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Existence and approximation
for Navier-Stokes system with
Tresca’s friction at the
boundary and heat transfer
governed by Cattaneo’s law

Special Issue Inequality Problems in Contact Mechanics

Mahdi Boukrouche1, Imane Boussetouan2 and Laetitia Paoli1

Abstract

We consider an unsteady non-isothermal incompressible fluid flow. We model heat conduction with

Cattaneo’s law instead of the commonly used Fourier’s law in order to overcome the physical paradox

of infinite propagation speed. We assume that the fluid viscosity depends on the temperature while

the thermal capacity depends on the velocity field. The problem is thus described by Navier-Stokes

system coupled with the hyperbolic heat equation. Furthermore we consider non-standard boundary

conditions with Tresca’s friction law on a part of the boundary. By using a time-splitting technique,

we construct a sequence of decoupled approximate problems and we prove the convergence of the

corresponding approximate solutions, leading to an existence theorem for the coupled fluid flow/heat

transfer problem. Finally we present some numerical results.

Keywords

Navier-Stokes system, hyperbolic heat equation, Tresca’s friction law, time-splitting technique,

convergence

1 Introduction

Many modern industrial processes, like lubrication or injection moulding for instance, involve non-

stationary incompressible fluid flows and heat transfer. Such problems are described by the Navier-Stokes
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system

{
∂v

∂t
+ (v.∇)v = div(σ) + f

div(v) = 0
(1)

where f denotes the density of body forces, v is the velocity field and σ is the stress tensor given by

σ = −pId + 2µD(v), D(v) =

(
1

2

(
∂vi
∂xj

+
∂vj
∂xi

))

1≤i,j≤d

where Id is the identity matrix in R
d, µ is the fluid viscosity and p is the pressure, coupled with the heat

transfer equation

c
∂T

∂t
+ div(q) = φ (2)

where φ is some dissipative term, c is the thermal capacity of the fluid, T is the temperature field and q is

the heat flux.

The latter is usually modeled by the Fourier’s law (1) i.e.

q = −K∇T (3)

where K is the thermal conductivity of the media. By inserting (3) into (2), we obtain the parabolic

equation

c
∂T

∂t
− div(K∇T ) = φ (4)

leading to infinite propagation speed. This property, known as the “heat paradox” does not fit with

the observed behaviors, especially when temperature gradients or heat flux with short duration or high

frequencies are applied (2–11). In order to get a more physically relevant description, several modifications

of Fourier’s law have been proposed (12–15). Among them, one of the most commonly adopted is due to

Cattaneo (16,17) and consists in adding a damping term d
∂2T

∂t2
, with a positive parameter d, in the left

hand side of (4) i.e

d
∂2T

∂t2
+ c

∂T

∂t
− div(K∇T ) = φ. (5)

In the case of a constant thermal capacity and no dissipative term, equation (5) can be decomposed as




c
∂T

∂t
+ div(q) = 0

q +
d

c

∂q

∂t
= −K∇T

By identifying q +
d

c

∂q

∂t
to q

(
·+ d

c

)
we obtain

q

(
·+ d

c

)
= −K∇T
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and the ratio d/c can be interpreted as the time-lag needed to establish steady-state heat conduction in a

material element suddenly exposed to heat flux.

For this kind of fluid flow/heat transfer problem, a first study has been proposed in18 in the case of

a 2D thin flow. By using an asymptotic expansion with respect to the thickness of the fluid domain, the

authors obtain a decoupled system of equations for (v, p) and T . In this paper, we do not introduce any

restrictive assumption on the thickness of the 2D domain. We consider the coupled problem given by the

Navier-Stokes system with a temperature-dependent viscosity (19–23) and the hyperbolic heat equation

where the thermal capacity (which may vary under internal vibrations at the atomic scale19,24) and the

dissipative term depend on the velocity field (19) i.e.

(P )





∂v

∂t
+ (v.∇)v − 2div

(
µ(T )D(v)

)
+∇p = f

div(v) = 0

d
∂2T

∂t2
+ c(v)

∂T

∂t
− div(K∇T ) = φ(v)

with the initial conditions

v(·, 0) = v0, T (·, 0) = T0,
∂T

∂t
(·, 0) = T1.

Motivated by lubrication or extrusion/injection phenomena, we will consider also some non-standard

boundary conditions for the fluid flow, namely non-homogeneous Dirichlet conditions on a part of the

boundary and Tresca’s friction law on the other part (25–27).

More precisely, let us define the domain Ω of the flow by

Ω =
{
(x1, x2) ∈ R

2 : 0 < x1 < L, 0 < x2 < h(x1)
}
,

where L > 0 and h ∈ C1(R;R) is bounded from above and from below by two positive real numbers.

We decompose the boundary of Ω as ∂Ω = Γ0 ∪ ΓL ∪ Γ1, with Γ0 = {(x1, x2) ∈ Ω : x2 = 0}, Γ1 =
{(x1, x2) ∈ Ω : x2 = h(x1)} and ΓL the lateral boundary. We assume that the upper part of the boundary

is fixed while the lower part is moving. We denote by s : Γ0 → R the corresponding shear velocity at

t = 0 and by sζ(t), with ζ(0) = 1, its velocity at any instant t ∈ [0, τ ], τ > 0. We introduce a function

g0 : ∂Ω → R
2 such that

∫

ΓL

g0.n dσ = 0, g0 = 0 on Γ1,

g0n = g0 · n = 0 and g0T = g0 − g0nn = (s, 0) on Γ0,

where n = (n1, n2) is the unit outward normal vector to ∂Ω and g0 · n is the Euclidean inner product of

the vectors g0 and n.

Then the fluid flow satisfies the following non-homogeneous boundary conditions on Γ1 ∪ ΓL

v = 0 on Γ1 × (0, τ), v = g0ζ on ΓL × (0, τ),

and a slip condition on Γ0

vn = v · n = 0 on Γ0 × (0, τ),
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combined with Tresca’s friction law for the unknown tangential velocity (28)

|σT | < ℓ ⇒ vT = v − vnn = (sζ, 0)
|σT | = ℓ ⇒ ∃λ ≥ 0 such that vT = (sζ, 0)− λσT

where ℓ is the upper limit for the shear stress (i.e. ℓ is the Tresca’s friction threshold) and

σT =
(
σijnj − σnni

)
1≤i≤2

, σn = σijninj .

Note that we will use Einstein’s summation convention throughout the paper.

Finally we prescribe also non-homogeneous boundary conditions for the temperature i.e.

T = g on ∂Ω× (0, τ).

Let us emphasize that whenever the thermal capacity and the dissipative term φ do not depend on

the velocity field, the heat equation can be solved independently of the fluid flow problem and the

temperature-dependent viscosity can be considered as a data. In this simplified case, an existence result

has been proved in29 and uniqueness and regularity properties have been obtained in30. Hence some

fixed point technique appears as the most natural tool to study our coupled problem (31). Nevertheless,

motivated by computational issues, we will follow in this paper another strategy. Indeed, observing that

for any given time-independent viscosity and Tresca’s threshold, the Navier-Stokes system can be solved

numerically with standard softwares, we propose to split the whole time-interval [0, τ ] into a finite family

of subintervals, i.e. [0, τ ] = ∪N−1
n=0 [tn, tn+1], and to replace on each subinterval [tn, tn+1] the viscosity

µ(T ) and the Tresca’s threshold ℓ(x, t) by some appropriate time-independent approximations µn(x),
ℓn(x). Similarly, we will replace the thermal capacity and conductivity, c(v) and K(x, t), by some

approximations cn(x) and Kn(x), in order to get a simplified heat problem on [tn, tn+1]. By using

this time-splitting method, we replace the coupled problem (P ) by a finite family of decoupled fluid

flow/heat transfer problems which are easy to solve numerically and we will show the convergence of

the corresponding approximate solutions to a solution of (P ) when the length of the subintervals tends

to zero.

The paper is organized as follows. In Section 2 we give the mathematical formulation of the coupled

problem (P ). Then in Section 3, we introduce the time-splitting technique and we show that the

decoupled fluid flow/heat transfer problems admit time-continuous solutions. This property will allow

us to define a sequence of approximate solutions (vh, ph, Th) on the whole time-interval [0, τ ], where h
denotes the length of each subinterval. In Section 4, we establish some a priori estimates for (vh, ph, Th)
and we prove the convergence to a solution of (P ). Finally, in Section 5 we illustrate these theoretical

results with an example of implementation.

