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q-DIFFERENTIAL EQUATIONS FOR q-CLASSICAL POLYNOMIALS AND q-JACOBI-STIRLING
NUMBERS

ANA F. LOUREIRO AND JIANG ZENG

ABSTRACT. We introduce, characterise and provide a combinatorial interpretation for the so-calledq-Jacobi-Stirling
numbers. This study is motivated by their key role in the (reciprocal) expansion of any power of a second orderq-
differential operator having theq-classical polynomials as eigenfunctions in terms of othereven order operators, which
we explicitly construct in this work. The results here obtained can be viewed as theq-version of those given by Everitt
et al. and by the first author, whilst the combinatorics of this new set of numbers is aq-version of the Jacobi-Stirling
numbers given by Gelineau and the second author.

1. INTRODUCTION AND MAIN RESULTS

The present paper concerns with the explicit construction of even orderq-differential operators having the
so-calledq-classical polynomials as eigenfunctions. Motivated by this goal, we introduce, develop and give a
combinatorial interpretation to the so-calledq-Jacobi-Stirling numbers. Among other things, this work consists of
a q-version of the studies in [2, 6, 7, 8, 11, 12, 26], while assembling the information in a coherent framework. To
our best knowledge the results here presented are new in the theory.

At the centre is theq-derivative operator orJackson-derivative, here denoted asDq and defined for any polyno-
mial f as follows

(
Dqf

)
(x) :=

f(qx)− f(x)

(q − 1)x
if x 6= 0, (1.1)

and(Dqf)(x) = f ′(0) if x = 0, whereq is a complex number such thatq 6= 0 and|q| 6= 1. Throughout the text,
the symbolsj, k,m andn will be allocated for integer values and we will writen > k to mean all the integersn
greater than or equal tok. As q → 1, theq-derivative operatorDq reduces to the derivative operator,Dq → D,
and its action on the sequence of monomials{xn}n>0 is given by

(Dqζ
n) (x) =

{
[n]q x

n−1 if n > 1,
0 if n = 0,

where[a]q := qa−1
q−1 for any complex numbera.

Recalling the classicalq-notations found on [10, 20], theq-shifted factorial(also known as theq-Pochhammer

symbol) is defined by(x; q)k :=
k−1∏
i=0

(1 − xqi), for k > 1, and(x; q)0 := 1, whilst theq-binomial coefficients are

defined by [
n

k

]

q

=
(q; q)n

(q; q)k(q; q)n−k
if 0 6 k 6 n,

and
[
n
k

]
q
= 0 otherwise. In addition, for practical reasons, we introduce the supplementary notation

[a; q]n :=
n−1∏

k=0

[a+ k]q and [n]q! := [1; q]n.
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Hence,[a; q]n := (1− q)−n(qa; q)n, for anyn > 0.

Throughout the text, we consider sequences of polynomials of successive degrees starting at zero and leading
coefficient equals to one, which we refer to asmonic polynomial sequences(MPS in short). An MPS forms a basis
of the vector space of polynomials with complex coefficients, denoted byP , and we will mainly deal with the
so-calledq-classical polynomial sequences. These are monic orthogonal polynomial sequences (soon abbreviated
to MOPS) possessing Hahn’s property [15], that goes as follows:

Definition 1. An MOPS{Pn}n>0 is calledq-classical whenever the sequence of itsq-derivatives,{P [1]
n }n>0,

whereP [1]
n (x) := 1

[n+1]q
(DqPn+1) (x), is also an MOPS.

Relevant properties about orthogonality and theq-classical character of a sequence are summarised in§3.1, but
we highlight the fact that an MOPS{Pn}n>0 is q-classical if and only if there exist two polynomialsΦ (of degree
at most 2) andΨ (of degree 1) such that

Lq[Pn](x) :=
(
Φ(x)Dq ◦Dq−1 −Ψ(x)Dq−1

)
Pn(x) = χnPn(x) , n > 0, (1.2)

where

χn =

{
−[n]q−1Ψ′(0) if deg Φ = 0, 1,

[n]q−1 ([n− 1]q −Ψ′(0)) if deg Φ = 2, n > 0.
(1.3)

In other words, the elements of aq-classical MOPS are eigenfunctions of the second-orderq-differential operator
Lq of q-Sturm-Liouville type (see Proposition 2 for more details).

Regarding their importance in various fields of mathematics, there is a considerable bibliography on the subject
– without any attempt for completion, we refer to [5, 10, 16, 17, 19, 20, 22, 23, 33]. In particular, they appear in
the literature in the framework of discretisations of hypergeometric second order differential operators inq-lattices
(see [20, 34]). Structural properties of such polynomials have been intensively studied in [1, 19, 31] following
the program developed for P. Maroni for the classical ones byusing an algebraic approach. From an historical
point of view, in [15], q-classical orthogonal polynomial sequences appear for the first time as those sequences
of orthogonal polynomials{pn}n>0 such that the sequence of polynomials{qn(x) := Dqpn+1(x)}n>0 is also
orthogonal. Theq-classical polynomials include the q-polynomials of Al-Salam and Carlitz, the Stieltjes-Wigert,
the q-Laguerre, the Little q-Jacobi, and an exhaustive listcan be found in Table 1 – see [19] for a detailed survey.

Whenq tends to1, we recover the classical polynomials of Hermite, Laguerre, Bessel or Jacobi. These se-
quences are the only orthogonal polynomial sequences whoseelements are eigenfunctions of the second-order
linear differential operatorL := L1, known as the Bochner differential operator, named after [3]. Krall [21]
showed that if the elements of a classical polynomial sequence are eigenfunctions of a linear differential operator,
then it must be of even order. In fact, as observed in [30, Theorem 1], there exists a polynomialP so that any
even order differential operator having classical polynomials as eigenfunctions can be written asP (L). Thus, if
O =

∑2n
k=0 ak(x)D

k, whereak(x) are polynomials of degree at mostk, then a natural question is to state the
connection between the polynomialsak(x) and the polynomial coefficientsΦ andΨ in the differential operatorL.
This question has been addressed in [26] and partly in [7, 8].More precisely, explicit expressions for any integral
power ofL were obtained for each of the classical polynomial families, orthogonal with respect to a positive-
definite measure in a series of papers by Everittet al. (see [7, 8] and the references therein). Meanwhile, in [26]
a similar study was carried out in a more coherent framework gathering the properties of all the classical families
(not restricting to the positive-definite case, and therefore including, for example, the Bessel case). The key to
attain such expressions were the Stirling numbers in the study of the cases of Hermite and Laguerre polynomials,
whereas the cases of Bessel and Jacobi polynomials requiredthe introduction of a new pair of numbers: the so-
calledα-modified Stirling numberŝsα(n, k) andŜα(n, k). These are best known as Jacobi-Stirling numbers (as
called in [7]), which can be defined as follows

n−1∏

i=0

(x− i(α+ i)) =
n∑

k=0

ŝα(n, k)x
k and xn =

n∑

k=0

Ŝα(n, k)
i−1∏

i=0

(x− i(α+ i)), n > 0,
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whereα represents a complex number. Since their introduction, several properties of the Jacobi-Stirling numbers
and its companions including combinatorial interpretations have been established, see [2, 6, 11, 12, 24, 32].

In this paper, we obtain explicit expressions for any positive integer power of theq-differential operatorLq given
in (1.2) and the key to achieve this is via the introduction ofa new set of numbers, that we call asq-Jacobi-Stirling
numbers, to which we obtain several properties as well as a combinatorial interpretation. The results here obtained
are theq-version to those in [26] (and also in [7, 8]), as well as to those in [2, 6, 11, 12, 30, 32], since we provide
here combinatorial interpretations to the arisen coefficients and eigenvalues. This study has the merit of addressing
all theq-classical polynomial sequences as whole in a coherent framework that brings together generalisations of
theq-differential equation (1.2) and associated combinatorial interpretations.

Our starting point is Theorem 1, which gives an explicit expression ofq-differential operators of arbitrary even
order,Lk;q say, having theq-classical polynomials as eigenfunctions. Obviously, this sequence of operators have
Lq as a particular (and simplest) case.

Theorem 1. Let {Pn}n>0 be aq-classical MOPS fulfilling(1.2). For any integerk > 0, the polynomialy(x) =
Pn(x) also fulfils

Lk;q [y](x) :=

k∑

ν=0

Λk,ν(x; q)

(
Dk−ν

q−1 ◦Dk
q y

)
(q−νx) = Ξn(k; q) y(x), (1.4)

where, for eachν = 0, 1, . . . , k,

Λk,ν(x; q) =
q−(k−ν)(ν+1)

[k − ν]q!

( ν∏

σ=1

χ[k−σ]
σ

) ( k−ν−1∏

σ=0

q−σ degΦΦ(qσx)
)
Dk−ν

q Pk(x),

with χ
[k]
n = q−k degΦ−1[n]q−1

(
[n+ 2k]q

Φ′′(0)
2 + z

)
, z = −(Φ

′′(0)
2 + qΨ′(0)) and

Ξn(k; q) =

k−1∏

σ=0

χ
[σ]
n−σ =





(
−q

(k−1)(1−deg Φ)
2 Ψ′(0)

)k k−1∏

σ=0

(
[n]q−1 − [σ]q−1

)
if deg Φ = 0, 1,

q−
k(k+1)

2

k−1∏

σ=0

(
[n]q−1

(
z + [n]q

)
− [σ]q−1

(
z + [σ]q

))
if deg Φ = 2.

(1.5)

Observe that by takingq → 1 in Theorem 1, we recover the results obtained in [26, Theorems 2.1 and 2.2].

