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Existence and approximation
for Navier-Stokes system with
Tresca’s friction at the
boundary and heat transfer
governed by Cattaneo’s law

Special Issue Inequality Problems in Contact Mechanics
Mahdi Boukrouche', Imane Boussetouan? and Laetitia Paoli’

Abstract

We consider an unsteady non-isothermal incompressible fluid flow. We model heat conduction with
Cattaneo’s law instead of the commonly used Fourier’s law in order to overcome the physical paradox
of infinite propagation speed. We assume that the fluid viscosity depends on the temperature while
the thermal capacity depends on the velocity field. The problem is thus described by Navier-Stokes
system coupled with the hyperbolic heat equation. Furthermore we consider non-standard boundary
conditions with Tresca’s friction law on a part of the boundary. By using a time-splitting technique,
we construct a sequence of decoupled approximate problems and we prove the convergence of the
corresponding approximate solutions, leading to an existence theorem for the coupled fluid flow/heat
transfer problem. Finally we present some numerical results.

Keywords
Navier-Stokes system, hyperbolic heat equation, Tresca’s friction law, time-splitting technique,
convergence

1 Introduction

Many modern industrial processes, like lubrication or injection moulding for instance, involve non-
stationary incompressible fluid flows and heat transfer. Such problems are described by the Navier-Stokes
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system

ov .
{ 5 + (v.V)v = div(o) + f (1)

div(v) =0

where f denotes the density of body forces, v is the velocity field and o is the stress tensor given by

B (1 [ Ov;  Ov;
o= —pld+2uD(v), D(v)= (2 ((’)xj * 5$i)>1gi,j§d

where Id is the identity matrix in R?, y is the fluid viscosity and p is the pressure, coupled with the heat
transfer equation

oT . _
ca + div(q) = ¢ 2)

where ¢ is some dissipative term, c is the thermal capacity of the fluid, 7" is the temperature field and q is
the heat flux.
The latter is usually modeled by the Fourier’s law (') i.e.

q=-KVT S

where K is the thermal conductivity of the media. By inserting (3) into (2), we obtain the parabolic
equation

oT
leading to infinite propagation speed. This property, known as the “heat paradox” does not fit with
the observed behaviors, especially when temperature gradients or heat flux with short duration or high
frequencies are applied (>~'"). In order to get a more physically relevant description, several modifications

of Fourier’s law have been proposed ('>~'3). Among them, one of the most commonly adopted is due to
2

Cattaneo ('®'7) and consists in adding a damping term dw, with a positive parameter d, in the left
hand side of (4) i.e
o*T oT .

In the case of a constant thermal capacity and no dissipative term, equation (5) can be decomposed as

ca—Teriv(q):O
atdaq
499 _ _gvr
q+cat v

do d
By identifying q + e toq ( + ) we obtain
c

c Ot
d
q (-+ c> = —KVT



and the ratio d/c can be interpreted as the time-lag needed to establish steady-state heat conduction in a
material element suddenly exposed to heat flux.

For this kind of fluid flow/heat transfer problem, a first study has been proposed in'® in the case of
a 2D thin flow. By using an asymptotic expansion with respect to the thickness of the fluid domain, the
authors obtain a decoupled system of equations for (v, p) and T In this paper, we do not introduce any
restrictive assumption on the thickness of the 2D domain. We consider the coupled problem given by the
Navier-Stokes system with a temperature-dependent viscosity ('°~>*) and the hyperbolic heat equation
where the thermal capacity (which may vary under internal vibrations at the atomic scale '*>*) and the
dissipative term depend on the velocity field ('%) i.e.

ov .

N + (v.V)v = 2div(W(T)D(v)) + Vp = f
(P)< div(v) =0

9T oT .
dﬁ + C(U)E — div(KVT) = ¢(v)
with the initial conditions
oT
U(', O) = Vo, T(, 0) = T07 a(,O) = Tl.

Motivated by lubrication or extrusion/injection phenomena, we will consider also some non-standard
boundary conditions for the fluid flow, namely non-homogeneous Dirichlet conditions on a part of the
boundary and Tresca’s friction law on the other part (>>=7).

More precisely, let us define the domain €2 of the flow by

Q= {(I1,I2) ER?: 0<z1<L,0<xy < h(xl)},

where L > 0 and h € C'(R;R) is bounded from above and from below by two positive real numbers.
We decompose the boundary of Q as 9 =g UT'y UTy, with Ty = {(21,22) € Q: 29 =0}, '} =
{(z1,22) € Q: x2 = h(x1)} and '}, the lateral boundary. We assume that the upper part of the boundary
is fixed while the lower part is moving. We denote by s : ['g — R the corresponding shear velocity at
t = 0 and by s¢(t), with ¢(0) = 1, its velocity at any instant ¢ € [0, 7], 7 > 0. We introduce a function
go : 0Q — R? such that

/ gondo =0, go=0onTy,
I'r
gon = Ggo N = 0 and goT = go — GonM = (570) on FO’

where n = (n1,n2) is the unit outward normal vector to 92 and gy - n is the Euclidean inner product of
the vectors gg and n.
Then the fluid flow satisfies the following non-homogeneous boundary conditions on I'y U T,

v=0onTy x (0,7), v=goConly x (0,7),
and a slip condition on I'y

v, =v-n=0o0nTg x (0,7),



combined with Tresca’s friction law for the unknown tangential velocity (**)

lor| < €= vy = v —v,n = (s(,0)
|o7| = £ = 3\ > 0such that v = (s¢,0) — AoT

where / is the upper limit for the shear stress (i.e. £ is the Tresca’s friction threshold) and
g1 = (O’ijnj — O'n’/li)lngT Op = O'qjj’/linj.