2 Formulation of the coupled fluid flow / heat transfer problem

We adopt the same notations as in29 for the formulation of the fluid flow problem. More precisely, we

denote by

L
2(Ω) = (L2(Ω))2, L4(Ω) = (L4(Ω))2, L2(Γ0) = (L2(Γ0))

2

H
1(Ω) =

(
H1(Ω)

)2
, H2(Ω) =

(
H2(Ω)

)2

4



and we define

V0 =
{
ϕ ∈ H

1(Ω) : ϕ = 0 on Γ1 ∪ ΓL, ϕ · n = 0 on Γ0

}

endowed with the norm of H1(Ω) and

V0div =
{
ϕ ∈ V0 : div(ϕ) = 0

}
.

We assume that

f ∈ L2
(
0, τ ;L2(Ω)

)
,

ℓ ∈ W 1,2
(
0, τ ;L2

+(Γ0)
)
∩ C0

(
[0, τ ];L∞

+ (Γ0)
)
,

ζ ∈ C∞
(
[0, τ ]

)
with ζ(0) = 1

(6)

and τ > 0. We assume moreover that µ ∈ C1(R,R) and there exist three real numbers µ∗, µ∗ and µ′
∗

such that

0 < µ∗ ≤ 2µ(X) ≤ µ∗,
∣∣µ′(X)

∣∣ ≤ µ′
∗ ∀X ∈ R. (7)

Then, for any measurable temperature field T we define

a(T ; ·, ·) : L2
(
0, τ ;H1(Ω)

)
× L2

(
0, τ ;H1(Ω)

)
→ R

(u, v) 7→
∫ τ

0

∫

Ω

2µ(T )Dij(u)Dij(v) dxdt.

Let b be the usual trilinear form and Ψ be the Tresca’s functional given by

b : H
1(Ω)×H

1(Ω)×H
1(Ω) → R

(u, v, w) 7→
∫

Ω

ui
∂vj
∂xi

wj dx

and

Ψ : L2
(
0, τ ;L2(Γ0)

)
→ R

u 7→
∫ τ

0

∫

Γ0

ℓ|u| dx1dt.

For the heat problem, we assume that the thermal conductivity K is a symmetric matrix such that

Kij ∈ W 1,∞
(
0, τ ;W 1,∞(Ω)

)
∀i, j ∈ {1, 2} (8)

and there exists α∗ > 0 such that

Kij(x, t)ξiξj ≥ α∗|ξi|2 ∀a.e (x, t) ∈ Ω× (0, τ), ∀ξ ∈ R
2. (9)

We assume also that d is a positive constant, c and φ are two Lipschitz continuous mappings and there

exist c∗, c
∗ two real numbers such that

0 < c∗ ≤ c(X) ≤ c∗ ∀X ∈ R
2. (10)
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Finally, we assume that there exist an extension of g0 and g to Ω, denoted respectively by G0 and G, such

that

G0 ∈ H
2(Ω), div(G0) = 0 in Ω, G0 = g0 on ΓL,

G0 = 0 on Γ1, G0n = 0 and G0T = (s, 0) on Γ0
(11)

and

G ∈ C2
(
[0, τ ];H2(Ω)

)
, G = g on ∂Ω× [0, τ ]. (12)

In order to deal with Dirichlet homogeneous boundary conditions, we set ṽ = v −G0ζ and T̃ =
T −G. The variational formulation of the coupled problem is given by

Problem (P) Find a triplet velocity-pressure-temperature (ṽ, p, T̃ ) with

ṽ ∈ L2
(
0, τ ;V0div

)
∩ L∞

(
0, τ ;L2(Ω)

)
, p ∈ H−1

(
0, τ ;L2

0(Ω)
)

and

T̃ ∈ L2
(
0, τ ;H1

0 (Ω)
)
,
∂T̃

∂t
∈ L2

(
0, τ ;L2(Ω)

)
,
∂2T̃

∂t2
∈ L2

(
0, τ ;H−1(Ω)

)

such that

Problem (Pflow) : for all ϕ ∈ V0, for all χ ∈ D(0, τ)〈
d

dt
(ṽ, ϕ) + b(ṽ, ṽ, ϕ), χ

〉

D′(0,τ),D(0,τ)

+ a(T̃ +G; ṽ, ϕχ)

−
〈∫

Ω

pdiv(ϕ) dx, χ
〉
D′(0,τ),D(0,τ)

+Ψ(ṽ + ϕχ)−Ψ(ṽ)

≥
〈(

f −G0
∂ζ

∂t
, ϕ

)
, χ

〉

D′(0,τ),D(0,τ)

− a(T̃ +G;G0ζ, ϕχ)

−
〈
b(G0ζ, ṽ +G0ζ, ϕ) + b(ṽ, G0ζ, ϕ), χ

〉
D′(0,τ),D(0,τ)

where (., .) denotes the inner product in L
2(Ω), coupled with

Problem (Pheat) : for all w ∈ L2
(
0, τ ;H1

0 (Ω)
)

d

∫ τ

0

〈
∂2T̃

∂t2
, w

〉

H−1(Ω),H1
0
(Ω)

dt+

∫ τ

0

∫

Ω

c(ṽ +G0ζ)
∂T̃

∂t
w dxdt+

∫ τ

0

(
K∇T̃ ,∇w

)
dt

=

∫ τ

0

∫

Ω

φ(ṽ +G0ζ)w dxdt−d

∫ τ

0

∫

Ω

∂2G

∂t2
w dxdt−

∫ τ

0

∫

Ω

c(ṽ +G0ζ)
∂G

∂t
w dxdt

−
∫ τ

0

(
K∇G,∇w

)
dt

and satisfying the initial conditions

ṽ(·, 0) = ṽ0 = v0 −G0 ∈ L
2(Ω),

T̃ (·, 0) = T̃0 = T0 −G(·, 0) ∈ H1
0 (Ω),

∂T̃

∂t
(·, 0) = T̃1 = T1 −

∂G

∂t
(·, 0) ∈ L2(Ω).
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3 Description of the time-splitting technique

Now let us describe our time-splitting technique. Let N ∈ N
∗. We decompose the time interval [0, τ ] into

N subintervals [tn, tn+1] of length h =
τ

N
with tk = kh for all k ∈ {0, . . . , N}. On each subinterval

[tn, tn+1], 0 ≤ n ≤ N − 1, we consider the following approximate problems

Problem (Pn

h flow
) Find

ṽnh ∈ L2
(
tn, tn+1;V0div

)
∩ L∞

(
tn, tn+1;L

2(Ω)
)
, pnh ∈ H−1

(
tn, tn+1;L

2
0(Ω)

)

such that, for all ϕ ∈ V0 and χ ∈ D(tn, tn+1), we have

〈
d

dt
(ṽnh , ϕ) + b(ṽnh , ṽ

n
h , ϕ), χ

〉

D′(tn,tn+1),D(tn,tn+1)

+ an(ṽ
n
h , ϕχ)

−
〈∫

Ω

pnhdiv(ϕ) dx, χ
〉
D′(tn,tn+1),D(tn,tn+1)

+Ψn(ṽ
n
h + ϕχ)−Ψn(ṽ

n
h)

≥
〈(

f −G0
∂ζ

∂t
, ϕ

)
, χ

〉

D′(tn,tn+1),D(tn,tn+1)

− an(G0ζ, ϕχ)

−
〈
b(G0ζ, ṽ

n
h +G0ζ, ϕ) + b(ṽnh , G0ζ, ϕ), χ

〉
D′(tn,tn+1),D(tn,tn+1)

with the initial condition

ṽnh(·, tn) = ṽnh,0 ∈ L
2(Ω)

and

Problem (Pn

h heat
) Find

T̃n
h ∈ L2

(
tn, tn+1;H

1
0 (Ω)

)
,
∂T̃n

h

∂t
∈ L2

(
tn, tn+1;L

2(Ω)
)
,
∂2T̃n

h

∂t2
∈ L2

(
tn, tn+1;H

−1(Ω)
)

such that, for all for all w ∈ L2
(
tn, tn+1;H

1
0 (Ω)

)
, we have

d

∫ tn+1

tn

〈
∂2T̃n

h

∂t2
, w

〉

H−1(Ω),H1
0
(Ω)

dt+

∫ tn+1

tn

∫

Ω

cn
∂T̃n

h

∂t
w dxdt+

∫ tn+1

tn

(
Kn∇T̃n

h ,∇w
)
dt

=

∫ tn+1

tn

∫

Ω

φnw dxdt−d

∫ tn+1

tn

∫

Ω

∂2G

∂t2
w dxdt−

∫ tn+1

tn

∫

Ω

cn
∂G

∂t
w dxdt

−
∫ tn+1

tn

(
Kn∇G,∇w

)
dt

with the initial conditions

T̃n
h (·, tn) = T̃n

h,0 ∈ H1
0 (Ω),

∂T̃n
h

∂t
(·, tn) = T̃n

h,1 ∈ L2(Ω),
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where cn ∈ L∞(tn, tn+1;L
∞(Ω)), φn ∈ L2(tn, tn+1;L