In some cases, the orthogonality measures associated to certainq-classical sequences{Pn}n>0 can be expressed
via a weight function, so that there exists a functionWq(x) possessing all the necessary properties with support in
(a, b), with a < b, possibly infinite, so that

∫ b

a

Pn(x)Pm(x)Wq(x)dx = Nnδn,m, with Nn 6= 0, n,m > 0,

where the symbolδn,m stands for theKronecker delta symbol. If a q-classical sequence{Pn}n>0, orthogonal with
respect to the weight functionWq, fulfils theq-differential equation (1.2), thenWq(x) satisfies

q−1Dq−1 (Φ(x)Wq(x)) + Ψ(x)Wq(x) = λ g(x), (1.6)

whereλ is an arbitrary complex number andg 6= 0 is a locally integrable function with rapid decay representing
the null form, as it is, for instance, the case of the Stieltjes functiong(x) = exp(−x1/4) sin(x1/4)1[0,+∞](x)
where1A(x) stands for the characteristic function of the setA: it equals1 if x ∈ A and0 otherwise. (For more
details we refer to [19, p.81-82].) If this is the case, aq-self-adjoint version of Theorem 1 is obtained:
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Corollary 1. With the same assumptions as those in Theorem 1, if theq-classical sequence{Pn}n>0 is orthogonal
with respect to the weight functionWq(x), then the operator in(1.4)can be written as

Lk;q [y](x) := q−k
(
Wq(x)

)−1
Dk

q−1

( (
k−1∏

σ=0

q−σ degΦΦ(qσx)

)
Wq(x)

(
Dk

q y(x)
)
)
, (1.7)

for any polynomialy, and hasPn(x) as eigenfunctions.

Further to this, we link integral powers of the operatorLq in (1.2) with Lk;q, via a set of numbers that we
introduce and characterise, the so-calledq-Jacobi-Stirling numbers (see Section 2), together with the q-Stirling
numbers. The characterisation of theq-Jacobi-Stirling numbers in Section 2 includes, among other things, a
combinatorial interpretation. The reason for this lies on the fact that the bridge between powers of the operatorLq

with Lk;q is tied to the relation between their corresponding eigenvalues(χn)
k andΞn(k; q), respectively. Observe

thatχn are linear inn andΞn(k; q) are essentiallyq-shifted factorials whendeg Φ equals0 or 1. Hence, the pair
of q-Stirling numbers of first and second kind(cq(k, j), Sq(k, j)))j,k>0 allows us to bridge them. However, the
eigenvaluesχn become quadratic inn andΞn(k; q) a product of quadratic polynomials inn whendeg Φ = 2. In
order to link powers ofχn toΞn(k; q) we introduce a new pair of numbers – theq-Jacobi-Stirling numbersof first
and second kind, denoted as(Jcjk(z; q

−1), JSjk(z; q
−1))j,k>0, both depending on a complex valued parameterz.

With this we are able to show that:

Theorem 2. Letk be a positive integer andLq the linear differential operator defined in(1.2). The identities

Lk
q [f ](x) =





k∑

j=0

Sq−1(k, j) q(deg Φ−1)
j(j−1)

2 (−Ψ′(0))k−j Lj;q [f ](x) if degΦ = 0, 1,

k∑

j=0

JSjk(z; q
−1) q

j(j+1)
2 −k Lj;q [f ](x) if degΦ = 2,

(1.8)

are valid for any polynomialf , whereLk;q is the operator given in(1.4)andz = −(1 + qΨ′(0)).

HereLk
q [f ](x) := Lq

[
Lk−1
q [f ]

]
(x) for k = 1, 2, . . . , with the conventionL0

q[f ](x) := f(x). The identities
(1.8) can be reversed to obtain the following pair of reciprocal relations.

Corollary 2. For any integerk and any polynomialf we have

Lk;q[f ](x) =





q(1−degΦ) k(k−1)
2

k∑

j=0

cq−1(k, j) (−Ψ′(0))k−j Lj
q[f ](x) if deg Φ = 0, 1,

k∑

j=0

Jcjk(z; q
−1) qj−

k(k+1)
2 Lj

q[f ](x) if deg Φ = 2.

(1.9)

The outline of the manuscript reads as follows. We begin withthe characterisation of theq-Jacobi-Stirling
numbersin Section 2, providing their properties in§2.1, which are also set in comparison to those of theq-
Stirling numbers and of the Jacobi-Stirling. For this reason, the proofs are either brief or omitted. A combinatorial
interpretation is given in§2.2 and, at last,§2.3 is devoted to symmetric generalisations on this new pairof numbers.
In Section 3 we revise the core properties of theq-classical polynomials and we prove Theorem 1, Corollary 1,
Theorem 2 and Corollary 2 given above. Finally in Section 4, we illustrate these results with a detailed analysis of
the cases of the Al-Salam-Carlitz, the Stieltjes-Wigert and the Littleq-Jacobi polynomials.

2. THE q-JACOBI-STIRLING NUMBERS

We address the problem of relating powers of a (complex) number x and a correspondingq-factorial, and
therefore the introduction ofq-analogs of the Stirling numbers along with their modifications (also known as
Jacobi-Stirling numbers).
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The sequence of factorials

{
n−1∏
i=0

(x− [i]q)

}

n>0

, alike the sequence of monomials{xn}n>0, forms a basis

of the vector space of polynomials, here denoted asP . Thus, there is a pair of sequences of numbers bridg-
ing each of theseq-factorials of a complex numberx and its corresponding powers – these are the so-called
q-Stirling numbers, here denoted as(cq(n, k), Sq(n, k))06k6n. Precisely, for each non-negative integern, the pair
(cq(n, k), Sq(n, k))06k6n (see [13]) is such that

n−1∏

i=0

(x− [i]q) =
n∑

k=0

(−1)n−kcq(n, k)x
k, (2.1)

xn =

n∑

k=0

Sq(n, k)

k−1∏

i=0

(x− [i]q) . (2.2)

A recurrence relation fulfilled by this pair ofq-Stirling numbers can be readily deduced from the identityx
n−1∏
i=0

(x− [i]q) =

n∏
i=0

(x− [i]q) + [n]q
n−1∏
i=0

(x− [i]q), which goes as follows:

cq(n+ 1, k + 1) = cq(n, k) + [n]qcq(n, k + 1), (2.3)

Sq(n+ 1, k + 1) = Sq(n, k) + [k + 1]qSq(n, k + 1), (2.4)

for 0 6 k 6 n with cq(n, k) = Sq(n, k) = 0, if k /∈ {1, . . . , n}, and cq(0, 0) = Sq(0, 0) = 1. Naturally, the
standard pair of Stirling numbers is recovered from(cq(n, k), Sq(n, k))06k6n whenq → 1.

As it will soon become clear the connection between the operators Lk;q andLk
q will be transferred to the

problem of establishing inverse relations between the following sequence of factorials, depending on the prescribed
parameterz (possibly complex),

{
n−1∏

i=0

(
x− [i]q

(
z + [i]q−1

))
}

n>0

(2.5)

and the sequence of monomials. Straightforwardly, the set (2.5) is a basis ofP . For this reason, there exists a pair
of coefficients,(Jckn(z; q), JSkn(z; q))06k6n say, performing the change of basis to{zn}n>0. We will refer to this
pair of coefficients as theq-Jacobi-Stirling numbersdefined through

n−1∏

i=0

(
x− [i]q

(
z + [i]q−1

))
=

n∑

k=0

(−1)n−kJckn(z; q)x
k, n > 0, (2.6)

xn =

n∑

k=0

JSkn(z; q)
k−1∏

i=0

(
x− [i]q

(
z + [i]q−1

))
, n > 0. (2.7)

Remark 1. A y-version of theq-Stirling numbers was introduced in[18, Definition 3]in order to compute the mo-
ments of some rescaled Al-Salam-Chihara polynomials. It iseasy to see that the latter generalized Stirling numbers
are a rescaled version of the Jacobi-Stirling numbers. For example, they-version of theq-Stirling numbers of the
second kindSq(n, k, y) are defined by

xn =

n∑

k=0

Sq(n, k, y)

k−1∏

j=0

(x− [j]q(1− yq−j)). (2.8)

It follows from(2.7)and (2.8) that JSkn(z; q) = Sq(n, k, y
−1)yn−k(1 − q−1)k with z = y−1

1−q−1 .
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Bearing in mind the identity fulfilled by the factorials in (2.5)

x
k−1∏

i=0

(
x− [i]q

(
z + [i]q−1

))
=

k∏

i=0

(
x− [i]q

(
z + [i]q−1

))

+[k]q

(
z + [k]q−1

) k−1∏

i=0

(
x− [i]q

(
z + [i]q−1

))
,

we readily deduce the following triangular recurrence relations fulfilled by these two sets of numbers

Jck+1
n+1(z; q) = Jckn(z; q) + [n]q

(
z + [n]q−1

)
Jck+1

n (z; q), (2.9)

JSk+1
n+1(z; q) = JSkn(z; q)) + [k + 1]q

(
z + [k + 1]q−1

)
JSk+1

n (z; q), (2.10)

for 0 6 k 6 n, with Jckn(z; q) = JSkn(z; q) = 0, if k /∈ {1, . . . , n}, and Jc00(z; q) = JS00(z; q) = 1.

The pair (2.6)-(2.7) represents a pair of inverse relationsand we have
∑

j>0

Jcjn(z; q)JSkj (z; q) =
∑

j>0

JSjn(z; q)Jckj (z; q) = δn,k, n, k > 0,

as it can be derived directly from their definition.

2.1. Properties of theq-Jacobi-Stirling numbers. An explicit expression for theq-Jacobi-Stirling numbers of
second kind Jckn(z; q) can be obtained directly from the Newton interpolation formula for a polynomialf that we
next recall.

Lemma 1 (Newton’s interpolation formula). Let b0, b1, . . . , bn−1 be distinct numbers. Then, for any polynomial
f of degree less than or equal ton we have

f(x) =
n∑

j=0

(
j∑

r=0

f(br)∏
06k6j, k 6=r(br − bk)

)
j−1∏

i=0

(x− bi). (2.11)

From (2.11), withf(x) = xn andbk = [k]q([k]q−1 + z), and (2.7) we derive immediately the following result:

Proposition 1. For 0 6 j 6 n we have

JSjn(z; q) =
j∑

r=0

(−1)j−r q−(
r

2)−r(j−r)
(
[r]q([r]q−1 + z)

)n

[r]q ![j − r]q !
∏

06k6j, k 6=r

(z + [k + r]q−1 )
. (2.12)

Remark 2. By letting q → 1, the pair (Jckn(z; q), JSkn(z; q))06k6n reduces to the Jacobi-Stirling numbers in
[7, 11, 32]and the relation(2.12)reduces to[7, (4.4)].

