 + op)l (w2 — (2§ U)o )||<@ng( up — 2L UmM),)|

<e /D ol — 29 Um)|| 28D (wp — 2 (Ur))| der,

where 0 = K|L € %(j)(K ) N &int. Consequently, using Lemma 3.2, formula (3.65), Holder’s inequality
and then Young’s inequality, we infer that

m 3 3
Ryanl<citS 3% /Q o"u? — 2 (UM ReT (uf — 2P (UP))| da

n=1i=1 j=1
m 3
1/2 noonln Y2 pid) g n i) (rrn
_cétZZZHQ 3520y (€™ u i, UR) ) 1 267 (i = P U)o
n=1i=1 j=1
m 3 3
1/2 noonln Y2 i) (rrn
<ot DS 0 e (€0 w |, UR)) = 2 U g0
n=1i=1 j=1

RO

where ¢ depends on ||[VU || 1 ((0,1)x0)s &o,.4 and on 14.

m
s UE) +6 0ty |lu" —Ug|f 50
n=1

33



Step 3: Term T5. Using the Taylor formula since p € C%(R* ) we get

1
T () = () =Rk =) = 5 X R0k - i

where 7% € [min(r% !, r%), max(ris !, r%)]. Consequently T = Tk 1 + Rj1 with

" "(r e, —r
T =a [ - P el g (5.21)
n=1 M

and

n, K 1 —n (T — TR 1)2 n n
Rs1 —5t2 Z R51 » By = §|K|%W(TK)KTK(QK_TK)'
n=1 Kel

By the first order Taylor formula applied to function ¢ + (¢, 2) on the interval ("1, ¢"), thanks to the
relation (2.3), to the mass conservation (3.16) and (4.12) we have

|Rs1| < cdt (5.25)

where ¢ depends on |97 (@) and on &o 4.
Let us now decompose T5 1 as follows: T5 1 = T5 2 + R52 with

T52—5tz Z/ 'y — u )[8tr]"d:z, (5.26)
M

n=1 Kell

and
n—1

Rs59 = 5t2/ /”) (7"/% _(Str/% [&sr]”) dx

Using twice the Taylor formula, the Fubini Theorem and Hoélder’s inequality, we can obtain, as in [24],

[Rs o) < cot, (5.27)

where ¢ depends on r, T, H8t2r||L1(0 7.7 () and on o .

Step 4: Term Tg. Using the local conservation of the flux through primal faces, we may write

T6—T61+R61, Rﬁl—étzz Z RnaK, with
n=1 Kel cc&(K)

=5y S Ik () - #60) Jul . and (5:28)

n=1 UE%(K)ﬂ%int

R = Jol (a5 = o ) (203 = /(57 Jui e, 0 € E(K) N B
Motivated by (4.16), we find for 0 = K|L € &ipt
|RgT| < ev/hualol
% ( o™ — g lupy w15 ">1\ﬁ (o + o)D" \/7’
maX(QK,Q )(2 y)+/2 o, K K L
+ g — o] \uaKugodf,/yuaK) (5.29)

where ¢ depends on r, || V7| oo ((0,7)x0)s and where the numbers @) are defined in Theorem 4.1. Here we

have used the first order Taylor formula applied to function #’ between endpoints '} L r"~1. Conse-
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quently the Holder and Young inequalities give

m nup _ n \2
Rl <c/hantd [( 2 ol k) |ug,K|1{5321})1/2

1 2-n*
n=1 K€l c=K|LEE(K) max (¢ of )

(XY el )

Kedl 08 (K)

(Z > lollg - )2’“3%!1{@3@}) (Z > Jolhe IuJKI) }

Kedl o= K|Le‘£§ K) Kedl 0€&(K)

nup __ n
<CM5tZ [( o> el (an nQK)_ [ug | 1gn>1

2=+
n=1  KeMl o=K|Le#(K) max(¢%, eF)

(32 K1 ) (S ool )

(5.30)

Keu oe¥
1/6
Y el - o) bkl gy + 1217 ( Y lolholuz ) ]
Kedl co=K|Le&(K) o€&

<cvha

provided v > 12/11, where ¢ depends on 1,7, | V7| oo ((0,7)x2)3; &0, Here we have used estimate (4.16)
and estimates (4.10), (4.12) of Corollary 4.1.

Let us now decompose the term 751 as Ts1 = T62 + g2 with

To2 = 5t2 S D> elek e = Dl g, (5.31)
n=1 K€M c€&(K)NEint
where
Ria= 53 Y Y RN
n=1 K€M occ&(K)NEiny
and

Ry = |olhe (/57" = 7/ (2 ™) = 2" (i) =) Yt

Therefore, by virtue of the second order Taylor formula applied to function #’, Hoélder’s inequality
and (3.49), (3.50), (4.9), (4.13) in Corollary 4.1, we obtain,

|Ro2| < cha (5.32)

where ¢ depends on 1,7, || V7| oo ((0,7)x )3, &0,z and on 1.4.