2(Ω)), ṽnh,0, T̃n
h,0, T̃n

h,1 will be defined later on

and

an : L2
(
tn, tn+1;H

1(Ω)
)
× L2

(
tn, tn+1;H

1(Ω)
)
→ R

(u, v) 7→
∫ tn+1

tn

∫

Ω

2µnDij(u)Dij(v) dxdt

with µn = µ
(
T̃n
h,0 +G(·, tn)

)
,

Ψn : L2
(
tn, tn+1;L

2(Γ0)
)
→ R

u 7→
∫ tn+1

tn

∫

Γ0

ℓn|u| dx1dt

with ℓn = ℓ(·, tn) and Kn = K(·, tn). Let us emphazise that the problems (Pn
h flow) - (Pn

h heat) are totally

decoupled. Furthermore, by using Theorem 6.2 in29, Lemma 3.1 and Proposition 3.2 in30 we have

Theorem 3.1. (Existence and uniqueness result for (Pn
h flow)). Assume that (6)-(7) and (11) hold. Let

N ∈ N
∗ and n ∈ {0, . . . , N − 1}. Then, for any ṽnh,0 ∈ L

2(Ω) and T̃n
h,0 ∈ H1

0 (Ω), problem (Pn
h flow)

admits an unique solution. Furthermore
∂ṽnh
∂t

and b(ṽnh , ṽ
n
h , ·) belong to L2

(
tn, tn+1, (V0div)

′
)
.

It follows that ṽnh ∈ C0
(
[tn, tn+1];L

2(Ω)
)

and for all ϕ ∈ V0div and χ ∈ C∞
(
[tn, tn+1]

)
, we have

∫ tn+1

tn

〈
∂ṽnh
∂t

, ϕ

〉

(V0div)′,V0div

χdt+

∫ tn+1

tn

b(ṽnh , ṽ
n
h , ϕ)χdt+ an(ṽ

n
h , ϕχ)

+Ψn(ṽ
n
h + ϕχ)−Ψn(ṽ

n
h) ≥

∫ tn+1

tn

(
f −G0

∂ζ

∂t
, ϕ

)
χdt− an(G0ζ, ϕχ)

−
∫ tn+1

tn

(
b(G0ζ, ṽ

n
h +G0ζ, ϕ) + b(ṽnh , G0ζ, ϕ)

)
χdt.

We may also obtain an existence result for (Pn
h heat).

Proposition 3.2. (Existence and uniqueness result for (Pn
h heat)). Assume that (8)-(9) and (12) hold.

Let N ≥
⌊
c2∗τ exp(τ)

d2

⌋
+ 1, n ∈ {0, . . . , N − 1} and let us assume moreover that

cn ∈ L∞
(
tn, tn+1;L

∞(Ω)
)
, φn ∈ L2

(
tn, tn+1;L

2(Ω)
)

with

0 < c∗ ≤ cn(x, t) ≤ c∗ ∀ a.e (x, t) ∈ Ω× (tn, tn+1)

and

T̃n
h,0 ∈ H1

0 (Ω), T̃
n
h,1 ∈ L2(Ω).

Then problem (Pn
h heat) admits an unique solution T̃n

h such that T̃n
h ∈ C0

(
[tn, tn+1];H

1
0 (Ω)

)
∩

C1
(
[tn, tn+1];L

2(Ω)
)
.

8



Remark 3.3. The condition N ≥
⌊
c2∗τ exp(τ)

d2

⌋
+ 1, ensures that the length h =

τ

N
of the subintervals

[tn, tn+1], n ∈ {0, . . . , N − 1}, satisfies the inequality

exp(h)h <

(
d

c∗

)2

where d is the damping coefficient and c∗ the maximal value of the thermal capacity (see (10)). Hence

the limitation on the length of the small time-intervals depends only on the data.

Proof. Let N ∈ N
∗ and n ∈ {0, . . . , N − 1}. We introduce the functional space

W = C0
(
[tn, tn+1];H

1
0 (Ω)

)
∩ C1

(
[tn, tn+1];L

2(Ω)
)

endowed with the norm

‖ϕ‖W = sup
t∈[tn,tn+1]

(
d

∥∥∥∥
∂ϕ

∂t
(·, t)

∥∥∥∥
2

L2(Ω)

+
(
Kn∇ϕ(·, t),∇ϕ(·, t)

)
) 1

2

for all ϕ ∈ W . With theorems 8.1 and 8.2, in32 chapter 3, we know that, for any un
0 ∈ H1

0 (Ω),
un
1 ∈ L2(Ω) and F ∈ L2

(
tn, tn+1;L

2(Ω)
)
, the problem





d
∂2u

∂t2
− div (Kn∇u) = F in Ω

u = 0 on ∂Ω

u(·, tn) = un
0 ,

∂u

∂t
(·, tn) = un

1

(13)

admits an unique solution u ∈ W . Furthermore (see Lemma 8.3, in32 chapter 3),

d

∥∥∥∥
∂u

∂t
(·, s)

∥∥∥∥
2

L2(Ω)

+
(
Kn∇u(·, s),∇u(·, s)

)
= d‖un

1‖2L2(Ω)

+
(
Kn∇un

0 ,∇un
0

)
+ 2

∫ s

tn

∫

Ω

F
∂u

∂t
dxdt

(14)

for all s ∈ [tn, tn+1].
So we define the fixed point mapping

Σ :

{
W → W
ũ 7−→ u,

where u is solution of (13) with un
0 = T̃n

h,0, un
1 = T̃n

h,1 and

F = φn − d
∂2G

∂t2
− cn

∂G

∂t
+ div(Kn∇G)− cn

∂ũ

∂t
.

9



The mapping Σ is Lipschitz continuous on W . Indeed, for any ũ1 and ũ2 in W , let u = Σ(ũ1)− Σ(ũ2).

Then u is solution of (13) with un
0 = un

1 = 0 and F = cn
∂(ũ2 − ũ1)

∂t
. With (14) we infer that

d

∥∥∥∥
∂u

∂t
(·, s)

∥∥∥∥
2

L2(Ω)

+
(
Kn∇u(·, s),∇u(·, s)

)

≤ c2∗
d

∫ s

tn

∥∥∥∥
∂(ũ1 − ũ2)

∂t
(·, t)

∥∥∥∥
2

L2(Ω)

dt+ d

∫ s

tn

∥∥∥∥
∂u

∂t
(·, t)

∥∥∥∥
2

L2(Ω)

dt

for all s ∈ [tn, tn+1]. By applying Grönwall’s lemma, we get

‖u‖2W ≤ c2∗ exp(h)

d

∫ tn+1

tn

∥∥∥∥
∂(ũ1 − ũ2)

∂t
(·, t)

∥∥∥∥
2

L2(Ω)

dt ≤ c2∗ exp(h)h

d2
‖ũ1 − ũ2‖2W .

It follows Σ is a contraction whenever N ≥
⌊
c2∗τ exp(τ)

d2

⌋
+ 1, thus Σ admits an unique fixed point in

W which allows us to conclude.

Let us assume from now on that

N ≥
⌊
c2∗τ exp(τ)

d2

⌋
+ 1. (15)

Our time-splitting technique is based on the so-called time retardation method, namely we split the whole

time interval [0, τ ] into the small intervals [tn, tn+1] with h =
τ

N
and tn = nh for all n ∈ {0, . . . , N}

and we solve on each subinterval [tn, tn+1] the approximate problems (Pn
h flow)− (Pn

h heat) where the

value of the unknows v and T from the previous subinterval is considered in the coupling terms.

More precisely we can choose

ṽnh,0 = ṽn−1
h (·, tn),

T̃n
h,0 = T̃n−1

h (·, tn), T̃n
h,1 =

∂T̃n−1
h

∂t
(·, tn)

for all n ∈ {1, . . . , N − 1} and we let

ṽ0h,0 = ṽ0 ∈ L
2(Ω),

T̃ 0
h,0 = T̃0 ∈ H1

0 (Ω), T̃
0
h,1 = T̃1 ∈ L2(Ω).

(16)

In order to complete the description of the approximate problems (Pn
h flow)− (Pn

h heat), we define the

mappings cn and φn as follows

c0 = c(ṽ0 +G0), φ0 = φ(ṽ0 +G0)

and, for all n ∈ {1, . . . , N − 1}

cn(·, t) = c
(
ṽn−1
h (·, t− h) +G0(·)ζ(t)

)
, φn(·, t) = φ

(
ṽn−1
h (·, t− h) +G0(·)ζ(t)

)
∀t ∈ [tn, tn+1].