For each integerk > 1, it follows from the recurrence relation (2.10) that
∑

n>k

JSkn(z; q)x
n =

x

1− [k]q([k]q−1 + z)

∑

n>k−1

JSk−1
n (z; q)xn

and therefore

∑

n>k

JSkn(z; q)x
n =

k∏

i=1

x

1− [i]q([i]q−1 + z)x
.
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Theorem 3. Let n, k be positive integers withn > k. The Jacobi-Stirling numbers JSk
n(z, q) and Jckn(z, q) are

polynomials inz of degreen− k with coefficients inN[q, q−1]. Moreover, if

JSkn(z; q) = a
(0)
n,k(q) + a

(1)
n,k(q)z + · · ·+ a

(n−k)
n,k (q)zn−k, (2.13)

Jckn(z; q) = b
(0)
n,k(q) + b

(1)
n,k(q)z + · · ·+ b

(n−k)
n,k (q)zn−k, (2.14)

then

a
(n−k)
n,k = Sq(n, k), b

(n−k)
n,k = cq(n, k).

Proof. This follows from (2.9) and (2.10) by induction onn. �

Remarks 1. (1) The leading coefficient of JSkn(z; q) and Jckn(z; q) in (2.13) are theq-Stirling numbers of
second kindSq(n, k) and theq-Stirling numbers of first kindcq(n, k), respectively. Hence, we have

lim
z→∞

JSkn(z;q)
zn−k = Sq(n, k) whilst lim

z→∞

Jckn(z;q)
zn−k = cq(n, k).

(2) Observe thatx − [i]q−1

(
1

q−1 + [i]q

)
= q

q−1

(
q−1
q x− [i]q

)
, for i = 0, 1, 2, . . .. Therefore, from the pair

of identities(2.1)–(2.2)and(2.6)–(2.7), it follows that

JSkn(
1

q−1 ; q
−1) =

(
q

q − 1

)n−k

Sq(n, k) and Jckn(
1

q−1 ; q
−1) =

(
q

q − 1

)n−k

cq(n, k), (2.15)

for k = 0, 1, . . . , n.
(3) Whenz = 0, by analogy with the ordinary central factorial numbers (cf. [11]), we can define the corre-

spondingq-Jacobi-Stirling numbers asq-central factorial numbers of even indices :

Uq(n, k) = JSkn(0; q), Vq(n, k) = Jckn(0; q). (2.16)

Therefore, the following recurrences hold true :

Uq(n+ 1, k + 1) = Uq(n, k) + [k + 1]q[k + 1]q−1Uq(n, k + 1), 0 6 k 6 n, (2.17)

Vq(n+ 1, k + 1) = Vq(n, k) + [n]q[n]q−1Vq(n, k + 1), 0 6 k 6 n, (2.18)

withUq(n, k) = Vq(n, k) = 0, if k /∈ {1, . . . , n}, andUq(0, 0) = Vq(0, 0) = 1, n > 0.

Some value of theq-Jacobi-Stirling numbers of first kind are as follows:

Jc1n(z; q) =
n−1∏

k=1

[k]q(z + [k]q−1), Jc(n)n (z, q) = 1,

Jc23(z; q) = (3 + q + q−1) + (2 + q)z,

Jc24(z; q) = (q−3 + 5 q−2 + 11 q−1 + q3 + 11 q + 5 q2 + 15)

+
(
2 q3 + 14 q + 8 q2 + 2 q−2 + 7 q−1 + 15

)
z +

(
4 q + q3 + 3 + 3 q2

)
z2,

Jc34(z; q) =
(
3q−1 + 6 + q2 + 3q + q−2

)
+ (3 + 2q + q2)z.

Some values of theq-Jacobi-Stirling numbers of second kind are as follows:

JS1n(z; q) = (1 + z)n−1, JS(n)
n (z; q) = 1,

JS23(z; q) = (3 + q + q−1) + (2 + q)z,

JS24(z; q) = (9 + q−2 + q2 + 5q + 5q−1) + (11 + 3q−1 + 2q2 + 8q)z + (3q + 3 + q2)z2.
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2.2. Combinatorial interpretation of the q-Jacobi-Stirling numbers. For any positive integern, we consider
the set of two copies of the integers:

[n]2 = {11, 12, . . . , n1, n2}.

Definition 2. A Jacobi-Stirlingk-partition of [n]2 is a partition of[n]2 into k + 1 subsetsB0, B1, . . . Bk of [n]2
satisfying the following conditions:

(1) there is a zero blockB0, which may be empty and cannot contain both copies of anyi ∈ [n],
(2) ∀j ∈ [k], each nonzero blockBj is not empty and contains the two copies of its smallest element and does

not contain both copies of any other number.

We shall denote the zero block by{. . .}0. For example, the partition

π = {{22, 51}0, {11, 12, 21}, {31, 32, 42}, {41, 52}}

is not a Jacobi-Stirling 3-partition of[5]2, while

π′ = {{22, 51}0, {11, 12, 21}, {31, 32}, {41, 42, 52}}

is a Jacobi-Stirling 3-partition of[5]2. We order the blocks of a partition in increasing order of their minimal
elements. By convention, the zero block is at the first position.

Definition 3. An inversion of type 1 ofπ is a pair (b1, Bj), whereb1 ∈ Bi for somei (1 6 i < j) andb1 > c1 for
somec1 ∈ Bj . An inversion of type 2 ofπ is a pair (b2, Bj), whereb2 ∈ Bi for somei (0 6 i < j) andb2 > c2
for somec2 ∈ Bj andb1 6∈ Bj , whereai means integera with subscripti = 1, 2. Let invi(π) be the number of
inversions ofπ of typei = 1, 2 and set inv(π) = inv2(π)− inv1(π). LetΠ(n, k, i) denote the set of Jacobi-Stirling
k-partitions of[n]2 such that the zero-block containsi numbers with subscript1.

For example, for the Jacobi-Stirling 2-partitions of[3]2 we have the following tableau

JS 2-partitions of[3]2 inv1 inv2 inv
{}0, {11, 12, 32}, {21, 22, 31} 0 0 0
{}0, {11, 12, 31}, {21, 22, 32} 1 0 −1
{32}0, {11, 12, 31}, {21, 22} 1 1 0
{32}0, {11, 12}, {21, 22, 31} 0 1 1
{22}0, {11, 12, 21}, {31, 32} 0 0 0
{21}0, {11, 12, 22}, {31, 32} 0 0 0
{31}0, {11, 12, 32}, {21, 22} 0 1 1
{31}0, {11, 12}, {21, 22, 32} 0 0 0

Thus, ∑

π∈Π(3,2,0)

qinv(π) = 3 + q + q−1 and
∑

π∈Π(3,2,1)

qinv(π) = 2 + q.

Theorem 4. For any positive integersn andk and0 6 i 6 n− k we have

a
(i)
n,k(q) =

∑

π∈Π(n,k,i)

qinv(π).

Proof. We prove by induction onn > 1. The identity is clearly true forn = 1. Assumen > 1. We divide
Π(n, k, i) into three subsets as follows.

• {n1, n2} forms a single block, the enumerative polynomial isa
(i)
n−1,k−1(q).

• n1 is in the zero-block andn2 is in a non zero-block, the enumerative polynomial is
(1 + q + · · ·+ qk−1)a

(i−1)
n−1,k(q).
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• n1 is in a non zero-blockBj , so(n1, Bi) is an inversion of type 1 for anyi = j+1, . . . , k, andn2 is in any
other blockBl (l 6= j), so(n2, Bi) is an inversion for anyi = l + 1, . . . , k andl 6= j, so the enumerative
polynomial is

( k∑

j=1

q−(k−j)

(j−1∑

l=0

qk−l−1 +

k∑

l=j+1

qk−l

))
a
(i)
n−1,k(q) = [k]q[k]q−1a

(i)
n−1,k(q).

Summing up, we have

a
(i)
n,k(q) = a

(i)
n−1,k−1(q) + [k]qa

(i−1)
n−1,k(q) + [k]q[k]q−1a

(i)
n−1,k(q).

This is equivalent to (2.10). �

For a permutationσ of [n]0 := [n] ∪ {0} (resp. [n]) and for j ∈ [n]0 (resp. [n]), denote by
Orbσ(j) = {σℓ(j) : ℓ > 1} the orbit ofj andmin(σ) the set of its positive cyclic minima, i.e.,

min(σ) = {j ∈ [n] : j = min(Orbσ(j) ∩ [n])}.

Definition 4. Given a wordw = w(1) . . . w(ℓ) on the finite alphabet[n], a letterw(j) is a recordofw if w(k) >
w(j) for everyk ∈ {1, . . . , j − 1}. We define rec(w) to be the number of records ofw and rec0(w) = rec(w)− 1.

For example, ifw = 574862319, then the records are5, 4, 2, 1. Hence rec(w) = 4.

Definition 5. LetP(n, k, i) be the set of all pairs(σ, τ) such thatσ is a permutation of[n]0, τ is a permutation of
[n], and both havek cycles.

i) 1 and 0 are in the same cycle inσ;
ii) among their nonzero entries,σ andτ have the same cycle minima;
iii) rec0(w) = i, wherew = σ(0)σ2(0) . . . σl(0) with σl+1(0) = 0.

As Foata and Han [9], we define theB-code of a permutationσ of [n] based on the decomposition of each
permutation as a product of disjoint cycles. For a permutationσ = σ(1)σ(2) · · · σ(n) and eachi = 1, 2, . . . , n let
k := k(i) be the smallest integerk > 1 such thatσ−k(i) 6 i. Then, define

B-code(σ) = (b1, b2, . . . , bn) with bi := σ−k(i)(i) (1 6 i 6 n).