Let us now deal with the term Tg 2. First of all, let us remark that / vr'lde = Z || (ri—t —
K

c€&(K)
% 1)n07 k- Therefore we may write
Ts2 =163+ Re 3,
with
To sz = —5t2/ " () Ry (u) - Ve de, (5.33)

where % 4 is defined in (3.64) and where the remainder Rg 3 is given by

Ra=3 55 X ol - — (0 e e

n=1KeMl j= lggg(J) (K)
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By virtue of (3.49) and (3.50)
m 3
\MSszZZ§jmme3deZmewm
n=1Kell j=1 oc8()(K n=1j=1 Ked
By virtue of the Holder’s inequality, (4.9), (4.12) in Corollary 4.1 we have for v > 2
|R6,3| S Ch/%.
By virtue of the Holder’s inequality, (4.9), (4.12) in Corollary 4.1 we have for % <y<2

5y-6 M 3
[Rosl <chg 6t > > 0"l 10565 | 2y

n=1j=1 Ked

5;;6 m 3 ) 1/2
<ch, 57522”5]%?”@(9)( > HQ”Hm(zQ)

n=1j=1 Kea
57-6 m 3 5v—6
<chg ot a5l oy le iy < chg
n=1j=1
Consequently
|R 3| < ch’y (5.34)
where ¢ depends on 1,7, | V7| oo (g,.r8); E0.4 and on 1,4 and where A is defined in (3.79).
Finally we write Tg 3 = T5 4 + Rg 4, with
m /(0T
To4 = —0t Z/ gnw Ru(u™) - Vr'de,
—JQ "
=t (5.35)
Re 4 = 5152 /Q Qn(%”(T%)VTn — %"(rf%_l)Vr"_1> - Ru(u")de,
n=1
where by the same token as above the remainder Rg 4 satisfies
|Re 4| < cét. (5.36)

Here th tant ¢ d d T 0, o 0, d Eou-
ere the constant ¢ depends on 7,7, V7, 0¢7 || oo ()75 |l terLonLBW—G(Q) and on &g«

We are now in position to conclude the proof of Lemma 5.1: we obtain the inequality (5.14) by gathering
the principal terms (5.19), (5.23), (5.26), (5.35) and the residual terms estimated in (5.18), (5.20), (5.22),
(5.25), (5.27), (5.30), (5.32), (5.34), (5.36) at the right hand side .°_, T} of the discrete relative energy
inequality (5.1).

0

6 A consistency error

This section is devoted to the derivation of a discrete identity satisfied by any strong solution. This
identity is stated in Lemma 6.1 below. It will be used in combination with the approximate relative
energy inequality stated in Lemma 5.1 to deduce the convenient form of the relative energy inequality
verified by any function being a strong solution to the compressible Navier-Stokes system. This last step
is performed in the next section.

Lemma 6.1 (Consistency error). Let (0,u) € Y4 5t X Xg 5t be a solution of the discrete problem (3.10).
Let (r,U) belonging to the class (3.73) be such that Ui ryxan = 0 and satisfies (1.1). Then there evists
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¢ depending only on parameters (5.11-5.13) such that for anym = 1,..., N, the following identity holds:
5ty (M[Ug, u" — Uligo+ (1 + M) / div U™ div.g (u" — UL) dm)
n=1

Un 1
+5tz/ “E T8 (y" - UD)de
3

m 3
ot S NS S el (@ U)o ng (G (i — 2 UT)),
n=11

=li=1 Kedl j=1 5e5() (K)

< (G U, — (R 28 Ul)|
+ 5t2/ )divU™ da: + 5t2/ P () Ra(u) - V' de+Hy 5 =0, (6.1)
where the remainder F st satisfies

| 5 < c(h% + &s).
Proof. Since (r,U) satisfies (1.1) and belongs to the class (3.73), Equation (1.1b) can be rewritten in the

form

roU +rU - VU + Vp(r) = pAU + (p+ A\)VdivU in (0,T) x Q. (6.2)

We write equation (6.2) at ¢ = ", multiply scalarly by u™ — UZ, and integrate over Q2. We get, after
summation from n = 1 to m, 2?21 @Q; = 0, where

Q=Y /Q U™ - (u” — UZ) da,
n=1
Q2 = 6t§:/ PUT VU - (u" — U de,
Q3—5t2/vp (u" — Ug)dz
Qs = —5tZ/QuAU" (u" — UL da,
n=1
Qs = —5tzm:/g(u + AV divU" - (u" — Ug) de.

An adaptation of the proof of Lemma 7.1 in [24] gives

Q1+Q3—6t2/

Un 1
—& "€ (4" -UZ) d:c—i—(StZ/ ) divU™ da:

+6t2/ P (™) Ry (™) - Vit da + Ry, (6.3)
_ Q

where the remainder R, satisfies
IRy < c(h/% + 5t>.

and where the constant ¢ depends on 7, [p[c2(jr5), | V7 || Lo (0.1 x9)» [10:U | o< ((0,1)x2)» VU || Lo (0.1) x )

and on ||0?U || H@tVUH &0,u-

L2(0,T5L5 (@ L2(0,75L8 ()
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By virtue of the Stoke’s formula we transform the term Q4 as follows, using (3.38), (3.40) and
delel = [Del,

m 3
:—5tZ/MAU" u" — UP) dm_—étuzzz Z/ —U”u — @V um) d

n=11=1 j= leeg()
eleld

m 3
zawzzz > dele] (B (uf — PpQUm) DEH/a U dy

n=1 =1 j 1 eeg(z
ele@

m 3 3 )
=5tu > 33" ST dlle|(®(uf — P UMb, (6;(PY UM)p, + Ry g

n=1 =1 j 1 Eeg(z
ele@

n=1

where the remainder Ry is given by

m 3 .
R3S Y el — 20 U i | v ar = v,

n=11=1 j=1 66%’( i)

elel@
Moreover by virtue of (3.51) and (3.52) in Lemma 3.3 we can write for e = 0‘|O‘ € %fni, el el
(0, 951)U" —/U”d —l(U-(:c ) —Ui(x ))—iU”(m)—I—R”
D 8.%'J Y d. i\Lo i\Lo 8:(}j i € €
9 0 n
= TJ;JUZ (CCO-O—) 871;]U (wg) + R€7

where x, , € x,x, and where the remainder R} satisfies

Note that the case € € %f;)t can be treated in the same way. Consequently we have inequality

