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A GENERAL DRIFT ESTIMATION PROCEDURE FOR STOCHASTIC
DIFFERENTIAL EQUATIONS WITH ADDITIVE FRACTIONAL NOISE

FABIEN PANLOUP, SAMY TINDEL, AND MAYLIS VARVENNE

ABSTRACT. In this paper we consider the drift estimation problem for a general differential
equation driven by an additive multidimensional fractional Brownian motion, under ergodic
assumptions on the drift coefficient. Our estimation procedure is based on the identification of
the invariant measure, and we provide consistency results as well as some information about
the convergence rate. We also give some examples of coefficients for which the identifiability
assumption for the invariant measure is satisfied.

CONTENTS
1. Introduction 2
2. Main results 3
2.1. Notation 3
2.2.  Assumptions 4
2.3. Statistical setting and construction of the estimator 6
2.4. Main consistency results 7
2.5. Rate of convergence 8
3. Preliminary Results 9
3.1. Ergodic properties of the SDE and of the Euler scheme 9
3.2.  Continuity of ¥ — d(vy, vy,) 12
3.3.  Further controls under (Cs) 14
4. Proof of the consistency theorems 17
4.1. Uniform convergence of the contrast 17
4.2. A general convergence result 23
4.3. Proofs of the convergence theorems 24
5. Rate of convergence: proof of Theorem 2.13 24
5.1. L42 bound on DS) 25
5.2. L7 bound on D](\%)7 27
5.3. L% bound on Dg\?;?,y 28
6. Identifiability assumption 30

Date: February 26, 2020.
2010 Mathematics Subject Classification. 62M09; 62F12.
Key words and phrases. fractional Brownian motion, parameter estimation, least square procedure, ergodicity.
S. Tindel is supported by the NSF grant DMS-1613163.
1



2 F. PANLOUP, S. TINDEL, AND M. VARVENNE

6.1. Case of a diffusion process 31
6.2. Fractional Brownian motion case 31
7. Numerical Discussions and Illustrations 35
Appendix A. Tightness and convergence of the occupation measures 40
A.1. Moment estimates 40
A.2. Proof of Proposition 3.3 45
Appendix B. Proof of Proposition 3.8 47
Acknowledgements 48
References 48

1. INTRODUCTION

Let B be a d-dimensional fractional Brownian motion with Hurst parameter H € (0, 1) defined
on a complete probability space (2, F,P). We recall that B is a centered Gaussian process. Its
law is thus characterized by its covariance function, which is defined by

y 1
B(B; B] = 5 (7 + s — |t — o) 1gy(i - ), stER
The variance of the increments of B is then given by

E[|B] - Bi’| = |t— s, steR, i=1,...m, (1.1)

s

and this implies that almost surely the fBm paths are y-Hélder continuous for any v < H.

In this article, we will consider the following R%valued stochastic differential equation driven
by B:

t
K=m+/%ﬁ@@+d% te[0,T]. (1.2)
0

Here yo € R? is a given initial condition, B = (B',..., B%) is the aforementioned fractional
Brownian motion (fBm), the unknown parameter ¥y lies in a certain set © which will be specified
later on, {by(-), ¥ € O} is a known family of drift coefficients with by(-) : R — R% and ¢ is a
d x d-matrix which is supposed to be known. More precisely, we do not discuss here the problem
of estimation of the diffusion parameter o and of the Hurst index H (on this topic, see e.g. [8],
[29] or [46]). For the sake of simplicity, we also assume throughout the paper that o is invertible
(on this topic, see Remark 2.4). Our aim is to get an accurate estimation of ¥y according to
some discrete observations of Y.

When H = %, i.e. when (Y3)¢>0 is a diffusion process, the drift estimation for solutions of
stochastic differential equations is a widely investigated topic. Among many references devoted
to parametric estimation procedures for discretely observed elliptic diffusions, let us quote the
early contribution [30]. For adaptive and non parametric methods, one may refer to [13, 15, 27,
33, 38, 44] and to the references therein. In the fractional setting, the estimation problem for
the drift term in equation (1.2) has also received a lot of attention in the recent past (see e.g

(3, 28, 32, 34, 39, 45]). However, the following restrictions hold in all those contributions:

e The coefficient by, (Ys) is of the form ¥ob(Y;) or even ¥y Ys; when Ornstein-Uhlenbeck processes
are involved.

e The observation is either in continuous time or a discretized version of continuous observations.
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e Rates of convergence of the estimators are not computed, a noticeable exception being the
central limit theorems obtained in [28].

Let us also mention the nonparametric method put forward in the interesting recent paper [14].
The context in [14] is much more general than in the aforementioned references, but the esti-
mation procedure is based on the observation of several paths of (1.2). This makes its practical
implementation delicate.

With these considerations in mind, let us recall that the article [36] proposed an estimator
valid for a wide class of functions b in (1.2), directly based on discrete observations of the process.
This estimator is obtained through a least square procedure which is easily implemented. It is
fairly general, but still exhibits some gaps that we aim at filling in this paper. Indeed, on the one
hand [36] only focuses on the case H > 1/2. This obviously facilitates many of the stochastic
calculus manipulations invoked in order to analyze the convergence of estimators. On the other
hand [36] crucially assumes that the drift by(-) has a gradient shape. This is essential in order
to identify the long-time behavior of certain stochastic integrals with respect to the underlying
fBm (see Lemma 3.2 of [36] for details). Eventually [36] also required the following identifiability
assumption:

E ||bg, (Yo)I?| = B |[bo(Yo) 2] iff 9 = 0. (1.3)

Even though (1.3) can be considered as a quite standard hypothesis in an ergodic framework (see
e.g [30] for a similar requirement), asking the class of models to be identifiable in this sense is
mostly adapted to the drifts of the form by(-) = Jh(-). It may be restrictive or at least, difficult
to check in practice.

In this paper, we thus aim at filling some of the aforementioned gaps. Our initial objective
is to alleviate the identifiability condition. More precisely, instead of assuming that the model
can be identified through the integral of one very specific function with respect to the invariant
distribution, we will now just suppose that the model is identifiable by its invariant distribution,
i.e. that two models are equal if and only if they have the same stationary distribution. We
also get rid of the restriction on H and on the gradient shape of by by considering an approach
which essentially avoids to use stochastic calculus. In other words, our consistence and rate of
convergence results will be mainly based on the study of the long-time behavior of distances
between paths built with the same noise. In the additive noise case we are handling, those
distances have the advantage to be regular. Eventually, even if our ergodic type assumptions
are similar to those in [36] (and called (Cs) in the current paper), we also obtain a (weak)
consistence result under a weaker assumption (called (Cy,) below), where contractivity of the
drift is only assumed out of a compact set.

2. MAIN RESULTS

In this section we will first give some general notation which will be used throughout the paper.
Then we will specify our assumptions on the coefficients of (1.2) and describe the estimator we
are considering. Eventually we give our almost sure convergence result as well as the convergence
rate we have been able to obtain.

2.1. Notation. We consider the set of parameters © as a subset of R? for ¢ > 1. Let f :

R? x © — R be a CPP2 function, where pi,ps are two integers greater than 1. Then for any

p < p1 and any tuple (iy,...4p) € {1,...,d}P, we set 95 """ f for %. Analogously, for
i1 O%ip
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p < py we use the notation 8121"'in for ﬁ whenever (i1,...14y) € {1,...,¢}P. Moreover,
ip-OVip
we will write 0, f (resp. Oy f) for the Jacobi-matrices (O, f,...,0z,f) (vesp. (9y, f,...,09,f))-
Let M1 (R%) denotes the set of probability measures on R?. We say that d is a distance on
My (R?) if it metrizes its usual topology, namely the weak convergence topology. Among those
distances we will consider the p-Wasserstein distance, which is defined as follows: for every
v, i € M1(R%), we introduce the set C(v, i) of couplings between v and y, that is
Clv,p) ={(X,Y); LX) =v, LY) = p} . (2.1)
Then the p-Wasserstein distance is written as
1
Wy(v, ) = inf {BIIX —YP]7; (X,Y) € C(v )} (2:2)
Remark 2.1. The distance W can also be represented as

Wi (v, p) = sup{|v(h) — p(h); [|h]lLip < 1}. (2.3)

We will denote by D, the set of distances on M; (R?) dominated by the p-Wasserstein distance
for a given p > 0. Namely, we set

D, := {distances d on M;(R%); 3 ¢ > 0 such that Vv, u € My (R, d(v, n) < cWy(v, 1)} (2.4)

In particular, a distance d that belongs to D, induces a weaker topology than the p-Wasserstein
distance. When necessary in some of the next results (or in the numerical experimentations),
we will introduce specific distances which belong to D,,.

Remark 2.2. The family of p-Wasserstein distances obviously provides examples of distances in
D,,. The Fortet-Mourier distance (see e.g [50, Chapter 6]), defined by

dini(v, 1) = sup {[E[A(X)] — B[h(Y)][; where X ~p, ¥ ~ v, and [[Aluip < 1, Al < 1},

is also easily seen to be an element of D; thanks to (2.3). In this article we shall work with the
distances dcpp and dg introduced below in Section 2.5, which are trivially proved to sit in D
(due to relation (2.3)).

2.2. Assumptions. Before we proceed to a specific statement of our estimator, let us describe
the assumptions under which we shall work. We start by a standard hypothesis on the parameter
set ©, which is supposed to be a compact set.

(Hop) : The set © is compactly embedded in R? for a given ¢ > 1.

Next we recall that our drift estimators rely on the invariant measure for the solution of
equation (1.2). The existence and uniqueness of this invariant measure is usually obtained
under some coercivity assumptions on the drift 4. In the current paper we will distinguish
between two notions of coercivity, respectively named weak and strong and denoted by (Cy)
and (Cg). The weak assumption can be summarized as follows.

(Cw) : We have b € CH1(R? x ©;R?) and there exist constants a, 3,C,L > 0 and r € N such
that:

(i) For every x,y € R? and 9 € © we have
(bo(z) = bs(y), v —y) < B —alz—y* and |by(z) —by(y)| < Llz —y|  (25)
(ii) For every x € R% and 9 € © the following growth bound is satisfied:
|09by(z)] < C(1+ |z|"). (2.6)
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The main part (2.5) of assumption (Cy) states that the coefficient b is inward looking, except
maybe on a compact set which is a neighborhood of 0. We now state the strong assumption
(Cs), which specifies that b should be inward looking everywhere, and can be expressed as a
particular case of (Cy).

(Cs) : Assumption (Cy) holds with g = 0.

As mentioned above, Hypothesis (Cy,) combined with the invertibility of o (and therefore
(Cyg)) classically involves (see e.g. [23]) the existence of a unique stationary solution for the
solution of the following equation for any ¥ € ©:

Ay = by(Y?)dt + 0dB;,  t€0,T). (2.7)

Notice that the system (2.7) is identical to our original equation (1.2). However, let us notice that
the fBm is unobserved. Moreover, the uniqueness of the stationary measure must be understood
in a weak sense. Namely there exists a unique distribution PV on C([0,00), R?) such that if
(Y;?) denotes a process with distribution P”, then (Y;”);>¢ is a stationary solution to (2.7), i.e.
shift-invariant (when one considers its canonical version). We denote by vy the distribution of
Y? at any instant ¢ > 0, that is

vy = L(V). (2.8)

Remark 2.3. Note that in this non-Markovian setting, vy is not exactly the invariant distribu-
tion. More precisely, owing to [23], one can embed (2.7) into an infinite-dimensional Markovian
structure which allows the construction of an adapted ergodic theory. An invariant distribution
Uy is then defined on this enlarged structure. Without going into the details, one can just say
that in this theory, the probability vy can be retrieved as a marginal of the “true” invariant
distribution. In the sequel, we will thus talk about marginal invariant distribution vy.

Remark 2.4. As mentioned before, the invertibility assumption on o combined with (Cy) ensures
uniqueness of the invariant distribution. However, even though this hypothesis is of first impor-
tance under (Cy) (in order to use irreducibility-type arguments), it could be entirely removed
under (Cg). Actually, in this case, the contraction assumption implies that two solutions of
(2.7) driven by the same fBm but starting from different initial conditions come together at oo,
a.s. and in L?, which classically involves uniqueness (see e.g. [9, Lemma 3(ii)] for details). This
remark also holds for the Euler scheme (2.13) introduced in the next section but for sufficiently
small step 7 (see again [9, Lemma 3(i)] for details).

As said previously, we shall obtain our drift estimators through the analysis of the marginal
invariant distribution vy defined by (2.8). If we want this strategy to be successful, it is natural
to assume that vy characterizes 1. We thus label this hypothesis as follows.

(Iw): For all ¥ € ©, we have vy = vy, iff 9 = 0.
It is worth noticing that if d denotes a distance on M7 (R?), then one can recast (L) as:
d(vg,vg,) =0 iff ¥ =4d,. (2.9)

We shall use this characterization in order to construct the estimator 9 (see (2.12) below). Also
notice that (Iy) refers to a “weak” identifiability condition, which will be resorted to in order
to derive the consistency of our estimator J. In contrast, the following “strong” identifiability
assumption (Is) defined for a given distance d on M1 (R%) will be used to get rates of convergence.

(Is) There exists a constant C' > 0 and a parameter ¢ € (0, 1] such that Vd € O,
d(vy,vy,) > C|U — Yol°. (2.10)
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Remark 2.5. We will construct a class of equations, basically obtained as perturbations of
Langevin type equations, for which our assumptions (Iy,) and (Is) are satisfied. See Section 6
below.

2.3. Statistical setting and construction of the estimator. We wish to construct an esti-
mator based on discrete observations. In this context, the simplest situation (which will mostly
prevail in the paper) is to assume that the solution (Y;);>¢ of (2.7) is discretely observed at
some instants {tx; 0 < k < n}, with tx4; — tp = k for a given time step x > 0. Under (Cy ), it
can be shown (see Proposition 3.3 below) that

1 iy n—-+00

— Z Oy, =—> Vo, Q.S, (2.11)
" k=0

where = stands for the weak convergence of probability measures in R?. With this conver-

gence in mind, the heart of our estimation method is then the following observation: under the

identifiability assumption (I ), the most natural way to estimate ¢ is to consider

N 1 n—1
¥ =argmind | — Z Sy, vy | (2.12)
9e0 ni— "
where d is a given (arbitrary) distance on M;(R?). However, in spite of the fact that our
formula (2.12) is simple enough, it is also easily understood that vy is far from being explic-
itly known (except in some very particular cases such as the Ornstein-Uhlenbeck process). In
this paper, we propose to circumvent this difficulty by considering some estimators based on

numerical approximations of vy.

Specifically, the numerical approximations we will resort to are built through an FEuler-type
discretization of the stochastic process Y solution to (2.7). Namely, let (s;)x>0 be an increasing
sequence of numbers such that so = 0, and limy_,o, s = +00. The Euler-Maruyama scheme VA
is then recursively defined by Zg = 29 € R% and:

Forall k>0, ZI =20 + (sk41— sk)ba(Zs,) + 0 (Bs,,, — Bs,), (2.13)

where B is a (simulated) m-dimensional fractional Brownian motion which is a priori different
from the driving process B in equation (2.7) (since B is unobserved). When s = kv for a given
v > 0, we say that the Euler scheme is a constant step sequence and we denote it by Z?Y. When
Vg = Sk — Sk_1 1s a non-increasing sequence such that v, — 0 as k — +oo, the Euler scheme
will be called decreasing step Euler scheme. We will work with these two types of schemes in
the sequel.