10



Then, under the assumptions (6)-(12), (15) and (16), we can define by induction ṽnh , pnh and T̃n
h for all

n ∈ {0, . . . , N − 1} and we have

ṽnh ∈ L2
(
tn, tn+1;V0div

)
∩ C0

(
[tn, tn+1];L

2(Ω)
)
,
∂ṽnh
∂t

∈ L2
(
tn, tn+1; (V0div)

′
)
,

T̃n
h ∈ C0

(
[tn, tn+1];H

1
0 (Ω)

)
∩ C1

(
[tn, tn+1];L

2(Ω)
)
,
∂2T̃n

h

∂t2
∈ L2

(
tn, tn+1;H

−1(Ω)
)
.

Then we let

ṽh(·, t) = ṽnh(·, t), T̃h(·, t) = T̃n
h (·, t) ∀t ∈ [tn, tn+1],

for all n ∈ {0, . . . , N − 1}. We have

ṽh ∈ L2
(
0, τ ;V0div

)
∩ C0

(
[0, τ ];L2(Ω)

)
,
∂ṽh
∂t

∈ L2
(
0, τ ; (V0div)

′
)
,

T̃h ∈ C0
(
[0, τ ];H1

0 (Ω)
)
∩ C1

(
[0, τ ];L2(Ω)

)
,
∂2T̃h

∂t2
∈ L2

(
0, τ ;H−1(Ω)

)

such that
∫ τ

0

〈
∂ṽh
∂t

, ϕ

〉

(V0div)′,V0div

χdt+

∫ τ

0

b(ṽh, ṽh, ϕ) + ah(ṽh, ϕχ)χdt

+Ψh(ṽh + ϕχ)−Ψh(ṽh) ≥
∫ τ

0

(
f −G0

∂ζ

∂t
, ϕ

)
χdt− ah(G0ζ, ϕχ)

−
∫ τ

0

(
b(G0ζ, ṽh +G0ζ, ϕ) + b(ṽh, G0ζ, ϕ)

)
χdt ∀ϕ ∈ V0div, ∀χ ∈ D(0, τ)

(17)

and

d

∫ τ

0

〈
∂2T̃h

∂t2
, w

〉

H−1(Ω),H1
0
(Ω)

dt+

∫ τ

0

∫

Ω

ch
∂T̃h

∂t
w dxdt+

∫ τ

0

(
Kh∇T̃h,∇w

)
dt

=

∫ τ

0

∫

Ω

φhw dxdt−d

∫ τ

0

∫

Ω

∂2G

∂t2
w dxdt−

∫ τ

0

∫

Ω

ch
∂G

∂t
w dxdt

−
∫ τ

0

(
Kh∇G,∇w

)
dt ∀w ∈ L2

(
0, τ ;H1

0 (Ω)
)

(18)

with the initial conditions

ṽh(·, 0) = ṽ0 ∈ L
2(Ω),

T̃h(·, 0) = T̃0 ∈ H1
0 (Ω),

∂T̃h

∂t
(·, 0) = T̃1 ∈ L2(Ω)

where ah, Ψh, ch, φh and Kh are given by

ah : L2
(
0, τ ;H1(Ω)

)
× L2

(
0, τ ;H1(Ω)

)
→ R

(u, v) 7→
N−1∑

n=0

∫ tn+1

tn

∫

Ω

2µnDij(u)Dij(v) dxdt,

11



Ψh : L2
(
0, τ ;L2(Γ0)

)
→ R

u 7→
N−1∑

n=0

∫ tn+1

tn

∫

Γ0

ℓn|u| dx1dt

and

ch(·, t) = cn(·, t), φh(·, t) = φn(·, t), Kh(·, t) = Kn(·) ∀ t ∈ [tn, tn+1), ∀n ∈ {0, . . . , N − 1}.

Let us observe that ah and Ψh fit the assumptions of Theorem 6.2 in29 and Proposition 3.2 in30. Hence

the following problem

Find

ṽ ∈ L2
(
0, τ ;V0div

)
∩ L∞

(
0, τ ;L2(Ω)

)
, p ∈ H−1

(
0, τ ;L2

0(Ω)
)

such that, for all ϕ ∈ V0 and χ ∈ D(0, τ), we have

〈
d

dt
(ṽ, ϕ) + b(ṽ, ṽ, ϕ), χ

〉

D′(0,τ),D(0,τ)

+ ah(ṽ, ϕχ)

−
〈∫

Ω

pdiv(ϕ) dx, χ
〉
D′(0,τ),D(0,τ)

+Ψh(ṽ + ϕχ)−Ψh(ṽ)

≥
〈(

f −G0
∂ζ

∂t
, ϕ

)
, χ

〉

D′(0,τ),D(0,τ)

− ah(G0ζ, ϕχ)

−
〈
b(G0ζ, ṽ +G0ζ, ϕ) + b(ṽ, G0ζ, ϕ), χ

〉
D′(0,τ),D(0,τ)

(19)

with the initial condition

ṽ(·, 0) = ṽ0 ∈ L
2(Ω)

admits an unique solution (ṽ, p) and
∂ṽ

∂t
∈ L2

(
0, τ ; (V0div)

′
)
. With the same computations as in

Proposition 3.2 in30, we infer that ṽ = ṽh. Let us define now ph ∈ H−1
(
0, τ ;L2

0(Ω)
)

by ph = p.

Lemma 3.4. Assume that (6)-(12), (15) and (16) hold. Then, for all n ∈ {0, . . . , N − 1}, the restriction

of ph on (tn, tn+1) coı̈ncide with pnh .

Proof. We infer from (19) that

〈
d

dt
(ṽh, ϕ) + b(ṽh, ṽh, ϕ), χ

〉

D′(0,τ),D(0,τ)

+ ah(ṽh, ϕχ)

−
〈∫

Ω

phdiv(ϕ) dx, χ
〉
D′(0,τ),D(0,τ)

=

〈(
f −G0

∂ζ

∂t
, ϕ

)
, χ

〉

D′(0,τ),D(0,τ)

− ah(G0ζ, ϕχ)

−
〈
b(G0ζ, ṽ +G0ζ, ϕ) + b(ṽ, G0ζ, ϕ), χ

〉
D′(0,τ),D(0,τ)
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for any ϕ ∈ H
1
0(Ω) and for any χ ∈ D(0, τ). Now let n ∈ {0, . . . , N − 1} and χ ∈ D(tn, tn+1) extended

by 0 to (0, τ). With (Pn
h flow) we have

〈
d

dt
(ṽnh , ϕ) + b(ṽnh , ṽ

n
h , ϕ), χ

〉

D′(tn,tn+1),D(tn,tn+1)

+ an(ṽ
n
h , ϕχ)

−
〈∫

Ω

pnhdiv(ϕ) dx, χ
〉
D′(tn,tn+1),D(tn,tn+1)

=

〈(
f −G0

∂ζ

∂t
, ϕ

)
, χ

〉

D′(tn,tn+1),D(tn,tn+1)

− an(G0ζ, ϕχ)

−
〈
b(G0ζ, ṽ

n
h +G0ζ, ϕ) + b(ṽnh , G0ζ, ϕ), χ

〉
D′(tn,tn+1),D(tn,tn+1)

.

Since ṽh(·, t) = ṽnh(·, t) for all t ∈ [tn, tn+1] we obtain

〈∫

Ω

(ph − pnh)div(ϕ) dx, χ
〉
D′(tn,tn+1),D(tn,tn+1)

= 0

for any ϕ ∈ H
1
0(Ω) and for any χ ∈ D(tn, tn+1), where we have identified ph with its restriction on

(tn, tn+1). But, for any w ∈ L2
0(Ω) there exists ϕ ∈ H

1
0(Ω) such that div(ϕ) = w (33). Thus

〈∫

Ω

(ph − pnh)w dx, χ
〉
D′(tn,tn+1),D(tn,tn+1)

= 0

for any w ∈ L2
0(Ω) and for any χ ∈ D(tn, tn+1). It follows that, for any w̃ ∈ L2(Ω) and for any

χ ∈ D(tn, tn+1), we have

〈∫

Ω

(ph − pnh)w̃ dx, χ
〉
D′(tn,tn+1),D(tn,tn+1)

=

〈∫

Ω

(ph − pnh)w dx, χ

〉

D′(tn,tn+1),D(tn,tn+1)

= 0

with

w = w̃ − 1

meas(Ω)

∫

Ω

w̃.

By density of D(tn, tn+1)⊗ L2(Ω) into H1
0

(
tn, tn+1;L

2(Ω)
)
, we get

〈
ph − pnh, η

〉
H−1(tn,tn+1;L2(Ω)),H1

0
(tn,tn+1;L2(Ω))

= 0

for any η ∈ H1
0

(
tn, tn+1;L

2(Ω)
)

which implies that the restriction of ph on (tn, tn+1) coı̈ncide with pnh .

4 Convergence

In order to pass to the limit as N tends to +∞ (i.e. as h tends to zero), we have to establish some a priori

estimates for ṽh, ph and T̃h.