1 a Z’ . . ~ . .
‘@ /axUzn dy —(9; g)(g) U{")p. V(i 5) € {1,2,3)2, Ve € €0, ¢ 1 eV,
e 0Tj

where the constant ¢ depends on ||[V2U|| Le((0,7)xQ)- Lherefore

m 3 m
|Ry| < ch/mzzz S D@ (uf — PP UM)p,| < chadt Y [u —
n=1

n=1i=1 j=1 ecg (i)
eleld)

Consequently by virtue of (3.55) and (4.9) we have
Qi=16tY  plUg,u" —Ugligo+ R, (6.4)
n=1

where the remainder Ry satisfies
|R4| S ch /A

with ¢ dependent on ||[VU | e ((0,1)x0)> ||V2U||Loo((07T)XQ), N and Eo .
The term @5 can be treated exactly in the same way as 4 in order to obtain

Qs = —5tZ(,u + ) / divU" div 4 (u" — Ug) dx + Rs, (6.5)
- Q
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where the remainder Ry satisfies
’R5’ S ch VA

where the constant ¢ depends on [[VU]| 1 ((0,1)x0)> ||v2U||Loo((0’T)XQ), N and on &o g .
Let us deal with the term Q2. We have

m 3 3
=Y SN % / (29 PD U 0, UMRG) (wk — PO (UI) ke dae + Ro

n=1i=1 j=1 Kc.

where the remainder Ry ; is given by

Rop =0ty /Q(r” — P y(r"NU™ - VU" - (u" — Pg(U™)) da
n=1
+6ty /Q Pa(r™ (U™ = Ry PeU™) - VU™ - (u" — Pg(UM)) da
n=1

+5t2/99’/%(r”)%% PeU" - VU" - (u" — Pe(U") — Ry(u" — Pg(UM))) de.

By virtue of (3.53), (3.54), (3.67) and (4.9) the remainder Ry ; satisfies
|Ro1| < chou,

where the constant ¢ depends on 7, ||Vr[|Loo(0,7)x)s 1U || oo (0,7)x )35 VU || o< ((0,1)x02) and on &o .
Using the Stoke’s formula we infer that

m 3

515222 3 / ri(RY) PP UM g0 U(R ) (uf — PP (UP))) K A
n=1i=1 j=1 Ked
m 3 3
_ tzzz Z Z [’UV%(@(J)Q(J) U™k

n=li=1 j=1 Kel 5cg) (K)
% (P Uy — (29 2D UM ) - ng i (BD (@l — 2D (UP)))x

where we have used the identity

/8U”d:c_/ 0;(Ur — (R 2LV U ) da.

Finally keeping in mind the definition of the quantity ro""" (see (5.8)) we obtain

m 3 3
DYDY 20 Uupi(2f) U)o — (5 2 U ic)e? - ng
n=li=1 j=1 Kel 5c5) (K)
x (R (u = 2L (UM))k
=3ty 3> [rorr" (P UM (P UMy — (2 P UM K)e) - np i
@on _ gl rm
X (R (ui — Py’ (U")) i | + Ra2,

where by virtue of (3.49), (3.50) the remainder Ry satisfies

[Rao| < 65752/9 | P& U"|||| Bau(u” — Pe(U"))]| dez,
n=1
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where ¢ depends on || V7| e ((0,1)x0) and on ||U ||z ((0,1yx0)3- Consequently by virtue of (3.67) and (4.9)
|R2,2| <chy.
Now we write

m 3 . . . . .
33y Z > ol (20 U)o (25 U)o — (85 2 UM ic)e? - ng i

int
< (29 wi = 20 (U)«]
m 3 3
SO S [lolra @l Up)eeD no i
n=11i=1 j=1 Keu E%S;E (K)
(i.9) (i) prn G) prmy— (p® o) prm
X (R (ui — P U))o((Pg" Ui')e — (R P Ui') k)| + Rag,
where by virtue of (3.49), (3.66), (3.67) and (4.9) the remainder Ry 3 satisfies
m 3 3 ) ' ) ] )
Rog=5t>. 33 3 [|a|r“ w( 2D Ur),el) g 1 (20 UM, — (29 2D U e)
n=li=1 j=1 K&l ;cg0) ()
x (At — PPUM))x — (A (i — 20 U)o

Consequently

m 3 3
Rosl <ot 3N S el @Y ur), — (2D 28 Uk

n=1i=l j=1 Kedl ;g0 i)
< () = 2L WUk — (g} = 2 U)ol
From (3.49) we infer that for any (4,5) € {1,2,3}2, K € M , 0 € %l(nz( K),
(P U)o — (g P U] < chic,

which gives

m 3 3
IZRE S Jolhol(#Y (uf — PP UMk — (RE) (wl — PP U

n=1i=1 j=1 Ked UE%(J)(K)

int

m 3 3
<chattY 33N s — 2L UM o

n=1i=1 j=1 Ked O'Gg(jg (K)
The latter inequality yields, by virtue of (4.9) and (3.55),
|Ro 3| < chu

where ¢ depends on T, U/l oo (0,1)x0)%, | V7| Lo ((0,1)x02) VU || oo (0,1 x ), 0,2 and on 1,4. Conse-
quently

m 3
a-a3Y Y ¥ (Ior2( Y U7 )oe - (259 (0} — 22 UF))
n=11i=1 Ked j=1 5ex()(K)
< (2P UDe — (A 7P UNK)) + Re (6.6)

where the remainder Ry satisfies,
’RQ’ S ch VA

Summing (6.3) and (6.6) we obtain the expected result, that is formula (6.1).
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7 End of the proof of the error estimate Theorem 3.2

In this Section we put together the relative energy inequality (5.14) and the identity (6.1) derived in the
previous section to obtain a discrete version of inequality (2.16). The final inequality resulting from this
manipulation is formulated in the following lemma.