Remark 2.6. In practice it is natural to set Zg = Y, where Y} is the first observation of the
process (Y;)i>0. Let us also remark that in the sequel, for notational sake, one usually denotes
by B the fBm related to the Euler scheme Z”. However, the reader has to keep in mind that
the fact that the fBms in (2.7) and in (2.13) are different. This certainly prevents us from any
pathwise comparison between the observed process and the simulated one.

Remark 2.7. We refer to Section 7 for background on the simulation of the increments of the
fBm.

Let us now give an explicit expression for the estimator we are considering in this article. We
will focus on the constant step setting in (2.13) for sake of simplicity. Observe that under (Cy),
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it can be shown (see Proposition 3.4 below) that
1 N-1 N
n—-+.00
N Z 52;;,7 =" v, as. (2.14)

where v denotes the unique marginal invariant distribution of the Euler scheme Z?. By mar-
ginal, we mean again that Z”7 can be endowed with a Feller infinite-dimensional Markov struc-
ture which admits a unique invariant distribution under (Cy) (see [49] for details). The first
marginal of this invariant distribution is v]. Similarly to what we proposed in (2.12), such a
result suggests to define our estimator for ¥ as

1 N1
19qu = argmin d ( Z (Sytk, Z 5Z19,7> , (2.15)
JyeEO k‘:O kv

where d is again a distance on M1 (R%). Note that in the decreasing step case analogous construc-
tions may be carried out, and will be introduced later. Let us also remark that relation (2.15)
only involves one Euler scheme path, which is relevant for numerical implementations.

We are now in a position to state our main results. We divide the presentation in two parts.
In the next section, we focus on strong consistence results related to the family {ﬁN,n,v; N >
1,n > 1,7 > 0} defined by (2.15), as well as its decreasing step counterpart. Then Section 2.5
is dedicated to the rate of convergence of the estimator 9 Non~- In particular, this second part
will involve concentration results related to the SDE and to its Euler discretization.

2.4. Main consistency results. We begin with a first result involving the weak assump-
tion (Cyw), which requires to discretize the set © in the following sense. According to our
hypothesis (Hg), the set © is compact in RY. Therefore the Borel-Lebesgue property gives us

the existence, for every e > 0, of M. € N and (79( ))1<z<M5 € ©M- such that © c U B(0<€) £).

7

Thanks to this property, we define the following discretization for all € > 0 and 9 € O:
9 .= argmin ¢ — ] (2.16)
o efol®}
With this notation in hand, we can now state our first consistency theorem.
Theorem 2.8. Assume (Hp), (Cw) and (Iw). Let p be a strictly positive real number and
consider a distance d on M1 (RY) which belongs to D, (recall that D, is defined by (2.4)). We

consider the family {19 N>1n>1,v>0,e >0} defined by

Nn'y7

ﬁﬁ?n,v:argmin d( Z(sYtk N Z 5Z‘9'y> ;, NoneN, vy>0,e>0 (2'17)

Yo ()
where ©F) = {19 ;1 <@ < M:}. Then 195\6,)”7 is a strong consistent estimator of .
Speczﬁcally, we have
lim lim  lim 195\87)”7 =1y a.s.

e—=+0 v—=0 Nn—+oo

Let us remark that the discretization of © given by (2.16) is needed to get strong consistency,
due to the fact that under (Cy ) we loose uniformity with respect to ¥ in some of our convergence
results. For instance, (Cyw) only warranties the simple convergence of d(v4,vy) to 0 as v — 0
(see Proposition 3.4). The proof of Theorem 2.8 is achieved in Section 4.3.

We now turn to our main estimator defined in (2.15). The proof of the theorem below is
detailed in Section 4.3.
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Theorem 2.9. Assume (Hyp), (Cs) and (Iy). As in Theorem 2.8, let p be a strictly positive real
number and consider a distance d on M1(R?) which belongs to D,,. Then the family {On n~; N >
1,m > 1,7 > 0} defined by (2.15) is a strong consistent estimator of 9g in the following sense:
lim lim Jy,, =13 as
'*/IE)% N,nl—I}}Q—oo Ny 0 a3
We close this section with a result concerning the approximation of invariant measures by an
Euler scheme with decreasing time step. Namely we consider an approximation scheme denoted

also by ZY, which is defined similarly to Z?7 in (2.13) except for the fact that the sequence
(sk)k>0 satisfies:

Sk+1 — Sk = Vk+1> k > 0, (2.18)

where (7;)r>1 is a non-increasing sequence of positive numbers such that

> =400 and lim v, =0. (2.19)
k>1 k—+o00

The convergence theorem we obtain in the decreasing step case is the following. As for Theo-
rem 2.9 , it is achieved under the strong coercivity assumption (Cg). Its proof is developped in
Section 4.3.

Theorem 2.10. Assume (Hg), (Cs) and (Iw). Let p > 2 and consider a distance d on Mi(R?)
which belongs to D,. Let (yx)k>1 be a non-increasing sequence of positive numbers satisfying
condition (2.19) and the technical condition (4.3). Denote by Z° the related Euler scheme given
by (2.13). We consider an estimator (On )N defined as

1 N-1

~ 1 n—1
YN, = argmin d | — Sy, ,— k11079 |, N €N 2.20
g (15,2 S st 2:20)

Then, (19N7n)N7n is a strong consistent estimator of g, namely:

lim 19]\/’” = 190 a.s.
N,n—+oo

Remark 2.11. The technical condition (4.3) (3 ;>4 *ngHs,;l < 400 for a given p’ > p) is true
in a very large setting. For instance, it can be checked that this is satisfied for any polynomial
step sequence : 7y, = yk~? with p € (0,1] and v € R, but also for less decreasing sequences
such as v, = y(log k) ~!. However, this is not true in full generality (the condition does not hold
when 7, = (log(log k))~! for instance).

2.5. Rate of convergence. Under our strong identifiability condition (Ig), we will be able to
get a rate of convergence for some of our estimators. In order to carry out this task, we shall
assume that condition (Ig) is verified for some specific distances on probability measures called
respectively dcrj and ds. These distances are defined in the following way:

(i) Let X and Y be R%valued random variables and p > (%l V1). We consider the integrable

kernel g,(&) == cp(1+ |€]*) 7P where ¢, == ([ga(1 + ]§|2)_pd§)_1. Then the dgrp distance
between £(X) and L£(Y) is defined by:

der p(L(X), L(Y)) = ( /R (Bl — Bleen))? gp(g)dg)l/2. (2.21)



DRIFT ESTIMATION FOR SDES WITH ADDITIVE FRACTIONAL NOISE 9

(i) Let {f; ; @ > 1} be a family of C}, supposed to be dense in the space C} of continuous
and bounded functions and decreasing to 0 at co. Consider two probability measures v
and z in M (RY). Then the distance ds between v and p is defined as:

“+oo
dy(v, 1) = 327 ([(fi) — u(f) A ). (2.22)
1=0

Remark 2.12. 1t is readily checked that both dcr, and ds metrize the convergence in law (their
induced topology are in fact exactly the one induced by the convergence in law). The distance
dcr,p is technically convenient for our purpose and close in spirit to the smooth Wasserstein
distance invoked in the Stein method literature (see e.g [2]). The distance dy is called weak-x
distance in [50] and also used in [52] for filtering problems. Also notice that both deryp and d
are elements of D; where D is defined by (2.4).

With the distances dcrp and dg in hand, our main result about rates of convergence is the
following;:

Theorem 2.13. Assume (Hp), (Cs) and (Is) hold true, where (2.10) in hypothesis (1s) is
considered for d = ds or d = derp with p > (¢ +d)/2 and ¢ = 2/q for a given ¢ > 2. Let Uy~

be the estimator given by (2.15). Then, we get the following rate of convergence: there exists
Cq > 0 such that

E [[nny — Yol] < Cy (n=8G-@HVI) 4 qafl 4 7=7) (2.23)

with 7 := 2(;17;0(2 —(2H V1)) and T := N~.

Remark 2.14. This non-asymptotical bound theoretically enables to calibrate the “free parame-
ters” v and N in terms of the number of observations n, which is fixed by the statistical setting.

For instance, when ¢ = 1 (i.e. when ¢ = 2), the first term is of order n~(2=(2HV1) and hence,
1—(HV1) d
in order to to preserve this rate order, we have to fix y <n~~ # “ and N > n%y_l. More

precisely, for these choices of parameters, the quadratic error induced by this estimator (when

¢ = 1) is of order nz if H < 1/2 and nfl=2 if H > 1/2. The constant ¢, which appears in

Assumption (Ig), comes from the fact that, the bounds are first established on the distances be-

tween the invariant distributions Vi and vy,. Nevertheless, except some particular settings
n,y

such as the Ornstein-Uhlenbeck proéeés, this exponent ¢ is unfortunately difficult to compute
in some general settings. Finally, let us remark that LP-bounds can be easily deduced from the
proof for any p > 2. However, since they do not modify significantly the results, we chose here
to only state the quadratic one.

3. PRELIMINARY RESULTS

In this section we label some basic results about equation (2.7) and its invariant measure for
further use. We first recall some ergodic properties of stochastic differential equations driven by
a fBm, then we study the continuity of the invariant measure vy with respect to the parameter
9. Under the strong coercivity assumption (Csg), we quantify the distance between the empirical
measures respectively related to the process Y and its Euler approximation Z?. Eventually we
give some convergence results for the quantities involved in the right hand side of (2.17).

3.1. Ergodic properties of the SDE and of the Euler scheme. In this section we review
several ergodic properties for equation (2.7). These properties are at the heart of our estimation
procedure.
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3.1.1. Convergence of L(Y:). We start by giving the basic convergence in law towards the in-
variant distribution for our processes Y.

Proposition 3.1. Assume (Hg) and (Cy) and consider the family of processes {YV; 9 € O}
defined by (2.7). Then the following properties hold true:

(i) Emistence and uniqueness hold for the invariant distribution related to the dynamical sys-
tem (2.7). Furthermore, having in mind the notations introduced in (2.8), for all € > 0 there
exists a constant C. > 0 independent of ¥ € © such that

div (£ (Y), vg) < Catlon=2), (3.1)

with an exponent ay given by

.

(73) For any p > 0 and for any distance d € Dy, the following upper bound holds uniformly in
VESNCH

m ool

(1-2H) if Hel(0,

d(Loy?),m) <t (3.2)
for a strictly positive constant C. In particular, for any p > 0, we have
sup E[|Y3|P] < +o0. (3.3)
>0

Proof. We prove the two statements of our proposition separately.

Proof of item (i). The only difference between our claim and [23, Theorems 1.2 and 1.3] is the
uniformity with respect to ¥ € © in the convergence in total variation result. However, following
carefully the proof of [23], it can be shown that the constants therein do not depend on ¥ if
Hypothesis (Cy) is satisfied. Therefore the constant C. in (3.1) is uniform in 9.

Proof of item (ii). Relation (3.3) is proved in Proposition A.1 of the Appendix. In order to
prove (3.2), consider a couple (X1, X3) of random variables such that X; ~ Y, and X3 has
distribution vy. By Cauchy-Schwarz inequality,

1

1 1
E[[X: — XofP]r = E[[X1 — XofP 1(x,4x,)]"
< (BIXL)% + B[Xa7)% ) (X # X2)%. (3.4)

We now bound separately the two terms on the right hand side of (3.4). If we denote by
C(Y}?,vg) the set of couplings between £(Y;Y) and vy (defined as in (2.1)), then we have

drv <£ (Yﬁ) , I/ﬁ) = inf {P(Xl £ Xo); (X1,X0) € C(Ytﬁ, V,g)}.

Therefore, owing to (3.1) we can choose a coupling (X1, X3) € C(Y}’,vy) and a constant C' > 0
such that
P(X| # Xo) < Ot~ (en—2), (3.5)

In addition, according to (3.3) and a uniform integrability argument, we easily get the following
inequality for the coupling (X7, X2) we have chosen in (3.5):

E[|X1 %)% + B[ X2/¥]% < 2sup sup E[Y,’|?]% < +oc. (3.6)
Je® t=0
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We plug (3.5) and (3.6), applied to € = o /2, into (3.4). Going back to the definition (2.2) of
the distance 1V, we obtain that there exists a strictly positive constant C' such that for any
t > 0 and any ¢ € © we have

[e3

Wi(L(Y),vg) < Ct 3.
The result (3.2) follows. 0

Next we observe that whenever (Cs) is fulfilled, the polynomial convergence in (3.2) can be
replaced by an exponential rate. This is summarized in the following proposition.

Proposition 3.2. Let {Y7;9 € ©} be the family of processes defined by (2.7). Suppose that
Hypothesis (Ho) and Hypothesis (Cs) are met. Let d be a distance in Dp. Then, we have
d(L(Y)),v9) < cre™,

with ca = /2 where « is the constant featured in equation (2.5), and where ¢ = c1(H, ).

Proof. Let YV be the stationary solution of equation (2.7). One can easily show, by means of
the same arguments as in [21], that

1
} v < cre” (3.7)

B[y - v
The result follows trivially. O

3.1.2. Ergodic Theorems for the SDE. We now summarize the limit theorems obtained for equa-
tion (2.7) which will be relevant for our purposes, with a special emphasis on the occupation
measure dyv.

Proposition 3.3. Let YV be the unique solution of (2.7) obtained for a parameter 9 € ©.
Assume (Hg) and (Cyw) hold true and let vy be the measure defined by (2.8). Then for all
¥ € 0, for any p > 0 and for any distance d € D), we have

(i) The distance between vy and the normalized occupation measure of YV converges to 0 as
t — o0o. That is

1 t
lim d <t/ 6Y"9 dS, Vﬂ) =0. (38)
0 S

t—o00

In particular, we have an almost sure uniform bound for the p-th powers of Yf :

1 rt
sup sup 7/ Y2|Pds < 00 a.s. (3.9)
veo t>1 t Jo

(13) Some discrete versions of (3.8) and (3.9) are also available. Specifically, let n > 0 and set
ty = kn for k> 0. Then for any ¥ € © we have

‘ 1 n—1
i, d (n D 51?,1”1?) =0
k=0
In particular, the following uniform bound holds true:

1 n—1 9
Sup sup — YYP <o as. 3.10
supsup 3 V) (3.10)

Proof. Relations (3.9) and (3.10) are proved in Proposition A.1. As far as the identification of
the limit is concerned, the proof follows the lines of [9] and is detailed in Section A.2. O
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3.1.3. Ergodic Theorems for the Fuler scheme. Recall that we denote by ( )k>0 the Euler
scheme with step v related to (Y;?);>0, as defined in (2.13). This section focuses on the asymp-
totic behavior of Z,fy as k — oo and v — 0.