Note that we will use Einstein’s summation convention throughout the paper.
Finally we prescribe also non-homogeneous boundary conditions for the temperature i.e.

T =gondQ x (0,7).

Let us emphasize that whenever the thermal capacity and the dissipative term ¢ do not depend on
the velocity field, the heat equation can be solved independently of the fluid flow problem and the
temperature-dependent viscosity can be considered as a data. In this simplified case, an existence result
has been proved in”’ and uniqueness and regularity properties have been obtained in’*’. Hence some
fixed point technique appears as the most natural tool to study our coupled problem (*'). Nevertheless,
motivated by computational issues, we will follow in this paper another strategy. Indeed, observing that
for any given time-independent viscosity and Tresca’s threshold, the Navier-Stokes system can be solved
numerically with standard softwares, we propose to split the whole time-interval [0, 7] into a finite family
of subintervals, i.e. [0,7] = UN_'[t,, tn 1], and to replace on each subinterval [t,,,, 1] the viscosity
w(T) and the Tresca’s threshold ¢(x,t) by some appropriate time-independent approximations ., (),
£y, (). Similarly, we will replace the thermal capacity and conductivity, ¢(v) and K (z,t), by some
approximations ¢, (z) and K, (), in order to get a simplified heat problem on [t,,¢,+1]. By using
this time-splitting method, we replace the coupled problem (P) by a finite family of decoupled fluid
flow/heat transfer problems which are easy to solve numerically and we will show the convergence of
the corresponding approximate solutions to a solution of (P) when the length of the subintervals tends
to zero.

The paper is organized as follows. In Section 2 we give the mathematical formulation of the coupled
problem (P). Then in Section 3, we introduce the time-splitting technique and we show that the
decoupled fluid flow/heat transfer problems admit time-continuous solutions. This property will allow
us to define a sequence of approximate solutions (vp, pr, T1,) on the whole time-interval [0, 7], where h
denotes the length of each subinterval. In Section 4, we establish some a priori estimates for (v, pr, Th)
and we prove the convergence to a solution of (P). Finally, in Section 5 we illustrate these theoretical
results with an example of implementation.

2 Formulation of the coupled fluid flow / heat transfer problem
We adopt the same notations as in”’ for the formulation of the fluid flow problem. More precisely, we
denote by

L*(Q) = (L*())*, LY(Q) = (L1(Q))%, L*(To) = (L*(T0))?

H'(Q) = (H'(Q)°, HX(Q) = (H*(Q))



and we define
Vo={peH'(Q): p=00nT UL, ¢ -n=00nTp}
endowed with the norm of H*(£2) and
Vodiv = {go €V : div(p) = 0}.
We assume that

fe L0, L3(Q)),
£E W0, 12 (1) 0 CO (0,7 (). ©
¢ e C>([0,7]) with ¢(0) =1

and 7 > 0. We assume moreover that . € C!(R,R) and there exist three real numbers u*, p1, and i/,
such that

0<p" <2u(X) < pw, |[W(X)] <l VXER, ™
Then, for any measurable temperature field 7" we define

a(T;--) : L? (O,T;Hl(Q)) x L? (O,T;Hl(Q)) - R

(1, 0) 1> /0 /Q 244(T) Diy (u) D (v) dxcl.

Let b be the usual trilinear form and ¥ be the Tresca’s functional given by
b HYQ) x HY( Q)le(Q)—HR
(u, v, w) — / Us— w] dx

and
v o L*(0,7;L3 () - R

u >—>/ Llu| dzq dt.
0o Jro

For the heat problem, we assume that the thermal conductivity K is a symmetric matrix such that
Kij e Whe (0,1 Wh>(Q)) Vi, j € {1,2} (8)
and there exists a* > 0 such that
Kij(z,t)6& > a*[&]? Vae (z,t) € Q x (0,7), V¢ € R% ©)

We assume also that d is a positive constant, ¢ and ¢ are two Lipschitz continuous mappings and there
exist ¢y, ¢* two real numbers such that

0<c*<e(X)<ec. VX ER? (10)



Finally, we assume that there exist an extension of gg and g to €2, denoted respectively by Gy and G, such
that

Go € HQ(Q), dl’U(Go) =0 in Q, Go = go on 'z,

Go=0 on T'y, Go, = 0and Gor = (5,0) on Ty an

and
G € C*([0,7]; H*(Q)), G = g on 9Q x [0, 7]. (12)

In order to deal with Dirichlet homogeneous boundary conditions, we set v = v — Go¢ and T =
T — G. The variational formulation of the coupled problem is given by

Problem (P) Find a triplet velocity-pressure-temperature (v, p, T) with
velL? (0, T; Vodiv) N L*™ (O7 T; LQ(Q)), pe H! (0, T; L(Z)(Q))
and
T 9*T

Ferona@), o e 2o ), OF e o)

such that
Problem (Pgoy) : forall p € Vy, forall x € D(0,7)

d ~ ~
(5@ +66E5.0.x) +al(f + G:Tp0)
D’(0,7),D(0,7)

([ PI() X)) iy + BT+ )~ (D)
a _
< (f Go ;,go) x> —a(T + G5 Got, o)
_ D,'V(O,T),D(O,T)
_<b(GOC7 v+ GOCa QO) + b(U, GOCa @)7 X>D’(O,T),'D(O,T)

where (.,.) denotes the inner product in L2(2), coupled with

Problem ( Pheat) : forall w € L%(0,7; H}(2))

d/ , W dt+/ / (v + GOC)aiw da:dt—|—/ (KVT, Vw) dt
8t2 ot 0
(), Hj () N 00
/ / oV + GoC)w dxdt— d/ / —wdmdt / / (U + GoC)——wdxdt
/0 0 ot 0o Jo ot

KVG, Vw) dt

and satisfying the initial conditions

6(,0) = 60 =9 — GO € LQ(Q),

~ - oT - oG
T(-,0) =Ty =Ty — G(-,0) € H}(Q), E("O) =Ty =T, — E("O) c L*(Q).