We define the sorting index for permutationσ of [n] by Sor(σ) =
∑n

i=1(i− bi), while for a permutationσ of [n]0
we define the modified sorting index by Sor0(σ) =

∑n
i=1(i − b′i), whereb′i = bi if σ−1(i) 6= 0 andb′i = i if

σ−1(i) = 0. Finally, for any pair(σ, τ) in P(n, k, i) we define the statistic

Sor(σ, τ) = Sor(τ) − Sor0(σ).

Theorem 5. We haveb(i)n,k(q) =
∑

(σ,τ)∈P(n,k,i)

qSor(σ,τ).

Proof. We proceed by induction onn > 1. The casen = 1 is clear. Assume thatn > 1. We divideP(n, k, i) into
three parts:

(i) the pairs(σ, τ) such thatσ−1(n) = n. Thenn forms a cycle in bothσ and τ and the enumerative

polynomial is clearlyb(i)n−1,k−1(q).
(ii) the pairs(σ, τ) such thatσ−1(n) = 0. We can construct such pairs starting from a pair(σ′, τ ′) in

P(n− 1, k, i− 1) as follows: we insertn in σ′ as image of0, i.e., σ(0) = n, σ(n) = σ′(0) and
σ(i) = σ′(i) for i 6= 0, n, and then we insertn in τ ′) by choosing anj ∈ [n] and defineτ(j) = n,

τ(n) = τ(j) andτ(l) = τ ′(l) for l 6= j, n. Clearly, the enumerative polynomial is[n− 1]qb
(i−1)
n−1,k(q).
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(iii) the pairs (σ, τ) such thatσ−1(n) 6∈ {0, n}. We can construct such pairs by first choosing an ordered
pair (σ′, τ ′) in P(n − 1, k, i) and then insertingn in σ′ andτ ′, respectively. Clearly, the corresponding

enumerative polynomial is given by[n− 1]q[n− 1]q−1b
(i)
n−1,k(q).

Summing up, we get the following equation:

b
(i)
n,k(q) = b

(i)
n−1,k−1(q) + [n− 1]qb

(i−1)
n−1,k(q) + [n− 1]q[n− 1]q−1b

(i)
n−1,k(q). (2.19)

By (2.6) and (2.14), it is easy to see that the coefficientsb
(i)
n,k(q) satisfy the same recurrence. �

For example, forn = 3 andk = 2 the pairs(σ, τ) and the associated statistics are as follows:

(σ, τ) rec0(σ) B0-codeσ B-codeτ Sor(τ) Sor0(σ) Sor(σ, τ)
(0 1)(2 3), (1)(23) 0 (1,2,2) (1,2,2) 1 1 0
(0 1)(2 3), (13)(2) 0 (1,2,2) (1,2,1) 2 1 1
(0 1 2) (3), (1 2)(3) 0 (1,1,3) (1,1,3) 1 1 0
(0 1 3) (2), (13)(2) 0 (1,2,1) (1,2,1) 2 2 0
(0 1 3))(2), (1)(23) 0 (1,2,1) (1,2,2) 1 2 -1
(0 3 1)(2), (1)(23) 1 (0,2,3) (1,2,2) 1 1 0
(0 3 1)(2), (1)(23) 1 (0,2,3) (1,1,3) 1 1 0
(0 2 1)(3), (1)(23) 1 (0,2,3) (1,2,1) 2 1 1

Thus, ∑

(σ,τ)∈P(3,2,0)

qSor(σ,τ) = 3 + q + q−1,
∑

(σ,τ)∈P(3,2,1)

qSor(σ,τ) = 2 + q.

2.3. A symmetric generalisation of Jacobi-Stirling numbers. As suggested by Richard Askey (private com-
munication in 2013), it is natural to consider the pair of connection coefficients{(Sz,w(n, k), sz,w(n, k))}n>k>0

satisfying

xn =

n∑

k=0

Sz,w(n, k)

k−1∏

i=0

(x− (i + z)(i+ w)),

n−1∏

i=0

(x− (i + z)(i+ w)) =

n∑

k=0

sz,w(n, k)x
k.

It is readily seen that we have the following recurrence relation for 0 6 k 6 n

Sz,w(n+ 1, k + 1) = Sz,w(n, k) + (z + k + 1)(w + k + 1)Sz,w(n, k + 1),

sz,w(n+ 1, k + 1) = sz,w(n, k)− (z + n)(w + n)sz,w(n, k + 1),

with Sz,w(n, k) = sz,w(n, k) = 0, if k /∈ {1, . . . , n}, andSz,w(0, 0) = sz,w(0, 0) = 1.

It is clear thatSz,w(n, k) are symmetric polynomials inz andw with non negative integer coefficients and

∑

n>k

Sz,w(n, k)x
n =

k∏

i=1

x

1− (i + z)(i+ w)x
.

Whenw = 0 these numbers reduce to Jacobi-Stirling numbers. Mimicking the arguments in [11], we can prove
similar results for the symmetric variants. Hence, we will juste state the combinatorial interpretations of these
numbers and omit the proofs.

Definition 6. A double signedk-partition of [n]2 = {11, 12, . . . , n1, n2} is a partition of[n]2 into k + 2 subsets
(B0, B

′
0, B1, . . . , Bk) such that

(1) there are two distinguishable zero blocksB0 andB′
0, any of which may be empty;
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(2) there arek indistinguishable nonzero blocks, all nonempty, each of which contains both copies of its
smallest element and does not contain both copies of any other number;

(3) each zero block does not contain both copies of any number andB′
0 may contain only numbers with

subscript2.

Let Π(n, k) be the set of double signedk-partitions of[n]2. Forπ ∈ Π(n, k) denote bys(π) (resp. t(π)) the
number of integers with subscript 1 (reps. 2) inB0 (reps.B′

0) of π.

Theorem 6. The polynomialSz,w(n, k) is the enumerative polynomial ofΠ(n, k) with z enumerating the numbers
with subscript 1 inB0 andw enumerating the numbers with subscript 2 inB′

0, i.e.,

Sz,w(n, k) =
∑

π∈Π(n,k)

zs(π)wt(π).

For example, all the double signedk-partitions of[2]2 (1 6 k 6 2) with the corresponding weight are

k = 0: π = {{11, 21}0, {12, 22}
′
0}; with weightz2w2;

k = 1: π1 = {{22}0, {}
′
0, {11, 12, 21}} with weight1;

π2 = {{21}0, {}
′
0, {11, 12, 22}} with weightz;

π3 = {}0, {22}
′
0, {11, 12, 21}} with weightw;

π4 = {{11}0, {12}
′
0, {21, 22}} with weightzw;

π5 = {{21}0, {22}
′
0, {11, 12}} with weightzw.

k = 2: π = {{}0, {}
′
0, {11, 12}, {21, 22}} with weight1.

Thus, by the Theorem 6, we have

x2 = Sz,w(2, 0) + Sz,w(2, 1)(x− zw) + Sz,w(2, 2)(x− zw)(x− (z + 1)(w + 1)),

whereSz,w(2, 0) = z2w2, Sz,w(2, 1) = 1 + z + w + 2zw, Sz,w(2, 2) = 1.

Definition 7. Let P0(n, k) be the set of all pairs(σ, τ) of permutations of[n]0 such thatσ and τ both havek
cycles and

i) 1 and 0 are in the same cycle inσ andτ .
ii) Among their nonzero entries,σ andτ have the same set of cycle minima.

Let rec0(wσ) be the number of left-to right minima of the wordwσ = σ(0)σ2(0) . . . σl(0) with σl+1(0) = 0.

Theorem 7. The polynomial(−1)n−ksz,w(n, k) is the enumerative polynomial of pairs(σ, τ) in P0(n, k) with z
enumerating the rec0(wσ) andw enumerating rec0(wτ ), i.e.,

(−1)n−ksz,w(n, k) =
∑

(σ,τ)∈P0(n,k)

zrec0(wσ)wrec0(wτ ).

Let (a)n = a(a+1) . . . (a+n−1) for n > 1 and(a)0 = 1. The Wilson polynomials (see [20]) are more natural
and simply expanded in the basis of polynomials inx2 given by{(a + ıx)n(a − ıx)n}n>0, whereı2 = −1. So,
it is legitimate to refer to the pair of set of numbers{(w(n, k),W (n, k))}06k6n performing the following change
of basis

(a+ ıx)n(a− ıx)n =

n∑

k=0

w(n, k)x2k, (2.20)

x2n =

n∑

k=0

W (n, k)(a+ ıx)k(a− ıx)k, (2.21)
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as theWilson numbers of first and second kind. Then, by Newton’s interpolation formula we have

w(n, k) = en−k(a
2, (a+ 1)2, . . . , (a+ n− 1)2), (2.22)

W (n, k) =

k∑

r=0

(−1)n−r(a+ r)2n

r!(k − r)!(2a + r)r(2a+ 2r + 1)k−r
, (2.23)

whereek(x1, . . . , xn) denotes thek-th elementary symmetric polynomial ofx1, . . . , xn. It is readily seen that

W (n+ 1, k + 1) = W (n, k)− (a+ k + 1)2W (n, k + 1), (2.24)

w(n+ 1, k + 1) = w(n, k) + (a+ n)2w(n, k + 1), (2.25)

with W (n, k) = w(n, k) = 0, if k /∈ {1, . . . , n}, andW (0, 0) = w(0, 0) = 1, n > 0.

It is easy to derive from Theorems 6 and 7 that

(−1)n−kW (n, k) =
∑

π∈Π(n,k)

as(π)+t(π), (2.26)

sz,w(n, k) =
∑

(σ,τ)∈P0(n,k)

arec0(wσ)+rec0(wτ ). (2.27)

Remark 3. It is worth to notice that the change of basis between{(a + ıx)n(a − ıx)n}n>0 and
{(x2 + (a − 1)2)n}n>0 is performed by the aforementioned pair of Jacobi-Stirlingnumbers
{
(
(−1)n+kjsk+1

n+1(2α), JSk+1
n+1(2α)

)
}06k6n, see[25, Remark 3.9]. Indeed, the latter pair of numbers is associated

to the linear change of basis in the vector space of polynomials in the variablex2 performed by the Kontorovich-
Lebedev integral transform after a slight modification of the kernel, as described in[25].