Proposition 3.4. Let YV be the unique solution of (2.7) and consider the Euler scheme (Z;:j)kzo

with step v related to (Y;?)>0. Assume (Hg) and (Cy) hold true. Then for all ¥ € O, for any
p > 0 and for any distance d € D,, we have

(i) There exists yo > 0 and a unique family of measures (V) <, such that for all ¥ € © and
v € (0,70], we have

N—oo

1 N-1
lim d <N Z (SZz’,Y—y,I/g) = 0.
k=0
In particular, we get the following uniform bound for the p-th powers of Z,f;’

sup sup Z) NP < o0 a.s. 3.11
ﬁ€@N>1NZ|k| (3.11)

(i) The invariant measure v}, for the Euler scheme converges to the invariant measure vy of y?
as the mesh of the partition goes to 0:

%gn d(vg,vy) =0.

Proof. The weak convergence of ZN ) 70 to 1) as n — +o0, as well as the convergence of
ky

v to vy as v — 0 are consequences of [10, Theorem 1]. The extension to distances d dominated
by WP follows from Proposition A.2. More precisely for (i7), we can deduce from Proposition A.2
and from Fatou’s lemma that for any M > 0, for any v € (0, o],

vy (JzP A M) < hmlnf— Z E| \Z

where C is a positive constant independent of M and . Hence, taking limits as M goes to oo,
this yields
sup v (|z|P) < +oo,
76(0’70]
for any p > 0. Then one can conclude as in the proof of Proposition 3.1 (see relation (3.4)),
where the distance drv (1), vy) is upper bounded thanks to [10, Theorem 1]. O

3.2. Continuity of ¥ — d(vg,vg,). The convergence of our estimator 0y, , defined by (2.15)
depends crucially on continuity properties of the family {vy; ¥ € ©}. To this aim, we first prove
a basic result on the continuity of the map ¥ — V7.

Proposition 3.5. Let 91 and Y2 be elements of ©, and consider the respective solutions (}/tﬂl)t>[)
and (Y,"?)i=0 of equation (2.7). Assume hypothesis (Ho) and (Cy,) are satisfied. Then for any
p>0andT >0, there exists Cr, > 0 independent of ¥1 and Y2 such that

Iy, — YtﬂQHLP(Q) < Crplvy — V2. (3.12)
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Proof. By monotonicity of the norms in LP(f2), it is enough to consider the case p > 2. Further-
more, it is readily seen from (2.7) that we have

t
= = [0, () = b (V) ds. (313)
Starting from (3.13), we easily get the following identity for the square of Yt191 — Y;%:
d 2
SV =Y =20V Y 09, (V) — 09, (Y)72)). (3.14)

We now invoke the fact that b is Lipschitz continuous under (Cy) plus inequality (2.6) on Ogby
in order to get

%\Yﬁl =V = 2 = Y2 b, (V) = b, (V7)) 4 2007 = Y2 by, (V72) — b, (V72))

2
< C1 ’Y?l - }/;92 + 202‘191 - 192| (1 + ’}/;192

v

where ¢ and ¢y are two strictly positive constants. Now apply the elementary inequality |ab| <
3(lal® + [b]?) with a = [91 — Jo|(1 + 1Y,72|") and b = |Y;"* — Y,"2|. We deduce the existence of a
constant ¢ > 0 such that

d 2
%|Y?1 _Y;ﬂz|2 <C<‘Yfl _}/;192 _+_|191_192|2 <1+|Y;19227‘)> ) (315)
With relation (3.15) in hand, a standard application of Gronwall’s Lemma yields
t
V7 — V27 ety — 192|2/ ) (14 Y22 ds. (3.16)
0

Let us now get some information about a generic p-th power of Yt’91 — Yf2 for p > 2. To this
aim, we resort to Jensen’s inequality in relation (3.16). This gives the existence of a constant
¢(T,p) such that for any ¢ € [0,T] we have

P
2

t
Y =Y <L)y - ol [ (14 V) ds.
0

Taking the expectation, we finally get
1 t 1/p
E |:|}/;l91 _ }/;192|p} /p < (T, p)|d — 99| </ E [1 + |Y;192|p7‘} dS) )
0
where ¢(7', p) is another finite constant. Hence our result (3.12) follows from the bound (3.3). O

We now state the announced continuity property for the family {vy; ¥ € ©}.

Proposition 3.6. Let {Y7; 9 € ©) be the family of processes defined by (2.7). Assume (Ho)
and (Cyw) hold true and consider the family {vy; 0 € O} of invariant measures given by Propo-
sition 3.1. Let p > 0 and pick any distance d € D,, where we recall that D, is defined by (2.4).
Then the map U — d(vy,vy,) is continuous on ©.

Proof. Owing to the very definition (2.4) of D), it is enough to prove the result for d = W, and
for an arbitrary p > 1. Next we apply the triangle inequality and the fact that W, is defined
in (2.2) by an infimum over all couplings. This yields the following inequality, valid for any
t>0:

Waltor: vo,) < 25up Wy(L(Y), vo) + IV = Y% o) (3.17)
€
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We now bound the two terms in the right hand side of (3.17). In order to handle the term
Wy(L(Y),vp), we consider a small parameter ¢ > 0. By Proposition 3.1(ii), there exists #o
large enough such that

2 5up Wy (L(¥), vy) <
SC]

. (3.18)

bl O

We will fix this value of ¢y in the right hand side of (3.17). Then the difference Y;gl — Y;gQ is
handled thanks to Proposition 3.5. Namely consider § > 0 such that (with the notations of
Proposition 3.5) we have Cy,¢6 < 5. We get that for all (¥1,72) € ©?% such that |9 — Js| < 4,
we have

~—

€
IV = Y| o) < 5 (3.19)
We conclude by plugging (3.18) and (3.19) into (3.17). This yields
Wp(yﬁlv V792) S e, (3.20)

for all (91, 92) € ©2 such that |9 —2| < &. The continuity of ¥ — W), (v, vg,) on O follows. [

3.3. Further controls under (Cs). Up to now we have derived properties of the system (2.7)
under the weak coercive assumption (Cy,). In this section, we focus on possible additional
bounds one can obtain under the stronger hypothesis (Cs). We will first see how (Cs) guarantees
a uniform control on the distance between the Euler scheme and the SDE, for a general decreasing
sequence of time steps. Then we will show that (Cg) ensures a some additional uniform continuity
in 9 for the occupation measures of Y.

We consider here FEuler type approximations in continuous time, with time steps -, satisfy-
ing (2.19). In order to define this Euler approximation (Z});>0, we set so = 0 and s, = Y% | v;
for all n > 1. Then for any n > 0, the process (Z});>0 is given recursively by

Z0 =20 +tbg(Z0 )+ 0(Bs, 4t — Bs,), € [0,8n41 — snl. (3.21)

Notice that the fractional Brownian motion B in (3.21) is the same as the fBm driving equa-
tion (2.7). The control we get on Z? is summarized in the following proposition.

Proposition 3.7. Let YV be the solution of equation (2.7), and consider the continuous-time
Euler scheme (Z})1>0 with a time steps sequence (v,)n>1 defined by (3.21). We assume that
(Cs) holds. Then the following assertions hold true.

(i) For any p > 2, there exist some positive constants p and C' such that for any n > 1 we have

n—1
Y2 =20 P <e P Y = ZJ1P + C Y drp(Z0 e Plonore1), (3.22)
k=0

where the function ¢y, is defined, for any k >0, by

pil » Ye+1 »
Sual) = REo(F + [ 1Buss = Bt (3.23)

(ii) Assume in addition that v, — 0 as n — +oo. Then for any p > 2, there exists no € N and
some positive constants p and C such that for any n > ng we have

n—1
Y0 20 < e P YE =72 P CY (Ve e o) (3.24)

k=ng
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Proof. Let n > 0 and consider the dynamics of YY — ZY on [Sn, Sn+1)- That is, set g :=
Ys’i = an 4t for t € [0,vp41). Then &; verifies the relation

Sn+t
e =Y - 7" +/ (ba(Y) ~ ba(22,)) ds. (3.25)

Starting from this equation, we divide the proof in several steps.

Step 1: Contracting bound for ;. Consider a parameter 11 > 0. We wish to use the coercivity
assumption (Cg)(7) in order to get an upper-bound on the following derivative:

/
(emleel?) = € (plecP~*(er, ef) +nleel?) (3.26)
To this aim, observe that thanks to (3.25) the quantity (¢, ;) can be expressed as:
<5t’61,t> = <Yzi+t - Zgn—i—t: bﬂ( ) - bﬂ( sn)>

= <Y;’i+t - an-i-tv bﬂ( ) - bﬂ( Sn +t)> + <Ysi+t - an—i-t’ bﬁ( sn—i—t) - bﬁ( )>

Then we invoke (Cg)(7) and the elementary inequality ab < a? + b2, valid for all a,b > 0. We
obtain

9 0
<5ta5;> < ‘ Sntt T +t’2 2’st+t an+t’2 |b§( Sn +t)_b19< )’2
212
< —*I t|2+7|Z§n+t_Z£n|2v (3.27)

where the second inequality is due to relation (2.5) and the definition (3.25) of ;. We now plug
relation (3.21) into this inequality in order to get

2

)

(etrh) < =5 leal’ +—\tb 22 )+ 0(Bs,11 — Bs,)

from which we easily end up with
4pL?
pledP 2 (er, €)) < | e + —— P ! erP2 (tzlbﬁ( P+ ]J]Q\Bsn+t—Bsn]2). (3.28)

Eventually we apply Young s inequality with parameters p = p/(p — 2) and ¢ = p/2 and some
appropriate weights to (3.28). This yields the existence of a constant C' = C), 1, such that

plec” (et 21) < =l + C (#1b9(Z2) + | Boyse — By, ') (3.29)

We are now ready to give some information about expressions of the form e |e;[P. Namely we
set 1 = pa/4, then we apply identity (3.26) and inequality (3.29). This easily yields

(emleal?) < e CEP|bo(Z2,)P + | Bays — BayIP). (3.30)

Step 2: Inductive procedure. Let us integrate (3.30) on the interval [0, v,41], where we recall
that vp4+1 = Spt1 — Sp. With the definition (3.25) in mind, this gives

’Y;Zm _ snﬂ‘p <e 7]7n+1‘Y19 Zﬁ ’p + C/ _n(7n+1—t)<tp‘bﬁ(zgn)’p + ’Bsn—I—t _ Bsn\p)dt
which yields
¥ P <y =20 (@) + [ B - B )t (33)

5n+1 5n+1
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Thus, setting ¢, p(z) = ('yﬁﬂ|b,9(x)|p + Jo" " | Bs, 4t — Bsn|p)dt), an elementary induction pro-
cedure yields the following relation for every n > 1:

n—1
Z;?n|p < |y079 _ Z69|pe_’75" + Z m’p(sz)e—n(sn—ml).
k=0

¥~
This proves our claim (3.22).

Step 3: Proof of (3.24). In order to obtain our second statement (3.24), one needs to go back
to inequality (3.31). Then observe that hypothesis (2.5) yields

b(Z2 )P <227t (Y2 + L2V — 20 ),
which leads for any p to the existence of a constant C' such that

Y2, = Z0 P < (7t 4 O ) VY = Z2 P+ Cnp(Ya)- (3.32)

Sn+1 Sn+1
Since lim, o v» = 0, one checks easily that there exists a ng such that for any n > ng we have
the following inequality:
- n +1 -1 n
e Mmn+1 +07£+1 < e 2l

Plugging this information into (3.32), we end up with
Yo = 28, P < e EmaY) = Z0 P+ Corp(Ya)-

Sn+1 Sn+1

Our assertion (3.24) then follows by an induction procedure exactly as for Step 2. O

We now give a continuity results (with respect to the parameter ) for some occupation
measures related to our processes of interest. The proofs are postponed to Appendix B.

Proposition 3.8. As in Proposition 3.6, let YV be the solution of equation (2.7) and consider
the Euler scheme Z° defined by (2.13). Also consider p > 0 and d € D,. We assume that (Cs)
holds true. Then,

(i) The occupation measures of the process Y are Lipschitz with respect to 9, that is there exists
a positive random variable C), such that for all t > 1:

1 st 1 ft
A(5 [ byndsy [ Gy0ds) < Color — 0l (3.33)

(ii) The occupation measures of the Euler approzimation 797 are also Lipschitz with respect to
Y. Namely there exists g > 0 such that: for any v € (0,7, there exists a positive random
variable Cy(7y) such that for all N > 1

1 N—-1 1 N-1
d (N > 5251,7, N > 5252,7> < Cp(y)|91 — D2l (3.34)
k=0 K k=0 v

Remark 3.9. In the sequel we will analyze several quantities like (3.34), where we compare two
discrete random measures on R? 1 = % ZZ‘]\L1 dx, and vy = % Zfil dy, with X; = X;(w) and
Y; = Yi(w). In this context we will always upper bound quantities of the form d(v1,v2) for a
distance d in Dp. To this aim, resorting a trivial coupling between v and 14, it is enough to
prove an almost sure upper bound on

1 N
~ 2 X = YifP.
Nz':l
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We will adopt this strategy throughout the paper, the typical outcome being an a.s. bound on
d(v1,v). Straightforward extensions to a continuous time setting allow to handle quantities of
the form (3.33).

4. PROOF OF THE CONSISTENCY THEOREMS

The aim of this section is to achieve the proof of Theorems 2.8, 2.9 and 2.10. We first
establish a general asymptotic result for a family of contrasts in Sections 4.1 and 4.2. Then we
will combine this general proposition with our preliminary results of Section 3 in order to prove
our main claims.

4.1. Uniform convergence of the contrast. In this section we state some uniform conver-
gence results for the contrast, i.e for the function involved in the definition of estimators such
as (2.15). We should notice at this point that our uniform convergence results hold only under
the assumption (Cg). In case of a constant time step Euler scheme, we get the following result.

Proposition 4.1. We consider the same setting as in Proposition 3.8. In particular, we assume
that (Cg) holds true for the coefficients of equation (2.7). Then the following assertions hold
true.

(i) The invariant measure VY of the Euler scheme converges uniformly to the invariant measure
of YY. Namely

lim sup vy~

sup d(vyg, v)) < +oo.
v—0 JeO
In particular, we have
lim sup d(vy,v)) = 0.
=0 19619) ( s 19)

(it) The occupation measure of the Euler scheme converges to the invariant measure v} as the
number of steps goes to oo, that is:

1 N-l
lim supd|— 5 04,05 | =0.
i s (3 0,00.07)

(7i1) We have

lim lim sup = 0.

7—0 N;n—+00 9co

1 n—1 1 N-1

Proof. We prove the three items separately.