Lemma 7.1. Under assumptions of Theorem 3.2 there exists ¢ depending on parameters (5.11-5.13)
such that for allm =1,... N, there holds:

¢(o™, u"|rly, Ug") + ot Znu -

< c[h% + Vot +&(°, uolr%, qu)} + cdtz E(™ u"r’y,, Ug),
n=1

where A is defined in (3.79).
Proof. Gathering the formulae (5.14) and (6.1), one gets

&0 w1 UF) — €(e" u”| %, U) + not 3w — U3 < P1+ Pot Po 40, (1)
n=1

where
i L ur—urtt
P =6ty / R (Ugg - u”) de,

3
> Y (e @S U)oet i
n=1i=1 Kell j=1 ;c£() (K)

< (@ (2 (U — ui e (R 2 Uk = (2§ U1)) ).

993:5152/ p(r"y) ))leU”da:

P PSRN [
(S0 0 Ry - i+ L ) 0" da,
V4 T

and where the remainders %7, 5,, 7 5, and Zy 5, are explicited in Lemma 5.1 and Lemma 6.1.
Step 1: Term 9. Writing & =ty " | P}, an application of the Taylor formula and of Lemma
2.1 gives, since v > g:

27| < /Q "t =l " — Ug|d
< [ GfE@ )+ B ) - Ul do
5/6
. /E 1) 3/5+E(Qn—1\r§”—1)dx) | w" — Ug oo ms)
C n—1 n—1 n—1
<[ e ae)™ + [ pe i de] + 61 - s
0L\ Jq
<

n—1  n—

€(o" L u el L U T 4 dlfu” —

sz\ﬁ

with any 0 > 0, where ¢ depends on 1,7, [|OU]|| Lo ((0,1)xq)s- Here we have used Lemma 3.2 to get a
bound on ||u" — U§\|i6(ﬂ)3 by [|[u"™ — Ug”%,g,o’ the Jensen inequality and the Young inequality to perform
the before last inequality. Consequently

C
|931|§5( &, rﬂ‘u U?) +5th»:g,

"ty UR)) + 6 3yl - Uy (72)

n=1
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Step 2: Term P,. We write Py = 0ty " | P5 where Lemma 2.1, the Holder inequality yield, since

l\D\CAD

Y2

3 3
Py < e ZZZ ST hilollelt® — || (uf — PP (UM)))o

J=L Kedll 6eg0) (K)NEiny

<Z > ‘U\hcr(E(QZ’“"!?“?’“")>1/2+

KeM 0€&(K)NEint

(X X lolnontemim)™]

KeM €& (K)NEint

3 3
(XX Y hlelle e - 2 wror)

1= 1] 1 Kea eg(])(K)

int

where ¢ depends on [[Ul|| e ((0,1)x0)3s VUL ((0,7)x0) and on n.4. Next, we observe that the con-
tribution of the face 0 = KL to the sums } rc 4 > oex(k) |0lhe E(oy p|7“" "P) is less or equal than
2lolhe (E(0k %) + E(0}|r})). Moreover using (3.59) and (3.65) we have

3 3
/
(XSS S wloli@? - 2P @mel?) " < e ~ Ugllsiop < cllu” — Ug s

i=1 j= lKG/%UEg(J)(K)

int

where the constant ¢ depends on 77, in a nondecreasing way.
Consequently, we get by the same reasoning as in the previous step, under assumption vy > 3/2,

(7.3)

u|ry, Ug) +66t Y [u -

n=1

c m
|Ps| < Sétz €(o",
n=1

where ¢ depends on 7,7 [|U || (0.7)x€)3 VU] Loo 0,1y x0)e and n.4 in a nondecreasing way.
Step 3: Term 3. Since the pair (r, U) batlbﬁeb continuity equation (1.1a) in the classical sense, we
have foralln=1,..., N,
[Opr]" + U™ - Vr" = —r"divU",

where we recall that [0,7]"(z) = 0y (t", z) in accordance with (3.77). Using this identity, we write
m
Py =Py1+ Pyo+ Pys, Py;=6ty Py,

with 25, == [ (e = H(020)(e" = ) = plo%e)) div U de
)
932 = / /%#Qp/(r%)(g%%(un) — U™ - Vr"de,
Q Ty

and P43 = / Wp’(rﬁ%)(rﬁ% —r")divU" de.
Q Tu

From the asympototic behaviour (1.5) for large values of density and Lemma 2.1 we easily deduce that

|P3.1| < ot Z (0",

n=1

urm, UR). (7.4)

where ¢ depends on r, 7, min, 7 p, miny,. s 97 p’ and [|[VU || o ((0,7)xq)- From the total mass conservation
(3.16) and (3.50) we deduce
|P33] < chou, (7.5)

where ¢ depends on 1,7, ||V7|| g (0,7)xQ)3s VU || Loo((0,7)x0)3 and on & 4.
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Last but not least, the same reasoning as in Step 2 leads to the estimate

c m m
(Paal < 5 (ha +5t Y €™ u" |, UR)) + 06t Y lu” = Ug |3 .- (7.6)
n=1 n=1

with any 6 > 0, where ¢ depends on 1,7, V7| Lo (0,1)x0)3: VU Lo ((0,r)x0)3 and on &y 4 in a non
increasing way. Gathering the formulae (7.1)-(7.6) with ¢ sufficiently small (with respect to u), we
conclude the proof of Lemma 7.1. O

Finally, Lemma 7.1 in combination with the bound (4.14) yields

m—1
E(e", u™|rm,, Ug) < c(hj‘% + 0t + @(QO,UO’T_O%, Ug)) + ot Z E(", u" |y, Ug)
n=1

whence Theorem 3.2 is a direct consequence of the standard discrete version of Gronwall’s lemma. The-
orem 3.2 is thus proved.

