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Abstract

This paper addresses the problem of the electrical conductivity tensor cal-
culation for a transversely isotropic material that contains inhomogeneities
of arbitrary orientation. For this goal, we first construct the electrical con-
ductivity contribution tensor for an arbitrarily oriented isolated ellipsoidal
anisotropic inhomogeneity embedded in a transversely isotropic matrix. The
general case of an orthotropic ellipsoidal inhomogeneity unaligned in an
anisotropic matrix with different classes of symmetry can be considered.
This solution is used as the basic building block of various homogenization
techniques: the Mori-Tanaka-Benveniste scheme, Maxwell scheme, and dif-
ferential scheme. The approach is illustrated by an application to a trans-
versely isotropic mudstone rock, composed of a clay matrix containing in-
homogeneities of calcite and quartz. We analyse the origins of the extent
of anisotropy of the effective conductivity tensor, distinguishing among the
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shape, orientation distribution, and anisotropy of the inhomogeneities on the
one hand and the anisotropy of the matrix on the other hand. Numerical
results show that the orientation distribution of the inhomogeneities signifi-
cantly affects the overall anisotropy in the case of inhomogeneities with low
aspect ratio(s). Limiting cases of aligned and randomly oriented inhomo-
geneities provide bounds of the extent of anisotropy for the overall conduc-
tivity tensor.

Keywords: effective electrical conductivity, arbitrarily oriented inclusion,
ellipsoidal inclusion, transversely isotropic rock

1. Introduction

The present paper is motivated mostly by the needs of rock physics, al-
though it is relevant to many other applications for which heterogeneous
materials with anisotropic constituents are studied. Clay rocks, or argilla-
ceous rocks, are cap rocks of oil and gas reservoirs and are presently used in
many engineering applications, such as underground works (e.g., mines and
quarries) and storage cavities (e.g., high-level radioactive waste repositories
and storage of CO,, Ho, etc.).

The microstructure of these materials has been extensively studied during the
last decades, and many multiscale models have been proposed; see, among
others, [1, 2, 3]. As an example, four microstructural levels have been pro-
posed by [2, 4], from the scale of elementary clay minerals (level 0, nanometer
scale) to the macroscopic scale (level 3, figure 8). At the mesoscale (mi-
crometer to millimeter scale, corresponding to level 2 in figure 8), clay-rich
sedimentary rocks can be considered as a particulate matrix composite type,
with a porous clay matrix containing solid mineral inhomogeneities [5]. The
clay matrix, in turn, is also heterogeneous, composed of a mixture of different
clay minerals, and inhomogeneities are represented by various solid minerals
(as carbonates and quartz) and pores. These different solid mineral phases
will be referred to as non-clay phases in the following.

The effects of the microscopic organization of non-clay inhomogeneities, on
the one hand, and the microscopic organization of the clay matrix, on the
other hand, on the effective transport properties of clay rocks have been in-
vestigated both theoretically and experimentally; see the review in [6]. In the
case of Callovo-Oxfordian mudstone from the Paris sedimentary basin, ex-
tensively studied in France as a potential host rock for high-level radioactive



waste repositories, petrographic observations [5] have shown that carbonates
and quartz inhomogeneities may have a preferential orientation parallel to
the bedding plane, and elongated shapes have been observed for carbonates.
[7] presented similar results for the Opalinus clay rock unit at the Mont Terri
rock laboratory (Canton Jura, Switzerland) and analysed the impact on the
pore path tortuosity and then on the transfer properties. These studies have
confirmed that non-clay inclusion distributions (orientation, shape, and spa-
tial organization) may be an origin of the anisotropy of the effective transport
property, especially electrical conductivity.
The main source of the effective anisotropy of transport properties may also
lie in the microstructural organization of the clay matrix phase, which con-
tains clay minerals and pores. Most of the previous studies have only focused
on the clay matrix anisotropy. In the particular case of electrical conductiv-
ity, the reader may refer to the series of papers [8, 9, 10] for a review of
cross-coupled modelling of the flow of electric charges, ions, and water in
the clay matrix, including its homogenization, accounting for filtration and
diffusion effects. A review and experimental data have been presented by
[11] for the effective electrical conductivity of anisotropic mudstones. The
major source of anisotropy of the effective electrical conductivity tensor of
argillaceous rocks, identified by most authors, is the preferential alignment
of pores and clay particles (platelets) in the clay matrix [12, 11].
The key problem of homogenization of the clay matrix phase from the nanoscale
to the mesoscale is not investigated in this paper, which is devoted to the
transition from the mesoscale to the macroscale (transition from level 2 to
level 3, figure 8). The clay matrix phase will be considered as a homogeneous
anisotropic material. As the quantitative connection of the organization of
non-clay inclusions to macroscopic electrical conductivity is still a critical
issue in the case of matrix anisotropy, we focused the paper on this point.
Most of these clay-rich sedimentary rocks are transversely isotropic, and
we will restrain the study to this class of anisotropy. The main objective
of this paper is to contribute to identifying the microstructural origin of the
anisotropy of the effective electrical conductivity tensor, accounting for the
available microstructural information. The key problem is to compare effects
produced by the two main sources: the matrix anisotropy and anisotropy of
the inhomogeneities (including their properties, shape, and orientation distri-
bution). The three main approaches to calculate the effective electrical con-
ductivity tensor of anisotropic heterogeneous materials are (1) semi-empirical
approaches mainly based on Archie’s relationship, (2) numerical models, and
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(3) analytical homogenization techniques (see, for example, [6] for details).
In this paper, we focus on the third approach based on the conductivity
problem for an isolated ellipsoidal inhomogeneity embedded in an anisotropic
medium obtained independently by [13] and [14], in which an analytical ex-
pression of the Hill conductivity polarization tensor is obtained from the
known solution of the Newtonian potential of an ellipsoid using a linear coor-
dinate transform. This analytical solution can be used to construct the prop-
erty contribution tensors of an arbitrarily oriented ellipsoidal inhomogeneity
embedded in a transversely isotropic matrix and to analytically estimate the
overall properties of an anisotropic material. The latter is necessary to eval-
uate the effects of the two abovementioned sources of the overall anisotropy
— the matrix anisotropy and anisotropy associated with the geometry and
properties of the non-clay inhomogeneities.