Of course, we can formally work out aq-version of the numbersSz,w(n, k) andsz,w(n, k) by mimicking our
approach to theq-Jacobi-Stirling numbers. However, from analytical pointof view, an appropriateq-version of
Wilson numbers should be the connection coefficients between the basis{xn}n>0 and the Askey-Wilson basis
{(az, a/z; q)n}n>0 with x = (z + 1/z)/2 [17, Chap. 15 and 16] and(a, b; q)n = (a; q)n(b; q)n. Thus, the
Askey-Wilson numbers of the second and first kind may be defined by

xn =

n∑

k=0

Wq(n, k)(az, a/z; q)k, (2.28)

(az, a/z; q)n =

n∑

k=0

wq(n, k)x
k, (2.29)

wherex = (z + 1/z)/2. By Newton’s formula we have

Wq(n, k) =
1

2n

k∑

j=0

qk−j2a−2j (qja+ q−j/a)n

(q, q−2j+1/a2; q)j(q, q2j+1a2; q)k−j
. (2.30)

Since(az, a/z; q)n =
∏n−1

k=0 (1− 2axqk + a2q2k), we derive from (2.29) that

wq(n, k) = (−1)k(2a)nq(
n

2)en−k

(
a−1 + a

2
,
(aq)−1 + aq

2
, . . . ,

(aqn−1)−1 + aqn−1

2

)
. (2.31)

The following recurrence relations follow easily from (2.28) and (2.29):

Wq(n+ 1, k + 1) = −
1

2aqk
Wq(n, k) +

1 + a2q2k

2aqk
Wq(n, k + 1), (2.32)

wq(n+ 1, k + 1) = −2aqnwq(n, k) + (1 + a2q2n)wq(n, k + 1). (2.33)
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Let Tq(n, k) = (−2a)kq(
k

2)Wq(n, k). ThenTq(n, k) are polynomials ina andq with nonnegative coefficients
satisfying the recurrence

Tq(n+ 1, k + 1) = Tq(n, k) + (1 + a2q2k)Tq(n, k + 1). (2.34)

Though these numbers should be interesting because they arerelated to theAskey-Wilson operator, their combina-
torics seem to be quite different from that of Wilson numbersor q-Jacobi-Stirling numbers. We plan to investigate
this topic in a future work.

3. EVEN ORDERq-DIFFERENTIAL EQUATIONS FULFILLED BY THE q-CLASSICAL POLYNOMIALS

To come up with the explicit expressions ofLk;q given in Theorem 1 we do not make use of the analytical
properties of the measures of each of theq-classical sequences, nor of the properties of the basic hypergeometric
corresponding series. (These two approaches would requireto split the analysis for each of theq-classical se-
quences). Rather, we base our study on the algebraic approach, within the principles developed in [28] and in the
survey [19]. Here, the information on the orthogonality measures is hidden in the corresponding linear functionals.
This methodology has the merit of gathering all the properties in coherent and consistent framework amongst all
the possibleq-classical cases. Theq-classical sequences and the correspondingq-classical operators will be treated
as whole. Based on the properties of the corresponding eigenvalues, there will be essentially two cases to single
out: depending on whether the degree ofΦ is less than or equal to 2. Whenever theq-classical linear functional
admits an integral representation via a weight function, weare able to writeLk;q in a q-self adjoint manner, as in
Corollary 1. Therefore, we start with preliminary results on theq-classical sequences to the sequel.

3.1. Background. The orthogonality measures will be represented by a moment linear functional that satisfies
certain properties. The moment linear functionals (also called forms, see for instance [28]) are elements ofP ′,
the dual space of the vector space of polynomialsP . We adopt the standard notation of〈u, f〉 to consider the
action ofu ∈ P ′ over f ∈ P . The sequence of moments ofu ∈ P ′ results from its action on the canonical
sequence{xn}n>0 and will be denoted as(u)n := 〈u, xn〉, n > 0. Any linear operatorT : P → P has a
transposetT : P ′ → P ′ defined by〈tT (u), f〉 = 〈u, T (f)〉 , u ∈ P ′, f ∈ P . For example, for any nonzero
complex numbera, any linear functionalu and any polynomialg, letDqu andgu be the forms defined as usual by
〈gu, f〉 := 〈u, gf〉 , 〈hau, f〉 := 〈u, haf〉 = 〈u, f(ax)〉 and

〈Dqu, f〉 := −〈u,Dqf〉 for any f ∈ P . (3.1)

Thus, with some abuse of notation,Dq acting on linear functionals is minus the transpose ofDq on polynomials:
tDq := −Dq (see [19, 28] for more details). For anyf, g ∈ P andu ∈ P ′, the following properties hold:

Dq (fg) (x) = f(qx) (Dqg) (x) + (Dqf) (x)g(x), (3.2)

Dq (f(x)u) = f(q−1x) (Dqu) + q−1(Dq−1f)(x) u. (3.3)

Such properties can be generalised, so that from (3.2) we obtain aq-Leibniz formula [15] for the product of two
polynomials

Dn
q (fg) (x) =

n∑

k=0

[
n
k

]

q

(
Dn−k

q f
)
(qkx)

(
Dk

q g
)
(x) , n > 0, (3.4)

whilst, from (3.3) we deduce thenth orderq-derivative of the product of a polynomialf by a linear functionalu:

Dn
q (fu) =

n∑

k=0

[
n
k

]

q−1

q−(n−k)
(
Dn−k

q−1 f
)
(q−kx)

(
Dk

qu
)
, n > 0. (3.5)

The dual sequence{un}n>0 of a given MPS{Pn}n>0 is a subset ofP ′ whose elements are uniquely defined
by 〈un, Pk〉 := δn,k, n, k > 0, whereδn,k represents theKronecker deltasymbol. Any elementu of P ′ can be
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written in a series of any dual sequence{un}n>0 of a MPS{Pn}n>0 [28]:

u =
∑

n>0

〈u, Pn〉 un . (3.6)

Given a MPS{Pn}n>0, let us consider the MPS of itskth q-derivatives,{P [k]
n }n>0, defined by

P [k]
n (x) :=

1

[n+ 1; q]k
Dk

qPn+k(x) , n > 0. (3.7)

This definition readily implies a relation between the corresponding dual sequences. Precisely, for any integers
j andk, with 0 6 j 6 k, the dual sequence{u[k]

n }n>0 of {P [k]
n }>0 and the dual sequence{u[k−j]

n }n>0 of

{P
[k−j]
n }>0 are related by

Dj
q(u

[k]
n ) = (−1)j [n+ 1; q]j u

[k−j]
n+j , n > 0. (3.8)

Whenever a formu ∈ P ′ is such that there exists a PS{Pn}n>0 so that〈u, PnPm〉 = knδn,m with kn 6= 0, for
n,m > 0, thenu is called aregular form [28, 29]. The PS{Pn}n>0 is then said to be orthogonal with respect to
u and we can assume the system (of orthogonal polynomials) to be monic and the original formu is proportional
to u0. There is a unique MOPS{Pn(x)}n>0 with respect to the regular formu0 and it can be characterised by the
(popular) second order recurrence relation (see, for instance, [4])

{
P0(x) = 1 ; P1(x) = x− β0,

Pn+2(x) = (x− βn+1)Pn+1(x)− γn+1 Pn(x) , n > 0,
(3.9)

whereβn =
〈u0,xP

2
n〉

〈u0,P 2
n〉

andγn+1 =
〈u0,P

2
n+1〉

〈u0,P 2
n〉

for all n > 0. In this case, the elements of the corresponding dual

sequence{un}n>0 are given by

un =
(
〈u0, P

2
n〉
)−1

Pnu0 , n > 0. (3.10)

Whenu ∈ P ′ is regular, letΦ be a polynomial such thatΦu = 0, thenΦ = 0 [28, 29].

The q-classical polynomials are orthogonal sequences (see Definition 1) that share a number of properties.
Among them, we recall:

Proposition 2. [19] Let {Pn}n>0 be an MOPS andu0 be the corresponding regular form. The following state-
ments are equivalent:

(a) {Pn}n>0 is a q-classical sequence.
(b) There are two polynomialsΦ andΨ with Φ monic,deg Φ 6 2 anddegΨ = 1 such thatu0 fulfills

Dq

(
Φu0

)
+Ψu0 = 0. (3.11)

(c) There exists a sequence of nonzero numbers{χn}n>1, and two polynomialsΦ andΨ with degΦ 6 2,
degΨ = 1 andΦ monic such that{Pn}n>0 fulfils theq-differential equation(1.2).

(d) There is a monic polynomialΦ with degΦ 6 2 and a sequence of nonzero numbers{ϑn}n>0 such that

Pnu0 = ϑnD
n
q

((n−1∏

σ=0

q−σ degΦΦ(qσx)

)
u0

)
, n > 0. (3.12)

Whenever{Pn}n>0 is q-classical, then so is{P [k]
n }n>0, for any positive integerk and we have:

Corollary 3. [19] Letk be a positive integer. If{Pn}n>0 is q-classical, then so is{P [k]
n }n>0. The corresponding

q-classical formu
[k]
0 fulfills Dq

(
Φku

[k]
0

)
+ Ψku

[k]
0 = 0 with Φk(x) = q−k degΦΦ(qkx), Ψk(x) =
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q−k degΦ

(
Ψ(x) − [k]q

(
DqkΦ

)
(x)

)
and it is related tou0 via u

[k]
0 = ζk

(∏k−1
σ=0 Φσ(x)

)
u0, whereζk is such

that (u[k]
0 )0 = 1, with ζ0 = 1. Moreover, the sequence{P [k]

n }n>0 fulfills

Φk(x)Dq ◦Dq−1

(
P [k]
n (x)

)
−Ψk(x)Dq−1

(
P [k]
n (x)

)
= χ[k]

n P [k]
n (x), (3.13)

where

χ[k]
n = [n]q−1

(
[n− 1]q

Φ′′

k (0)
2 −Ψ′

k(0)
)
=





−[n]q−1q−(degΦ)k Ψ′(0) if deg Φ = 0, 1,

[n]
q−1

q2k+1

(
[n+ 2k]q − (1 + qΨ′(0))

)
if deg Φ = 2, for n > 0.