Proof of (i). For sake of simplicity, we only detail the proof for p = 2. The extension to a general
p does not generate particular difficulties and can be done as in Proposition 3.7. We start from
the following inequality:

d(vjw) <d(£(23),£(Ya,)) +d(v),£(2%)) +a(c(va,)m).  (41)
Let us consider the three terms of the right-hand side of (4.1) successively. First, without loss of
9,y

generality, we can assume that Yoﬁ = Zy . Furthermore, we have that Z}?:Y7 = Z}f7 foralln > 1,
where ZY is defined by (3.21). Then, by Proposition 3.7 (i) applied with 7, = 7, we have

n—1
E(|Y,), - Z27?) < C Y Elgra(Zy))]e 178,
k=0
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where we recall that ¢y, is defined by (3.23). Using that by is sublinear (uniformly in +J) and
the fact that the increments of B satisfy relation (1.1), one obtains

E(Y. - Z07 < C Z (% (1+ B[ 27 2) + 427 +1) emmn=toh),

It follows easily that
sup  limsup ’y*QHEHY% — Zgﬂ <1+ sup limsup EHZ 7.
9€0,7€(0,70] n—++00 9€0,7€(0,70] n—+00

Moreover, owing to Proposition A.2, there exists -y such that

hmsupEHZk %] < 0.

n—-+oo
Summarizing, we have obtained

sup  limsup 772HE[|YT§97 — 23&7‘2] <0
9€0,7€(0,70] n—+00

We now consider the term d(uﬁ,E(Zgﬂ)) in the right hand side of (4.1). Using that v is
invariant, we remark that

d(v},£(237)) < B2 - 2517

where Z77 denotes a stationary Euler scheme built with the same noise process as for for Z97.
Thus, thanks to the fact that

Yy _ 79y _ Uy 9,y 79,y
2 = 20 = 2570, = 257y, o (Z0,) —6(Z07,))
a straightforward induction under assumption (Cs), similar to (3.27), leads to
9y _ 79|? k| 970 _ 0]
|27 = 20| < (1= 290+ 4210|207 - 297 (4.2)

We choose 79 = a/L? in such a way that 2a — yL? > « for any v € (0,7]. In addition, recall

that Zg 7 = 2p. Then, by possibly picking a smaller value of g, we deduce from Proposition A.2
that

hsupaupd (. £ (237)) =

Eventually, the last term in the right hand side of (4.1) tends to 0 uniformly in ¢ as N — +o0
by Proposition 3.1. This concludes the proof of (7).

Proof of (ii). By Proposition 3.4, the convergence of d( ZN ! 5279 +,vy) to 0 is true for the

simple convergence. In order to extend this result to a uniform convergence in ¥, we use Propo-
sition 3.8(ii) to obtain that the family {¢ — d(% ZN ! 5Z19 vvg)i N>1,9 € @} is equicontin-

uous for a fixed v € (0,70]. Actually, for some given ¥, and Do,

1 N-1 1 N-1
‘ ( Z 5 191 ’77V19 ) _d< Z 5 192 'y,V,lg > < d(V,&l,V,& d <N Z 5Z191,'\/7N Z 5Z192,'y> .
k=0 "7 k=0 "7

The second term goes to 0 as 191 — 12 — 0 by Proposition 3.8(i¢). This is also the case for the
first one by letting NV go to oo in Proposition 3.8(i7) (for instance).

Proof of (iii). This is a simple consequence of the two previous statements and of Proposition
3.3(i7). O
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We now generalize Proposition 4.1 to the case of a decreasing time step for the Euler scheme (2.13).

Proposition 4.2. We consider the same setting as in Proposition 3.8. In particular, we assume

that (Cs) holds true for the coefficients of equation (2.7). Let p > 2 and consider d € D. Let
{sk; k> 0} be the sequence of time steps defined by (2.18), which is assumed to verify

+oo p'H+1

Jp’ > p such that Z Dol < +o0. (4.3)
k=1 5k

Then we have

lim sup

— 0. (4.4)
N,n—+00 gc@

1 n—1 1 N-1
— oy, ,— 4] —d
(n ];) Y o kgo Vi+1 z§k> (V99, v9)

Proof. For notational convenience, the proof will be detailed for the continuous-time Euler ap-

proximation (Z});>o defined by (3.21), with step sequence (v,)n>1. An application of the

triangular inequality allows us to bound the left hand side of (4.4) as follows:

1N1

. Z ’yk+15Z19 ) — d(VgO, Vﬁ) <A+ AQ,N('ﬁ). (4.5)

( Z5Ytk,

with

1 | N1
d (n l;](gnk’”%) ’ A n(U) :=d <3N Z ’Yk+15zgk71/19> .

k=0

Our claim can thus be reduced to prove that

ngﬁloo A1n =0, and Nl—1>I—Ii-loo ggg Ay n(U) = 0.

Furthermore, the fact that lim,_, 4 A1, = 0 is a direct consequence of Proposition 3.3-(ii). We
thus focus on the asymptotic behavior of A x in the remainder of the proof.

In order to bound As y, let us set s = max{sj, sy < s}. Then we observe that

1 N—-1 1 SN
N b = 7/ 5 70ds.
. kz:%)’Y +1079 sv Jo zY

Therefore we can split Ay n into

AQ’N('ﬂ) < AQI’N(ﬂ) + A227N(19) + A23’N(19) (4.6)
where the quantities Ag; (1) for j = 1,2,3 are defined as follows:

1 SN 1 SN
Ay n(0) :=d (SN/ 5Z§ds, —/0 5Y§9ds> ,
SN
A22N (SN/ (5 ﬂdS N/() 5Y8ﬁds>, (47)

A (V) :=d (/ 6Y19ds,y19> . (4.8)
SN Jo °

We will now treat those three terms separately.

The term Ags n is easily handled by applying Proposition 3.3 (i) (simple convergence) and

Proposition 4.1 (i) (equicontinuity). We thus get

li A v) = 0.
WL 5B A (9)
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Now, let us prove that lim sup Ag n(¥) = 0. Since d € D, C Dy, we can assume without
N—+400 9e@ ’

loss of generality that d = W,y. We invoke the strategy outlined in Remark 3.9. This means
that we are reduced to prove the following limit :
1 s~

sup— [ VP - VPP d 220 g (4.9)
9€0 SN JO -
To this aim, we first note that
t
Y =YL < [ 1bo(¥)lds + o] 1B — Bl (4.10)

and thus there exists a constant ¢, , such that

1 SN , 1 SN t
~ W—WdtScp,aL / ‘/ o) ds

/

g 1 [ :
dt+—/ B, — BPdt| . (4.11)
SN JO -

SN Jo N

Next we upper bound the first term in the right hand side of (4.11) invoking successively Jensen’s
inequality and Fubini’s theorem. We obtain that

SN t SN , t ,
L [ bodids e < [T e- ([ ovds ) de
0 t 0 t
SN 19 / '§ /
= [T ([ 1 spar) as,
0 s

where we have introduced the additional notation § = min{sg, sy > s}. Taking into account the
fact that |t — s| < g4 for any s, € [sk, sk+1), we end up with

/SN
0

Furthermore, since by is uniformly sublinear in ¢ and owing to (3.9) we know that

/

p

/

p N-1 Shin o
< S [ o) s (112
k=0 5

k

t
[ oy 1ds
t

1 SN - 1 NZbrsiga 981
Cy := sup sup — |by(Y)|P ds = sup sup — Z / by (Y )P ds < 400 a.s.
9e6 N>1 SN Jo €O N>1 SN [ = /i

Moreover, limg_, 1 ’yng = 0. Hence, for all € > 0 there exists kg > 0 such that for all £ > ko,

we have ’ygﬂ < &. One can thus deduce that

Ly [ b a
ap LS [
9c6 SN = k+1 s s
ko—1 N-1
1 / Sk+1 / 1 / Sk+1 /
<sup Y oy [T b ds e sup - 3T [ e ds
9e0 SN sk 9€0 SN 5 Sk
pl
<O (M + 5) , (4.13)
SN
from which it is easily seen that
N-1
1 / Sk+1 /
sup — Z 'y£+1/ bg (Y2)|P' ds N2E000 qs. (4.14)
9€0 SN ;4 Sk

We can conclude that the first term in the right hand side of (4.11) vanishes as N — 400 due
to our identity (4.12).
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In order to prove that the second term in the right hand side of (4.11) converges to 0, we
invoke Kronecker’s lemma (in its continuous version, see [17, Theorem 2.1]). We get that it is
sufficient to prove that:

+oo | By — Bt|p’
[PIBBY e
0

1+t
However, due to the fact that (t —¢) < yg41 if ¢ € [sg, Sg+1), we have,

+oco PH+1

+oo |Bt_Bt’p/ oo ] - o
E/ L R 14 </ t—tP gt <y - < 40
[0 1+1¢ ~Jo 1+t( t) 1; Sk

where ¢ is a positive constant and where the last inequality stems from hypothesis (4.3). Hence,
Kronecker’s lemma yields

1 /s~ / o
— [ B, = Byl'ds 2% 0 qus. (4.15)
sN Jo B

Now inequality (4.11) combined with (4.14) and (4.15) easily yields (4.9). We conclude that

W 5B A () =0

Going back to our decomposition (4.6), we still have to prove that limy_, o supycg A21,n (V) =
0. To this end, let us write Ag; n(1¥) in its discrete form:

1 N1 1 N1
Ann() =d (sN > Me+10z9 . > 'ch+15Y;?€> : (4.16)
k=0 k=0
Then invoking Remark 3.9 once more, we are reduced to prove
1 — ) 9 p/ N—o+oo
— 3 ly - 25 ER0 0, (4.17)

In order to achieve (4.17) consider the integer ny given by Proposition 3.7 (ii). For k ny we
trivially bound |V — Z! | using (3.22). Since (3.21) asserts that SUPyeo kel ] < 00,
we get that

7"'7”0} ’ Sk
sup \Y;i - ka] =:C(w) < 400 a.s. (4.18)
ﬁe@,ke{l,...,no}

We now bound the right hand side of (4.17) by means of (4.18) whenever k < ng and invok-
ing (3.24) when k > ng + 1. This gives

| N-1
. S wlYd = Z2 P < Clw (Z’YHH‘ Z Yrpre PR s""))
k=0

k=no+1

+ — Z Vit 1 Z Pup (YD )e Pr=se41), (4.19)

N}C no+1 {=ng

The first term in the right-hand side of (4.19) is clearly evanescent as N — +oo. Let us focus
on the second one. By a Fubini type transformation, we get

N—-1
)
E Vit § Do ( y )e —p(sk—5¢41) § Qszp E Vii1€ —p(sk—5e41)
k=ngp+1 {=ng {=ng k: {+1

N-1

N-2
< Z (Zsﬁ,p’(Ysi) Z fykefp(skfseﬂ)
=0

k=0+1
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where the last inequality is due to the fact that (%) is non increasing. Since z — e " is a

non-increasing function, we remark that for £ € {0,..., N — 2},
N-1 SN_1 1
Z ,yke—P(Sk—Sz+1) < ePSt+1 / e Pldy = = (eP’YeJrl _ B—P(5N71—52+1)) < Cp-
k=41 e P

Thus, in order to see that the right hand side of (4.19) vanishes as N — +00, it remains to show
that

lim Z bop (Y. (4.20)

N—+o0 1969 SN
where we recall that ¢, is defined by (3.23) and thus

1 Nl p+1 Ye+1 ,
2 o Wi (VP + — Z / Buyot— B [Pdt.  (4.21)

Let us begin by the term involving by in (4.21). First notice that

1 SN
Wp/ (SN/() 5y§19d8, Vﬁ) < A227N(ﬁ) + A237N(19),

where A v and Ags n are respectively defined by (4.7) and (4.8) with d = W,y. Furthermore,
we have seen that limy_, ;o0 Supyce A2o v (V) = 0 and limpy_,4 o0 Supycg A2sn(9) =0 . We
immediately deduce that

1 /s~
lim sup Wy (/ 5y19d8,1/19) = 0.
N—+00 9co SN Jo B

Moreover, by Proposition A.1 for instance, we have supgeg vo(|-|P') < co. We thus deduce that
1= ,
sup sup — Z Yet1|Ys |p < 400 a.s.
9eO N21 SN ;=
Furthermore, since by is uniformly sublinear in ¢ and limy_, 1 75;1 = 0, it easily follows along
the same lines as for (4.14) that:

sup —— Z W ba (Ve P 225 0. (4.22)
9e€0 SN )=

We now turn to the term in (4.21) involving the fBm, for which we use the classical discrete
Kronecker lemma. To this aim, we remark that

I® 1 rmen , 1 I g:ﬁ"'l
E 7/ By, 4t — By |P'dt| = < 400, 4.23
[z " By~ B ] AT (123)

where the last inequality stems from assumption (4.3). From (4.23), it is easily seen that
Ye+1 ,
S—/ |Bs,++ — Bs, |V dt < 400 a.s.
¢

We are thus in position to apply Kronecker’s lemma to the sequence ( [o/*" |Bs 4t — s[\p/dt)@o.
This yields

Ye+1 ,
/ Byt — B, |7 dt X2, (4.24)
sy =0
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Let us summarize our computations so far. Gathering (4.22), (4.24) and (4.21), we have obtained
relation (4.20). This easily implies that (4.17) holds true and hence As; n () defined by (4.16)
satisfies

li A ¥) = 0.
wi Sup Ao (9)

Since similar results have also been shown for Ags n () and Ags n (1), relation (4.6) gives

li sup Ag v (9) = 0.
Wi, Sup Ao ()

Eventually, plugging this information into (4.5) yields our claim (4.4). O

4.2. A general convergence result. The consistence of our estimators will rely on the fol-
lowing general proposition about convergence of minimizers for a sequence of random functions.
Observe that our sequences below are indexed by a generic r which sits in an unspecified set. This
simplifies the subsequent applications of the proposition to our indices N, n,y in the remainder
of the section.

Proposition 4.3. Let © be a compact set and (9 — L,(09)), denote a family of non-negative
random functions. Assume that:

(1) With probability one, lim, L, (9) = L(9) uniformly in 9 € ©.
(2) The function 9 — L(¥) is non-random and continuous on ©.
(8) For any r, the set argmin{L,(9),9 € ©} is nonempty.

Then, for a fized r, let 9, € argmin{L,(9),0 € ©}. Let A denote the limit points of (0,),. Then
we have

A C argmin{L("),9 € 6}.

In particular, if L attains its minimum for a unique 9*, then lim, D, = 0*.

Proof. Let 9* be an element of argmin{L(v),9 € ©}. We consider a generic element 9> € A

A

and its related convergent subsequence (9, )n>0. Then we can upper bound L(9°°) as follows:

A

L(ﬁoo) < Lrn (ﬁrn) + |L(1900) - Lrn ('Lgrn” (4'25)
We now bound the two terms in the right hand side of (4.25). On the one hand, by definition
of ¥,
Ly, (Oy,) < Ly, (9%).
Hence, thanks to the fact that lim, L,(J) = L(¢) for all § € ©, we get

limsup L., (0,,,) < L(9%). (4.26)
n—-+o0o
On the other hand, we also have
[L(9%) = Ly, (Ir,)] < [L(>) = L(Dy,)| + sup [L(9) = Ly, (V)]. (4.27)
€

Therefore we can invoke the continuity of L to bound the first term in the right hand side of

(4.27), plus the uniform convergence of L, to L in order to handle the second term. This yealds
lim sup |L(9%°) — Ly, (9,,)] =0 (4.28)
n—-+oo

Plugging (4.28) and (4.26) into (4.25), we obtain that L(9°°) < L(9¥*) and thus J°° belongs to
the set argmin{L(¥),?¥ € ©}. This finishes the proof. O
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4.3. Proofs of the convergence theorems. With all our preliminary considerations in hand,
we are now ready to prove the main convergence results for our estimators. This is briefly
outlined below.