In the context of anisotropic materials and, in particular, the transversely
isotropic rocks investigated in this paper, this analytical solution of the Hill
conductivity tensor allows consideration of the arbitrary orientation of in-
clusions, and it provides the possibility of separating the two previously
cited sources of effective anisotropy, the matrix anisotropy and geometric
anisotropy associated with inclusions phases. In particular, this solution has
been applied to calculate the effective permeability of multifractured rocks
(see [13, 15]). In the context of electrical conductivity, to the best of our
knowledge, only aligned inhomogeneities in an anisotropic matrix have been
studied. In the case of the thermal conductivity tensor, the case of arbitrarily
oriented inclusions in a transversely isotropic matrix with application to a
mudstone has been discussed by [16] using a numerical solution for the con-
ductivity Hill tensor. An analytical solution application is presented for the
effective electrical conductivity of a transversely isotropic clay rock, Callovo-
Oxfordian mudstone from the Paris sedimentary basin, which is extensively
studied in France as a potential host rock for high-level radioactive waste
repositories (see [17]). The most popular homogenization techniques, such
as the Mori-Tanaka-Benveniste (MTB) scheme, Maxwell scheme, and differ-
ential scheme (DS), are compared for the problem of inversion of the matrix
electrical conductivity tensor obtained from effective experimental data, ac-
counting for microstructural information.



2. Effective medium approximations of the effective electrical con-
ductivity tensor

2.1. Notations for the conductivity problem

Bold symbols P, o, and 2 refer to second-order tensors, underlined sym-
bols, such as a refer to first-order tensors. ¢ represents the second-order

identity tensor. o denotes the second-order electrical conductivity tensor
(12, 6].

2.2. Mori-Tanaka-Benveniste and Mazwell approximations

The property contribution tensor approach initially formulated in elas-
ticity [18] and in conductivity [19] will be adopted, as it allows a simple and
direct way to extend the mean field homogenization methods to complex in-
clusion shapes. See [20] for applications to electrical conductivity. For the
sake of simplicity, we only recall the formula in the case of of inclusions of the
same shape, the same conductive properties, and volume fraction ;. The
reference dilute approximation in a conductivity formulation is useful in the
low limit of the volume fraction of inclusions ¢; < 1, written as

O'DIL:O'()+Q0Z‘(O'Z'—O'0).AZ‘ (]_)

with the dilute conductivity concentration tensor
A= (i+P° (0, —a0) (2)

P? denotes the Hill tensor of a single ellipsoidal inhomogeneity i embedded in
an infinite homogeneous matrix with conductivity tensor o (see section 6).
Relation (39) may be rewritten using the conductivity contribution tensor
N;

o’ =0y + ¢;N; (3)

The dilute approximation in the resistivity formulation is referred to as NIA,
the non-interaction approzimation,

rNA = g 4 piH; (4)

where H; denotes the resistivity contribution tensor (see appendix 6 for de-
tailed expressions of IN; and the IN; tensors). The Mori-Tanaka-Benveniste



[21, 22| estimate is written as (see also the recent formulation [23] and appli-
cations in elasticity)

PR -
O'MTB:U[)—F((O'Z'—O'()) 1+ gp%p NZ_I) (5)

41—y -
rMTB — o + ((ri —r) '+ 90'90 H;l) (6)
The Maxwell approximation, reformulated in terms of the property contri-
bution tensors [24], leads to the formulas

oM =g+ ¢ (1\7[1 — SOiPQ)_l (7)

MY = ro 4o (H ' = 0,Qq) 8)

where Pg and Qg denote Hill tensors related to the effective ellipsoidal
inclusion of the Maxwell scheme. See in [25] a discussion on the appropriate
shape of the effective inclusion in the case of an isotropic host matrix. The
Mori-Tanaka-Benveniste MTB approximation corresponds to the particular
case of Maxwell’s approximation when Pq = Pg. This is the case when the
ellipsoidal distribution of one family of inclusions is aligned with and has the
same shape as the inclusions. The generalization of the MTB and Maxwell
approximations to Ny, families is written as [26]

Nine Nine Nine -1
i=1 i=1 i=1

The Maxwell and Ponte Castaneda Willis [27] (PCW') approximations
coincide (see [26]), the latter one being widely used in micromechanics of
heterogeneous and cracked materials to account for spatial correlations be-
tween inclusions and/or cracks. The Hill tensors Pg and Q, related to the
shape of the effective inclusion of the Maxwell approximation correspond to
the Hill tensor P, representing the spatial correlation between inclusions,
introduced in [27]. It must be emphasized that these tensors are defined
within the assumption of ellipsoidal symmetry for the distribution of the in-
clusions. See in [28] a recent and detailed discussion on this issue, extensions
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of the PC'W approximation, and applications to linear and non-linear effec-
tive properties. In the present paper, only a sensitivity study on the shape
of effective inclusions is presented by considering different aspect ratios in
the particular case of spheroids. This may be considered as a first approach,
without connection to the spatial distributions of inhomogeneities, to eval-
uate its importance. This key issue will be investigated in detail in further
works.