3 Description of the time-splitting technique

Now let us describe our time-splitting technique. Let N € N*. We decompose the time interval [0, 7] into
N subintervals [t,,,t,+1] of length h = % with ¢, = kh for all k € {0,..., N}. On each subinterval
[tr, tnt1], 0 < n < N — 1, we consider the following approximate problems

Problem (P} ;) Find

O € L*(tn, tps1; Vodio) N L™ (tn, tas1; L2(Q)), p € H™ ' (tn, tyrr; LE(Q))
such that, for all ¢ € V and x € D(t,,, tn+1), we have

d o ~n ~n
<dt (Uh7 )+b(vhavha<p)7x> +an(vh7¢X)

D' (tnstnt1),D(tn,tnt1)

*</ Phdiv(e) dz, X)p, 1) Dty T Ik +0X) = Un(Vh)

0
> <<fGOa§7SD) 7X> 7an(GOCWOX)
- D/Qnytn+1)7D(tn;t7z+l)
—(b(Go¢, Ty + GoG, @) + b(U5 Gols ) X) piir 4oy (et

ns n+1)

with the initial condition
Ut (- tn) = Tjt o € LP(Q)

and
Problem (P}, _..) Find

8Th

TP € L (tn, tnr1; HO(Q)), o

€ L?(tn, tny1; L3 (), 8atT’l € L?(tn, ty1; H ()

such that, for all for all w € L? (¢, ty41; H (2)), we have

n+1 aQT n+1 tn41
d/ h w dt—|—/ /cn wda:dt—|—/ (K VTh,Vw)d
; a2 ot \
1(Q), Hl(Q)

n+1 n+1 nt1
/ /(bnwda:dt d/ wdajdt / /cn—wdxdt
Q
n+1

—/ (KnVG, Vw) dt
tn

with the initial conditions




where ¢, € L (t,, tni1; L°(Q)), ¢n € L2 (tn, tns1; L2(Q)), Up 0s ZN“,?)O, f,;’l will be defined later on
and

Gn LQ(tn,th;Hl(Q)) X LQ(tn,th;Hl(Q)) — R
tn+1

(u,v) — / 2pnD;j(w)D;j(v) dedt
tn Q
with p,, = u(fﬁo + G(~,tn)),
v, L? (tnatn-‘rl; L2(FO)) —-R

tn+1
u / L |u| dzqdt
t To

ln

with ¢,, = £(-,t,) and K,, = K(-,t,). Let us emphazise that the problems (P}, 4 ..) - (P} 1...¢) are totally
decoupled. Furthermore, by using Theorem 6.2 in?’, Lemma 3.1 and Proposition 3.2 in*" we have

Theorem 3.1. (Existence and uniqueness result for (P} 4...)). Assume that (6)-(7) and (11) hold. Let
N eN* and n € {0,...,N —1}. Then, for any o3 , € L*(Q) and Ty, € Hy(2), problem (P}, g,

ov —
admits an unique solution. Furthermore a—th and b(vy, vy, -) belong to L? (tn, tnit, (VOdi'u)/)~

It follows that 0} € CO([ty,, ty41]; L?(€2)) and for all ¢ € Voaiv and x € C°°([tn, tn41]), we have

tnt1 862 tnt1 _ ~
/ <8t ,s0> th+/ b(Vp s Uy, )X dt + an (Vg px)
tn (Vodiv)" Vodiv t

- —n bt 0
+, (U + ox) — Yn(vy) > / (f - Gogg, w) X dt — a,(GoC, pX)
tn

tni1
- / (B(GoC, T+ GoC. ) + (AT GoC, ) x .
t

n

n

We may also obtain an existence result for (PL | ..).

Proposition 3.2. (Existence and uniqueness result for (P}, ...)). Assume that (8)-(9) and (12) hold.
2
Let N > {

C*Tz};p(T)J +1,n€{0,...,N — 1} and let us assume moreover that

cn € L (tn,tns1: L2(Q)), én € L2 (t, tns1; L2 ()
with
0<c <cupla,t) <c.Vae (z,t) € QX (tn, tnt1)
and
Tr, € Hy (), Tjy € L*(Q).

Then problem (P} ,...) admits an unique solution f}? such that JN“,:‘ € C[tn, tnma; HH(Q)) N
Cl([tnatn+1};L2(Q))'



27 exp(T)
2
[ty tnt1], n € {0,..., N — 1}, satisfies the inequality

exp(h)h < (d)2

Cx

Remark 3.3. The condition N > J + 1, ensures that the length h = % of the subintervals

where d is the damping coefficient and c, the maximal value of the thermal capacity (see (10)). Hence
the limitation on the length of the small time-intervals depends only on the data.

Proof. Let N € N*and n € {0,..., N — 1}. We introduce the functional space
W = CO([tn, tns1); Hy () N C ([tn, tns1]; L2 (Q))
endowed with the norm

1
2 2

el = sup (dH%f(-,t)

tE[tn,tny1]

+ (Kano(',t),VSO(',t)))
L2(Q)

for all ¢ € W. With theorems 8.1 and 8.2, in®’ chapter 3, we know that, for any u? € Hg (),
ul € L*(Q) and F € L?(ty, tny1; L*(2)), the problem

32

u _ .

dﬁ —div (Kp,Vu) = Fin Q

u = 0 on 9N 13)
U’('vtn) = U, E(th) =1U

admits an unique solution v € W. Furthermore (see Lemma 8.3, in*? chapter 3),

ou ? n
S 9) + (KnVu(-,s), Vu(-, s)) = dl[uf || 720
L2() 4

+(Knvug,vug)+2/ /F@ dzdt
0 Jo o Ot

!

forall s € [t,, tpy1]-
So we define the fixed point mapping

5. W =W
"l u— u,

where w is solution of (13) with ug = FTV,’;,O, ul = f,’il and

0%°G oG . ou
—_— ; + div(K,VG) — cna.