Proof of Theorem 2.9. Recall that the family {191\;,”,7, (N,n,v) € N? x R*} is defined by
(2. 15) We wish to apply Proposition 4.3 with r» = (N,n,v) € N? x R%. We set Ly (0) =

( Py édytk, N Zk 0 le +). By Proposition 4.1, we have uniformly in 9 € ©,
lim lim Ly, (9) = d(v,, ve) = L(¥). (4.29)

¥—0 N,n—+o0

In addition, owing to Proposition 3.6 and Assumption (Iy), L is continuous and vy is the unique
minimum of L. We have thus checked that the hypothesis of Proposition 4.3 are fulfilled, from
which Theorem 2.9 is easily deduced. O

Proof of Theorem 2.10 . The proof goes along the same lines as for Theorem 2.9. Namely we
apply Proposition 4.3 to the sequence {Jnn, (N,n) € N?} defined by (2.20). To this aim, we
set

Ly, (0 —d< ZfSsz NZ%H(Szﬂ)-

Then according to Proposition 4.2, the sequence (Ly )N,y converges uniformly to L defined by
(4.29) when N,n — +oo. Furthermore, the continuity of L follows as in the proof of Theorem
2.9. Our claim is thus easily deduced. O

Proof of Theorem 2.8 . We still wish to apply Proposition 4.3 to the family {19N ey (N,n,v) €

N? x R% } defined by (2.17). However, since we only assume (Cy) instead of (Cs), one is only
able to obtain simple convergence properties on ©. In order to circumvent this problem, we have
restricted our analysis to the discretized parameter set ©(¢) introduced in (2.17). For a given
£ > 0, ©©) is finite and hence, one deduces from Propositions 3.3(ii) and 3.4, that

lim 1 Ly (0) = L(9)| = 0,
lim, v o SUp LN () = L)

where L is defined by (4.29). Now, denote by .A®) the set of limit points of (195\,)” -
Proposition 4.3, one deduces that

A c argmin{L(¥),9 € 0}

)N n,y- From

Furthermore, L is a continuous function such that L(d) = 0. Thus, since dist(dy, ©)) — 0 as
e — 0, one deduces that ming g L(¥) — 0 as € — 0. Owing to (Iy), this implies that any

sequence (99)), of A®) converges to 1y. This concludes the proof. O

5. RATE OF CONVERGENCE: PROOF OF THEOREM 2.13

All along this section, we assume (Cg) and (Is). Our aim is to bound the quantity E[\ﬁN’nﬁ -
Yo|?] where @N,nﬁ is defined by (2.15). Owing to (Ig), we are reduced to study

E {d (Vﬁo, VﬁNan)q} (5.1)

where ¢ := 2/¢ and ¢ € (0,1] is given in (Is). Our strategy of proof is based on the following
decomposition
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Lemma 5.1. Let 191\177177 be the estimator defined by (2.15) and recall that vy is defined by (2.8)
for ally € ©. Then d (1/190, Vo ) can be decomposed as

d (ygo, VﬁN,n,) <2DWM 4 232;@)D( ) (9) + 231611(; DEV),Y(ﬁ) (5.2)

where DS, D](\%)W(ﬁ), and DE\?) (9) are respectively by

DW .= <yﬁo, Z 5Ytk> , (5.3)
(2) N-—1
Dy (9) := ( Z 521“, Z 5%) , (5.4)
k:()
1
DY) (9) :=d (N Z Oyp s uﬁ> . (5.5)
k=0

Proof. Let us write 9 for U N,n,y throughout the proof in order to ease notations. We first apply
the triangular inequality, which yields

1 n—1 1 N-1 1 N—-1
d(VﬁO,Vﬁ (Vﬁo, Z(sytk> +d<25ytk,N 25Z$’7> +d<N Z 523’7,V1§>
"i=o k=0 kv k=0 kv

where (Y):>0 is the observation process given by (1.2). Next, we invoke the fact that J minimizes

the quantity d ( Py (l)éytk, N Zk B Zﬂ 7) in ©, which gives

1 n—1 1 n—1 1 N-1 1 N-1
d (VﬂO,Vﬁ) S d <V190, g ’;)5)/%) + d (n kz::ofsytk, N kz::o (5ZZS,W> + Slelgd (N ];Z:O (SZ::VW, Vﬂ) .
(5.6)
We further split the second term in the right hand side of (5.6) as follows:

(5 S by X o)
1n 1 1 N—-1 1 N-1 1 N-1
d (n Z 5Y151€’V190> +d (Vﬁm N l;) 5Y:’?> +d (N l;) 5Y]3Y07 N ,I;) 52;:2”) ) (57)

and resort to a similar decomposition for the third term in the right hand side of (5.6). It is
then readily checked that plugging (5.7) into (5.6) we end up with our claim (5.2). O

In the remainder of the section, we shall handle the L9-moments of Dg), SUPyeo ]Df,)v(ﬁﬂ

and supyceo |D§\?)V(19)| separately, respectively in Sections 5.1, 5.2 and 5.3.

5.1. L9 bound on DS). We start this section by giving a notation concerning expectations of
empirical measures.

Notation 5.2. Let Y be the solution of equation (2.7) and t > 0. As previously, dy, denotes the
Dirac measure at Yy, considered as a random measure. Then E[dy,] is the deterministic measure
such that for all continuous and bounded f : R* — R we have

Eloy](f) = E[f(Y2)].
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(1)

With this notation in mind, we can now deliver our L9 estimate for Dy, .

Lemma 5.3. Let Dg) be the random variable defined by (5.3). Then, whenever d is given by
dorp or ds, defined respectively by (2.21) with p > (¢ + d)/2 and (2.22), we have:

E[|D]] < Cy (n70 4+ n~#C-@IVID) (5.8)

Proof. We decompose Dg)

DU < (Ww ZE&Yt> ( ZEéyt Z&Y%>_D D4+ p(12), (5.9)

as follows:

For the term D7(1 ), we can use the contractivity assumption (Cs) on the drift b which implies that
two solutions of the SDE (1.2) with different initial conditions converge exponentially pathwise
to each other as t — 400 (see e.g. [21]). More specifically, we have already seen in (3.7) that the
arguments of [21] entail ||Y; — YtHLp(Q < cre 2! for two positive constants c1, cg, where we recall
that Y designates the stationary solution of (2.7). Hence for a Lipschitz function f : R? — R
we easily get the existence of a constant C' > 0 such that

1 n—1 1 n—1 B C
;ZE[f(Ytk)] = v ()] < = D BIf(¥y) = (V)] < Al (5.10)
k=0 k=0

It remains to take into account the distance d. Recall that we only consider the two distances
der,p and dg defined in Subsection 2.5. We thus easily deduce from (5.10) and the definitions of
decrp and dg that there exists a positive constant C' such that

C’

1 n—1
D7(111) < max {ch’p (l/ﬁo, E Z E[(SYtk]> ; s (Vﬁm Z E 5Yt > } = (511)
k=0

The term D7(112) is handled in Proposition 5.4 below and specifically in relation (5.12). Therefore,
plugging (5.11) and (5.12) into (5.9), relation (5.8) is proved. O

Proposition 5.4. Let d be one of the two distances ds and der, with p > (¢ +d)/2. Then,
1 n—1 1 n—1 q
E [d <n > v, - > E[(Sytk]>
k=0 k=0

The proof of the proposition is based on the following lemma:

< Cyn~3@-CHVD), (5.12)

Lemma 5.5. Recall that (Y;)i>0 is given by (1.2). Then for all ¢ > 1 and for all Lipschitz
function f:R* — R,
1 n—1
E [ !
"o

q
S F(Yy) — E[f(Ys)] ] < Cyll Il n 22 @HVL), (5.13)

Proof. We invoke a concentration result for large time borrowed from [48, Theorem 2.3]. This
result asserts that: there exists C' > 0 such that for all Lipschitz functions f : R? — R and for
all r > 0,

n—1
P (i Z f(Y,) —E[f(Yy)] > r) < Cexp(— CHfHL2 22— (2Hv1))' (5.14)
k=0
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Therefore, one can check that (5.13) holds true by plugging inequality (5.14) into the classical
formula

+o0o
E[XY] :/ qzr?'P(X > 2)dz,
0
which is valid for any positive random variable X. ([l
Proof of Proposition 5.4. We will only give details about dcrjp since ds can be treated exactly

along the same lines. Furthermore, since our parameter g is greater than 2, by using Jensen
inequality and the linearity of E into the definition (2.21) of derp, We get:

1 n—1 q
E ldCFﬁp <u190, - ;)E[(Sytk]> < /Rd E l
where fe(z) = €“6?). Since || f¢||Lip < |€], we thus deduce from Lemma 5.5 that
1] ! g
E [ch,p (wo, ~> E[(Sytk]> 1 < Oyn~2(2-CHVL) /Rd €199, (€)dE.
k=0

The integral in the last inequality is finite owing to the fact that we chose p > (¢ + d)/2. Our
claim thus follows. U

] gp(f)dfa

n—1
LY Fel¥i) — Blfe(¥)
k=0

5.2. LY bound on Dﬁ)v. Our aim in this section is to get an equivalent of relation (5.8) for the

term D](\%)v defined by (5.4), namely
E [Sup |D](37),7(19)\q] < oyt (5.15)
V€O

where the distance d in the definition of Dﬁ)7 is either ds or dcrp. To this end, resorting to
the fact that dcrp and ds are both elements of Dy, the quantity (5.4) can be upper-bounded as
follows:

N-1
2) 1 9 _ 0y
sup Dy (9) < sup |Yi, — Z.)7|.
9e0 Ny (?) N kgoﬁe@‘ B Ty

We thus deduce that

E [sup \Dﬁ?,yw)q] <E
YeO

1 N1 9 q
'L9 Y
— sup |V, — Z .
Recall that ¢ > 2. Hence a direct application of Jensen’s inequality gives

1= 9 0
< — E |sup |V — Z.7

E [sup DY) (9)]
JYEO

41 . (5.16)

Now according to Proposition 3.7 (i) and Proposition A.2 (ii) (see also the proof of Proposition
4.1 (7)), it is readily checked that

sup E [sup 2, — Zg&7 71 < CyiH,

E>0  |9€0

Gathering this information with (5.16), inequality (5.15) is easily deduced.
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5.3. L7 bound on D( ) . The quantity (5.5) is the hardest to treat among the terms in our
decomposition (5.2), due to the fact that we wish to achieve a uniform bound in ¥). We summarize
our analysis in the following lemma.

Lemma 5.6. Let D( ) be the random variable defined by (5.5), and assume that d is either ds
or dep,p with p > (q+ d)/2 Then, we have

E [Sup D( ) L (0)1
veo 7

< Cy (v +177) (5.17)

. - 2
with 1) = m@ —(2H V1)) and T = N~.
Proof. We will further decompose the term Dg\?,)'y and then divide our analysis in several steps.
First, let us introduce some notations: denote by T the quantity N+ and for all ¢t € [0,7T], set
= inf{kvy | ky <t < (k+1)v} as we did in the proof of Proposition 4.2. With this notations in
hand, we have Dg\??y(ﬂ) =d(vy, 7 fOT 5Ya dt) from which we deduce the following decomposition:
sup DE\?) (9) < sup D](\W)(ﬁ) + sup D§v7)(79) (5.18)

seo 7 e 9eO

1 /T 1 /T 1 [T
D§$’2(ﬁ):d<uﬁ,T/0 65,;9dt> and D2 (¥ ):d(T/O 5Ytgdt,f/0 5Y;9dt>.

We will now handle those two terms separately:
Step 1: Bound on DE{?QW) As in Section 5.2, since d € Dy whenever d = ds or d = dcy,p, we have

1 T
sup D2 (9) < — sup Yy — Y?|dt. (5.19)
9€0 T Jo ve -
We now proceed as in Section 5.2 in order to get the equivalent of (5.16) thanks to Jensen’s
inequality. We get

1

T
E |sup D2 (9))9 g—/ E |sup |Y — V|7 dt. (5.20)
e T Jo HeO -

In order to bound the right hand side of (5.20), we start by recalling the bound (4.10) for
Y'tz? _ Y'tz?:

t
Y =YL < [ oY) ds + [lo]1B: — Bl

The drift term above is now bounded tﬂanks to the sublinear growth of by given by (2.5) and
the uniform bound on the L? moments of Yt'9 given by Proposition A.1. As far as the term
|B; — By is concerned , we obviously have thanks to (1.1) and the fact that |t —¢| <~:

E [|B; — By|?] < Cyy™.
From here, it is readily checked that

E [sup |V} — Y] < Oy 7.
YeO -

Plugging this information into (5.20) we end up with

[Sup|D )97 < Cpy™. (5.21)

9€O
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Step 2: Bound on D](\?lv)(ﬂ) for a fixed 1. For a fixed value of ¥ € ©, the term D](\?;IV)(ﬁ) will be
handled similarly to Section 5.1. Namely, along the same lines as for relation (5.9) we write

DBV (9) < d ! TE(S at) vafl TE(S at. T5 dt 5.2
N,fy( )— Vﬂ7TA [Ytﬁ] + T/(] [Ytz?] ,T/O o . ( . )

Then the first term in the right hand side of (5.22) is handled exactly as (5.10) in Section 5.1,
which yields

T
7 | B = vo(n)| < Z Sl (5.23)

The second term in the right hand side of (5.22) can be upper bounded thanks to a continuous
time version of Lemma 5.5 (also based on [48, Theorem 2.3] and left to the reader for the sake
of conciseness). We get

2|

Therefore putting together (5.23) and (5.24) and arguing as in Section 5.1, we get that for
d = derp with p > (¢ +d)/2 or d = ds and for any 9 € O,

1 (T I
E [|D§32(19)\q} —E [d <yﬂ,T/0 5Ytﬂdt>

where Cj is a positive constant which does not depend on 9.
Step 3: Bound on supyce Dﬁ?(ﬁ) In order to gor from (5.25) to a bound for the supremum
over ©, we proceed to a discretization of the parameter space © as in Section 2.4. Towards this

aim, we will use the following notation: for any ¥ € ©, we set

o) :=d (Vg, % /OT 5Ytﬁdt> : (5.26)

= (o —miern) @ q

— 42—
7/ < Cyll i3, (5.24)

< Cy (779 4 TR EHV) (5.25)

Let € > 0 and recall that ©) := {1955) | 1 < i< M.} is defined at the beginning of Subsection
2.4 in such a way that © C Uij\iﬁ B(ﬂgg),e). Then, for any ¥ € O,

(9) < lo(9) = 0 (9)] + ()]
where ¥ is defined by (2.16). Therefore

_ (9 (©)
p(0) < lp() = () + max o(d;7)]

and finally

E[supsow < F [supuow)sow(ff))w] o | max Jo0)]
€O 1<i<Me

YO

< ¢E lgug [p(9) — (9))1
€

M.
+ g 3B [le@)]7]. (5.27)
=1

Owing to inequality (5.25) for a fixed ¥ € ©, we can deduce from (5.27) that

E |sup ¢(0)? + ¢ M. (T*q +17-30-CH V1>>) . (5.28)