-1

N’L‘nc -1
oM* = oo+ (Z %Nz) — Pq (10>
i=1

2.3. Differential Effective Method

The differential scheme or differential effective method DEM, with ap-
plication to elasticity and conductivity [29], is certainly the most widely
used Effective Media Theory approximation in geophysics for the effective
electrical-thermal conductivity and permittivity of geomaterials [30, 6]. The
differential equation for the conductivity tensor is written as

(1-— :L")CZI—Z = (o, —0).A; (11)

The case x = 0 corresponds to the matrix phase
o(r=0)=o0y (13)

It must be emphasized that in the general anisotropic case, a numerical
integration of equation (11) is necessary, as the host matrix conductivity
tensor o varies along the integration path; in particular, the anisotropic
ratio depends on the shape, orientation, and volume fraction of inclusions:
o = o (z) and P; = P;(v;,0). The concentration tensor is then a function
of the host matrix conductivity tensor A; = A; (o). The differential equation
(11) has been solved by using the classical Runge-Kutta method (fourth-order
Runge-Kutta method integration scheme, generally referred to as RK/).



quartz
0.6 <y < 1.7

clay matrix

Figure 1: Reference three-phase model for Callovo-Oxfordian mudstone

3. Reference microstructural data for a Callovo-Oxfordian mud-
stone

Consider a transversely isotropic clay rock, a Callovo-Oxfordian mudstone
from the Paris sedimentary basin, which is extensively studied in France as
a potential host rock for high-level radioactive waste repositories; see details
in [12, 16, 6]. We will use the reference data set presented in [6], and the
objective is to propose a new interpretation and inversion of experimental
data based on a more accurate microstructural model, taking into account the
anisotropy of the matrix and the shape and orientation of mineral inclusions
in the clay matrix. The reference data used to characterize the microstructure
of this rock at the mesoscale are extracted from the mineral map presented
in figure 9 and references [12, 31]. The clay mudstone is a multicomposite
rock, but only the three main phases will be investigated for the sake of
simplicity. At the mesoscale, one considers a three-phase domain composed
of a clay matrix (index 0) with embedded solid mineral inclusions of calcite
(index 1) and quartz (index 2) with respective volume fractions of ¢y = 0.60,
w1 = 0.25, and ¢ = 0.15.

The conductive phase in the electrical conductivity problem is only the
clay matrix (index 0). Quartz (index 2) and carbonate (index 1) inclusions
are perfectly insulating phases with zero electrical conductivity.  As as-
pect ratios 7; have been estimated on the basis of a 2D mineral map, both
flatted (oblate) and elongated (prolate) cases are considered for the 3D ap-
proximation by spheroids. It is known in the isotropic case that for the
considered range of aspect ratios ;, the sensitivity to shape is higher in the
oblate case (flatted inclusions) than in the prolate case (elongated inclusions),



clay matrix calcite quartz
volume fraction ¢; wo = 0.60 p1 = 0.25 w9 = 0.15
aspect ratio 7; (oblate case) 02<y <1.| =06
aspect ratio 7; (prolate case) L.<ym <5, | =17

Table 1: Reference data set for Callovo-Oxfordian mudstone (from core sample EST205-
709 [4, 6]

all other parameters being equal. The reference macroscopic electrical con-
ductivities are 05/ = 9.3107'Sm™! for the transverse (or horizontal) and
O'iff = 28107 Sm™! for the normal (or wertical) electrical conductivities,
with the effective conductivity ratio o5// /0%// ~ 3.3. These values corre-
spond to experimental measurements obtained from a two-electrode device
(see details in [12]). The posed inverse problem is to determine the best
fit of the two components of the electrical conductivities of the clay matrix
phase ¢ and 0% by taking into account microstructural information and the
effective medium approximation. More precisely, as inclusion phases (calcite
and quartz) are considered as perfect insulators in the electrical conductivity
problem, the only parameter to fit with input data is the anisotropic ratio of
the matrix conductivity tensor by adequately using proper microstructural
information and the effective anisotropic ratio

~33 £ ¢ (14)

As the anisotropic ratio has been determined on a core sample (cm size,
see [12, 6]), the variability of natural mudstone properties implies that it
is necessary to account for the uncertainty ¢ on this parameter (this issue
is addressed in section 4.2.2). It must be emphasized that the anisotropic
ratio of electrical conductivity has been determined on the same core sample
(EST05-709) as the one used for the mineral map.

4. Numerical results and discussion

We first present a sensitivity study of the microstructural model by in-
creasing the degree of complexity: first, a two-phase model is considered
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(section 4.1), with only one inclusion phase, and second, a three-phase model
is considered, with two different inclusion phases (calcite and quartz, section
4.2). In all cases, inclusion phases are considered to be perfect insulators (see
[6]), but differences may be found in the shape and orientation distributions.
The results for the anisotropic ratio of the transverse to normal conductivi-
ties of the matrix phase are presented.

The basic building block of the various homogenization techniques consid-
ered in this paper is the analytical solution for the electrical conductivity
contribution tensor for an arbitrarily oriented isolated ellipsoidal inhomo-
geneity embedded in a transversely isotropic matrix. It uses as the reference
the known reference solution from the Newtonian potential and a particular
coordinate transform described in [13, 14, 15]. It only requires the solu-
tion of elliptic integrals and the algorithm for eigenvectors and eigenvalues
of a symmetric 3 — 3 matrix, for example, using Python-related numerical
tools, Scientific Computing Tools for Python (scipy: scipy.special.ellipkince
and scipy.special.ellipeinc), and Numerical Python (numpy: linalg.eig). We
present in the appendix 6 an unpublished derivation of the solution based on
the Fourier transform method and a change of variable on the unit sphere
similar to that presented for a similar elastic solution in [? ]. Details on
the numerical integration of averaged tensors are presented in section 7. Av-
eraged tensors and effective conductivity tensors are transversely isotropic
with the same symmetry axis as the matrix.