F=n—dgm gy



The mapping ¥ is Lipschitz continuous on W. Indeed, for any u; and uy in W, let u = ¥(uy) — X(us).

0
Then w is solution of (13) with uj = uf =0and F' = n% With (14) we infer that
H + (K, Vu(-,s), Vu(,s))
L2(Q)
(uy — UQ 2 ou 2
<7/ =L 2 dt +d —(-,t) dt
L2(Q) t |l OF L2(Q)
for all s € [t,,t,+1]- By applying Gronwall’s lemma, we get
cZexp(h) [+ ||0(u; — o) 2 cZexp(h)h .
Julfy < 2R ARy < S g,
d t ot 12(0) d
. . 27 exp(T) . . .
It follows X is a contraction whenever N > Q2 + 1, thus ¥ admits an unique fixed point in
W which allows us to conclude.
Let us assume from now on that
2
N> {‘*Ti;p(T)J 1. (15)

Our time-splitting technique is based on the so-called time retardation method, namely we split the whole
time interval [0, 7] into the small intervals [t,,,,+1] with h = T and t, =nhforalln e {0,...,N}

and we solve on each subinterval [¢,,t,41] the approximate problems (P} 4 ) — (P} | ..;) Where the
value of the unknows v and T" from the previous subinterval is considered in the coupling terms.

More precisely we can choose
Uno =05 ' (tn),
TI;L,O = T,?_1(~,tn), Tf?l = #(-,tn)
foralln € {1,..., N — 1} and we let

vhozvoeL (Q),

~ ~ 16
TPy =Ty € H{(Q), TY, = Th € L*(). (16)

In order to complete the description of the approximate problems (P} 4...) — (P} ,.cat)» We define the
mappings ¢,, and ¢,, as follows

co = c(vo + Go), o = (v + Go)
and, foralln € {1,...,N — 1}

cn(t) = (T (ot = h) + Go()C(D), dnlit) = G(T " (-t = h) + Go()C(1)) V€ [t tnsa].

10



Then, under the assumptions (6)-(12), (15) and (16), we can define by induction v}, pj and f,? for all
n € {0,...,N — 1} and we have

ooy vy
ot

f}? € CO([tnv tn+l]5 H(} (Q)) nct ([tna tn+1]§ LZ(Q))a

O € L2 (tn, tng1; Voaiv) N CO([tn, tnga]; L2 (9)), € L*(tns tnt1; Vodin)').
2Ty

ot?

€ L?(tn, tyy1; H ().
Then we let

(1) =07 (1), Ta(t) = TR( 1) VEE [tn, tnia],
foralln € {0,..., N — 1}. We have

Pk ¢ 120,75 (Voaw)'),

ot
7 < CO(0.71 HY(@) N 1 (0,7 L2@). L0k

oy, € L?(0,7; Voaiv) N C°([0,7]; L*()),
€ L*(0,7; H ()

such that

T ] 0v, T ~
/ <ath,<p> xdt+/ b(0n, On, @) + an(Vn, ox)x dt
0 Vodiv)"sVodiv 0
- - T a¢
+W4(Un + ©x) — ¥n(0n) > f- Go§7 ¢ ) xdt —an(GoC, ©x) am
0

- / (B(GoC, B + GoC.9) + BT, GoC, 9)) Xt Vo € Voain, Yy € D(0,7)
0

Qf T _
d/ <88t2h,w> dt+/ /ch—wdxdt—&—/ (KhVTh,Vw) dt
“H(Q),H () oy
/ /¢hwdxdt d/ / wdxdt—/ /ch—wdxdt (18)
/ Q Q Q

and

(KnVG,Vw) dt Vw € L*(0,7; Hj ()

with the initial conditions

(-, 0) =g € L*(),
Ty,

Th(,0) =Ty € Hg(9),

—(-,0) =Ty € L*(Q)
where ap, Uy, ch, ¢ and K}, are given by

ap : L?(0,m;H'(Q) x L?(0,7; H'(Q)) = R

N—-1 tni1
n=0 7tn Q

11



U, : L?(0,1;L%(Ty)) » R
N—-1 tnt1
U Z/ / lp|u| dzqdt
n=0 ’tn To

and

Ch('vt) = Cn("t)v (bh('at) = ¢n('vt)v Kh("t) = Kn() Vie [tnatn—i-l)v Vn € {Ov N — 1}

Let us observe that a;, and ¥}, fit the assumptions of Theorem 6.2 in>’ and Proposition 3.2 in*". Hence
the following problem

Find
5 € L2(0,73 Voan) N L™ (0,75 L2(Q), p € H1(0,75 L())

such that, for all ¢ € Vy and x € D(0, 7), we have

d . o ~
CIORRCIIORY (o)
D’(0,7),D(0,7)

([ DI X))+ TT 920 — V(D)

Q
0
> <<f_G08§,90> 7X> _ah(G0C790X)
_ D”V(O,T),'D(O,‘r)
7<b(G0<a v+ GOC; 50) + b(’l}, GOC; 50)3 X>’D’(0,7—),D(0;r)

19)

with the initial condition

3(-,0) = T € LA(Q)

~ ov . . .
admits an unique solution (v,p) and 8—: € L*(0,7; (Voaiv)'). With the same computations as in

Proposition 3.2 in*’, we infer that ¥ = ©j,. Let us define now p;, € H~1(0, 7; L3(Q)) by pj, = p.