A Existence of a discrete solution

This section is devoted to the proof of Theorem 3.1. Indeed, Theorem 3.1 is an easy consequence of
Proposition A.1 below.

Proposition A.1. Consider a MAC grid & = (M, &) of Q of size hy. Let 5t > 0. Let p : R — R
such that p € Cl(Ri), Let (0*,u*) € Ly x Hg g such that o* > 0 a.e in Q. Then there exists (o,u) €
Ly x Hg o such that 0 > 0 a.e in ) which satisfies

1 * .o u
50— 0") +divy(ou) =0, (A.la)

1 : ~ (1) 4 . (G i
a(@“)ui — Q*( )ui) + dlvé)(guui) — ,uAc(g)ui

— (+AN)0;divg u+9;p(p) =0, Vi=1,...d. (A.1b)
Let us state the abstract theorem which will be used hereafter to prove Proposition A.1.

Theorem A.1. Let N and M be two positive integers. Let €, C1 and Co three real numbers with
0<e<Cy Cp>0. Let || - || be a norm over RN. One defines V. and W as follows:

V={(z,y) e RN xR y >0},

W ={(z,y) e RN x RM, ||z|| < C} and e < y < Cy},

where, for any real number c, the notation y > ¢ means that each component of y is greater than c. Let
F be a continuous function from V x [0,1] to RN x RM satisfying:

1. V¢ € 10,1], if v € V is such that F(v,{) =0 thenv € W,
2. The equation F(v,0) =0 is a linear system on v and has a solution in W.
Then there exists at least a solution v € W such that F(v,1) = 0.

Theorem A.1 is an easy consequence of the topological degree theory (see, for instance [8]). Indeed, F'
is a continuous mapping from W x [0, 1] to RY x RM The set W is a bounded open subset of RY x RM.
Hypothesis 1 gives that the degree of the application F'(-,() on the set W with point 0 is independent
of ¢, for ¢ € [0,1] (this is due to the fact that F(v,{) = 0 has no solution on the boundary of W).
Hypothesis 2 gives that the degree of the application F'(-,0) on the set W with point 0 is non zero. The
conclusion is that the degree of the application F'(-,1) on the set W with point 0 is non zero and this
gives that there exists v € W such that F(v,1) = 0.
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Proof. The proof Proposition A.1 uses Theorem A.1. First, we remark that an element v of Hg o can be
identified to its degrees of freedom, namely the set of vy, o € %i(rft), i € [1,d], so that Hg ¢ is identified
to RY where N is the number of degrees of freedom. Similarly an element g of L 4 can be identified to
its degrees of freedom, namely the set of qx, K € M, so that L4 is identified to RM where M is the
number of degrees of freedom.
Let us define
V={(u,0) € Hgo X Ly, ox >0VK € M}.

and consider the mapping

F:Vx [0,1] —)H&()XL%
(u,0,¢) = F(u,0,¢) = (u,0),

where (u, 9) € Hg o x L4 is such that

ok k
/ﬁ'vdw_/‘wdfu'Ud$+u[u,v]17g70+(ﬂ+)\)/diV‘/%’udiVﬂ’UdCC
Q Q

Q
+C / divg(ou @ u) - vdx — (/ p(o) div.y vdx, Vv € Hg, (A.2a)
Q Q
A _ 0— Q* ._up
0 qgdx = gdx + ¢ | div,/(ou) qdx, Vg € Ly. (A.2b)
Q o Ot Q

Any solution of F(u, p,1) = 0 is a solution of Problem A.1. Note also that in (A.2a) the fluxes F¢ »(o,u)
which determine diveg (ou ® u) are constructed from the fluxes F, x (o, w) which determine div'};(ou) as
in (3.19) and (3.20).

It is easily checked that F' is indeed a one to one mapping, since the values of 4;;4 = 1,--- ,d, and
0 are readily obtained by setting in this system v; = 1p_, v; = 0,5 # ¢ in (A.2a) and ¢ = 1x in (A.2b).
Moreover, the mapping F' is clearly continuous.

Let (u,0) € Hg o x Ly and ¢ € [0, 1] such that F(u,,{) = (0,0) (in particular o > 0). Then for
any (v,q) € Hg o x Ly,

[ vda ¢ [ divelousw) v+ plusolag
0 ot 0

+(/L+)\)/div/%udiv/%vdaz—g“/p(g) divgyvde =0 (A.3a)
Q Q

ok
/ e—e gdz + C/ div'y (ou)gdx = 0. (A.3b)
o Ot Q

Taking ¢ = 1 as a test function in (A.3b), and using the conservativity of the fluxes we obtain

/ odz = |loll ) = / o*dx > 0. (A4)
Q Q

This relation provides a bound for ¢ in the L' norm, and therefore in all norms since the problem is of
finite dimension.
Taking w as a test function in (A.3a) and following the proof of Theorem 4.1 gives

[ulligo < Ch (A.5)
where C7 depends only on the data of the problem. Now a straightforward computation gives

ok minge .y |K|minge s 05
B |Q’ + 6t Zoé%im,O':IﬂL |’U,0-7K|

Consequently by virtue of (A.5) there exists ¢ > 0 such that

ok > ¢ VK € M, (A.6)
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where € depends only on the data of the problem. Clearly from (A.4) one has also

Jo o dx

< — VK € M.
minge g | K|

Then, there exists Cy > 0 such that
ok <Co VK € M. (A.7)

This shows that Hypothesis 1 of Theorem A.1 is satisfied with W defined by
W ={(u,0) € Hg o x L 4 such that lul| < C1, € <0< Ca}.