4.1. Preliminary results with a simple two-phase matriz composite: one in-
clusion phase 1s considered

Simple limiting cases are considered for the two-phase model:

e aligned spheroidal inclusions with the same symmetry axis as the trans-
versely isotropic matrix (case a)

e spheroidal inclusions with the symmetry axis perpendicular to the sym-
metry axis of the matrix, randomly oriented in the transversely isotropic
plane (case b)

e randomly oriented spheroidal inclusions (case c)

e an orientation distribution defined by an orientation distribution func-
tion (ODF') that allows covering all intermediates cases between cases
a and ¢ (referred to as case d)
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The orientation distribution corresponding to case b has been considered
by [1] in a different context to represent microcracks induced in transversely
isotropic rocks submitted to mechanical compression tests, verifying the sym-
metry of revolution about the symmetry axis of the material (the effective
material is transversely isotropic, both in the initial and microcracked states).
This case has been considered, as it is more relevant than case a for elongated
inhomogeneities of a prolate shape. In contrast, case a is more useful than
case b for flatted inhomogeneities. Microstructural observations of mineral
maps and scanning electron microscopy SEM images show that elongated
shapes are preferentially oriented along the transversely isotropic plane (see
[5]). Case a with the elongated spheroidal inhomogeneities corresponds to
inhomogeneities perpendicular to the one observed. In case b, a random ori-
entation distribution in the transverse plane matrix has been considered for
two main reasons. The first is theoretical; it allows verifying the assumption
of the transverse isotropy of the effective material, and one family of aligned
spheroidal inhomogeneities with a symmetry axis perpendicular to the sym-
metry axis of the transversely isotropic matrix would induce an orthotropic
effective material (see details in the appendix). The second is experimental:
random or quasi-random orientation distributions of carbonates and quartz
inhomogeneities in the transversely isotropic plane have been observed, at
the mesoscale, for the reference Callovo-Oxfordian mudstone investigated in
this paper (see [5]).

4.1.1. One family of spheroidal insulating inhomogeneities: limiting cases of
aligned and random orientation distributions (cases a, b, and c)

We first consider the simplest case a of one family of perfectly insulating
(or; = 0) spheroidal inhomogeneities aligned with the direction of symme-
try of the transversely isotropic host matrix (same symmetry axis n for the
inhomogeneities and matrix conductivity tensor). This case leads to analyt-
ical expressions for the effective conductivity tensor in the case of explicit
schemes (MTB and Maxwell schemes will be detailed).

UOZUO(VQiT-F’iN), In=n®n, , ir=1—1y (15)

2 2

where 12 = ¢2./0%, denotes the ratio of the transverse (0% = v%0y) to normal
(6% = 0p) matrix conductivity. In sedimentary rocks and clay-based mate-

rials, one has 1 < v (see data in [32]). The shape of the effective inclusion in
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clay matrix

inclusion phase

(transversely isotropic)

oy = 02ir + o%in

Figure 2: Simplified two-phase model with one family of aligned inclusions (case a).

the Maxwell approximation needs to be properly defined in the transversely
isotropic case, as investigated in [26]. One respectively denotes the aspect ra-
tios of the inhomogeneities and effective inclusion by v; and ~q. The related
Hill tensors are written as

1 1/ . . 1 . .
0 _ 9 Q ga 9 6
P, = —0 (—VZzT + (1 —2¢;) ’LN) , Py = ; (1/2 ir + (1 gQ)"'N> (16)

with coefficients g; = g(vv;) and gq = g(ryq) (function g(t) is discussed in
the appendix).

MX _ _MX. MX ;
ot =o0p " tr+on iy (17)

The Maxwell approximation is written as

ort _ 2l=gi—¢i(l—go) on* _  2(g— ¢igo) (18)
ol l—gi+viga = 00 2g; + i (1 — 2gq)

In the particular case of the MTB approximation, vq = 7; (and then, gq =
g:); it becomes

o™t 0 —g) (=)  oNTT 20 (1— i) (19)
o0 1—(1—-¢i)g oo 2g; (1 — i) + @i
In the case of the isotropic host matrix, v = 1, and the spherical shape,
Yo = 7% = 1, one has ¢; = go = 1/3, and the well-known formula for
insulating spheres embedded in an isotropic matrix is recovered,
AT _ ™ _2(1- ) o0

00 00 2+
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In contrast to the MTB approximation, the Maxwell model may induce zero
effective conductivities for aligned spheroidal insulating inclusions , depend-
ing on the aspect ratios 7; and 7q, the volume fraction of the inhomogeneities
; and the anisotropic degree of the matrix conductivity tensor through pa-
rameter v. The non-singularity conditions of Maxwell approximations of the
transverse and normal conductivity are written as

1 g(v,
AX >0, 1- glrg) < L) (21)
i
AX >0, ge) < LY (22)

Pi

In the case of transversely isotropic rocks, one generally has 1 < v. For data
representative of the clay rocks investigated in this paper, relation (22) for the
normal conductivity needs to be accounted for; the singularity condition for
transverse conductivity is never reached. A comparison between the model
and experimental data leads to the following equation to be solved for the
Maxwell approximation:

MX eff
ON ON

UTW - ocft (23)
and then,
1 2(g:i — pigo) 1—gi+¢iga _off (24)
v229;+0i(1=290) 1 —gi — @i (1 —ga) o
The corresponding relation for the MTB approximation is written as
off
1 29 1-(1—wi)g Jﬁf (25)

ﬁl_giQQi(l_@i)‘{’@i - o

Similar relations have been derived for the differential scheme. scipy.optimize.brentq
functions have been used to solve equations (24-25) and related equations
for other schemes and orientation distributions. The ratios of the normal to
transverse matrix conductivity predicted by the MTB, DEM and Maxwell
approximations are presented in figures 10-12. A comparison between the
MTB and Maxwell approximations shows that the influence of the spatial
distribution of the inhomogeneities may be significant in the low range of the

13



aspect ratio (flatted inhomogeneities). The shape of the effective inclusion
of the Maxwell approximation needs to be carefully defined in the frame of
a transversely isotropic host matrix. The aligned distribution of inclusions
overestimates the influence of inclusions on the overall anisotropy and conse-
quently underestimates that of the matrix for the lowest value of the aspect
ratio ;. The expected lower bound of the matrix anisotropic ratio obtained
for v; = 0.2 is approximately v? = 0%./0%, ~ 2 for the MTB approximation.
Cases b and ¢ correspond to different averaging over orientation, respectively,

clay matrix | inhomogeneities
volume fraction ¢; wo = 0.60 p; =04
aspect ratio 7; (oblate case) 0.2 <y <1
aspect ratio ~; (prolate case) 1. <~ < 5.