Lemma 3.4. Assume that (6)-(12), (15) and (16) hold. Then, for alln € {0,..., N — 1}, the restriction
of pr, on (tn, tny1) coincide with pj.

Proof. We infer from (19) that

d

D’(0,7),D(0,7) 5
. ¢
_</ phdlU(SD) dil', X>'D’(O 7),D(0,7) = { f - GO&7 ®lsX - ah(GOCa QOX)
Q N 7~' ’ D’(0,7),D(0,7)
_<b(G0<7 v+ GOC? SD) + b(’l}, G0<7 90)7 X>'D’(O,T),'D(O,T)

d . - ~
<(vh7§0)+b(’vhavh7§0)7x> +ah(”ha90X)

12



for any ¢ € H}(€2) and forany y € D(0,7).Nowletn € {0,..., N — 1} and x € D(t,, t,+1) extended

by 0 to (0, 7). With (P}, 4,,,) we have
d - -,
(5 @)+ 06T x) (i 00)
t D’(tﬂ,,tn+1),D(tn,tn+1)

¢
- hdi d ; , = -G a7 ) — Qn G ;
<~/Q Ph Z'U((P) v X>D (tnstng1),D(tn tnt1) (f 0 ot 90) X>D/(tn7tn+1)7D(tn7tn+1) ‘ ( OC SDX)

_<b(G0<7 5}? + GOCv SO) + b(;&/Z7 GOCa QO), X>D/(tngtn+l)7p(tnatn+l).

Since vy, (-, t) = vp (-, t) forall ¢t € [t,,, t,,41] we obtain

</Q(ph — pp)div(p) dz, X>D,(tmtn+1)p(tn%H) =0

for any p € H}(Q2) and for any x € D(t,,t,+1), where we have identified p;, with its restriction on
(tnstns1)- But, for any w € L3(€2) there exists ¢ € H} () such that div(p) = w (**). Thus

<,/Q(ph - p;,b)w d(f, X>'D’(tn,tn+1),'D(tn,tn+1) =0

for any w € L3(2) and for any x € D(t,,tn11). It follows that, for any w € L?(Q2) and for any
X € D(tn, tn+1), we have

<‘/Q(ph - pZ)ﬁ;dxa X>D/(tnytﬂ,+l)>D(tﬂ,7tn+l) = <A(ph - Pﬁ)w dr, X> =0

D’ (tn,tnt1),D(tn,tni1)

with

- 1 ~
wews meas() /Qw'
By density of D(ty,, tn41) ® L2(Q) into HJ (tn, tni1; L2()), we get

(pr = ph; ’7>H71(tmth;L?(Q)),Hé(tmtn+1;L2(ﬂ>) =0

forany n € Hg (tn, tny1; L?(2)) which implies that the restriction of py, on (¢, tn11) coincide with pj'.

4 Convergence

In order to pass to the limit as N tends to +oo (i.e. as h tends to zero), we have to establish some a priori
estimates for vy, pp, and T},.

By reminding Proposition 3.2 in*’, and Lemmas 4.1 and 5.1 in?’ (let us emphasize that the estimates
do not depend on the temperature field nor on the Tresca’s threshold), we get

13



Proposition 4.1. Under the assumptions (6)-(12), (15) and (16), there exists a constant C', independent
of h, such that

maX(||5h||Loo(o,r;L2(Q))a HEhHLz(O,T;Hl(Q))) <C (20)
and
lonll -1 (0,7;22(0)) < C. (21)

Next we observe that, for all ¢ € Va4, and for all x € D(0, 1), we have

|‘I’h (Un) — U (0n £ @X)| Z/ / Cnllox |l dzidt < Z/ 16C, tn) |2 gy 1l 22 0o XD

7(Q )\f||€||00 ([0,7];L2 FO))H@XHLZ(OTHl(Q))

where (1) is the norm of the trace operator from H*(£2) into L?(952). Then, by reproducing the same
computations as in Lemma 3.1 in", we obtain

Proposition 4.2. Under the assumptions (6)-(12), (15) and (16), there exists a constant C', independent
of h, such that

We may also obtain some a priori estimates for 77,.

o, )
—_— < .
o <C 22)

L2(0,7;(Vodiv)’)

Proposition 4.3. Let us assume that (6)-(12) and (16) hold. Then there exists N, € N* and a constant
C", independent of h, such that, for all N > N,

02Ty,
2

oTy,

< //'
r <C (23)

L>(0,7;L2(2))

max HTh||L°°OTH Q)

L2(0,m:H-1(Q))

21 exp(r

Proof. Let N > { 7 ( )J +1landn € {0,...,N — 1}. With (14), we get the following equality

Tn et T
] ey o ( ] ) et + (16,9T} (- 5), V(. 5)
L2() o
Ty
=d 6£L ('7tn) + (Kanh ('7tn)v VTI?("t”))
L2(Q)

’ 0°G oG\ oy s oF"
+2‘/t /Q(¢n_d8t2—cnat> ot dx dt+2/tn/QdZU(KnVG> ot

14



forall s € [t,,t,+1]. We rewrite the last term of the previous equality as follows:

div (K VG) (’“)T,?