YeO

< ¢E [Slelg [p(9) — ()¢
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In the remainder of the step, we thus focus on the first right hand term in (5.28). Namely we
will show the existence of an integrable random variable (; > 0 such that for all ¥;,72 € © we
have

lp(91) — p(P2)] < (plth — Vo] a.s. (5.29)
For this purpose, let us split the quantity [¢(¥1) — ¢(¥2)] in two terms
1 (T 1 (T
(1) — p(92)] < d (vg,,v9,) +d T/o Byt T/o By oadt ). (5.30)
Then, one can show the following inequalities for any d € D,
d vy, 1v9,) < Cl01 = 2| supyeg v (| - |") (5.31)
d (; Iy dyoidt, 7 OTaYtﬁQdQ < Clo1 — da| (4 Jy supgeo VY| ds) (5.32)

where 7 is given in assumption (Cs) and where equation (5.31) is obtained by following the proof
of Proposition 3.8 (see appendix B) for the stationary solutions Y71 and Y72, Plugging (5.31)
and (5.32) into (5.30), we obtain that (5.29) holds true with

T
(p=Cmax{supvy (|-|"), = [ sup|V["ds .
€O T Jo veo

By Proposition A.1 (i), we get supp-qE[(;/] < +00. Then plugging (5.29) into (5.28) we end
up with

B |sup o)
90

< g3 E[(7)e" + ¢, M, (T~ + T~#(2-CHVD)). (5.33)
>

For all € > 0, since © is a compact of R?, we can choose M, < % and then if we choose ¢ := T~ "
for some n > 0, we finally get

E |sup o(0)*

YO

< ¢qsup B[] T~ + ¢, Co (T“Hd” + T—%(Q—(QHVDHdn)
>0

< ¢gsup E[¢ T~ + c;C@T*%(Q*(QH\/l))ern'
>0

It just remains to optimize in ) to conclude that:

E lsup e < C,T7" (5.34)
V€O
2
with 7 = m@ — (2H v 1)). By putting together (5.18) with both (5.21) and (5.34), this
concludes the proof of (5.17). O

Let us now conclude the section. Through inequality (5.2) and the control of the three right
hand side terms, namely (5.8), (5.15) and (5.17), we are in position to conclude that Theorem
2.13 holds true.

6. IDENTIFIABILITY ASSUMPTION

In this section we will provide some examples of equations of the form (1.2) for which the
crucial assumptions (2.9) and (2.10) are satisfied. We first review briefly the diffusion case in
Section 6.1, and then give a particular example in the fractional Brownian motion case in Section
6.2.
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6.1. Case of a diffusion process. In this section we consider equation (1.2) in the case H = %,
that is when the equation is driven by a d-dimensional Wiener process. Our considerations are
summarized in the following proposition.

Proposition 6.1. Consider equation (1.2) in the case H = §. We assume Hypothesis (Hg) and
(Cw) to be met and call vy the invariant measure corresponding to the coefficient by. We pick

Y1, € © and set

F = Span{Vf, for all f € C*(R% R) with compact support}
where F is considered as a subspace of L*(vg,). We assume that by, — by, is not an element of
F+in L*(vg,). Then

d(l/ﬁl,ygz) > 0.
If this condition is satisfied for all couples (91,92) € ©2, then (Iy) holds true.
Proof. For ¥ € ©, let Ly denote the linear operator defined on C?(R%,R) by:
1 *
Lof(x) = (V£,b5)() + 5(0" Df(x)o),

where D?f denote the Hessian matrix of f. By a classical criterion, vy is invariant for (1.2)
when H = % if and only if vy(Lyf) = 0 for any f € C?>(R? R) with compact support. As

a consequence, vy, = vy, if and only if vy, ((Ly, — Ly,)f) = 0 for any compactly supported
C%-function f : R? — R. Now observe that

vy, (Lo, — Lo,) f) = /<Vf(fﬁ)7bq91 () — by, (2))vy, (dz).
The result follows. O

In other words, this result says that in the diffusion setting, the identifiability assumption is
true if Projp(by — by,) is not the null function for any ¥ # . Notice that this is always true in
the one-dimensional case or if by is a gradient. Unfortunately, the generalization of this simple
characterization to SDEs driven by fBm is far from being straightforward.

6.2. Fractional Brownian motion case. In this section we wish to check (Is) for some specific
examples of equation (2.7) and for the distance dcrp. Specifically, we shall consider a family
Y7 of real valued processes defined by

v = [=0¥M 4 Moy(V))| dt + 0 dBy (6.1)

where B is a 1-dimensional fractional Brownian motion. In equation (6.1) the quantity \ is a
small enough parameter, which is assumed to be known. The estimation procedure is still for ¢
only. The coefficient by is bounded together with its derivatives with respect to y and . The
process Y7 has to be seen as a small perturbation of a fractional Ornstein-Uhlenbeck process
with parameter 9. We also assume that ¢ is a 1-dimensional parameter and:

Y€ [m,M], with 0<m<M < oo. (6.2)

Let us start our analysis by the case XV = Y%? that is the fractional Ornstein-Uhlenbeck
process itself, solution of the following equation:

dX? = -9 X7 dt + o dB;. (6.3)

It is easily seen that XV is a centered Gaussian process whose variance is given (see e.g. [23,
p.724]) by

B[(XY)2] = 202" /0 "2 cosh(9(t — 5))ds. (6.4)
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In this case our assumption (Is) is easily satisfied, as shown in the following lemma.

Lemma 6.2. Let 9 € [m, M] as in (6.2), and consider the fractional Ornstein-Uhlenbeck process
XV defined by (6.3). We call jug its invariant measure. Then for all 91,92 € [m, M], we have

dCva(/'l”ﬁl’/"[”&2) > Cm,M,H |’l91 - "92| (65)

Proof. Tt is well-known (see e.g [6]) that for the fractional Ornstein-Uhlenbeck process we have
o = N(0,03), with
cH

Taking expression (2.21) into account, this yields

2
d?}F,p(/’L’L917/’L’L92) = /R lexp <_2,LC9?H£2> — €Xp <_2i:9[§1'{€2)] gp(é)dga

from which our claim (6.5) is easily proved. Notice that the fact that ¥ is bounded away from
0 is crucial here in order to ensure the continuity of ¥ — oy in (6.6) on the interval [m, M]. O

Let us also state an elementary bound on ordinary differential equations for further use.

Lemma 6.3. Let f, g : Ry — R be two functions such that there exist some constants k, M > 0
satisfying

fr>k, and |g)| <M, forallreR,. (6.7)
Let y be the solution of the following differential equation:
Ut + frye = gt (6.8)
Then y is uniformly bounded in t and verifies
M
lye| < —.
K

Proof. Equation (6.8) admits an explicit solution under the form

t t
Yt =/ exp (—/ Ir d?") gs ds.
0 S

Plugging the bounds (6.7) into the above expression, we easily get
t M
lye| < M/ e =9) gg <

0 K

which is our claim. O

We now wish to extend Lemma 6.2 to the model given by equation (6.1). Namely we wish to
prove the following proposition.

Proposition 6.4. Let YA be the process defined by (6.1) and consider p > 3/2. We assume
¥ € [m, M] and X € (0, ) with a small enough A\g = Xo(m, M,p). Also assume (without loss
of generality) that by, Oyby, Ogby, agybg are all bounded by 1. Then the following lower bound
holds true for any 91,94 € [m, M]:

dCF,p(Vﬁlﬂ Vﬁz) > Cm,M,H |191 - 792| (69)
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Proof. Owing to the definition (2.21) of the distance dcr , we have

derp(ve,, v9,) = { /R (E[ei@?”l] - E[eis?w?])z 9p(€) d{}m

We will decompose this quantity as follows:

devp(vo,voy) 2 13 — (B + 1{* + 1y%) | (6.10)

where the quantities I1; and I3 are defined by
= [ (Blew (7)) - B [exp (169°7)])° gy(6) de
fno= [ (B [exp (i6x])] ~ B [exp (16X27)])" 90(6) de,

and where we recall that the Ornstein-Uhlenbeck process XV is given by (6.3). In equation
(6.10), we also have

I = /R (E [exp (ith’\’ﬁl)] _E [exp (igxfl)]
— B [exp (i¥M")] + B [exp (i€X72)] ) g,(6) de.

In the definitions above, t is an arbitrarily large time, to be determined later on. Our goal is
now to lower bound I3 and upper bound I; ; and I5.

Lower bound for Is. In order to lower bound I3, we proceed as in Lemma 6.2. Indeed, Lemma
6.2 stems from a lower bound on

. 9 . 9
|[E[e’¢X=] — E[et¥x]|

Y

while we are interested here in a lower bound on
B[] - Bl
for a fixed ¢t. However it is readily checked from (6.4) that there exists 9 > 0 such that for all
t > to we have
I3 > C1 |291 — ?92‘2 (6.11)

with a given constant ¢; > 0 depending on m, M.

Upper bound for Ii;. Recall that both by and dyby are bounded by 1. We also assume that A is
small enough so that A < m(1—¢) with ¢ > 0. Then it is readily checked that x — —dx+ Aby(x)
satisfies the condition (Cs). Hence one can see as in (3.7) that

mey

2

Ilj < Ce~

If we wish to have I1; < ¢3 |01 — 2|2, with c3 arbitrarily small, it is thus sufficient to pick t > #;
with t; = C'log (W). In the sequel we choose this time ¢; such that

(&
nP+n?< %\01 — . (6.12)
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Upper bound for I. We start by recalling that X? = Y0¥, Next we set R = [01, 2] x [0, \] and
for r,7 € [0, 1] we define

a(r,m) = Y 40 (Y27 - v 00 or (V)R - Y0 e ARy, (6.13)
where the rectangular increment ARrY; is given by
ARY; = Y1 _ Y001 _yAde | y 0z (6.14)
Notice that I can be expressed as
2
b= [ (BlArve(¥i)]) g(6) (615)

where )¢ is the oscillating function e’ and A RrYe(Y:) still denotes a rectangular increment as
in (6.14). Moreover, resorting to the path a introduced in (6.13) we get

M) = [ 9% elolr, 7)) drdr,
and computing the differential 92 [1¢(a(r, 7))] explicitly we get
ARte(Yy) = / , (wé(a(r,T))afTa(r, 7) + ¢ (a(r, 7)) dpa(r, T)aTCL('f‘,T)) drdr. (6.16)
[0,1]

Taking into account (6.16) and (6.15), plus the fact that ¢ and its derivatives ¢’, 1" are bounded
by [£]* and [£|2g, is integrable if p > 3/2, we get that

2
L < G {B (177 =" [+ [Ar(M)]) (1772 = V2% + [AR(YV)]) | + E[AR(YD |
2
< Cpmi B 0212 + 100V |12 + 103V 12| N2 (01 — a2, (6.17)

In order to bound the right hand side of (6.17), we are now reduced to the estimation of 9yY 7,
dyY M and 8/2\19}/)‘”9. Let us thus show how to establish a bound for 9,Y*?. To this aim,
differentiating formally equation (6.1), the process 9yY ™ solves a system of the form
d[@,\Y)"ﬁ]t
dt
Whenever ¢ satisfies (6.2) and A < m(1 — ¢) with ¢ > 0, equation (6.18) above fulfills the
hypothesis of Lemma 6.3. Hence we get

DN
’aA}/t ’ | < Cm,M e

= [0+ 20,00 (F7") | 3 + by (V). (6.18)

uniformly in ¢ > 0. We let the reader check that the same kind of inequality holds true for
D9Y M and 6/2\19}””9 as well, and thus we get
10AY " oo + 185 [loo + [[039Y " lloo < Cm,pre-

Plugging this inequality into (6.17), we end up with
‘12‘ < Cp,m,M,a)\2 ‘791 — 192’2.

1/2
We now choose A such that A < 1 ( . ) / , where ¢ is defined by (6.11) and € = 1/2. This

Cpgm,M,e

yields
L"” < @h?l — s (6.19)

1/2
We now gather (6.19) and (6.12) into (6.10), which proves our claim with Ao = (‘371> / .

Cp,m,]\/f,e
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7. NUMERICAL DISCUSSIONS AND ILLUSTRATIONS

In this section, we provide several numerical examples in order to illustrate our main results.
To this end, we first investigate several numerical questions which are related to our theoretical
results.

Simulated data and Euler scheme: In order to test our results, we have chosen to simulate
our observations. Nevertheless, the fractional SDE (1.2) cannot be simulated exactly, except
in some particular cases. Therefore we have opted for a discretization procedure thanks to a
simple first order Euler scheme with very small step v (namely v = 1073) in order to get a sharp
approximation of the true process.

Let us recall that in the additive setting of equation (1.2) the simple Euler scheme converges
strongly to the true SDE, while this is not true in general in the multiplicative case (see e.g.
[37]). The convergence of the scheme can be checked for instance through Proposition 3.7(%),
applied with constant step 7. Furthermore, taking the expectation in Proposition 3.7(7) leads to
a marginal control of the L2-distance between the Euler scheme and the true SDE (with same
fBm) of order v/ (independently of the horizon). This confirms that our approximation of the
observations is reasonable when H is not too small (getting a control for the uniform distance
is more involved).

Let us also recall that the increments of the fBm can be simulated through the Wood-Chan
method (see [53]), which is based on the embedding of the covariance matrix of the fractional
increments in a symmetric circulant matrix (whose eigenvalues can be computed using the Fast
Fourier Transform). Therefore up to the approximation of the true SDE detailed above, we now
assume that we are given a sequence (Yj)r>0, where (Y;);>o is a solution to (2.7) with a given
fp. Then we select from this path a subsequence of observations (Y;,)}_; where t; = kv, which
means in particular that we assume v to be of the form kgy with kg € N*.

Computation of the distance between empirical measures: The theoretical construction
of an estimator like (2.15) involves in practice the computation of the distance d between the
empirical measures of the observed process and of the Euler scheme, for a distance d € D), as
defined in (2.4). We briefly describe how to compute this kind of distance.

Whenever d is the p-Wasserstein distance, an explicit computation of the distance d in (2.15)
is possible if the observation Y is 1-dimensional. To this aim, one can use the following rep-
resentation (see [47]): if p and v are two one-dimensional probabilities with c.d.f F and G
respectively, then for all p > 0 we have

1
Win) = [P0 -G @pa,

where F'~ and G~ denote the (left or right) pseudo-inverse of F' and G. Moreover, when
p=>" pidy, and v = Z?i1 q;0y;, the computation of the right hand side above can be made
explicit through a reordering (and using the fact that F~! and G~! are stepwise constant). In
particular, when n; = ny = n and p; = ¢; = 1/n, the Wasserstein distance between p and v
simply reads

1 n
WP (p,v) = - >z =y - (7.1)
i=1

We will use this representation in our simulations.

In higher dimension, the computation of the Wasserstein distance generally requires approxi-
mation/optimization methods which are out of the scope of this paper. In this context it seems
to be numerically simpler to work with an approximation of the distance dcy , (defined in (2.21)),
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which is also used for our analysis of the rate of convergence. Such an approximation can be
obtained by a standard discretization of the integral which appears in the definition (2.21).