By reminding Proposition 3.2 in30, and Lemmas 4.1 and 5.1 in29 (let us emphasize that the estimates

do not depend on the temperature field nor on the Tresca’s threshold), we get

13



Proposition 4.1. Under the assumptions (6)-(12), (15) and (16), there exists a constant C, independent

of h, such that

max
(
‖ṽh‖L∞(0,τ ;L2(Ω)), ‖ṽh‖L2(0,τ ;H1(Ω))

)
≤ C (20)

and

‖ph‖H−1(0,τ ;L2(Ω)) ≤ C. (21)

Next we observe that, for all ϕ ∈ V0div and for all χ ∈ D(0, τ), we have

∣∣Ψh(ṽh)−Ψh(ṽh ± ϕχ)
∣∣ ≤

N−1∑

n=0

∫ tn+1

tn

∫

Γ0

ℓn‖ϕχ‖ dx1dt ≤
N−1∑

n=0

∫ tn+1

tn

∥∥ℓ(·, tn)
∥∥
L2(Γ0)

‖ϕ‖L2(Γ0)|χ| dt

≤ γ(Ω)
√
τ‖ℓ‖C0([0,τ ];L2(Γ0))‖ϕχ‖L2(0,τ ;H1(Ω))

where γ(Ω) is the norm of the trace operator from H
1(Ω) into L

2(∂Ω). Then, by reproducing the same

computations as in Lemma 3.1 in30, we obtain

Proposition 4.2. Under the assumptions (6)-(12), (15) and (16), there exists a constant C ′, independent

of h, such that

∥∥∥∥
∂ṽh
∂t

∥∥∥∥
L2(0,τ ;(V0div)′)

≤ C ′. (22)

We may also obtain some a priori estimates for T̃h.

Proposition 4.3. Let us assume that (6)-(12) and (16) hold. Then there exists N∗ ∈ N
∗ and a constant

C ′′, independent of h, such that, for all N ≥ N∗

max


‖T̃h‖L∞(0,τ ;H1

0
(Ω)),

∥∥∥∥∥
∂T̃h

∂t

∥∥∥∥∥
L∞(0,τ ;L2(Ω))

,

∥∥∥∥∥
∂2T̃h

∂t2

∥∥∥∥∥
L2(0,τ ;H−1(Ω))


 ≤ C ′′. (23)

Proof. Let N ≥
⌊
c2∗τ exp(τ)

d2

⌋
+ 1 and n ∈ {0, . . . , N − 1}. With (14), we get the following equality

d

∥∥∥∥∥
∂T̃n

h

∂t
(·, s)

∥∥∥∥∥

2

L2(Ω)

+ 2

∫ s

tn

∫

Ω

cn

(
∂T̃n

h

∂t

)2

dxdt+
(
Kn∇T̃n

h (·, s),∇T̃n
h (·, s)

)

= d

∥∥∥∥∥
∂T̃n

h

∂t
(·, tn)

∥∥∥∥∥

2

L2(Ω)

+
(
Kn∇T̃n

h (·, tn),∇T̃n
h (·, tn)

)

+2

∫ s

tn

∫

Ω

(
φn − d

∂2G

∂t2
− cn

∂G

∂t

)
∂T̃n

h

∂t
dxdt+ 2

∫ s

tn

∫

Ω

div
(
Kn∇G

)∂T̃n
h

∂t
dxdt
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for all s ∈ [tn, tn+1]. We rewrite the last term of the previous equality as follows:

∫ s

tn

∫

Ω

div
(
Kn∇G

)∂T̃n
h

∂t
dxdt

= −
∫ s

tn

∫

Ω

div

(
Kn∇

(
∂G

∂t

))
T̃n
h dxdt+

∫

Ω

div
(
Kn∇

(
G(·, s)

))
T̃n
h (·, s) dx

−
∫

Ω

div
(
Kn

(
∇G(·, tn)

))
T̃n
h (·, tn) dx =

∫ s

tn

(
Kn∇

(
∂G

∂t

)
(·, t),∇T̃n

h (·, t)
)

dt

−
(
Kn

(
∇G(·, s)

)
,∇
(
T̃n
h (·, s)

))
+
(
Kn∇

(
G(·, tn)

)
,∇
(
T̃n
h (·, tn)

))
.

With assumption (10) and Young’s inequality, we get

d

∥∥∥∥∥
∂T̃n

h

∂t
(·, s)

∥∥∥∥∥

2

L2(Ω)

+ c∗
∫ s

tn

∥∥∥∥∥
∂T̃n

h

∂t
(·, t)

∥∥∥∥∥

2

L2(Ω)

dt+
(
Kn∇T̃n

h (·, s),∇
(
T̃n
h (·, s) + 2G(·, s)

))

≤ d

∥∥∥∥∥
∂T̃n

h

∂t
(·, tn)

∥∥∥∥∥

2

L2(Ω)

+
(
Kn∇T̃n

h (·, tn),∇
(
T̃n
h (·, tn) + 2G(·, tn)

))

+
3

c∗
‖φh‖2L2(tn,tn+1;L2(Ω)) +

3d2

c∗

∥∥∥∥
∂2G

∂t2

∥∥∥∥
2

L2(tn,tn+1;L2(Ω))

+
3c2∗
c∗

∥∥∥∥
∂G

∂t

∥∥∥∥
2

L2(tn,tn+1;L2(Ω))

+2

∫ s

tn

(
Kn∇

(
∂G

∂t

)
(·, t),∇T̃n

h (·, t)
)

dt

which yields

d

∥∥∥∥∥
∂T̃n

h

∂t
(·, s)

∥∥∥∥∥

2

L2(Ω)

+ c∗
∫ s

tn

∥∥∥∥∥
∂T̃n

h

∂t
(·, t)

∥∥∥∥∥

2

L2(Ω)

dt+
(
Kn∇(T̃n

h (·, s) +G(·, s)),∇(T̃n
h (·, s) +G(·, s))

)

≤ d

∥∥∥∥∥
∂T̃n

h

∂t
(·, tn)

∥∥∥∥∥

2

L2(Ω)

+
(
Kn∇

(
T̃n
h (·, tn) +G(·, tn)

)
,∇
(
T̃n
h (·, tn) +G(·, tn)

))

+
3

c∗
‖φh‖2L2(tn,tn+1;L2(Ω)) +

3d2

c∗

∥∥∥∥
∂2G

∂t2

∥∥∥∥
2

L2(tn,tn+1;L2(Ω))

+
3c2∗
c∗

∥∥∥∥
∂G

∂t

∥∥∥∥
2

L2(tn,tn+1;L2(Ω))

+2

∫ s

tn

(
Kn∇

(
∂G

∂t

)
(·, t),∇

(
T̃n
h (·, t) +G(·, t)

))
dt

≤ d

∥∥∥∥∥
∂T̃n

h

∂t
(·, tn)

∥∥∥∥∥

2

L2(Ω)

+
(
Kn∇

(
T̃n
h (·, tn) +G(·, tn)

)
,∇
(
T̃n
h (·, tn) +G(·, tn)

))

+
3

c∗
‖φh‖2L2(tn,tn+1;L2(Ω)) +

3d2

c∗

∥∥∥∥
∂2G

∂t2

∥∥∥∥
2

L2(tn,tn+1;L2(Ω))

+
3c2∗
c∗

∥∥∥∥
∂G

∂t

∥∥∥∥
2

L2(tn,tn+1;L2(Ω))

+‖K‖2C0([0,τ ];(L∞(Ω))4)

∥∥∥∥∇
(
∂G

∂t

)∥∥∥∥
2

L2(tn,tn+1;L2(Ω))

+

∫ s

tn

∥∥∇
(
T̃n
h (·, t) +G(·, t)

)∥∥2
L2(Ω)

dt.