We prove now that Hypothesis 2 is satisfied. Let ¢ = 0 the system F'(u, 0,0) = 0 reads:

ot
0K = 0, VK € M. (A.8b)

ou — o*u* . .
———— vdx+plu,v)igo+ (p+A) | divgudivgvde =0, Vo € Hg, (A.8a)
Q Q

Equation (A.8b) gives p and Equation (A.8a) is a linear system on u which has clearly one and only one
solution. This solution (u, p) belongs to V' (since p* > 0). Then, thanks to the previous estimates, one
has (u, p) € W. This proves that Hypothesis 2 of Theorem A.1 is satisfied. We may apply Theorem A.1
and this concludes the proof of Proposition A.1.

O

B Error estimates for a class of staggered schemes

In this section we present some alternative numerical schemes for the approximation of problem (1.1)-
(1.5), called staggered schemes. It is intended to provide basic notions for these schemes in order to be
able to state the main result. It is not intend to be self contained.

The space discretization in these schemes is staggered using nonconforming low-order finite element
approximations, namely the Rannacher and Turek element (RT) [39] for quadrilateral or hexahedric
meshes, or the lowest degree Crouzeix-Raviart element (CR) [7]| for simplicial meshes. We invite the
reader wishing to read more about the discretizations of compressible flows via the staggered schemes to
consult [21], [12], [20], [26].

By the approach presented in this paper, it is possible to establish for these schemes similar error
estimates as those established in Theorem 3.2 for the MAC scheme. The exact result is stated in Theorem
B.1. This is possible due to the fact that the structure of staggered schemes and the MAC scheme present
many common features as was shown in [30], where the authors have developed a uniform formalism for
all above mentioned staggered schemes. To prove Theorem B.1, it is therefore enough to follow for these
discretizations the same process whose great lines are described after Remark 2, bringing to light the
same leading terms both in the relative energy inequality and in the consistency error estimates. This is
the main idea beyond the proof of Theorem B.1. Its realization, however, remains still laborious.

B.1 Space and time discretization

From now, let  C R? be a bounded polyhedral domain. Let . be a decomposition of the domain
2 in non-degenerate quadrilaterals (d = 2) or hexahedra (d = 3) or simplices, both type of cells being
possibly combined in a same mesh. By &(K), we denote the set of the edges (d=2) or faces (d=3) o of
the element K € . ; for short, each edge or face will be called an edge hereafter. The set of all edges
of the mesh is denoted by &; the set of edges included in the boundary of ) is denoted by &yt and
the set of internal edges (i.e & \ &ext) is denoted by &in. The decomposition . verifies the following
assumption: Q = Uge s K; if K,L € #,then KNL =0, KNLis a vertex or K N L is a common edge
of K and L , which is denoted by K|L. For each internal edge of the mesh 0 = K|L, nk, stands for the
normal vector of o, oriented form K to L (so that nx;, = —npk). By |K| and |o| we denote the (d and
d — 1 dimensional) measure, respectively, of an element K and of an edge o, and hx and h, stand for
the diameter of K and o, respectively. As in the MAC case, we measure the size of the mesh through
the parameter h 4 defined by

h.y :max{hK,KE ﬂ}, (Bl)
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where hg stands for the diameter of K. We measure the regularity of the mesh through the parameter
0.4 defined by

Ouw = min{fb—K, Keu}, (B.2)
K

where £ stands for the diameter of the largest ball included in K.

Let us briefly describe the Crouzeix-Raviart element for simplicial meshes (see [7| for the seminal
paper and, for instance, [9, p. 83-85], for a synthetic presentation), and the so-called ’rotated bilinear
element’ introduced by Rannacher and Turek for quadrilateral or hexahedric meshes [39]. The reference
element for the Crouzeix-Raviart element is the unit d-simplex and the discrete function space is the
space P; of affine polynomials. The reference element K for the rotated bilinear element is the unit
d-cube (with edges parallel to the coordinate axes); the discrete function space on K is @ﬂf( ), where
Q1(K) is defined as follows

@1(K) = Span{l, (xi)z':l,...,ch (563 - $22+1)i:1,...,d—1}-

For both velocity elements used here, the degrees of freedom are determined by the following set of nodal
functionals:

1
{mei, 0 €E(K), i=1,..d}, myi(v)= H / vide, v = (v1,...,vq)}. (B.3)

The mapping from the reference element to the actual one is, for the Rannacher-Turek element, the
standard ()1 mapping and, for the Crouzeix-Raviart element, the standard affine mapping. Finally, in
both cases, the continuity of the average value of discrete velocities (i.e., for a discrete velocity field v,
mei(v), 1 <i < d) across each edge of the mesh is required, thus the discrete space Weg o(€2) is defined
as follows:

Wi 0(Q) = [Weo(Q)]? = {v € L*(Q)%, VK € M, ve € W(K)? and Vo = K|L € &y,

ma,i(v|K) = ma,i('v|L)7va S %exta ma,i('v) = 0}

where W(K) is the space of functions on K generated by @ﬂf( ) through the @1 mapping from K to
K for the Rannacher-Turek element and the space of affine functions on K for the Crouzeix-Raviart
element.

From the definition (B.3), each velocity degree of freedom can be uniquely associated to an element
edge. More precisely the degrees of freedom for the velocity components are located at the center of
the faces of the mesh. Hence, the velocity degrees of freedom may be indexed by the number of the
component and the associated edge, and the set of velocity degrees of freedom reads:

{u,, o0 € &}.