Observe that the nonzero numbersϑn in the Rodrigues type formula (3.12) are related to the coefficientsζk in
Corollary 3 via (see [19, p.65] for further details):

ϑn =
(−1)n

[n]q!
< u0, P

2
n > ζn = q−

n(n−1)
2 degΦ [n]q!

(
n∏

σ=1

χ[n−σ]
σ

)−1

, n > 0.

In addition, we also note that ifdegΦ = 2, thenχ[k]
n−k = qk−1

(
[n]q−1(z + [n]q) − [k]q−1(z + [k]q)

)
, for any

0 6 k 6 n, where z = −(1 + qΨ′(0)).

3.2. Even order q-differential equations fulfilled by q-classical polynomials.In this section we prove Theorem
1, where we will mainly follow an algebraic approach. Afterwards, we explain the cases where the even orderq-
differential operatorLk;q admits a representation in aq-self adjoint version, as stated in Corollary 1.

Proof of Theorem 1. In the light of Corollary 3, theq-classical character of the sequence{Pn}n>0 implies the

q-classical character of{P [m]
n }n>0, no matter the choice of the nonnegative integerm. This encloses the orthog-

onality of each of the sequences{P [m]
n }n>0 with respect tou[m]

0 and therefore the elements of the corresponding

dual sequences, say{u[m]
n }n>0, can be written asu[m]

n =

(
< u

[m]
0 ,

(
P

[m]
n

)2
>

)−1

P
[m]
n u

[m]
0 for any integer

n > 0. Consequently, the relation (3.8) becomes

Dν
q (P

[k]
n u

[k]
0 ) = ̟n(k, k − ν)P

[k−ν]
n+ν u

[k−ν]
0 , n > 0, (3.14)

where

̟n(k, k − ν) = (−1)ν[n+ 1; q]ν
< u

[k]
0 ,
(
P

[k]
n

)2
>

< u
[k−ν]
0 ,

(
P

[k−ν]
n+ν

)2
>

, n > 0. (3.15)

In this case, the corresponding regular formsu
[ν]
0 , with ν = 0, 1, . . . , k, satisfy theq-differential equation

Dq

(
Φν(x) u

[ν]
0

)
+Ψν(x) u

[ν]
0 = 0, (3.16)

whereΦν andΨν are given in Corollary 3, respectively. By recalling (3.3),then, based on the fact thatu[k−1]
0

satisfy (3.16) withν = k − 1, we successively obtain

< Φk−1(x) u
[k−1]
0 , xmP [k]

n > = −1
[n+1]q

< Dq

(
xm Φk−1(x) u

[k−1]
0

)
, P

[k−1]
n+1 >

= −1
[n+1]q

< u
[k−1]
0 ,

(
−Ψk−1(x)q

−mxm + q−1Φk−1(x)[m]q−1xm−1
)
P

[k−1]
n+1 >, m, n > 0.
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By virtue of the orthogonality of{P [k−1]
n }n>0 with respect tou[k−1]

0 and because of the degree of the polynomials
Φk−1 andΨk−1, we deduce

< Φk−1(x) u
[k−1]
0 , xmP

[k]
n >

=

{
0, m 6 n− 1, n > 1,

− q−n

[n+1]q

(
[n]q

Φ′′

k−1(0)

2 −Ψ′
k−1(0)

)
< u

[k−1]
0 , (P

[k−1]
n+1 )2 >, m = n, n > 0,

Since Φν−1(x)u
[ν−1]
0 = ζν−1

ζν
u
[ν]
0 , for ν > 1, whereζν is such that(u[ν]

0 )0 = 1, then we can write

< u
[k]
0 , (P

[k]
n )2 >

< u
[k−1]
0 , (P

[k−1]
n+1 )2 >

= −
ζk

ζk−1

q−n

[n+ 1]q

(
[n]q

Φ′′
k−1(0)

2
−Ψ′

k−1(0)

)
, n > 0,

which, by finite induction, leads to

< u
[k]
0 , (P

[k]
n )2 >

< u
[k−ν]
0 , (P

[k−ν]
n+ν )2 >

= (−1)ν
ζk

ζk−ν

(
ν∏

σ=1

q−(n+σ−1)

[n+ σ]q

(
[n+ σ − 1]q

Φ′′
k−σ(0)

2
−Ψ′

k−σ(0)

))
, n > 0.

Therefore, the coefficients̟n(k, ν) in (3.15) can also be expressed as follows

̟n(k, k − ν) =
ζk

ζk−ν

(
ν∏

σ=1

q−(n+σ−1)

(
[n+ σ − 1]q

Φ′′
k−σ(0)

2
−Ψ′

k−σ(0)

))
, n > 0, (3.17)

so that from Equation (3.14) we obtain

Dν
q

(
P [k]
n u

[k]
0

)
=

ζk
ζk−ν

(
ν∏

σ=1

q−(n+σ−1)

(
[n+ σ − 1]q

Φ′′
k−σ(0)

2
−Ψ′

k−σ(0)

))
P

[k−ν]
n+ν u

[k−ν]
0 , n > 0.

Substitutingu[k−ν]
0 on the right hand side by its expression given in Corollary 3,we obtain

Dν
q

(
P [k]
n u

[k]
0

)
= ζk

(
ν∏

σ=1

q−(n+σ−1)

(
[n+ σ − 1]q

Φ′′
k−σ(0)

2
−Ψ′

k−σ(0)

)) ( k−ν−1∏

σ=0

Φσ

)
P

[k−ν]
n+ν (x) u0,

which can be simplified into

Dν
q

( (
Dk

qPn+k

)
(x) u

[k]
0

)
= ζk

(
ν∏

σ=1

χ
[k−σ]
n+σ

) (
k−ν−1∏

σ=0

Φσ(x)

)
(
Dk−ν

q Pn+k

)
(x) u0, n > 0, (3.18)

if we take into consideration the definition of{P [µ]
n }n>0 given in (3.7) alongside with the expression forχ

[k]
n given

in Corollary 3. In particular, we taken = 0 in (3.18) to get

Dν
q

(
u
[k]
0

)
= ζk

(
ν∏

σ=1

χ[k−σ]
σ

) (
k−ν−1∏

σ=0

Φσ

)
P [k−ν]
ν u0 , n > 0. (3.19)

Using the functional version of theq-Leibniz rule (3.5), the left-hand-side of (3.18) can be rewritten as

Dk
q

(
Dk

qPn+k(x) u
[k]
0

)
=

k∑

ν=0

[
k
ν

]

q−1

q−(k−ν)
(
Dk−ν

q−1 ◦Dk
q Pn+k

)
(q−νx)

(
Dν

qu
[k]
0

)
, n > 0,

which, after (3.19), can be expressed in terms onu0:

Dk
q

(
Dk

qPn+k(x) u
[k]
0

)
=

k∑

ν=0

[
k
ν

]

q−1

q−(k−ν)ζk

( ν∏

σ=1

χ[k−σ]
σ

)( k−ν−1∏

σ=0

Φσ(x)
)

× P [k−ν]
ν (x)

(
Dk−ν

q−1 ◦Dk
q Pn+k

)
(q−νx) u0 , n > 0.
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Bringing this expression into (3.18), withν replaced byk, we obtain

k∑

ν=0

[
k
ν

]

q−1

q−(k−ν)
( ν∏

σ=1

χ[k−σ]
σ

) ( k−ν−1∏

σ=0

Φσ(x)
)
P [k−ν]
ν

(
Dk−ν

q−1 ◦Dk
q Pn+k

)
(q−νx) u0

=
( k∏

σ=1

χ
[k−σ]
n+σ

)
Pn+k(x) u0 , n > 0.

According to the regularity ofu0, it follows thaty(x) = Pn+k(x) satisfies theq-differential equation

k∑

ν=0

Λk,ν(x; q)

(
Dk−ν

q−1 ◦Dk
q y

)
(q−νx) = Ξn(k; q) y(x),

where

Λk,ν(x; q) =

[
k
ν

]

q−1

q−(k−ν)
( ν∏

σ=1

χ[k−σ]
σ

) ( k−ν−1∏

σ=0

q−σ degΦΦ(qσx)
)
P [k−ν]
ν (x)

for ν = 0, 1, . . . , k, and

Ξn(k; q) =

k−1∏

σ=0

χ
[σ]
n−σ , n > 0,

with χ
[k]
n given in Corollary 3. Hence, we get the result if we observe thatP [k−ν]

ν (x) := 1
[ν+1;q]k−ν

Dk−ν
q Pk(x),

and that

[
k
ν

]

q−1

q−(k−ν)

[ν+1;q]k−ν
= q−(k−ν)(ν+1)

[k−ν]q !
, for any integersk, ν such that0 6 ν 6 k. �

From the proof of Theorem 1, we readily deduce a generalisation of the Rodrigues-type formula (3.12) (which
is recovered if we setn = k in the identity (3.20) given below).

Corollary 4. For any positive integerk, a q-classical polynomial sequence{Pn}n>0, orthogonal with respect to
theq-classical linear functionalu0, fulfils the relation

Dk
q

( (k−1∏

σ=0

Φσ(x)
) (

Dk
qPn

)
(x) u0

)
= Ξn(k; q)Pn(x) u0 , for n > 0, (3.20)

whereΦσ(x) are the monic polynomials given in Corollary 3 andΞn(k; q) are the eigenvalues given by(1.5).