/t /m( ( >> T} da dt+/Qdw(Knv(G(.,s)))fg(.,s)dx
/Qd:v( K (VG (1)) TR dx/ts (K v(%f) (.,t),vf;;(.,t)> dt
- (Ku(vG(, )) (Tg( s))) + (Knv(g;(-,tn)),v(Th(-,tn))).

dzdt

With assumption (10) and Young’s inequality, we get

~ 2 ~ 2
oTy *||oTp ~ ~
d||[=2 (-, s) +c*/ ) dt+ (KnVTgL(~7s),V(T,?(-,s)+2G(-,s)))
at Lot
L2(Q) " L2()
aTh Tn Tn
<d|SECa)|| A+ (K VTR ), V(TR () +26(, 1))
12(@)
BT 342 || 92G || 3¢2 || 0G ||?
" NPRIL2(t,, b q15L2 Tk || 9+
“ . e (T L2(tntnirin2@) € 1O Nl L2, 4000200
+2/ <K \Y% (%G>( t), vfy(.,t)) dt
t t
which yields
oTr slon |
| GECs)| e [ TR e (K@) + G, T (5) + Gl )
t,
12(9) g 12(@)
aj:';zl TN TN
<d| )| (K (TR Ctn) + GO ta), V(T o) + G(-,m))
L2(Q)
+ llnll? gl g H
“x NWPRIL2(ty ty 1502 T || a2 *
¢ s o ;GL v ‘ ot? L2(ty tnt1;L2(Q)) ¢ L2 (tn,tny1;L2(Q))
+2/ <K v ( X )( ),v(fg(.,mc(.,t))) it (24)
tn
87:,’; n TN
<d|SECa)|| A+ (K V(TR Ct) + GO t) V(TR 1) + G ) )
L2(Q)
+2 onll? + ac sl y
“x WPRIL2(ty ty 15102 Tk « || 9+
c L2(tp,tng1;L2(Q2)) c ot2 L2t st L2()) c ot L2 (bt s s L2())

oG\ |I? e
I Z 0 (0,73 (%) ‘v (&s) +/ IV (T3 (1) + GO D) [

L2(tyn ,tn4+1;L2(2)) tn

15



Let z,, = x,, + y,, With

22G|I? 3¢2

o2

+

_ 2
T = e sz . H
c L2(tp,tnt1;L2(Q2)) ¢

C*

oG\ ||?
WQJ

L2 (tn tos 1312 (Q)

L2 (tntn41;L2(9))

I 0 ([0,73: Lo (2)9)

and

+ (Knv(f,?(~,tn) G t)), V(TP (1) + G(~,tn)))
L2()

forall n € {0,..., N — 1}. With (9) we infer that

~ 1
HV(T;: s) + G(, )HL2(Q = OT(JU”""Q” +7/ HV Th )+ G( )HL2(Q dt

and Gronwall’s lemma implies that

~ 1 —ty
939+ G [ < ez () @s)

(67

for all s € [t,, ;1] By replacing in (24), we obtain

+c*/
t

n

Ty

oty
ot °)

L2(Q) L2(Q) (26)
(K@) + G0 T ) + Gl )< e (T

forall s € [t,, tyt1]- With s = ¢,,4.1 we have

yn+1<2neXp<t"Ha*_tn>+( K1 V(T3 tngr) + G b)), V(TR (o tngr) + Gl tns)))
(K V(Th( n+1)+G( n+1)) V(Th( n+1)+G( n+1)))

With assumption (8) we get

o

ot Ynt1-

Lx(tn7tn+l§(Loo(Q))4)

n+1 > n Ty )€X

2
N, > max [ | G727
d? a*

Let

oK
ot

L22(0,7;(L>=(2)))

16



and

1 K
=— QHa +1].
a O || Lo (0,7:(Lo0 ()

Forall N > N, and foralln € {0,..., N — 1}, we have

Ynt1 < (yn + an) eXp(Oh).

Hence
n—1
Yn < yoexp(Cnh) + Z zpexp(C(n — k)h)
k=0
and

zn < exp(CT) (yo + Z .Tk)

k=0

foralln € {0,..., N — 1}. But

Blells
ot

82
o2

Zﬂﬁk < *H¢h\|L2(oT 12() + o
k=0
oG
v <at)

H(bhH%Q(O,T;LQ(Q)) = hH‘é(EO + GO)HiQ(Q) +/h H(b(%h(at - h) + GOC(t))HiQ(Q) dt

20r2@) ¢ L2(0,7L2(Q))

HIE 1o (10,12 (24

L2(0,75L2(2))

and

Reminding that ¢ is Lipschitz continuous, we may denote by L its Lipschitz constant and we have

H¢h\|%2(o L2(Q)) S < 7| ¢(00 + Go) HL2(Q +27]¢(0 ’ meas(2)

LT 0o + AL Goll ey [ 16 .
With the results of Proposition 4.1, we infer that z,, is bounded by a constant independent of n and h.
Going back to (25) and (26), and using (18), we get (23)

Now we can pass to the limit. Indeed, with the results of the three previous propositions, we know that
there exists a subsequence of (Up,, pr, Th) /N, >h>0- Still denoted (Ur,, pr; Th)7 /N, >n>0. Such that

Up — v weakly in L2 (0,75 Vouiv)

and weakly * in L (0, 7; L*(2)), 27

17



oy, v R
TR weakly in L? (0, 7; Voaiv)') » (28)
pn —p weakly in H~'(0,7; L§(9)), (29)
and
Tp —T weakly *in L= (0,7; H (Q)), (30)
T,  oT e 2
T weakly * in L (0, 7; L*(22)), 31
82Th 82f . 2 —1
52 — T weakly in L (0, T H (Q)) (32)
Moreover, with Aubin’s lemma, we have
Uy, — 0 strongly in L? (0, 7; L*(Q2) N L*(Iy)) (33)
and with Simon’s lemma**
o, =0 stronglyin  C°([0, 7]; H), (34)
Ty, — T strongly in C° ([0,7); L*()) nc* ([0, 7]; H) (35)

where H (resp. H) is a Banach space such that L2(2) € H C (Voaiv)’ (resp. L2(2) € H € H~1(Q2))
with continuous injections and a compact embedding of L (€2) into H (resp. of L2(£2) into H). It follows
that

Furthermore,

Theorem 4.4. (Convergence of the splitting technique and existence result for (P)). Under the
assumptions (6)-(12) and (16), the limit triplet (v, p, T) is solution of problem (P).