Minimization of the distance with respect to ¥J: Eventually the implementation of our
estimation procedure relies on an optimization problem in order to compute the argmin in (2.15).
More specifically, in case the estimator is built with a constant step Euler scheme, this consists
in minimizing the function

1n—1 1 N-1
Y= d| - 1) — 1) . 2
0 S 2o )

In this paper, we first use the naive approach which consists in evaluating the function on a
(finite) grid and then computing the minimum on this finite set. This minimization algorithm
is clearly restricted to a low dimensional setting. Secondly, we use a stochastic optimization
algorithm to explore an example in dimension two (in space) for the distance dcg, which is
easier to manage. More precisions are given after the one-dimensional case.

Numerical illustrations: Let us now turn to some numerical tests, for which we consider two
one-dimensional examples and one two-dimensional example. We begin with the classical

> Ornstein-Uhlenbeck (OU) process: We consider the process XV defined by (6.3), where 9 is
assumed to sit in a compact interval of (0, 400) like in (6.2). Let us recall that this case is a
toy example since the Gaussian linear structure of the OU-process allows to develop specific
estimation methods (on this topic, see [32] or more recently [51] and [5]). The assumptions
(Ho) and (Cg) are clearly satisfied, whereas (Is) follows from Lemma 6.2. Using the strategy
described in the first part of this section, we get a discretely observed path of Y with the
following parameters:
Yo=2,v=10"3 v =102, n=3.10%

and different values of H. In Figure 1, we depict the function F; defined in (7.2) with d = dcp2
for H = 0.3 and H = 0.7 respectively. As in the next examples, the Euler scheme is computed
with N = n and v = 1072 as specified above. We remark that the function attains its minimum
very close to the true value of ¥¥. We also observe that the function F; is more flat when H is

0.07 0.2 4
0.18 4
0.16 -
0.14 4

0.12 4

0.08
0.02 4 0.06
0.04

0.02 o

FIGURE 1. ¥+ Fypp, () for H = 0.3 (left) and H = 0.7 (right).

small, which is consistent with the fact that H — o3 in (6.6) is an increasing function.

Figure 2 below is devoted to a comparison between the different p-Wasserstein distances as p
varies. Namely we fix H = 0.3 and we compute the function Fy defined by (7.2) with d =W,
for different values of p. Notice that in the 1-dimensional case we are considering we can resort
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to formula (7.1), since we have chosen N = n. The true parameter is still ¥ = 2. Our distances
all perform correctly, although p = 4 seems to yields a slightly sharper contrast.

0.09 —-
0.08 ;
0.07 ;
0.06 —-
0.05 —_
0.04 ]

0.03 +

0.02 —

Wasserstein 1
Wasserstein 2
Wasserstein 4

0.01

FIGURE 2. 9 +— Fw,(¥), H = 0.3.

> We now consider a second example with a non linear dependence in ¥, namely an equation
of the form:

Ay = =Y (1 + cos(9Y"?))dt + dB;.
In this case, we only compute the Wasserstein distance for different values of p with the same
choices of parameters. Once again, the minimum of the function Fyy, is attained close to ¥y = 2.
One also observes that the local behavior in the neighborhood of ¥ is similar to the linear case.

11 4 - 0.35 4
Wasserstein 1 Wasserstein 1
Wasserstein 2 Wasserstein 2
Wasserstein 4 034 Wasserstein 4

0.9 4

08 025 4

0.7 4
0.2 4
0.6 4

051 0.15 o

0.3 4 0.1+

0.2 4
0.05 4

0.1+

FIGURE 3. ¥+ Fw, (V) for H = 0.3 (left) and H = 0.7 (right).

> A two-dimensional example: we finally propose to focus on a family of two-dimensional
fractional processes (Z});>0 indexed by a real parameter ¥ € © = [m, M] C (0, +oc), where
m, M are two finite constants. Specifically, Z? is the solution to the stochastic system

dz) = by(Z?)dt + dBH (7.3)

where (B}?);>0 is a two-dimensional standard fBm with Hurst parameter H. In equation (7.3),
we also have that for all ¥ € © the function by : R? — R? is defined by:

for all z = (21,22) € R%,  by(z) = 029 ((1 + 12\2)1/2) +ezt, (7.4)
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where 2zt = (=22, 21) and ¥ (z) = % (namely ® is the sigmoid function). Let us first remark
that the coefficient by above satisfies the main standing assumptions of the current paper and
generalizes the framework of [36]. Indeed, the following holds true: (a) Due to the orthogonal
component z» in equation (7.4), it is readily checked that 8Z2b119 # 0y, b%} (where we recall the
notation of Section 2.1 for the partial derivatives of b). Therefore our family of drift functions
by cannot be of gradient type. (b) The functions by are obviously smooth. In addition, we have
(x{ — x5, 21 —x2) = 0. Thus in order to see that by satisfies our Hypothesis (Cs), it is enough to
check that the eigenvalues of the Jacobian matrix of z — 2¢(]z|?) are uniformly lower bounded
by a positive constant, where we have set

olz) =1 <(1 + x)1/2) , for x>0,

and where 9 is the sigmoid function featuring in our definition (7.4). We leave to the patient
reader the elementary task of computing those eigenvalues. Let us just mention that a lower
bound is given by ¢(|z|?), which is uniformly lower bounded by % for all z € R2. This implies
that Assumption (Cs) is fulfilled for the coefficient by.

The multi-dimensional setting leads to new numerical difficulties. The first of those problems
is due to the fact that the exact computation of the Wasserstein distance in R? is still possible
but costly (about n® computations for an empirical measure based on n points by the Hungarian
algorithm), while approximations lead to numerical issues which are out of the scope of this paper
(see e.g. [42]). We have thus decided to work with the distance dcr )y introduced in Section 2.5,
which is simpler to compute. The second numerical problem we are facing comes from the
underlying spatial dimension. Indeed, when d = 2 one can still optimize over the parameter 1
by computing the contrast given by (2.15) over a discrete grid of parameters ¥. However, it is
clear that in larger dimensions such contrast estimators require to implement associated convex
optimization algorithms.

With the above preliminary considerations in mind, we now briefly introduce a stochastic op-
timization algorithm for the approximation of ) N~ Telated to derp. We will then implement
this method on the coefficient by given by (7.4). Here, the parameter ¥ is still one-dimensional
but the method which is proposed can be adapted to the higher dimension. In order to describe
our algorithm, let us first recast our expression (2.21) for the dcr ), distance. That is, observe
that if fe(x) = e"&?) and if Z is a random variable with density gp then for two probability
measures 1 and ps we have

dorp(p, p2) = E {|M1(f3) - M2(fE)|2} .

Now recall from relation (2.15) that we are dealing with the following empirical measures:

1 n—1 1 N-1
= — 0 and = — O 0,~.
H n ’g) Ye,, K9 N ’;) Z;:A{”/
Then our aim in (2.15) is to minimize a functional F' defined on © = [m, M] by

F(0) = ey o) = B (=) = ol f2) ]

Our gradient descent algorithm will thus be applied to the functional F, and we now provide
some details about its computation. Indeed, the gradient VF' is formally obtained, similarly to
what we did in the proof of Proposition 6.4, as

VF(9) = B[A(W,E)], where A(W,&) =0y (|u(fe) — palfe)l?) - (7.5)
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Furthermore, it is easily seen that A(¥, &) can be expressed as

A9, €) = 2(po — p)(cos((&; ) po(—sin((&; ) + 2(uy — p)(sin((§; -)))po(cos((§, ),  (7.6)

where we resort to the following notation for a given function ¢ : R — R,
1 N-1 ) )
po(9((&: ) = 5 D 9((& 27 (€ 00 2)- (7.7)
k=0
Plugging (7.7) into (7.6) and then (7.5), one observes that the computation of VF(J) mostly
relies on our ability to evaluate (819Z;Zf)k20. Now it should be highlighted that this quantity

9,y

can be computed on the fly, since 819Z69’7 = 0 and for all £ > 0 one can evaluate 619Z(k+1)7

recursively as

D24y, = 002+ (09bo(Z7) + Vb (Z0)09 2 )

The convergence of the gradient descent algorithm to a minimum of F' lies outside the scope
of the current paper (see e.g. [16] for background on this topic). Let us just mention that the
algorithm is recursively defined by

Orp1 =07 —ne A(0r, Egt), (7.8)

where (1¢)¢ is a sequence of (positive) steps and (Z/)¢>1 is a sequence 17.7.d random variables with
common distribution g,. Notice that in dimension 2 the random variables =, can be simulated
through a change of variable. More precisely, if R and © are two independent variables such that
R has density g,(r) = ?fi;%;; and O has uniform distribution on [0, 27], then (R cos(©), Rsin(0))
has density g,. Furthermore, thanks to the inversion method we get that R can be simulated as
R = (UY(=P) —1)1/2 where U has uniform distribution on [0, 1].

The illustration represented in Figure 4 is obtained with ¢ = 1/10 in equation (7.4) and
ne = vo(1 4+ €)~1/2 in relation (7.8). We have also considered two values of 7o and two different
starting points yo for the process Z? in (7.3). Furthermore, in these simulations we used a
mini-batch approach. This means that in equation (7.8) we replace the random simulated term
A(6¢,Z¢41) by an average over m = 30 simulations. The mini-batch procedure is known to reduce
the randomness of the algorithm. The results displayed in Figure 4 show that our approach yields
a good convergence of the estimate to the true parameter 19. However, our simulations also reveal
that the gradient gets quite flat near the true parameter ¥9 = 1. Therefore the algorithm moves
very slowly after a large number of iterations. This is the reason why in the illustration, the
algorithm is stopped after n = 100 simulations. Also notice that we have provided several
examples of initial values 3o and step sizes vy, which exemplifies the sensibility of the current
version of the algorithm with respect to the parameters. Those first attempts to combine our
statistical procedure with gradient descent algorithms would certainly need to be enriched with
deeper considerations, although this task is deferred to a subsequent publication for sake of
conciseness.
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FIGURE 4. Example in dimension 2.

APPENDIX A. TIGHTNESS AND CONVERGENCE OF THE OCCUPATION MEASURES

In this Appendix, we first show some uniform estimates for Y” and Z?7 and their respective
occupation measures, as well as some convergence result for the occupation measure of Y.
Those results are all used in the proof of Proposition 3.3 and 3.4.

A.1. Moment estimates. We start by bounding the moments of YV and its occupation mea-
sure.

Proposition A.1. Let YV be the unique solution of (2.7). Assume (Hg) and (Cy). Then the
following inequalities hold true for p > 1.

(i) sup E[sup |YY|P] < +oo.
t>0 [ES(S)

(i) sup sup & 470 [Vl < +o0 as.

(141) 31618 igg %fot Y2 PPdt < 400 a.s.

Proof. We treat our three items separately.

(i) The proof is done in [23]. It is based on a comparison with the moments of the fractional
Ornstein-Uhlenbeck process, similarly to what is done in step (ii) below. Since the constants in
(Cw) are independent from ¢, we get the uniformity with respect to .

(74) Let p > 0. By Cauchy-Schwarz inequality it is enough to prove the result with 2p instead
of p. Let us denote by (X;);>o the fractional Ornstein Uhlenbeck process defined by (6.3) with
¥ = 1 and starting from vy, i.e.

{dXt:—Xtdt‘l‘O'dBt (Al)

Xo = Yo.

In this proof, we set ¢ := inf{kk | kx <t < (k+1)k} and T := nk. With this notations, similarly
to what is done in the proof of Proposition 4.2, we have

[ P B L
S = [P,
" k=0 0
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Let us also denote by X the stationary Ornstein-Uhlenbeck process related to (A.1). Then the
proof of item (i7) is based on the following inequality:

1 T 912 2 1 1 T 9 2 1 T |2 1 T 2
7/ Y PPdt < 3% 7/ v, —X£|pdt+—/ |X£—X£|pdt+—/ X, 2dt ) (A2)
T 0 - T 0 - T 0 T 0

Let us start by bounding the two last term in the right hand side of (A.2). First, since (Xpx)r=0
is a stationary Gaussian sequence and since E[X; X (;41] —+> 0 (according to [7, Theorem
n—-+0oo

2.3]), a criterion for Gaussian processes (see [35]) gives that (Xgx)rs0 is ergodic. Therefore, we

get

; - iy 2p _ 2p
TETOOT/O (XPdt = lim § :\X;m\ E[|X.|*] < +o0, (A.3)

where the limit holds in the almost sure sense.

In order to treat the second term in the right hand side of (A.2), we resort to equation (A.1).

From there it is readily checked that %]Xt — Xi? = —2|X; — X4|?, and thus | X; — Xy|? =

e 2|y — Xo|?. In particular, we have lim [Xpx — Xpe|?” = lim e 2P% |y — Xo|?P = 0 and
k—+o00 k—+o00

the corresponding Cesaro summation tends also to 0, i.e.

. e o 12 o2
TEToof /O | Xy — Xy|*Pdt = m Z|X;m Xpe|?? = 0. (A.4)

Now it remains to treat the first term in the right hand side of (A.2). To this end, we will invoke
our hypothesis (Cyw) and a classical argument based on Gronwall’s lemma. Namely, note that
for all € > 0,

d
@\Yﬁ — Xi? = 2(Y? — X, by (YY) + X4
=20V — Xy, bg(Y,?) — ba(X0)) + 20V — Xy, bo(Xe) + Xo)
1 _
<28 = 20]Y = X[ + S|V = X +eC(+ [ X7,

where the last inequality stems from (Cy), Young’s inequality and the linear growth of by
entailed by (2.5). We then set ¢ = 1/«, which gives

C

d
¥ =Xl <28 = oV = XifP + (14 X,

Hence from Gronwall’s lemma, we deduce that

t
1YY — X% < /0 ea(t=s) (25 + = (1+]X, P’”)) (A.5)

Starting from (A.5), one can easily get a bound on |Y;” — X;|?’. Namely, due to the fact that
fg e~ =) ds = a1 (1 — e~), a direct application of Jensen’s inequality yields

1 — e—at =l S p
Y — X, < (e> / e—olt=9) (2/3’ + 9(1 + Xs|27“)> ds
a 0 «

t
<G, / e=OU=9) (1 4 | X, |2 )ds
0
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Then, by using Fubini theorem, it comes
1 [T C, [T [t
7/ VY — X,|?Pdt < l/ / e~ U= (1 4 | X,|?P")ds dt
TrJ = B T Jo Jo
c. (T T
<2 / (1 + | X,[27) / 14(s)e 2t ds. (A.6)
0 s B

In addition, for ¢ € [0,7] we have 1[oaﬂ(s)6_a(§_s) < e*e~(=5) Hence integrating the right
hand side of (A.6) we get

1 /T 9 C, e T C, e 1 (T
- o D p - 2pr __—a(T-s) p - 2pr
T/O Y — X, PP < 22 T/0(1+|X5| (1 ) ds < 22 1+T/0 X2 ds | .