Table 2: Case 1: one family of aligned insulating inhomogeneities

transverse isotropization about the symmetry axis of the matrix (axially ran-
dom case) and full isotropization (fully random case in 3D). The MTB and
Maxwell approximations in both cases are written as

1— ¢ -1\
O'MTB:0'0+ ((Ui—ao)_l—i— QOSO (Nl) 1) (26)

MX VAR !
o =0'o+90i<(Ni) —SDiPQ> (27)

N, denotes the conductivity contribution tensor averaged over orientation.
As indicated, IN; is different between the two cases b and ¢, and respective
calculations are detailed in the appendix 7. The results for case b with the
DEM and MTB approximations are presented in figure 11. For materials
such as the transversely isotropic reference mudstone studied in this paper,
this case can be considered a relevant continuation of the aligned case a in
the prolate range. The known result in the isotropic case still holds under
transverse isotropy: the effect of the shape on the effective conductivity is
higher in the oblate range (flatted inhomogeneities) than in the prolate range
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(elongated inhomogeneities). In case ¢, with one family of randomly oriented
insulating inhomogeneities of spheroidal shape embedded in a transversely
isotropic matrix, the only source of overall anisotropy is the matrix. An
upper bound of the anisotropic ratio of the matrix phase can be estimated
by considering the lowest value of the aspect ratio of the inhomogeneities
(v = 0.2). We do not consider for this estimate case b with an axially
random distribution, as it corresponds to an unrealistic orientation distribu-
tion in the low range of the aspect ratio of the oblate case (as previously
mentioned, the distribution b is more useful in the prolate case). The Hill
tensor of an arbitrarily oriented ellipsoidal inhomogeneity embedded in a
transversely isotropic matrix is calculated by using an exact solution [13]. Tt
yields equations (with (i) = (b), (¢))

MTB(4 MX (i
I A A 0
MTB(i) — geff 7 MX(i) — geff ( )
Or T Or T

which needs to be inverted to obtain the matrix conductivity ratio in each
case. The results are presented in figures 13-14. The expected upper bound
of the matrix anisotropic ratio obtained for v; = 0.2 is approximately v? =
0%/ & 4.7 for the MTB approximation.

o0 MTB
2.0 < (—OT) < 4.7 (29)

oN
The same comment as in the aligned case can be made, and differences
between the MTB and Maxwell approximations are significant in the low
range of the aspect ratio. This result underlines the potential influence of
the spatial distribution of inclusions in the case of elongated inclusions. The
differential scheme yields the following bounds:

50\ DEM
1.3< (—T> < 6.0 (30)

oN
In the low aspect ratio range of inclusions, the MTB approximation un-
derestimates interactions between inclusions and their effect on the overall
conductivity compared to the DEM and Maxwell approximations. In the
case of the Maxwell approximation, the shape of the effective inclusion needs
to be carefully defined for inclusions with an aspect ratio in the low range (see
the relation 22), and the overall anisotropy strongly depends on the shape of
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the effective inclusion and the orientation and shape of inclusions. It can be
observed in figure 14 that the axially random orientation distribution (case
b) strongly overestimates the anisotropic ratio of the matrix conductivity for
the lowest aspect ratio 7; = 0.2. This was not taken into account in previous
evaluations of bounds because it does not correspond to the observed mi-
crostructure of such rocks for the lowest range of aspect ratios of carbonate
inhomogeneities.

4.1.2. One family of spheroidal insulating inhomogeneities with orientation
defined by ODF

This is the intermediate case, between cases a and ¢, and the most realistic
in comparison to available microstructural data. Most importantly, it can
allow an admissible range for the orientation distribution to be defined and
a more accurate account of the effect of the orientation of inclusions on the
overall anisotropy of the electrical conductivity tensor. Relations (26-27)
apply, with the only difference being the calculation of averaged tensors A;
and IN;.

B = Be,®¢ (31)

2

1 ™
kl = 77— / By (90047 90{) W (0017 900) sin 90‘ dea d(Pa <32>
47 00=0

Pa=0

where W (0,, po) denotes the orientation distribution function, (ODF)

1 T 27
—/ W (0a, pa)sin (0,) dOodp, = 1 (33)
271 Jo,—o 0a=0

In this paper, we focus on the transversely isotropic case and then on the
ODF' case, respecting the symmetry of revolution (same symmetry axis as
the matrix). ODF only depends on the spherical angle 6, (colatitude angle
relative to symmetry axis n = e;) and parameters defining the degree of
preferential alignment W = W (6,,).

w/2
/ W(0,)sin (0,) db, =1 (34)
0
One considers a m periodic Gaussian-like function [16]
x cosh (x cos(6y))
W (6, ) = : 35
(B0 = L (35)
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where x is the degree of preferential alignment, and y = 0 and x = oo,
respectively, correspond to random and aligned orientation distributions; see
figure 15. See also in [23] a review of ODF' and an example of reconstruction
of the orientation distribution function on the basis of computed tomography
in the case of a short-fibre-reinforced composite. The results for the inverted
anisotropic ratio of the matrix phase are presented in figure 16 for the case
of the MTB and DEM approximations. The respective influences of the
shape of inclusions and their orientation distribution on the anisotropic ratio
of the matrix can be evaluated. The ODF case is more realistic and allows
the entire range to be covered, including aligned and random distributions.
As expected, inversion of the matrix anisotropic ratio does not depend on
the shape and orientation of inclusions in the upper range of the inclusion
aspect ratio 0.8 < =; < 1 in the oblate case, a nearly spherical shape. The
sensitivity of the matrix anisotropic ratio to the aspect ratio is lower in the
prolate case (elongated inclusions) compared to the previous oblate case, and
the same observation still holds in the range of 1 < v < 2.