Proof. Let ¢ € Vy and x € D(0, 7). Forall h € (0,7/N,) we have

d ~
(5 ) + 0 )% + an(@n )
D’(0,7),D(0,7)

/ prdiv(p) dz, X>D’(O Ao T Ur(vn + x) — Un(0n)

<(f Go ) X> — an(GoC, pX)
D’(0,7),D(0,7)
GOC; (% + GOC @) + b(’U}“ GUC @) X>Dx(0 7),D(0,7)"

(36)

18



Reminding that £ € W'2(0,7; L3 (I'g)), we obtain

n—+1
Z/ / (b, — O)|0, + @x| dx1dt

n=0

5) dS) Hﬁh(a t) + SDX(t)HLz(Fo) dt
L2(To)

| W5 (0n + ©x) — U (0h + ©X)|

trnt1

1|o¢
< -

lUn + ©x|lL2 0,712 (r0)) -
L2(0,7L2(T))

Moreover

Lemma 4.5. For any ¢ € Vo and x € D(0, 1), we have the following convergences

a/h(G()C) SDX) — GA(T + Ga GOCa SDX)7
an(On, x) — a(T + G; 0, px)-

Proof. Let p € V) and x € D(0, 7). With the previous convergences we already have
(T + G, x) = a(T + G; T, px).
Hence we only need to prove that

lim |an(GoC, ox) — a(T + G; Go¢, )| =0,
lim ’ah(ﬁh, ex) — a(T + G; vy, gox)} =0.
h—0

Let us consider first ¢ € (D (ﬁ))2 We have
‘ah Go¢, x) — a(T + G; Goc, wx)‘
n+1
< Z/ /2|un— (T + G)||Di3(Go)| | Dis ()| 1| d

and with assumption (7), we get

a1 (GG, o) = alT + G Gog. )|

N-1 tna1
< 2, Z /t (175 = T2y + |GGt ('at)HL2(Q))HGOC“Hl(Q)||V90||L°°(Q)|X| dt.
n=0 /tn
But
~ ~ ~ ~ 8Th ~ ~
HTh,O - T||L2(Q) < HTh('vtn) - T("t)HLz(Q)S . ot —(,8)ds + 1T — T”CO([O,T];LQ(Q))
" L2(Q)

8Th o~ T
<Vi—t, || =L + 1 Th = Tl eo(o,7];22(02))

L2(0,7:L2(Q))
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and

oG
||G('vtn) - G("t)HL2(Q) SVi—tn ot
L2(0,7;L2(Q2))
Then
‘ah(GOCa ox) — a(T + G: GG, wx)’
oT, ~ A
<o | Vh| =2 + | Th — Tlleoo,r1:22(9))
L2(0,7;L2(Q))
oG T
g < [ GGl o) 96l dr
L2(0,75L2()) 0
Similarly

‘ah(ﬁh, ¢x) — a(T + G; oy, @x)‘

8Th = —
<o | V| =L + 1 Th = Tllcoo,71;22(02))

L2(0,7; L2 ()

oG
+\/EH8t

o e A P
L2(0,7;L2(%2)) 0
With the estimates (20)-(23) and the convergence (35) we infer that

}1111% ’ah(G()Cv <)0X) - a(f + G7 G0<7 QOX)| = 0’
lim ’ah(ﬁh, ex) — a(T + G; vy, wx)} =0
h—0

for all p € (D (ﬁ))Q and for all x € D(0, 7). Finally the density of (D (ﬁ))2 into H'(Q) allows us to
conclude.

Now we can pass to the limit in all the terms of (36) and we get

d . - ~ -
< (0, ) +b(v7v,¢),x> +a(T + G; v, ¢x)
dt D (0,7),D(0,7)

([ P ) 0 iy + B+ )~ (D)

Q
0 ~
_ ,D/L(O,T),/D(O,T)
_<b(G0<7 v+ GOC? (p) + b(”? GOC? @)7 X>D/(O,T),D(O,'r)

forall ¢ € Vy and x € D(0, 7).
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In order to pass to the limit in the approximate heat problem, we consider a test-function w = w¢ with
w € D(2) and £ € D(0, 7). We have

T [ 02T,
d/ <8t2h’w§> dt+/ /ch " o€ dzdt
0 H-1(Q),H} ()

+Z/n+l (K, K)VTh,Vw)fdt—i—/ (KVT, Vw)é dt

/ /¢hw§dxdt d/ /82Gw§dxdt/ /ch—wfdxdt

tnt1
/ (K, — K)VG, Vw)é di— /(KVG V)€ dt.
tn

(37

Reminding that K;; € W1 (0, 7; W°°(2)) forall i, j € {1,2}, we infer that

Z / o (K, — K)VTh, Vw)€ dt

n+1
<||5||Lmof>||wummz / 1K o t0) = K| e gyyo IV T0 G O o

trnt1 ~
< el eoum Il o) Z / ( / 1. ds> 1T )1
n L>(Q

8K ~
< hT|€] Loe 0,0 [|w]| 1 (02) ‘ 5 | Thll 220,71 () -
L0 (0,73(L> (2))4)

, S

Similarly

Z/+ (K — K)VG, V)€ dt
n=0

oK
ot

< A€l e 0,0 w0l 1 () IGllL200,71 ()

L22(0,73(L>=(2))1)

Let us study now the convergence of the coupling terms.
Lemma 4.6. We have
én — ¢V + Go¢)  strongly in L?(0, 75 L*(2)),
cn, — (U + Go¢)  strongly in L* (0,75 L*(12)).