(24)
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Let zn = xn + yn with

xn =
3

c∗
‖φh‖2L2(tn,tn+1;L2(Ω)) +

3d2

c∗

∥∥∥∥
∂2G

∂t2

∥∥∥∥
2

L2(tn,tn+1;L2(Ω))

+
3c2∗
c∗

∥∥∥∥
∂G

∂t

∥∥∥∥
2

L2(tn,tn+1;L2(Ω))

+‖K‖2C0([0,τ ];(L∞(Ω))4)

∥∥∥∥∇
(
∂G

∂t

)∥∥∥∥
2

L2(tn,tn+1;L2(Ω))

and

yn = d

∥∥∥∥∥
∂T̃n

h

∂t
(·, tn)

∥∥∥∥∥

2

L2(Ω)

+
(
Kn∇

(
T̃n
h (·, tn) +G(·, tn)

)
,∇
(
T̃n
h (·, tn) +G(·, tn)

))

for all n ∈ {0, . . . , N − 1}. With (9) we infer that

∥∥∇
(
T̃n
h (·, s) +G(·, s)

)∥∥2
L2(Ω)

≤ 1

α∗
(xn + yn) +

1

α∗

∫ s

tn

∥∥∇
(
T̃n
h (·, t) +G(·, t)

)∥∥2
L2(Ω)

dt

and Grönwall’s lemma implies that

∥∥∇
(
T̃n
h (·, s) +G(·, s)

)∥∥2
L2(Ω)

≤ 1

α∗
znexp

(
s− tn
α∗

)
(25)

for all s ∈ [tn, tn+1]. By replacing in (24), we obtain

d

∥∥∥∥∥
∂T̃n

h

∂t
(·, s)

∥∥∥∥∥

2

L2(Ω)

+ c∗
∫ s

tn

∥∥∥∥∥
∂T̃n

h

∂t
(·, t)

∥∥∥∥∥

2

L2(Ω)

dt

+
(
Kn∇

(
T̃n
h (·, s) +G(·, s)

)
,∇
(
T̃n
h (·, s) +G(·, s)

))
≤ zn exp

(
s− tn
α∗

) (26)

for all s ∈ [tn, tn+1]. With s = tn+1 we have

yn+1 ≤ zn exp

(
tn+1 − tn

α∗

)
+
(
Kn+1∇

(
T̃n
h (·, tn+1) +G(·, tn+1)

)
,∇
(
T̃n
h (·, tn+1) +G(·, tn+1)

))

−
(
Kn∇

(
T̃n
h (·, tn+1) +G(·, tn+1)

)
,∇
(
T̃n
h (·, tn+1) +G(·, tn+1)

))
.

With assumption (8) we get

yn+1 ≤ (yn + xn) exp

(
h

α∗

)
+

h

α∗

∥∥∥∥
∂K

∂t

∥∥∥∥
L∞(tn,tn+1;(L∞(Ω))4)

yn+1.

Let

N∗ ≥ max

(⌊
c2∗τ exp(τ)

d2

⌋
+ 1,

⌊
2τ

α∗

∥∥∥∥
∂K

∂t

∥∥∥∥
L∞(0,τ ;(L∞(Ω))4)

⌋
+ 1

)
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and

C =
1

α∗

(
2

∥∥∥∥
∂K

∂t

∥∥∥∥
L∞(0,τ ;(L∞(Ω))4)

+ 1

)
.

For all N ≥ N∗ and for all n ∈ {0, . . . , N − 1}, we have

yn+1 ≤ (yn + xn) exp(Ch).

Hence

yn ≤ y0 exp(Cnh) +
n−1∑

k=0

xk exp
(
C(n− k)h

)

and

zn ≤ exp(Cτ)

(
y0 +

n∑

k=0

xk

)

for all n ∈ {0, . . . , N − 1}. But

n∑

k=0

xk ≤ 3

c∗
‖φh‖2L2(0,τ ;L2(Ω)) +

3d2

c∗

∥∥∥∥
∂2G

∂t2

∥∥∥∥
2

L2(0,τ ;L2(Ω))

+
3c2∗
c∗

∥∥∥∥
∂G

∂t

∥∥∥∥
2

L2(0,τ ;L2(Ω))

+‖K‖2C0([0,τ ];(L∞(Ω))4)

∥∥∥∥∇
(
∂G

∂t

)∥∥∥∥
2

L2(0,τ ;L2(Ω))

and

‖φh‖2L2(0,τ ;L2(Ω)) = h
∥∥φ(ṽ0 +G0)

∥∥2
L2(Ω)

+

∫ τ

h

∥∥φ(ṽh(·, t− h) +G0ζ(t))
∥∥2
L2(Ω)

dt.

Reminding that φ is Lipschitz continuous, we may denote by Lφ its Lipschitz constant and we have

‖φh‖2L2(0,τ ;L2(Ω)) ≤ τ
∥∥φ(ṽ0 +G0)

∥∥2
L2(Ω)

+ 2τ
∣∣φ(0)

∣∣2meas(Ω)

+4L2
φ‖ṽh‖2L2(0,τ ;L2(Ω)) + 4L2

φ‖G0‖2L2(Ω)

∫ τ

0

|ζ|2 dt.

With the results of Proposition 4.1, we infer that zn is bounded by a constant independent of n and h.

Going back to (25) and (26), and using (18), we get (23)

Now we can pass to the limit. Indeed, with the results of the three previous propositions, we know that

there exists a subsequence of (ṽh, ph, T̃h)τ/N∗>h>0, still denoted (ṽh, ph, T̃h)τ/N∗>h>0, such that

ṽh ⇀ ṽ weakly in L2
(
0, τ ;V0div

)

and weakly * in L∞
(
0, τ ;L2(Ω)

)
,

(27)
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∂ṽh
∂t

⇀
ṽ

∂t
weakly in L2

(
0, τ ; (V0div)

′
)
, (28)

ph ⇀ p weakly in H−1
(
0, τ ;L2

0(Ω)
)
, (29)

and

T̃h ⇀ T̃ weakly * in L∞
(
0, τ ;H1

0 (Ω)
)
, (30)

∂T̃h

∂t
⇀

∂T̃

∂t
weakly * in L∞

(
0, τ ;L2(Ω)

)
, (31)

∂2T̃h

∂t2
⇀

∂2T̃

∂t2
weakly in L2

(
0, τ ;H−1(Ω)

)
. (32)

Moreover, with Aubin’s lemma, we have

ṽh → ṽ strongly in L2
(
0, τ ;L4(Ω) ∩ L

2(Γ0)
)

(33)

and with Simon’s lemma34

ṽh → ṽ strongly in C0
(
[0, τ ];H

)
, (34)

T̃h → T̃ strongly in C0
(
[0, τ ];L2(Ω)

)
∩ C1

(
[0, τ ];H

)
(35)

where H (resp. H) is a Banach space such that L2(Ω) ⊂ H ⊂ (V0div)
′ (resp. L2(Ω) ⊂ H ⊂ H−1(Ω))

with continuous injections and a compact embedding of L2(Ω) into H (resp. of L2(Ω) into H). It follows

that

ṽ(·, 0) = ṽ0,

T̃ (·, 0) = T̃0,
∂T̃

∂t
(·, 0) = T̃1.

Furthermore,

Theorem 4.4. (Convergence of the splitting technique and existence result for (P )). Under the

assumptions (6)-(12) and (16), the limit triplet (ṽ, p, T̃ ) is solution of problem (P ).

Proof. Let ϕ ∈ V0 and χ ∈ D(0, τ). For all h ∈ (0, τ/N∗) we have

〈
d

dt
(ṽh, ϕ) + b(ṽh, ṽh, ϕ), χ

〉

D′(0,τ),D(0,τ)

+ ah(ṽh, ϕχ)

−
〈∫

Ω

phdiv(ϕ) dx, χ
〉
D′(0,τ),D(0,τ)

+Ψh(ṽh + ϕχ)−Ψh(ṽh)

≥
〈(

f −G0
∂ζ

∂t
, ϕ

)
, χ

〉

D′(0,τ),D(0,τ)

− ah(G0ζ, ϕχ)

−
〈
b(G0ζ, ṽh +G0ζ, ϕ) + b(ṽh, G0ζ, ϕ), χ

〉
D′(0,τ),D(0,τ)

.

(36)
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Reminding that ℓ ∈ W 1,2
(
0, τ ;L2

+(Γ0)
)
, we obtain

∣∣Ψh(ṽh + ϕχ)−Ψ(ṽh + ϕχ)
∣∣ =

∣∣∣∣∣

N−1∑

n=0

∫ tn+1

tn

∫

Γ0

(ℓn − ℓ)|ṽh + ϕχ| dx1dt

∣∣∣∣∣

≤
N−1∑

n=0

∫ tn+1

tn

(∫ t

tn

∥∥∥∥
∂ℓ

∂t
(·, s)

∥∥∥∥
L2(Γ0)

ds

)
∥∥ṽh(·, t) + ϕχ(t)

∥∥
L2(Γ0)

dt

≤ h

∥∥∥∥
∂ℓ

∂t
(·, s)

∥∥∥∥
L2(0,τ ;L2(Γ0))

‖ṽh + ϕχ‖L2(0,τ ;L2(Γ0)).

Moreover

Lemma 4.5. For any ϕ ∈ V0 and χ ∈ D(0, τ), we have the following convergences

ah(G0ζ, ϕχ) → a(T̃ +G;G0ζ, ϕχ),

ah(ṽh, ϕχ) → a(T̃ +G; ṽ, ϕχ).

Proof. Let ϕ ∈ V0 and χ ∈ D(0, τ). With the previous convergences we already have

a(T̃ +G; ṽh, ϕχ) → a(T̃ +G; ṽ, ϕχ).

Hence we only need to prove that

lim
h→0

∣∣ah(G0ζ, ϕχ)− a(T̃ +G;G0ζ, ϕχ)
∣∣ = 0,

lim
h→0

∣∣ah(ṽh, ϕχ)− a(T̃ +G; ṽh, ϕχ)
∣∣ = 0.