Finally, we need to deal with the Dirichlet boundary condition. Since the velocity unknowns lie on
the boundary (and not inside the cells), these conditions are taken into account in the definition of the
discrete spaces by setting zero to the velocity unknows that lie on the boundary

Vo € Eext, u, = 0. (B.4)

Since only the continuity of the integral over each edge of the mesh is imposed, the functions of W ((€2)
are discontinous through each edge; the discretization is thus nonconforming in H'(Q)?.
We denote by ¢, the function of Wg (€2) such that

/ o dy = |0'|84 4 for any o,0" € Eipy - (B.5)
o-/

The degrees of freedom for the density (i.e. the discrete density unknowns) are associated to the cells
of the mesh ., and are denoted by:
{QK; K e ﬂ}
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We now introduce a dual mesh, which will be used for the finite volume approximation of the time
derivative and the convective terms in the momentum balance equation. In contrast with the MAC
scheme, the dual mesh is the same for all velocity components. When K € / is a simplex, a rectangle
or a cuboid, for o € &(K), we define D, i as the cone with basis o and with vertex the mass center of
K. We thus obtain a partition of K in m sub-volumes, where m is the number of faces of the mesh, each
sub-volume having the same measure |D, x| = |K|/m. We extend this definition to general quadrangles
and hexahedra, by supposing that we have built a partition still of equal-volume sub-cells, and with the
same connectivities. Note that this is of course always possible, but that such a volume D,  may be no
longer a cone; indeed, if K is far from a parallelogram, it may not be possible to build a cone having o
as basis, the opposite vertex lying in K and a volume equal to |K|/m. The volume D, f is referred to
as the half-diamond cell associated to K and o.

For 0 € &in, 0 = K|L, we now define the diamond cell D, associated to o by Dy = Dy i U Dy 1; for
an external face 0 € Eey NE(K), D, is just the same volume as D, . We define the space Sg(Q2) of
vector valued functions constant on every D,, o € & We denote by Sy ((£2) the subspace of functions
from Sz () that are zero on every D,, 0 € &ext. We then introduce the following operator

g’g : ng’o(Q) — S&Q(Q)
u+— Pgu = Z us, Lp, (), (B.6)

0€&int

which is clearly a one to one mapping.

The density on a dual cell is given by:

for o € &y, 0 = K|L |Do| 0p, = |Do,i| 0K + |Do,1| 0L,

for 0 € ext, 0 € E(K), 0p, = OK-

(B.7)

and we denote

0= o, Ip,(®).

oe®

For the the time discretization of problem (1.1)-(1.5), we consider a partition 0 = t0 < ¢! < ... <
tN = T of the time interval (0,7, and, for the sake of simplicity, a constant time step ot = t"* — t"~1;
hence t" = ndt for n € {0,---,N}. We denote respectively by {ul,0 € &int,n € {0,---,N}}, and
{0}, K € M,n € {1,---,N}) the sets of discrete velocity and density unknowns. For o € &y, the value
u” is an expected approximation of the mean value over ("1, #") x D, of the velocity of a weak solution,
while for K € / the value g% is an expected approximation of the mean value over (t"1t") x K of
the density of a weak solution. To the discrete unknowns, we associate piecewise constant functions on
time intervals and on primal or dual meshes, which are expected approximation of weak solutions, For

the velocity, this constant function is of the form:

N
u(t,x) = Z Z Uy X, (2) Lgn—1 4n) (1),

n=10€&

where Z{yn-14n) is the characteristic function of the interval ("~ ¢*). We denote by Xg 5: the set of
such piecewise constant functions on time intervals and dual cells. For the density, the constant function
is of the form:

o(t,x) = o for x € K and t € (t"" 1",

and we denote by Y 4 5; the space of such piecewise constant functions.

For a given u € Xg s associated to the set of discrete velocity unknowns {u},oc € &n,n €
{1,---,N}}, and for n € {1,---,N}, we denote by u" € Sg(Q2) the piecewise constant function
defined by u"(x) = u}} for € € Dy, 0 € &y In a same way, given p € Y4 5 associated to the discrete
density unknows {0}, K € M,n € {1,--- ,N}} we denote by ¢" € L4 the piecewise constant function
defined by 0" (x) = o) forx € K, K € M.
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We consider an implicit-in-time scheme, which reads in its fully discrete form, for 1 < n < N and
1<i<d:

5(@” — 0" 1) +diviy(o"u") = 0, (B.8a)
L — n /—\1 n—1 : n, n n n
5(0’"‘“ — 0" ") + divg (0"u" ® u") — pAgu

— (b + N Vg divg u" + Vgp(e") = 0, (B.8b)

where the terms introduced for each discrete equation are defined hereafter.

B.1.1 Mass balance equation

As for the MAC scheme, equation (B.8a) is a finite volume discretization of the mass balance (1.1a) over
the primal mesh. The discrete "upwind" divergence is defined by

diVl/l%p : S/%(Q) X S&Q(Q) — Sﬂ(ﬂ)
(Q) )'_>le./% Qu Z Z FO‘K Qv ‘%'K) (Bg)
KG./% UE% (K)

where Fj,; i (0,u) stands for the mass flux across o outward K, which, because of the Dirichlet boundary
conditions, vanishes on external faces and is given on the internal faces by:

Vo = K|L € &, Fok(0,u) = o] 05° uo K, (B.10)
where u, i is an approximation of the normal velocity to the face o outward K, defined by:
Up K = Uy - N i for 0 € E(K). (B.11)

Thanks to the boundary conditions, u, x vanishes for any external face o. The density at the internal
face 0 = K|L is obtained by an upwind technique:

. 0K if ug i >0,
05" = (B.12)
or, otherwise.

B.1.2 The momentum equation

We now turn to the discrete momentum balances (B.8b), which are obtained by discretizing the momen-
tum balance equation (1.1b) on the dual cells associated to the faces of the mesh.