Proof. Let h € (0,7/N.). By using the Lipschitz continuity of ¢, we have

h
om0+ Goc) gyt < 223 [ 80 =0 o

+2L§f0 ||GOIILZ(Q)]1—c(t)\ dt+L§,/h |on(,t —h) =% dt

Dl

< 2L§ah||G0||%2(Q)H1 - C||%oo(o,7) + 2L§>\/ meas(2)|[vn — 57||2L2(O,T;L4(Q)) + 2L§>Hwh - 5||%2(O,T;L2(Q)

21
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with

wa (1) = T Vt € [0, ),
{ wh(-,t) = B(t — h) Vt € [h, 7).

But

T 2 T~ 2 ~ |12 T~ 2

[ nC Oy @ = | I Ollgagey dt +hllfolEs@) = [ 1760 [aq0 .
Hence (||wn||z2(0,7;L2(Q)))r/N. >h>0 is bounded independently of / and

Lim [[wnl| 220,120 = [0llz2(0,m22(0))-
Furthermore, for any ¢ € (D(Q))2 and ¢ € D(0,7), we have
[ wnot) =50, 0600
0 h T—h T
- [ Guaswa [ @ Earm—so)a— [ Gt
0 0 .
It follows that

\ ot = 000600 dt\ < Boleololle@ € =0

+ VI3 2 0.r w2 |z @) 1€l Lo 0.7) -
Lo (0,7)

+hV/TI0| L2 (0,72 ) ll2llL2 ()

23
ot

We may conclude that
wy, — U strongly in L* (0, 7; L*(12)).

Going back to (38), we obtain the first part of the announced result. The second part of the announced
result can be proved with similar computations.

We can pass now to the limit in all the terms of (37). We get

af <at2, > dt+// 7+ Got) Gt doit [ (KVT, V) d
~1(Q),HE ()

//¢U+G0C wé dxdt— d// 5 w§drdt — // U+G0C)—w§da:dt
|

(KVG,Vw)édt Ve € D(Q), V€ € D(0,7)
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and by density of D(0,7) ® D(2) into L?(0, 7; Hg (£2)), we obtain

T 2 T T

d/ <C{;§,w> dt+/ / UJrGOQ—de:EdtJr/ (KVT Vw)
0 1(Q),H} (2 5
/ /gb (v + GoQ)w dadt— d/ / 9 Gwd:vdt / / v+GoC)—wdwdt

—/ (KVG,Vw)dt VYw e L*(0,7;Hy()).
0

5 Numerical simulations

Motivated by injection moulding (**~**) we consider a model problem with 2 = (0, L)%, L = 0.2 m,
s =0 m/s, ¢(t) =1+ 0.01¢t for all ¢t € [0, 7]. The temperature at the boundary of € is given by an
increasing function of the time variable on the interval [0, 7] and then a constant temperature 7. More
precisely

G(t) = 3(Te — Ty) (:9)4 —8(Te —Th) (fg)g +6(Te —Th) (TZ>2 YT, VEe 0,7,
Glt) =Te Vi€ [ry,7)

Hence we may define G(x,t) = G(t) for all (z,t) € Q x [0, 7]. We consider a velocity parabolic profile
for G, namely

Golz) = (4“%?””,0) Vo = (21,12) € Q.

We assume f =0, ¢ =0, vg = Gy, Ty =300 K, T7 =0 K/s, T =350 K and 74 = 0.3 s. The
temperature dependent viscosity x(7") is an affine function, which may be obtained via a linearization of
the Arrhenius model leading to

w(T) = Ho(l + (T — Tref))
and we consider similarly
c(v) = co(1+ Blv]])

with o = —0.03, 5 = 0.02, Ty = 325 K. Let us observe that, as long as the temperature 7" is less than
358 K, the temperature dependent viscosity will satisfy assumption (7). The physical data are given by

1o = 0.1, £=0.015
(see*) and
K;j =1fori,j € {1,2}, ¢o = 1000.

Finally we let d = k * ¢y where k is the thermal relaxation time. We solve the approximate problems
with FreeFem++ packages ! with P1b/P1 space discretization for problems (P} 4. ) (***°) and P1 space

23



tau=0,t=2 tau=0,t=2
Vec Value Isovalue

Figure 1. The fluid velocity (left) and temperature (right) with k =0 att =2s

tau=03, =2 tau=03, t=2
Vec Value Isovalue

Figure 2. The fluid velocity (left) and temperature (right) with k = 0.3 att =2s

discretization for problems (P}, ...) and 20 space nodes per edge. We consider two different values of
k, namely k = 0 (leading to the classical Fourier’s heat law) and k = 0.3 (see’’). The time interval is

[0, 7] = [0, 5] and the time-splitting parameter h = T is chosen such that condition (15) is satisfied. We
present in the next figures the temperature and velocity fieldsatt =2 sand ¢t = 5 s.

As expected we can observe slip and non-slip zones along I'g and the influence of the thermal
relaxation time on the diffusion of the temperature.

Notes

1. The authors would like to thank their colleagues A. Agouzal and O. Gipouloux for their advices about the use of
FreeFem++ packages.
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tau=0,t=5 tau=0.t=5
Vec Value Isovalue

25 s >a s> 25 >0

FosZ s> Zas>>>2>
= S
SISt s T s> Sl

> S5 STZss
s > ST o> Shi
—> 7 =;®0939702
M= 22 o5 >t > S>> SR

Figure 3. The fluid velocity (left) and temperature (right) with k =0att =5s

tau=03, =5 tau=03, t=5
Vec Value Isovalue

= ~> > s> =57 Roetatis
T > Se
S g S

SIS aae it e
> 2005026

Figure 4. The fluid velocity (left) and temperature (right) with k = 0.3 att =5s
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