4.2. Results for the three-phase matrix composite: calcite and quartz inclu-
sion phases are considered

Subsection 4.2.1 presents results for the reference three-phase model, con-
sidering the four cases of orientation distributions: the limiting cases of
aligned and random, completed by the intermediate case of the preferred
alignment defined by ODF. As the Callovo-Oxfordian mudstone is a natural
rock with important variability of properties, the variability with depth and
the lateral variability are assessed by comparing different boreholes; see [31].
We complete the numerical results with two sensitivity studies on

e the anisotropic ratio of the macroscopic electrical conductivity tensor
(subsection 4.2.2); this study is related to the previously discussed un-
certainty of this macroscopic parameter.

e the mineralogical composition (subsection 4.2.3); the three-phase ref-
erence model previously considered on the basis of [6] is completed by
two reference models, extracted from [31], including a highly carbon-
ated case.
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clay matrix o0 = odir + oNiy

Figure 3: Reference three-phase model with two families of inclusions

4.2.1. Two families of spheroidal insulating inhomogeneities with orientation
defined by ODF

This section considers the reference three-phase model defined in table
(3), composed of a transversely isotropic clay matrix and two distinct families
of insulating inclusions (calcite and quartz). Since the contribution to the
effective conductivity of oblate spheroidal inclusions with aspect ratio v, =
0.6 or prolate inclusions with aspect ratio 7, = 1.7 and a random orientation
distribution is very close to that of spherical inclusions, the quartz family is
simplified, and quartz inclusions are taken as spherical.

The analysis is then focused on the calcite and clay matrix phases, and
the main issue is to evaluate their respective contributions to the overall
anisotropy. We use relations (36) and (10), with

Nine Nine
Z%Nz‘:SOlN1+902N2, 1—2%‘:1—901—902 (36)
i=1 i=1

and ODF is taken into account to calculate average tensors of the calcite
phase IN,. In the case of two families of inhomogeneities, the construction
path of the differential scheme needs to be discussed, as effective properties
depend on it (see [33]). For the sake of simplicity, as quartz and carbonates
inclusions are roughly of the same scale and of similar size, the simplest
homothetic path has been considered for DEM.

The three-phase model leads to new bounds on the anisotropic ratio of the
matrix phase; as expected, these bounds are narrower compared to previous
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Figure 4: 2D sketch of the 3D microstructure. Three-phase model for Callovo-Oxfordian
mudstone: transversely isotropic matrix with spherical inclusions of quartz and oriented
oblate spheroidal inclusions of calcite (left v; = 0.8, right 74 = 0.2, same volume fractions
in both cases)

clay matrix calcite quartz

volume fraction ; wo = 0.60 p1 =0.25 py =0.15
aspect ratio (oblate case) ; 02<m<l.| 7=1
aspect ratio (prolate case) ; L.<ym <5 | =1

Table 3: Reference model with two families of insulating inclusions. Application to elec-
trical conductivity of Callovo-Oxfordian mudstone [6]

bounds (29-30) obtained for the simplified two-phase model

50\ MTB 50\ DEM
2.5 < <—§> <44 , 21< (—OT) <5.2 (37)
ON ONn

and the observations on the differences between the MTB and DEM ap-
proximations still hold. The complete results for the anisotropic ratio are
presented in figures 17-18.
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4.2.2. Sensitivity study on the anisotropic ratio of the effective conductivity
tensor

A sensitivity study on the anisotropic ratio of the effective conductivity
tensor oS /oS is presented in this section to take into account uncertainty
in this effective parameter due to the variability of the Considered Callovo—
Oxfordian mudstone. The range of the anisotropic ratio is v% = o5 /oSt
2.3 — 6.3, with the reference data set value o5f/oSf ~ 3.3. The three- phase
model has been considered, and the inverted anisotropic ratio of the matrix
phase 0% /0% as a function of the effective ratio v% for aspect ratios of the
calcite inclusion phase 7; = 0.2,0.3,0.4,1 and in the limiting cases of ran-
dom and aligned distributions for the MTB and DEM schemes is presented
in figure 20. The influence of the aspect ratio 7, of calcite inclusions on
the matrix anisotropy for a given ratio of the effective electrical conductivity
is significant in the low range of the aspect ratio (by comparing v, = 0.2
and 0.3). The effect on the anisotropy of the random orientation distri-
bution of spheroidal inclusions with aspect ratio 7, = 0.4 is very close to
that of spherical inclusions. This well-known result in the isotropic case still
holds in the transversely isotropic case. At a fixed inclusion aspect ratio,
the anisotropic ratio of the matrix electrical conductivity tensor increases
quasi-linearly with the overall anisotropic ratio. The complete results of the
3-phase model with the degree of alignment of inclusions defined by ODF
and the effective anisotropic ratios v% = (Veff)z = 2.3,4.3 are presented in
figure 21. This figure underlines the combined significant influence of the
orientation distribution of inclusions on the overall anisotropy in the low
range of the aspect ratio 7;, as previously discussed in the reference case

Vg = 0 o]

These modelhng ﬁndings suggest that for the investigated reference mud-
stone, the main source of the overall anisotropy of the electrical conductivity
is found in the clay matrix and the details of its microstructure. The effect
of the orientation distribution and shape of carbonate inhomogeneities on
the overall anisotropy may be significant only in the low range of the aspect
ratio.