Let us consider first ϕ ∈
(
D
(
Ω
))2

. We have

∣∣∣ah(G0ζ, ϕχ)− a(T̃ +G;G0ζ, ϕχ)
∣∣∣

≤
N−1∑

n=0

∫ tn+1

tn

∫

Ω

2
∣∣µn − µ(T̃ +G)

∣∣∣∣Dij(G0ζ)
∣∣∣∣Dij(ϕ)

∣∣|χ| dx dt

and with assumption (7), we get
∣∣∣ah(G0ζ, ϕχ)− a(T̃ +G;G0ζ, ϕχ)

∣∣∣

≤ 2µ′
∗

N−1∑

n=0

∫ tn+1

tn

(
‖T̃n

h,0 − T̃‖L2(Ω) +
∥∥G(·, tn)−G(·, t)

∥∥
L2(Ω)

)
‖G0ζ‖H1(Ω)‖∇ϕ‖L∞(Ω)|χ| dt.

But

‖T̃n
h,0 − T̃‖L2(Ω) ≤

∥∥T̃h(·, tn)− T̃ (·, t)
∥∥
L2(Ω)

≤
∥∥∥∥∥

∫ t

tn

∂T̃h

∂t
(·, s) ds

∥∥∥∥∥
L2(Ω)

+ ‖T̃h − T̃‖C0([0,τ ];L2(Ω))

≤
√
t− tn

∥∥∥∥∥
∂T̃h

∂t

∥∥∥∥∥
L2(0,τ ;L2(Ω))

+ ‖T̃h − T̃‖C0([0,τ ];L2(Ω))
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and

∥∥G(·, tn)−G(·, t)
∥∥
L2(Ω)

≤
√
t− tn

∥∥∥∥
∂G

∂t

∥∥∥∥
L2(0,τ ;L2(Ω))

Then

∣∣∣ah(G0ζ, ϕχ)− a(T̃ +G;G0ζ, ϕχ)
∣∣∣

≤ 2µ′
∗


√

h

∥∥∥∥∥
∂T̃h

∂t

∥∥∥∥∥
L2(0,τ ;L2(Ω))

+ ‖T̃h − T̃‖C0([0,τ ];L2(Ω))

+
√
h

∥∥∥∥
∂G

∂t

∥∥∥∥
L2(0,τ ;L2(Ω))

)
×
∫ τ

0

‖G0ζ‖H1(Ω)‖∇ϕ‖L∞(Ω)|χ| dt.

Similarly

∣∣∣ah(ṽh, ϕχ)− a(T̃ +G; ṽh, ϕχ)
∣∣∣

≤ 2µ′
∗


√

h

∥∥∥∥∥
∂T̃h

∂t

∥∥∥∥∥
L2(0,τ ;L2(Ω))

+ ‖T̃h − T̃‖C0([0,τ ];L2(Ω))

+
√
h

∥∥∥∥
∂G

∂t

∥∥∥∥
L2(0,τ ;L2(Ω))

)
×
∫ τ

0

‖ṽh‖H1(Ω)‖∇ϕ‖L∞(Ω)|χ| dt.

With the estimates (20)-(23) and the convergence (35) we infer that

lim
h→0

∣∣ah(G0ζ, ϕχ)− a(T̃ +G;G0ζ, ϕχ)
∣∣ = 0,

lim
h→0

∣∣ah(ṽh, ϕχ)− a(T̃ +G; ṽh, ϕχ)
∣∣ = 0

for all ϕ ∈
(
D
(
Ω
))2

and for all χ ∈ D(0, τ). Finally the density of
(
D
(
Ω
))2

into H
1(Ω) allows us to

conclude.

Now we can pass to the limit in all the terms of (36) and we get

〈
d

dt
(ṽ, ϕ) + b(ṽ, ṽ, ϕ), χ

〉

D′(0,τ),D(0,τ)

+ a(T̃ +G; ṽ, ϕχ)

−
〈∫

Ω

pdiv(ϕ) dx, χ
〉
D′(0,τ),D(0,τ)

+Ψ(ṽ + ϕχ)−Ψ(ṽ)

≥
〈(

f −G0
∂ζ

∂t
, ϕ

)
, χ

〉

D′(0,τ),D(0,τ)

− a(T̃ +G;G0ζ, ϕχ)

−
〈
b(G0ζ, ṽ +G0ζ, ϕ) + b(ṽ, G0ζ, ϕ), χ

〉
D′(0,τ),D(0,τ)

for all ϕ ∈ V0 and χ ∈ D(0, τ).
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In order to pass to the limit in the approximate heat problem, we consider a test-function w = ωξ with

ω ∈ D(Ω) and ξ ∈ D(0, τ). We have

d

∫ τ

0

〈
∂2T̃h

∂t2
, ωξ

〉

H−1(Ω),H1
0
(Ω)

dt+

∫ τ

0

∫

Ω

ch
∂T̃h

∂t
ωξ dxdt

+
N−1∑

n=0

∫ tn+1

tn

(
(Kn −K)∇T̃h,∇ω

)
ξ dt+

∫ τ

0

(
K∇T̃h,∇ω

)
ξ dt

=

∫ τ

0

∫

Ω

φhωξ dxdt−d

∫ τ

0

∫

Ω

∂2G

∂t2
ωξ dxdt−

∫ τ

0

∫

Ω

ch
∂G

∂t
ωξ dxdt

−
N−1∑

n=0

∫ tn+1

tn

(
(Kn −K)∇G,∇ω

)
ξ dt−

∫ τ

0

(
K∇G,∇ω

)
ξ dt.

(37)

Reminding that Kij ∈ W 1,∞
(
0, τ ;W 1,∞(Ω)

)
for all i, j ∈ {1, 2}, we infer that

∣∣∣∣∣

N−1∑

n=0

∫ tn+1

tn

(
(Kn −K)∇T̃h,∇ω

)
ξ dt

∣∣∣∣∣

≤ ‖ξ‖L∞(0,τ)‖∇ω‖L2(Ω)

N−1∑

n=0

∫ tn+1

tn

∥∥K(·, tn)−K(·, t)
∥∥
(L∞(Ω))4

∥∥∇T̃h(·, t)
∥∥
L2(Ω)

dt

≤ ‖ξ‖L∞(0,τ)‖ω‖H1(Ω)

N−1∑

n=0

∫ tn+1

tn

(∫ t

tn

∥∥∥∥
∂K

∂t
(·, s)

∥∥∥∥
(L∞(Ω))4

ds

)
∥∥T̃h(·, t)

∥∥
H1(Ω)

dt

≤ h
√
τ‖ξ‖L∞(0,τ)‖ω‖H1(Ω)

∥∥∥∥
∂K

∂t

∥∥∥∥
L∞(0,τ ;(L∞(Ω))4)

‖T̃h‖L2(0,τ ;H1(Ω)).

Similarly
∣∣∣∣∣

N−1∑

n=0

∫ tn+1

tn

(
(Kn −K)∇G,∇ω

)
ξ dt

∣∣∣∣∣

≤ h
√
τ‖ξ‖L∞(0,τ)‖ω‖H1(Ω)

∥∥∥∥
∂K

∂t

∥∥∥∥
L∞(0,τ ;(L∞(Ω))4)

‖G‖L2(0,τ ;H1(Ω)).

Let us study now the convergence of the coupling terms.

Lemma 4.6. We have

φh → φ(ṽ +G0ζ) strongly in L2
(
0, τ ;L2(Ω)

)
,

ch → c(ṽ +G0ζ) strongly in L2
(
0, τ ;L2(Ω)

)
.

Proof. Let h ∈ (0, τ/N∗). By using the Lipschitz continuity of φ, we have

∫ τ

0

∥∥φh(·, t)− φ
(
ṽ(·, t) +G0ζ(t)

)∥∥2
L2(Ω)

dt ≤ 2L2
φ

∫ h

0

∥∥ṽ0 − ṽ(·, t)
∥∥2
L2(Ω)

dt

+2L2
φ

∫ h

0
‖G0‖2L2(Ω)

∣∣1− ζ(t)
∣∣2 dt+ L2

φ

∫ τ

h

∥∥ṽh(·, t− h)− ṽ(·, t)
∥∥2
L2(Ω)

dt

≤ 2L2
φh‖G0‖2L2(Ω)‖1− ζ‖2L∞(0,τ) + 2L2

φ

√
meas(Ω)‖ṽh − ṽ‖2L2(0,τ ;L4(Ω)) + 2L2

φ‖wh − ṽ‖2L2(0,τ ;L2(Ω)

(38)
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with

{
wh(·, t) = ṽ0 ∀t ∈ [0, h),
wh(·, t) = ṽ(t− h) ∀t ∈ [h, τ ].