Proof. The result is an immediate consequence of the relation (3.18), after settingν = k and using the expression
for u[k]

0 given in Corollary 3. �

Despite (3.20) is actually a functional relation, in some cases it can be written as aq-differential relation. This
occurs wheneveru0 admits an integral representation via a weight function,Wq(x) say, as regular as necessary, so
that:

〈u0, f〉 =

∫ +∞

−∞

f(x)Wq(x) dx, for any f ∈ P . (3.21)

This weight functionWq is such that the integral on the RHS of the precedent identitymust exist for any polynomial
f , and must represent the regular formu0. For this reason,Wq needs to be continuous at the origin or such that the
integral

lim
ǫ→0+

∫ 1

ǫ

Wq(x) −Wq(−x)

x
dx

exists and, in addition, the fact thatu0 fulfils (3.11) implies thatWq must fulfill theq-differential equation (1.6) (a
detailed justification can be found in [19, p.81-82]).
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Whenever (3.21) is admissible, an MOPS with respect tou0 may as well be referred to as orthogonal with
respect to the weight functionWq. In this case, from (3.20) we deduce aq-self-adjoint version of (1.4):

q−kDk
q−1

( ( k−1∏

σ=0

Φσ(x)
)
Wq(x)

(
Dk

qPn

)
(x)

)
= Ξn(k; q) Wq(x) Pn(x) , for n > 0. (3.22)

Since{Pn}n>0 forms a basis ofP , we get Corollary 1.

In particular, if we considern = k case in (3.22), we recover the known Rodrigues’ formula (see[20, p.70],
[35]):

Ξk(k; q) Pk(x) = [1; q]kq
−k(Wq(x))

−1Dk
q−1

( ( k−1∏

σ=0

Φσ(x)
)
Wq(x)

)
, k > 0.

3.3. Integral powers of the second-orderq-differential operator. The elements of anyq-classical sequence
{Pn}n>0 are solutions of the even orderq-differential equation iny

Lk
q [y](x) = (χn)

ky(x) , n > 0. (3.23)

This raises the natural question of obtaining an explicit expression forLk
q as well as of relating it to the2kth

orderq-differential operatorLk;q given in (1.4). As the elements of aq-classical polynomial sequence are eigen-
functions of both operators, these problems may be addressed through the comparison between the eigenvalues
(χn)

k given by (1.3) andΞn(k) given by (1.5). Observe thatΨ′(0) 6= [j]q for any integerj > 0, otherwise the
q-classical formu0 fulfilling (3.11) would have an undetermined sequence of moments, contradicting the assump-
tions. For this reason,Ξn(k; q) 6= 0 for n > k.

Proof of Theorem 2. We begin by relating thekth power of the eigenvaluesχn given by (1.3) and the eigenvalues
Ξn(k; q) given by (1.5) for any integern > 0. In the light of equalities (2.2) withx = [n]q−1 , whendeg Φ < 2 we
have

(χn)
k =

k∑

j=0

Sq−1(k, j) q(deg Φ−1) j(j−1)
2 (−Ψ′(0))k−j Ξn(j; q) , n > 0,

whereas, based on the identity (2.7) withx = [n]q−1 (z + [n]q), whendeg Φ = 2 we obtain

(χn)
k =

k∑

j=0

JSjk(z; q
−1)q

j(j+1)
2 −k Ξn(j; q) , n > 0.

According to Proposition 2, theq-classical polynomials are solutions of the2k-orderq-differential equation
(3.23) where the operatorLq and the eigenvaluesχn are those given by (1.2). On the other hand, Theorem 1 ensures
the q-classical polynomials to be solutions of the2k-order q-differential equation (1.4), whose corresponding
eigenvaluesΞn(k; q) are given in Theorem 1. The result now follows from the fact that anyq-classical sequence
forms a basis ofP . �

In a similar manner, for a given positive integerk we can express the eigenvaluesΞn(k; q) in terms of(χn)
k

for any integern > 0. Indeed, afterq → q−1, (2.1) and (2.6), withx = [n]q−1 andx = [n]q−1 ([n]q −A),
respectively, imply the following identities

Ξn(k; q) =





q(1−degΦ) k(k−1)
2

k∑

j=0

sq−1(k, j) (−Ψ′(0))k−j (χn)
j if deg Φ = 0, 1,

q−
k(k+1)

2

k∑

j=0

Jcjk(z; q
−1)(k, j) qj (χn)

j if deg Φ = 2,

which hold for any integern > 0, wherez = −(1 + qΨ′(0)).
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By reversing (1.8) using theq-Stirling or q-Jacobi-Stirling numbers of the first kind (or evoking analogous
arguments to those in the proof of Theorem 2), we deduce the reciprocal identities of (1.8). More precisely, we
obtain Corollary 2.

All the q-classical polynomials were studied in [19]. With the equivalence relation

{Pn(x)}n>0 ∼ {Rn(x)}n>0 if ∃ a 6= 0 such that Rn(x) = a−nPn(ax), n > 0,

several equivalence classes were obtained and these are summarised in Table 1. Since theq-classical polynomials
are solutions to theq-differential equation (1.2) and the polynomial coefficient Φ, of degree 2 at most, plays a
fundamental role in this work, we have arranged the information according to its properties.

TABLE 1. Theq-classical polynomials.

degΦ q-classical MOPS

0 Al-Salam Carlitz polynomials· Discrete q-Hermite polynomials

1
Big q-Laguerre· q-Meixner · Wall q-polynomials
q-Laguerre polynomials· Little q-Laguerre polynomials
q-Charlier I polynomials

2 (with double root) Alternative q-Charlier polynomials· Stieltjes-Wigert q-polynomials

2 (with 2 single roots)
Little q-Jacobi polynomials· q-Charlier II polynomials
Generalized Stieltjes-Wigert q-polynomials· Big q-Jacobi
Bi-generalized Stieltjes-Wigert q-polynomials

4. PARTICULAR CASES

Among all theq-classical polynomials, we single out some examples from Table 1 that illustrate the results here
obtained. These are mere illustrations, since the results apply to anyq-classical family. Among other things, it
permits to obtain differently many expressions for even order q-differential equations fulfilled by theq-classical
polynomials.

4.1. Al-Salam-Carlitz polynomials. The monic Al-Salam-Carlitz polynomials are

Pn(x, a; q) = (−a)nq(
n

2)2φ1

(
q−n, x−1

0
; q,

qx

a

)
=

n∑

k=0

[
n

k

]

q

(−a)n−kq(
n−k

2 )(x−1; q)k xk

and satisfy a recurrence relation of the type (3.9) withβn = (1 + a)qn andγn+1 = aqn(qn+1 − 1), for n > 0,
see [20, p.534], [19]. They are orthogonal with respect to the regular linear functionalu0 fulfilling (3.11) with
Φ(x) = 1, Ψ(x) = (a(q − 1))−1(x − (1 + a)), provided thata 6= 0. They are positive definite whenevera < 0
and0 < q < 1 or whena > 0 andq > 1. The case wherea = −1 and0 < q < 1 corresponds to the so-called
Discreteq-Hermite polynomials. We further notice that this MOPS is also Appell with respect to theq-difference
operatorDq, so is to say thatP [k]

n (x, a; q) = Pn(x, a; q).

In the light of Theorem 1, for any positive integerk, the Al-Salam-Carlitz polynomials are eigenfunctions of
theq-differential operator

Lk;q[y](x) :=
k∑

ν=0

[1; q−1]k
[1; q−1]n−k

q−k

(a(q−1 − 1))ν
Pν(x, a; q)

(
Dk−ν

q−1 ◦Dk
q y

)
(q−νx).
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Following Proposition 2, for eachk > 1, we may write

Lk
q [y](x) =

k∑

j=0

Sq−1(k, j) q−
j(j−1)

2 (a(q − 1))−(k−j) Lj;q [y](x).

When0 < q < 1 anda < 0, the regular formu0 admits an integral representation as in (3.21) via the weight
function [19, p.87]

Wq(x) = K(qx; q)∞ (a−1qx; q)∞1[aq−1,q−1](x) with K−1 =

∫ q−1

aq−1

(qt; q)∞(a−1qt; q)∞dt,

where1A(x) stands for the characteristic function over the setA (see introduction). Hence, according to Corollary
1, we may alternatively write

Lk;q[y](x) :=

(
qk(qx; q)∞ (a−1qx; q)∞

)−1
Dk

q−1

(
(qx; q)∞ (a−1qx; q)∞

(
Dk

qy(x)
))

,

which is valid for anyy ∈ P . Whenk = 1, the latter reduces to the well knownq-Sturm-Liouville equation
fulfilled by the Al Salam-Carlitzq-polynomials (see, for instance, [17, p.472]).

4.2. The Stieltjes-Wigert polynomials. The monic Stieltjes-Wigert polynomials are

Pn(x; q) = (−1)nq−
n
2 (2n+1)

1φ1

(
q−n

0
; q,−qn+3/2x

)
=

n∑

k=0

(−1)n+kqk(k+
1
2 )−n(n+ 1

2 )

(q; q)n−k
xk.

They are orthogonal with respect tou0 fulfilling (3.11) with Φ(x) = x2 andΨ(x) = −(q − 1)−1{x − q−3/2},
and they satisfy a recurrence relation of the type (3.9) withβn = (1 + q − qn+1)q−2n−3/2 andγn+1 = (1 −
qn+1)q−4(n+1), n > 0, see [19], [20, p.544]. When0 < q < 1, u0 is positive definite, and admits an integral
representation via a weight-functionWq as in (3.21) which is given by

Wq(x) =

√
q

2π ln q−1
exp

(
−

ln2 x

2 ln q−1

)
1(0,+∞)(x).

In the light of Corollary 1, for0 < q < 1, the Stieltjes-Wigertq-polynomials are eigenfunctions of

Lk;q [y](x) = q−k exp

(
ln2 x

2 ln q−1

)
Dk

q−1

(
x2k exp

(
−

ln2 x

2 ln q−1

)(
Dk

q y(x)
))

.