Finally, by the same type of arguments used in the first part of the proof (see (A.4)), we can
show that THT %fOT | X|#7ds = E[| Xo|*"] < +00. Thus we have obtained
—+00

1 T
sup sup — / VY — X, |%Pdt < +oc. (A.7)
r>09e0 1" Jo =~ B

Plugging (A.3), (A.4) and (A.7) into (A.2), our claim (77) is now proved.

(7i7) We let the patient reader check the details for item (ii7). It follows the same lines as
item (ii), except for the fact that the discretization procedure is avoided. ]

Our next result is an analog of Proposition A.1 for the Euler scheme Z%7.

Proposition A.2. Let Z%7 be the Buler approzimation scheme defined by (2.13). Assume (Ho)
and (Cy). Then, there exists o > 0 such that for all p > 0,

(i) sup sup limsup E[|Z}3f§|p] < 00.
9€0 v€(0,90] N—+o0

(i) sup sup AP~ E[sup| Z37[7] < +oc.
~v€(0,70] N=0 9€O

(iii) Fiz~ € (0,1]. Then sup sup + S.ng' |Z,f,’y7|p < 400 a.s.
9€eO N2>1

The strategy for the proof of Proposition A.2 is based on a comparison between Z%7 and the
Euler scheme ¥ related to the Ornstein-Uhlenbeck process X given by (A.1). Namely define ¥
recursively by ¢ = yo and:

Ehr1)y = (L= 1)Egy + 0((Brt1)y — Bry)),  VEk = 0. (A.8)
We first prove some bounds on ¥ itself, which are labeled in the following lemma

Lemma A.3. Let ¥ be the Euler scheme defined by (A.8). There exists vy > 0 such that for
all p > 0 we have

(i) sup limsup E[|Xn,[P] < +o0.

(i) sup sup PIHE[Sy,[P] < +oo.

(i7i) Fix v € (0,70]. Then ]svu% AV Sk P < +00 as.
>
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Proof. By Cauchy-Schwarz inequality, it is enough to show the three results for 2p instead of p.
We treat again the three items separately.

(7) Let o € (0,1). By Lemma 2 in [9], we know that
sup limsup E[|Zy,[?] < +o0. (A.9)
Since ¥ is a Gaussian process, the extension from a second order moment to a moment of order
2p is trivial. We thus omit details for sake of conciseness.
(73) Let v0 € (0,1) and « € (0,70). First note that by induction, we have for all k > 1:

k—1
Shy =1 =" +0> (1 =770, (A.10)
j=0
where Ay = (B(x—j)y — B—1-j)y)- In equation (A.10), we apply the triangular inequality
for the norm in L?(Q) and we invoke the fact that E[(A%)?]"/2 = 4 for all i € {1,...,d}. This
yields
k—1

E[|Si 12 < (1 = )F|yo| + |o] > (- VVE[Ap_;[}"/?
=0
k—1 ) d )
< (L= yol + o] D (1 =7 > E[( 2_]')2]1/2
j=0 i=1
k—1 )
< (1= ol + dloy® > (1 — )
j=0
< |yo| + dlofey™ L

Therefore, we easily get that
Y HE[ S 2] < 29272 ([yol? + @202 2) < 29872 [yo 2 + 2402
which gives the following bound

sup sup T 2HE[| Sy, P] < foc.

Exactly as in item (i), we now resort to the Gaussian nature of ¥ in order to conclude that

sup sup 'yQP(l*H)EHZNVPp] < 400, forallp>1. (A.11)
v€(0,70] N>0

(7i7) We start from identity (A.10). Applying Jensen’s inequality we deduce that

B 9\ 2p—1 k-1 .
i < 27701 =P+ (2)7 1 31— A
j=0
211, |2 2\F 1 o j 2
<2 o+ (2)7 Jor (1 =Pl (A12
=0

We have thus obtained that
1 N—1 N—-1k-1

- 2\~ 1 .
§ 2 ISl < D+ (2)7 o S =Pl Ak .
k=0 k=1 j=0
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Therefore our claim (#i7) is reduced to show that

—1k-1

sup — Z Z (1 — ) |Ag—j|* < +oo. (A.13)
nz1 N =5

In order to prove (A.13) we make a change of variable { = k —1 — j and apply Fubini’s theorem.
This gives

N—1k— N-1
NZZ Ik = ngmp2< y)h1t
k=1 j=0 k=041
11N -t E 1
- Ap|? < ~ )P,
S D S A
Since the sequence (Afz)n>1 is ergodlc for every i € {1,...,d}, we have
— Y (A )P E[(A})*] =
Z 0+1) Njoo [(AD?] = 7P
and our claim (A.13) follows. This finishes the proof. O

With those preliminary considerations on ¥ in hand, we can now prove our Proposition A.2.

Proof of Proposition A.2. As previously, we will prove the result for 2p instead of p. Moreover,
for sake of simplicity, we write Z” instead of Z%7. According to the dynamics (A.8) for ¥ and
(2.13) for Z?, we have for all k > 1,

|Z}37 - Ekw|2 = ’Z&—l)v - E(k*1)7|2
+ 2920 19y = Ste-1yy =1y + 09 (Z019,)) + V1B ey + b0(Z0 1)) (A14)

In order to treat the second term in (A.14), we recast it as
(Z{im1yy = Zt1yys Sty +09(Z01ys)
= (Zle1yy = Ste-1)7:b9(Z0—1)y) = b0(Se-17)) + {201y = Ztk-1)7 Sty + 00 (Ek-1)7))

Then, we invoke our condition (Cy) to bound the first term in the right hand side above and
Young’s inequality for the second term. Similar manipulations can be performed for the third
term in (A.14). We let the patient reader check that for some arbitrary parameters e,¢’ we get

|Zlf'y - Ek’?|2
~
<28vy+ (11— 2’ya)|2&71)7 - E(k—l)'y|2 + E]Z&fl),y - Z(k—l)'y|2

"}/LE

42
+ velE -1y + bo(E( )\2 + /’E(k—l)'y + ba?(zl(gk—ny)’Q ’Z k—1)y — E(k—l)'y’Q'

We now choose ¢ = é and ¢/ = which yields

L2’

372
oo v, L
\Z}fw - Ekv‘Q < 267+ <1 - 2) |ZE91<:—1)7 o 2(k*l)'y|2 + (a + 20

) Sy + b0 (E-1) >

Observe that under (Cy ), by is sublinear. Hence there exists C' > 0 depending only on «, 3, L
such that

12, = D < (1= 18) |21y, = Dl + C7 (1492) (14 [Senyyl?) (A.15)
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where we have set & := «/2 in order to ease our next computations. We now choose 0 < vy <
1/&. By a direct induction, it comes

k—1
128, = S|P < Oy (1492) (1 =@ 177 (1435, %)
j=0

Finally, applying Jensen’s inequality similarly to what is done in (A.12), we end up with

9 2 Y
|ka — Ek7| P dep’

-1 ( ) Z —na)tt <1+ |25 )

<cr (§>p_1 v (1+9%) i(l =) (14 [5)7). (A.16)
=0

With those preliminary considerations in hand, we now prove the three items in Proposition A.2
separately.

(1) We start from relation (A.15). Since v € (0,7], C(1 + < C for a constant C' > 0

(1 + |E(k—1)7|2) :

Ql\Qz =

|Z}Z’7 - Zlw|2 <(1—na) |Zz9k71)7 - E(k—l)’y|2 +a

We now invoke the convexity of z — |z|P in order to get

- _Cr p
|Z}, = Sy [P < (1= 7)) ’Z&—l)'y — S(h-1)y | + e (1 + |E(k71)7|2)

< (1=7a) | Z{_1yy = Sy + Gy (1 + ‘E(k—1)7’2p> :

Then we take expectations and upper limits in k£, which gives

C
lim sup EHZ,?,Y — S, %] < 2 | 1+ limsup E[|Z, %] ] .
k—+o00 « k—+o0
With this inequality in hand and Proposition A.3 (i), inequality (i) is proved.
(7i) First, we take successively the supremum over © and the expectation in (A.16). We then
multiply by 72?(0=H) and perform the same kind of manipulations as for (i). With the help of
Proposition A.3 (ii), we get that

sup sup 72p(1_H)

E[sup\Z};}7 — iy |?P] < +o0. (A.17)
Y€(0,70] k>0 LS

Having achieved the upper bound (A.17), our claim (ii) now stems from another direct appli-
cation of Proposition A.3 (i7).

(7i7) Here, we just need to sum (A.16) for k£ from 0 to N — 1 and divide by N. Then, we
use Fubini theorem On the right hand side combined with Proposition A.3 (iii) to conclude that

Sug ]svup N Z \ — %}4|? < 400. Finally, by using again Proposition A.3 (iii), the result
€
follows.

]

A.2. Proof of Proposition 3.3. We will focus on the proof of (3.8) only, the discrete coun-
terpart of Proposition 3.3 being obtained by similar argument. We also note that (3.8) cannot
be obtained as a consequence of Birkhoff’s theorem. Indeed, Birkhoff’s theorem would yield a
Ug-a.s. convergence in (3.8), where vy is the invariant measure alluded to in Remark 2.3. In
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order to avoid any reference to the support of the invariant measure vy, our relation (3.8) gives
a weak convergence result which does not include any condition on the initial value of Y(}9.

In order to prove (3.8), we first observe that according to (3.9), the family of measures
{1 I dypds;t > 0} is a.s. tight. Therefore it only remains to prove that any limit is vy. We
now focus on the convergence of % fg dywsds. To this aim, we consider an additional family of
probability measures on C([0, 00),R%) in the following way:

) = / 5Y19 ds

where Y%, = (Y7 ,)u>0. We will first prove that {n{;¢ > 0} is an a.s. tight family in the set
M (C([0,00),RY)), where we recall that the notation M; is introduced in Section 2.1. The
tightness of {r{;¢ > 0} can be handled in the following way: we have seen that {% f(f dysds;t >

0} is a.s. tight in M;(R?). Therefore a classical criterion (see e.g. [4, Theorem 8.3]) ensures
that {Wf; t > 0} is a.s. tight if for every positive T', n and ¢, there exists § > 0 such that for all
lo € [07 T]a

1 [t 1

lim su v
p 6 {SUPue[to to+6] | s+u S+t0‘25

t——+o0

yds <n a.s. (A.18)

Moreover, inequality (A.18) holds true as long as there exist some positive r and p such that
1t

lim sup f/ sup |V, — erto\’ﬂds < Copd'™tP as. (A.19)

t—+4o00 0 wu€lto,to+9]
Let us now prove (A.19). On the interval [to,to + J], we have

9 9 fo+o 9
Vi = Y2l < [ o)+ sup |Bery— Bu (A.20)
to uE[to,to-}—(S}

Using Jensen’s inequality and Fubini’s Theorem, we get that for any r > 0,

1 t to+0 1 1 t+to+0 .
L ozt as <o (2 pyras).
tJo \Jio t Jo

Furthermore, since by is sublinear according to (Cy ), it follows from (3.10) that

1 t to+o
limsupg/ (/ by ( S+u)|du> ds < Co™ 1 (A.21)
0 to

t—-+o0

for a constant C' > 0. On the other hand, by the ergodicity of the increments of the fBm and
its self-similarity,

1t
2/ sup  |Bgyu — Boyyy|"ds = B[ sup |By|"] = €617, (A.22)
0 wu€lto,to+9) u€(0,4]

where the limit in (A.22) holds in the a.s. sense. Choosing r > sup{2,1/H} in (A.21) and
(A.22), then plugging (A.21) and (A.22) into (A.20), we get that (A.19) is satisfied. We have
thus proved the a.s. tightness of {7;t > 0}.

The second step is then to show that any limiting distribution of (% f(f 5Y11 ds) is necessarily the

law of a stationary solution Y7 to SDE (2.7). This step in turn implies the result by uniqueness
of the stationary solutions.
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Let (i Jo" 5Y511 _ds)n be a (pathwise) convergent sequence with limiting distribution p where

{tn;n > 1} is an increasing sequence converging to +o0o. We first prove that p is the law of a
stationary process. Namely, for any bounded functional F : C([0, 00), R?) — R, we have

WP o)~ p(F) = Tim - [V IR0~ PO s

n—+o0 t,

However, a simple change of variables reveals that a.s. we have

1 tn 1 tn+T T
tm = [P0 ) - PO s = tm ([ P ds - [ R0 ds ) <o,
0 tn 0

n—+o0 t,, n—+oo t,,

We thus easily get that p is stationary. Now, let us prove that u is the law of a solution to
(2.7). Without loss of generality, we can say that a process (xt)¢>0 is a solution to (2.7) if
x, —xo — [; by(xy)du is a fBm. In other words, we have to prove that po G~ is the law of a fBm

where G(z) = ©. — x9 — [; by(xy)du. Since G is continuous for the u.s.c topology, it is readily

checked that 1 gt
-1 9 = "
In addition, by construction G(YY,) = By — B,. Hence the fact that g o G™! is the law of a
fBM follows again from the ergodicity of the increments of the fBM.
Summarizing our considerations, we have proved that p is a stationary measure related to the

system (2.7). Therefore we have p = £((Y,”);>0), which concludes the proof.

APPENDIX B. PROOF OF PROPOSITION 3.8

For sake of conciseness, we will focus on the proof of Proposition 3.8 (). The proof of item
(7i) relies on the same kind of tools, plus the discrete computations invoked in the proof of
Proposition A.2. In order to prove item (i), let us consider ¢ > 1 and a parameter p > 0 to be
chosen later on. An easy elaboration of (3.14) shows that

t
P =R = [T (V= YR 2, (V) by (V)Y - VI ds. (BA)
0
In addition, one can write
91 92\ _ 91 92 2 92
bﬂl(Y; ) - bﬂz(Ys ) - b191(}/s ) - b'ﬂl(}/; ) + blh(i/s ) - bﬁ2(1/s )

We now combine the assumption (Cs) (including the contraction property, the fact = +— by(x)
is uniformly Lipschitz in 9 and the fact that dyby(x) has polynomial growth) and Young’s
inequality |ab| < o-|a|?> 4+ £[b? for an arbitrary e > 0. This yields the existence of a constant
L > 0 such that

Cl1 — o* (1 +[Y|")?

2e

L%
(0o (V) = ban (V7)Y = ¥7%) < (‘a ¥ 2> Y YR+
Plugging this inequality into (B.1) and setting & = L?/a and p = /2, we have thus obtained

t
Y =Y < Clor =l [ ern(1+ Y s, (B.2)
Thus, using Fubini’s theorem, one deduces that
1/t Cl9 —99)? [t t
;/0 |}/8191 —Y;%’stg ‘ 1t 2| /0(1+‘Y;92’2r/ ep(s—u)dsdu

u

1 t
< Cp‘ﬂl — 192’2 (1 + E/o (1 + |Y;92]2rdu> .
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Hence a direct application of inequality (3.9) yields the existence of a random variable C' = C(w)
such that for all (91, 92) € ©2? we have

1 t
sup;/o Y2 —YP22ds < O]9y — 9]

t>1

This concludes the proof of Proposition 3.8 (i) for a distance d € Dy. To extend the result to
any p > 2, one can apply Jensen’s inequality to (B.2) and follow the same lines as for d € D,.
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