But

∫ τ

0

∥∥wh(·, t)
∥∥2
L2(Ω)

dt =

∫ τ

0

∥∥ṽ(·, t)
∥∥2
L2(Ω)

dt+ h‖ṽ0‖2L2(Ω) −
∫ τ

τ−h

∥∥ṽ(·, t)
∥∥2
L2(Ω)

dt.

Hence (‖wh‖L2(0,τ ;L2(Ω)))τ/N∗>h>0 is bounded independently of h and

lim
h→0

‖wh‖L2(0,τ ;L2(Ω)) = ‖ṽ‖L2(0,τ ;L2(Ω)).

Furthermore, for any ϕ ∈
(
D(Ω)

)2
and ξ ∈ D(0, τ), we have

∫ τ

0

(
wh(·, t)− ṽ(·, t), ϕ

)
ξ(t) dt

=

∫ h

0

(
ṽ0, ϕ

)
ξ(t) dt+

∫ τ−h

0

(
ṽ(·, t), ϕ

)(
ξ(t+ h)− ξ(t)

)
dt−

∫ τ

τ−h

(
ṽ(·, t), ϕ

)
ξ(t) dt.

It follows that

∣∣∣∣
∫ τ

0

(
wh(·, t)− ṽ(·, t), ϕ

)
ξ(t) dt

∣∣∣∣ ≤ h‖ṽ0‖L2(Ω)‖ϕ‖L2(Ω)‖ξ‖L∞(0,τ)

+h
√
τ‖ṽ‖L2(0,τ ;L2(Ω))‖ϕ‖L2(Ω)

∥∥∥∥
∂ξ

∂t

∥∥∥∥
L∞(0,τ)

+
√
h‖ṽ‖L2(0,τ ;L2(Ω))‖ϕ‖L2(Ω)‖ξ‖L∞(0,τ).

We may conclude that

wh → ṽ strongly in L2
(
0, τ ;L2(Ω)

)
.

Going back to (38), we obtain the first part of the announced result. The second part of the announced

result can be proved with similar computations.

We can pass now to the limit in all the terms of (37). We get

d

∫ τ

0

〈
∂2T̃

∂t2
, ωξ

〉

H−1(Ω),H1
0
(Ω)

dt+

∫ τ

0

∫

Ω

c(ṽ +G0ζ)
∂T̃

∂t
ωξ dxdt+

∫ τ

0

(
K∇T̃ ,∇ω

)
ξ dt

=

∫ τ

0

∫

Ω

φ(ṽ +G0ζ)ωξ dxdt−d

∫ τ

0

∫

Ω

∂2G

∂t2
ωξ dxdt−

∫ τ

0

∫

Ω

c(ṽ +G0ζ)
∂G

∂t
ωξ dxdt

−
∫ τ

0

(
K∇G,∇ω

)
ξ dt ∀ω ∈ D(Ω), ∀ξ ∈ D(0, τ)
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and by density of D(0, τ)⊗D(Ω) into L2
(
0, τ ;H1

0 (Ω)
)
, we obtain

d

∫ τ

0

〈
∂2T̃

∂t2
, w

〉

H−1(Ω),H1
0
(Ω)

dt+

∫ τ

0

∫

Ω

c(ṽ +G0ζ)
∂T̃

∂t
w dxdt+

∫ τ

0

(
K∇T̃ ,∇w

)
dt

=

∫ τ

0

∫

Ω

φ(ṽ +G0ζ)w dxdt−d

∫ τ

0

∫

Ω

∂2G

∂t2
w dxdt−

∫ τ

0

∫

Ω

c(ṽ +G0ζ)
∂G

∂t
w dxdt

−
∫ τ

0

(
K∇G,∇w

)
dt ∀w ∈ L2

(
0, τ ;H1

0 (Ω)
)
.

5 Numerical simulations

Motivated by injection moulding (20–23) we consider a model problem with Ω = (0, L)2, L = 0.2 m,

s = 0 m/s, ζ(t) = 1 + 0.01t for all t ∈ [0, τ ]. The temperature at the boundary of Ω is given by an

increasing function of the time variable on the interval [0, τg] and then a constant temperature TG. More

precisely

G(t) = 3(TG − T0)

(
t

τg

)4

− 8(TG − T0)

(
t

τg

)3

+ 6(TG − T0)

(
t

τg

)2

+ T0 ∀t ∈ [0, τg],

G(t) = TG ∀t ∈ [τg, τ ].

Hence we may define G(x, t) = G(t) for all (x, t) ∈ Ω× [0, τ ]. We consider a velocity parabolic profile

for G0, namely

G0(x) =

(
4
x2(L− x2)

L2
, 0

)
∀x = (x1, x2) ∈ Ω.

We assume f ≡ 0, φ ≡ 0, v0 = G0, T0 = 300 K, T1 = 0 K/s, TG = 350 K and τg = 0.3 s. The

temperature dependent viscosity µ(T ) is an affine function, which may be obtained via a linearization of

the Arrhenius model leading to

µ(T ) = µ0

(
1 + α(T − Tref)

)

and we consider similarly

c(v) = c0
(
1 + β‖v‖

)

with α = −0.03, β = 0.02, Tref = 325 K. Let us observe that, as long as the temperature T is less than

358 K, the temperature dependent viscosity will satisfy assumption (7). The physical data are given by

µ0 = 0.1, ℓ = 0.015

(see35) and

Kij = 1 for i, j ∈ {1, 2}, c0 = 1000.

Finally we let d = k ∗ c0 where k is the thermal relaxation time. We solve the approximate problems

with FreeFem++ packages 1 with P1b/P1 space discretization for problems (Pn
h flow) (35,36) and P1 space
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Vec Value
0
0.053687
0.107374
0.161061
0.214748
0.268435
0.322122
0.375809
0.429496
0.483183
0.53687
0.590557
0.644244
0.697931
0.751619
0.805306
0.858993
0.91268
0.966367
1.02005

tau=0.,t=2
IsoValue
316.395
318.915
320.595
322.276
323.956
325.636
327.317
328.997
330.677
332.357
334.038
335.718
337.398
339.078
340.759
342.439
344.119
345.799
347.48
351.68

tau=0.,t=2

Figure 1. The fluid velocity (left) and temperature (right) with k = 0 at t = 2 s

Vec Value
0
0.053687
0.107374
0.161061
0.214748
0.268435
0.322122
0.375809
0.429496
0.483183
0.53687
0.590557
0.644244
0.697931
0.751619
0.805306
0.858993
0.91268
0.966367
1.02005

tau=0.3, t=2
IsoValue
311.622
314.5
316.419
318.338
320.257
322.176
324.095
326.014
327.932
329.851
331.77
333.689
335.608
337.527
339.446
341.365
343.284
345.203
347.122
351.919

tau=0.3, t=2

Figure 2. The fluid velocity (left) and temperature (right) with k = 0.3 at t = 2 s

discretization for problems (Pn
h heat) and 20 space nodes per edge. We consider two different values of

k, namely k = 0 (leading to the classical Fourier’s heat law) and k = 0.3 (see37). The time interval is

[0, τ ] = [0, 5] and the time-splitting parameter h =
τ

N
is chosen such that condition (15) is satisfied. We

present in the next figures the temperature and velocity fields at t = 2 s and t = 5 s.

As expected we can observe slip and non-slip zones along Γ0 and the influence of the thermal

relaxation time on the diffusion of the temperature.

Notes

1. The authors would like to thank their colleagues A. Agouzal and O. Gipouloux for their advices about the use of

FreeFem++ packages.
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Vec Value
0
0.0552766
0.110553
0.16583
0.221106
0.276383
0.33166
0.386936
0.442213
0.497489
0.552766
0.608043
0.663319
0.718596
0.773872
0.829149
0.884425
0.939702
0.994979
1.05026

tau=0.,t=5
IsoValue
342.089
342.683
343.078
343.474
343.869
344.265
344.66
345.056
345.451
345.847
346.242
346.638
347.034
347.429
347.825
348.22
348.616
349.011
349.407
350.396

tau=0.,t=5

Figure 3. The fluid velocity (left) and temperature (right) with k = 0 at t = 5 s

Vec Value
0
0.0552766
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0.16583
0.221106
0.276383
0.33166
0.386936
0.442213
0.497489
0.552766
0.608043
0.663319
0.718596
0.773872
0.829149
0.884425
0.939702
0.994979
1.05026

tau=0.3, t=5
IsoValue
343.987
344.438
344.739
345.04
345.34
345.641
345.942
346.242
346.543
346.843
347.144
347.445
347.745
348.046
348.347
348.647
348.948
349.248
349.549
350.301

tau=0.3, t=5

Figure 4. The fluid velocity (left) and temperature (right) with k = 0.3 at t = 5 s
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