According to Theorem 1, the latter operator can be expanded as follows

Lk;q [y](x) =

k∑

ν=0

[
k
ν

]

q−1

αk,ν x2k−2νP [k−ν]
ν (x; q)

(
Dk−ν

q−1 ◦Dk
q y

)
(q−νx),

with

αk,ν = q−(k−ν) ([ν]q!)
( ν∏

σ=1

q−2k+σ
(
[2k − σ]q +

1

q − 1

))
.

Finally, by means of theq-Jacobi-Stirling numbers of second kind, for any positive integerk, thekth power of
theq-differential operator

Lq := x2Dq ◦Dq−1 + (q − 1)−1{x− q−3/2}Dq−1

is given by the formula

Lk
q [y](x) =

k∑

j=0

JSjk((q − 1)−1; q−1) q
j(j+1)

2 −k Lj;q [y](x) , ∀y ∈ P ,
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which, after (2.15), can be alternatively written as

Lk
q [y](x) =

k∑

j=0

q
j(j−1)

2

(q − 1)k−j
Sq(k, j)Lj;q [y](x) , ∀y ∈ P .

4.3. The Little q-Jacobi polynomials. The monic Littleq-Jacobi polynomials are

Pn(x; a, b|q) =
(−1)nq(

n

2)(aq; q)n
(abqn+1; q)n

2φ1

(
q−n, abqn+1

aq
; q, qx

)

=
(aq; q)n

(abqn+1; q)n

n∑

k=0

[
n

k

]

q

(−1)n−k(abqn+1; q)k
(aq; q)k

q(
n−k

2 )xk

and satisfy theq-differential equation (1.2) withΨ(x) = (abq2(q − 1))−1{(1 − abq2)x + aq − 1} and
Φ(x) = x(x − b−1q−1), for n > 0, see [20, p.482], [19]. Hence, for each positive integerk, we have

P [k]
n (x; a, b|q) = Pn(x; aq

k, bqk|q), n > 0.

They form an MOPS with respect to the regular linear functional u0 fulfilling (3.11) provided that the parameters
a, b satisfya, b, ab 6= q−(n+2), for n > 0. The linear functionalu0 is positive definite when one of the following
two conditions is realised [19]

0 < q < 1, 0 < a < q−1, b ∈]−∞, q−1[−{0},

q > 1, a > q−1, b ∈]−∞, 0[∪]q−1,+∞[.

We refer to [19, 20] for further details, but we highlight some results from [19, pp. 100-102].

For certain values ofa, b andq, it is possible to get an integral representation for the regular formu0 via a
weight functionWq(x), as described in (3.21). Settinga := qα−1 with α > 0, then depending on the range of
values forb andq, the weight-functionWq(x) can be written as follows:

- For0 < q < 1 andb ∈]−∞, 1[−{0}, we have

Wq(x) = Kxα−1 (qx; q)∞
(bqx; q)∞

1(0,q−1)(x) with K−1 =

∫ q−1

0

tα−1 (qt; q)∞
(bqt; q)∞

dt.

- Forq > 1 andb > 1, we have

Wq(x) = Kxα−1 (bx; q
−1)∞

(x; q−1)∞
1(0,b−1)(x) with K−1 =

∫ b−1

0

tα−1 (bt; q
−1)∞

(t; q−1)∞
dt.

- Forq > 1 andb 6 0, we have

Wq(x) = K|x|α−1 (bx; q−1)∞
(−|x|; q−1)∞

1(b−1,0)(x) with K−1 =

∫ |b|−1

0

tα−1 (|b|t; q
−1)∞

(−t; q−1)∞
dt.

On the other hand, it is possible to representu0 by a discrete measure. Namely, for0 < q < 1, we have (see
also [20, p.482])

u0 =
(aq; q)∞
(abq2; q)∞

∑

k>0

(bq; q)k
(q; q)k

(aq)kδqk , with |aq| < 1, |bq| < 1,

whereas, whenq > 1, we can write

u0 =
(a−1q−1; q−1)∞

(a−1b−1q−2; q−1)∞

∑

k>0

(b−1q−1; q−1)k
(q−1; q−1)k

(a−1q−1)kδb−1q−(k+1) , for |aq| > 1, |bq| > 1.
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In the light of Corollary 1, whenever the Littleq-Jacobi linear functionalu0 admits an integral representation via a
weight functionWq(x), the Littleq-Jacobi polynomials{Pn(x; a, b|q)}n>0 are eigenfunctions of

Lk;q[y](x) = q−k
(
Wq(x)

)−1
Dk

q−1

( ( k−1∏

σ=0

x(x − b−1q−(σ+1))
)
Wq(x)

(
Dk

q y(x)
))

. (4.1)

In any of the above mentioned cases, following Theorem 1, thelatter operator can be written as follows

Lk;q[y](x) =
k∑

ν=0

[
k
ν

]

q−1

αk,ν(x)
( k−1∏

σ=0

x(x − b−1q−(σ+1))
)(

Dk−ν
q−1 ◦Dk

q y

)
(q−νx)

with

αk,ν(x) = q−(k−ν)
( ν∏

σ=1

[σ]q−1q−2k+σ
(
[2k − σ]q + z

))
Pν(x; aq

k−ν , bqk−ν |q),

andz = −(1 + qΨ′(0)) = 1
q−1

(
1− (abq)−1

)
.

Finally, by means of theq-Jacobi-Stirling numbers of second kind, for each integerk > 0, thekth power of the
q-differential operator

Lq := x(x − b−1q−1)Dq ◦Dq−1 −
(
(abq2(q − 1))−1{(1− abq2)x+ aq − 1}

)
Dq−1 (4.2)

is given by the formula

Lk
q [y](x) =

k∑

j=0

JSjk(z; q
−1) q

j(j+1)
2 −k Lj;q [y](x),

for anyy ∈ P , wherez = −(1+ qΨ′(0)) = 1
q−1

(
1− (abq)−1

)
. According to Corollary 2 the reciprocal relations

can also be established:

Lk;q[y](x) =

k∑

j=0

Jcjk(z; q
−1) qj−

k(k+1)
2 Lj

q[y](x), for any y ∈ P .

Remark 4. Amongst theq-classical sequences it is possible to establish limiting relations between the several
q-classical families. (For a catalogue of such relations we refer to[20].) In the same manner, it is also possible to
establish limiting relations between two operators,Lk;q andL̂k;q (that havePn andP̂n as eigenfunctions, respec-
tively), mirroring the limiting relation that the two correspondingq-classical sequences{Pn}n>0 and{P̂n}n>0

satisfy.

For example, the monicq-Laguerre polynomial sequence{P̂n(x;α; q)}n>0 is related to the Littleq-Jacobi
polynomials{Pn(x; q

α, b|q)}n>0, that we have just analysed, via the limiting relation (see[20, p.522]):

P̂n(x;α; q) = lim
b→−∞

(
(−bq)nPn(−b−1q−1x; qα, b|q)

)

=
(−1)n(qα+1, ; q)n

qn(n+α) 1φ1

(
q−n

qα+1 ; q,−qn+α+1x

)
, n > 0.

The operatorL̂q−1 := xDq−1 ◦Dq−
qα+2

q−1

(
1

qα+1 − 1− x
)
Dq has the monicq-Laguerre polynomialŝPn(x;α; q)

as eigenfunctions, and, more generally, according to Corollary 2, so have the operators

L̂k;q−1 [y](x) =

k∑

j=0

cq−1(k, j) (−Ψ′(0))k−j L̂j
q−1 [y](x),

for eachk = 1, 2, . . .. In fact, the operatorŝLk;q−1 are a limiting case of the operatorsLk;q in (4.1) which have

the Little q-Jacobi polynomials as eigenfunctions. Indeed, consider the operatorL̃q = x(x + 1)Dq ◦ Dq−1 −
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q−α−2(−b(x+1)qα+2+bq+x)
b(q−1) Dq−1 obtained fromLq in (4.2) after the change of variablex → −b−1q−1x, that is

L̃q[y(t)][−b−1q−1x] = Lq[y(−b−1q−1t)][x], so that

L̃q −−−−→
b→−∞

x(x + 1)Dq ◦Dq−1 −
−(x+ 1) + q−(α+1)

q − 1
Dq−1 = q−(α+2)L̂q−1 .

Besides, recall thatz = 1
q−1

(
1− (qαbq)−1

)
and therefore lim

b→−∞
z = 1

q−1 , so that, by taking into account the

identities(2.15), we have for anyy ∈ P

lim
b→−∞

Lk;q [y(−b−1q−1t)](x) = lim
b→−∞




k∑

j=0

Jcjk(z; q
−1) qj−

k(k+1)
2 L̃j

q[y](x)




= q(
k

2)−k(α+2)L̂k;q−1 [y](x).

The detailed analysis done for theq-classical sequences of Al-Salam-Carlitz polynomials, Stieltjes-Wigert poly-
nomials and Littleq-Jacobi polynomials, including the limiting relation to the q-Laguerre polynomials, can natu-
rally be extended to all the otherq-classical sequences listed in Table 1. The procedure is entirely similar to the
ones just described, as the required properties were already studied by several authors and a synthesis of it can be
found in [19, 20].

In this paper, we have succeeded in providing the explicit expressions for any integral composite power of a
second orderq-differential operator having theq-classical polynomials as eigenfunctions. The study required the
introduction of the new set ofq-Jacobi-Stirling numbers, which we have characterised andprovided a combina-
torial interpretation. Clearly, by allowingq → 1 we recover all the classical polynomial related results found in
[2, 7, 8, 11, 26, 27, 30] from the viewpoint of both the algebraof these operators and the combinatorial interpreta-
tions of the connection coefficients.

Acknowledgements.We thank the referees for careful reading of this manuscriptand illuminating comments and
remarks.
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[3] S. Bochner,Über Sturm-Liouvillesche Polynomsysteme, Math. Z.29 (1929) 730-736.
[4] T. S. Chihara, An introduction to orthogonal polynomials. Gordon and Breach, NY (1978).
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[15] W. Hahn,Über Orthogonalpolynome, die q-Differenzengleichungen genügen, Math. Nachr., 2(1-2), (1949), 4-34.
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