The discrete convective operator - The discrete divergence of the convective term pu ® w is
defined by

di‘v'g : S/%(Q) X Sgp(Q) — Sgg,g(Q)

1
(0.w) —— divg(u@u) = Y e D Feolo,u) ue Ip,. (B.13)
0€Eins | eed(Dy)

where for o € &y and € € &(D,,) the quantity F,, = F, (0, u) stands for a mass flux through the
dual faces of the mesh and is defined hereafter while u. stands for an approximation of i*" component of
the velocity over € in the case of o € €. First of all by virtue of the Dirichlet boundary condition, that
the flux through a dual face included in the boundary is taken equal to zero. For K € # and o € (K),
let £%- be given by:
7 ‘D o, K |

KR

With the definition of the dual mesh adopted here, the value of the coefficients - is independent of the
cell and the face. For the Rannacher-Turek elements, we have {7 = 1/(2d) and, for the Crouzeix-Raviart
elements, £7- = 1/(d + 1). We suppose first that the flux through the external dual faces, which are also
faces of the primal mesh, is equal to zero.

Then the mass fluxes through the inner dual faces are supposed to satisfy the following properties.

(B.14)
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Definition B.1 (Definition of the dual fluxes from the primal ones). The fluzes through the faces of the
dual mesh are defined so as to satisfy the following three constraints:

(H1) The discrete mass balance over the half-diamond cells is satisfied, in the following sense. For all
primal cell K in M, the set (Fes)eck of dual fluzes included in K solves the following linear system

FO',K + Z Fe,a = 5?{ Z Fg’7K, (S g(K) (B15)
c€€(Dy), eCK o'€&(K)

/
o’

(H2) The dual fluxes are conservative, i.e. for any dual face € = Dy |D;,, we have F, , = —F, ;.

(H3) The dual fluzes are bounded with respect to the primal fluzes (Fy k)ocg (i), in the sense that there
exists a constant real number C such that:

|Foo| < C max {|F,x|, 0 €&(K)}, Keu,oc&K), ec&D,), eCK. (B.16)

In fact, definition B.1 is not complete, since the system of equations (B.15) has an infinite number
of solutions, which makes necessary to impose in addition the constraint (B.16); however, assumptions
(H1)-(H3) are sufficient for the subsequent developments of this paper. A detailed process of the dual
fluxes construction can be found in [1,25].

Since the flux across a dual face lying on the boundary is zero, the values u. are only needed at the
internal dual faces, and we make the centered choice for their discretization, i.e. for € = Dy|Dyr € &g,
Uy + Uy

2

The discrete divergence and gradient - The discrete divergence div.y € Z(S%0(2), Su(Q)) of
the velocity (or more generally of a function Sg (€2)) has a natural approximation:

U =

(B.17)

1
for K € M, (divgu)x = & > o] uek- (B.18)
0€&(K)
The term (Vgp), stands for the discrete pressure gradient at the face o. This gradient operator, which

belongs to Z(S.#(£2), Sz,0(£2)) is built as the transpose of the discrete operator for the divergence of the
velocity, i.e. in such a way that the following duality relation with respect to the L? inner product holds:

> IK| px (diveu)g + Y [Dol ug - (Vep)y = 0. (B.19)
Keun 0E€Eint
This yields to the following expression:

o
for o = K|L € &, (Vep)s = &) || (pL — PK) Mo K- (B.20)

Note that, because of the Dirichlet boundary conditions, the discrete gradient is not defined at the
external faces.

Discrete Laplace operator - The discrete Laplace operator Ag € Z (S 0(£2), Sg 0(12)) reads for
u € Sgo(Q2) and 0 € &y -

(—Agu)g:/vﬂgglu:vﬂ%dx,
Q

where @, = (@, ..., 0s) € Wg (), where the shape function ¢, is introduced in (B.5) and where Pg
is defined in (B.6). In the above formula and for a function v € Wg (), the quantity Vv is equal to
the gradient of the function v almost everywhere in €.

Here again let us introduce the discrete relative energy functional

n n n n 1 ‘1 n n n n
&(o", u"|rly, Ug) = Z §‘DU|QDU|’U’O' -UJ) + Z |K|E(0k|rk) (B.21)
0€&nt Keul
where . .
r"=r",.), U"=U{","), rg = K| /Kr” de, U} = o] / U"dy. (B.22)

Now, we are ready to state the result about the error estimate for these alternative discretizations.
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Theorem B.1 (Error estimate). Let Q C R3 be a bounded polyhedral domain. Assume that the viscosity
coefficients satisfy assumptions (1.4) and that the pressure p satisfy (1.5) with v > 3/2. Let M be a
decomposition of the domain ) in simplices, with step size hy (see (B.1)) and regularity 0 4 where 6.4 is
defined in (B.2). Let us consider a partition 0 = t° < t! < ... < tN =T of the time interval [0,T), which,
for the sake of simplicity, we suppose uniform where 6t stands for the constant time step. Let (o,u) €
Y5t X Xgst be a solution of the discrete problem (B.8) emanating from (0°,u®) € Su(Q) x Sg0(2)
such that ¢° > 0 and (r,U) € F (see (3.73)) be a (strong) solution of problem (1.1)-(1.5). Then there
exists a constant ¢ > 0 only depending on T, €2, po, Poo, i1, 7Y, O, T, MiNf. 571 p, Miny, /o 97 p', on|| (7, U) ||z, on
&o,.u n a nondecreasing way and on 04 in a nonincreasing way such that

Oznzsz%(Qn,u" 'y, Ug) < c<%(g0, uo‘r%, U2) + h'y, + \/5), (B.23)

where A is given by
2y-3 1

A = min( '3

). (B.24)
Remark 4. 1. The discrete problem (B.8) admits a solution. As for the MAC case, the proof is based
on a topological degree argument.
2. Note that the exponent A is the same for all discretizations investigated in this paper.

3. The items listed in Remark 2 remain valid also for discretizations described in this section.
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