4.2.8. Sensitivity study on volume fractions of constituents

The Callovo-Oxfordian mudstone (or argillite) studied in this paper is a
natural rock with important variability in the mineral composition, verti-
cally along the thickness (130. m) (see [4, 6, 31]) and horizontally if different
boreholes are considered. On the basis of the latter reference, we define two
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reference models; model 1 corresponds to a high content of carbonates, and
model 2 corresponds to average values deduced from X-ray diffractometry
and calcimetry measurements; see table 4. It must be emphasized that the
effective electrical conductivities taken into account in this paper have been
measured on a sample with a high volume fraction of clay [12, 6] from a drill
core named EST05-709 (depth of 468.9m) retrieved from the Andra EST205
borehole. Model 1 corresponds to a highly carbonated layer, retrieved from
the Andra EST20 borehole at a 494. m depth, and model 2 is closer to the
reference model previously adopted in this paper and corresponds to 482.2 m.
Figure 22 presents the evolution of the matrix anisotropic ratio as a func-
tion of the effective anisotropic ratio 2.3 < v%; = o5 /oS! < 6.3, similar to
the one presented in figure 20 for the reference model. It can be observed
that the MTB approximation underestimates the influence of the calcite in-
clusion phase on the overall anisotropy compared to DEM, with significant
differences in the case of the high volume fraction of calcite (model 1). The
results presented in 22 underline the high sensitivity of the anisotropy of the
electrical conductivity tensor to the mineral composition, as expected. In
particular, in the case of highly carbonated material (model 1), the main
source of the overall anisotropy may be the carbonate phase in the low as-
pect ratio range, depending on the orientation distribution. This can be
illustrated by the ratios

o\ MTB o \ DEM
o0 ¥
N / random N / random (3 8)
o\ MTB o \ DEM
s 91
o9 ) . o )
N / aligned N / aligned

which allow quantification of the potential effect of the carbonate phase
(shape and orientation distribution) on the overall anisotropy. These ratios
are equal to 1 in the case of spherical inhomogeneities: the overall anisotropy
is only due to the clay matrix phase. From figure 22, it can be observed
that the DEM approximation predicts very high values (115., 7.0 and 3.1
for v1 = 0.2,0.3, and 0.4, respectively), whereas the corresponding values for
MTB scheme remain limited to 3.4, 2.1 and 1.6. In this case, due to the high
volume fraction of the carbonate phase, the differences between the DEM
and MTB results are significant, with the latter underestimating the effect
of the inclusion phase on the overall anisotropy.The results for model 2 are
quite similar to those presented for the reference model.
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clay matrix calcite quartz
%0 $1 P2
model 1 0.34 0.53 0.13
model 2 0.49 0.28 0.23
reference model 0.60 0.25 0.15
aspect ratio v; 02<1 <08 | 1=1

Table 4: Mineral composition of 3 reference three-phase models, representative of different
facies of the Callovo-Oxfordian mudstone [31]

5. Conclusions

The main novelty of the presented analysis and results in the context of
anisotropic materials, such as the investigated transversely isotropic rocks, is
as follows:

e an account is given of the arbitrarily oriented non-clay spheroidal inho-
mogeneities embedded in a transversely isotropic matrix, owing to the
analytical solution [13].

e the separate influences of the matrix anisotropy and inhomogeneities
distribution (shape and orientation) on the overall electrical conduc-
tivity are presented.

Simple limiting cases are considered, the aligned and random distributions, as
well as a two-phase model with one inclusion phase family, which is useful as
a first approach. This approach allows bounds on the unknown parameter,
the anisotropic ratio of the transverse and normal electrical conductivities
of the matrix, to be obtained. The effects of the orientation and shape
of inclusions on the overall anisotropy are quantified. For the investigated
Callovo-Oxfordian mudstone, the main source of the overall anisotropy of
the electrical conductivity should be found in the matrix phase (orientation,
shape of clay minerals, pores, etc.). The effect of non-clay inhomogeneities
on the overall anisotropy may be significant in the low range of the aspect
ratios of calcite inclusions, which corresponds to flatted shapes that are highly
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different from spherical shapes. The use of ODF is promising in the sense
that it enables

e microstructural data to be more adequately accounted for, for exam-
ple, X-ray nanocomputed tomography, scanning electron microscopy
(SEM), and mineral map data, in the case of rock materials similar to
the investigated mudstone.

e ranges of the orientation distributions of inclusion to be defined and
then constraints on the inversion of the matrix property to be added.

The comparison between the reference approximation schemes MTB, Maxwell,
and DEM shows that similar to elasticity, MTB underestimates interactions
between inclusions and their effect on the overall conductivity compared
to DEM and Maxwell in the low range of the aspect ratio (approximately
0.2 < 7; < 0.5). The sensitivity of the inversion of the matrix property to the
shape and orientation of inclusions underlines the need for microstructural
investigations and the mapping techniques previously mentioned.

Ongoing work is focused on accounting for the spatial interactions between
inhomogeneities and their effect on the effective electrical conductivity. A
comparison between the single inclusion approach adopted in this paper and
multipole expansion of the perturbation fields of inhomogeneities in terms of
the ellipsoidal harmonics approach [34, 35] will be presented in a future paper.
The latter approach allows explicit consideration of the spatial interactions
between inhomogeneities and the corresponding semi-analytical solution [35]
for the anisotropic case, which will be useful to validate the single-inclusion
approach for the posed problem and investigated materials.

6. Appendix. Polarization and concentration conductivity tensors
related to a single ellipsoidal inclusion in an anisotropic matrix

6.1. Concentration tensors and property contribution tensors related to an
ellipsoidal inclusion

The reference dilute approximation in a conductivity formulation is useful
in the low limit of the volume fraction of ellipsoidal inclusions ¢; < 1, written
as

UDIL:UO+SDi(Ui_UO)-Ai (39)
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with the dilute conductivity concentration tensor
A= (i+ P (o, — ) (40)

P! denotes the Hill tensor of a single ellipsoidal inhomogeneity i embedded
in a infinite homogeneous matrix with conductivity tensor o (see section
6). Relation (39) may be rewritten by using the conductivity contribution
tensor IN;,

O'DILZO'Q—FQOZ'NZ' (41)

The conductivity IN; and resistivity H; contribution tensors related to an
isolated ellipsoidal inclusion embedded in an infinite matrix with conductivity
tensor o9 = 1y ! can be written as

N;=(P+(o;— 00)71)717 H;, = (Q+(ri— 7‘0)71)71 (42)

where @Q is related to the Hill polarization tensor P used in the conductivity
formulation,

Q=o0y.(i — P.oy) (43)
One has
H,=-0,'N;o;" (44)
and
N, = (o, —0¢).A; (45)
The dilute conductivity concentration tensor can be written as
A=+ P.(o; — 0'0))_1 (46)

6.2. Hill polarization tensor
The shape tensor related to an ellipsoid €4 of semi-axis length a; and unit
vector e, directed along the axis is written as

3
i=1
and the ellipsoid is described by the equation
z (HH)  z<1 (48)
which is written as follows in the coordinate system attached to the ellipsoid:
2 2 2
reey e 42T <y (49)
ar ay; dag
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6.3. Solution for a single ellipsoidal inclusion arbitrarily oriented in an or-
thotropic matrix

We present in this section an alternative derivation based on the Fourier
transform (unpublished presentation [36]) of the general solution [13] for the
isolated ellipsoidal inclusion of an arbitrary orientation embedded in an or-
thotropic matrix. This approach uses techniques similar to those presented
in reference book [37], in particular, a change of variable is useful to calculate
the surface integral on the unit sphere in the frame of the Fourier transform
method. The general solution for the polarization tensor of an ellipsoid arbi-
trarily oriented in an orthotropic matrix has been given in [13, 14] (see also
[15] for a detailed analysis and application to fractured rocks).

82

Fij (o) = 0x;0x ;
0T

/ G (2 — ') A, (50)

o anisotropic conductivity of an infinite medium; G: related Green function,

1 1

G(x)=— 51
() Ar+/deto \/g.a—l.g (51
In the case of and isotropic matrix, o = o1,
1 1 1 1
G(z) = - (52)

- _47ra,/g.g: 47”’@

The reference solution from the Newtonian potential may be expressed as

1 o 1
Py, (i, H) = 0 / dQu, T € ey (53)
EH

A 0,0z )., llz — 2|

with semi-lengths (3D case: 1 major radius a;, 2 aspect ratios 1 and w)
defined as follows:

ap>ay>a3>0 , 1>n=ay/a; >w=az/a; >0 (54)
The shape tensor H defining ellipsoid €4 is rewritten as
H=u (6 ®e +ne,0e +wes®es) (55)

The reference solution from the Newtonian potential in the frame attached
to the ellipsoid is written as

P (ia 7'[) =le, ®e; + Ire, @ ey + [323 & e; (56)
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with [; and I3 given by incomplete elliptic integrals of the first and second
kind.

_ N _

2
I = i (” vizw' _ 5) (58)
(F-AVI-2\
L=1-1—1I (59)

F and £ denote incomplete elliptic integrals of the first and second kind,
F0,k)= / , E(0,k) = / \/1— (ksin(t))’dt  (60)
0 /1 — (rsin(t))” 0

with amplitude 0 and parameter x defined as

2

f = arcsin (\/1—w2) , K= 1_772 (61)

1—w

The particular cases of spheroids and a sphere, respectively, correspond to
two distinct semi-lengths and one semi-length:

e prolate spheroid

ay > as = ag, aspect ratio £ = il > 1 (62)
as
Ly=13=g(§), ©L=1-2g(§) (63)

e oblate spheroid

a; = as > as, aspect ratio & = % (64)
3]
L =L=g@), Ir=1-29() (65)
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e sphere

ay = ay = az, aspect ratio & =1 (66)
I 212213:9(1):% (67)
with
( %(1—1—%(1—%6&01:&1&(%))) if &<1
g : e

—_

VL e (EE))) e

v=1-8 , u=¢-1

\

The Fourier transform method leads to a surface integral on the unit
sphere,

aj az as

15 s (69)

Pij (07 H) = / 3/2 n
dm s, (owmm) (a3n? + adn + a3n3)”

with spherical coordinates 7; (9} + 13 +n3 = 1) as follows:
M = cos sinf, mny =sinp sinf, 13 = cosf
dS, =sinfdfdp, 0<0<m 0<p<27

The derivation of the solution may be summarized as follows:

1 Introduce new coordinates on the unit sphere, replacing 7n; by ¢; such
that (see the change of variable used by [37] chap. 4, Anisotropic
inclusions, relations 16.10 and 17.9 for the elastic problem)

a;m; 1/2

G = C" = (a3 + aZnd + adnd)Y (71)
a1 s a

G+E+G =1 dS.= lci 2ds, (72)
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This yields

1 H_I-C ® C.tq't_l
Plo#) == 5 CH Lo ek (73)

2 Define a transformed ellipsoid with shape tensor R,

3
R=Ho 2 oV2= Z

=1

1
L, ®L; (74)

0

with o; the eigenvalue of o and E, the associated eigenvector.

_ 1 RI¢CCIR™ _
P(aaﬂ) =0 Y2, (E Se C'tR_l.R_l'C ng No s 1/2 (75)

(. J/
-~

P(i,R)

The anisotropic solution can finally be expressed as
P(o,H)=0'"2P(i,Ho'/?) .07/ (76)

See [13, 15] for details on the numerical calculation. This calculation only
needs the solution of elliptic integrals and the algorithm for the eigenvectors
and eigenvalues of a symmetric 3 — 3 matrix. As an example, by using Sci-
entific Computing Tools for Python, available at www.scipy.org, one can use
the scipy.special.ellipkince, scipy.special.ellipeinc, and linalg.eig tools avail-
able at www.numpy.org. Note that the transformation of coordinates used
to calculate the Hill tensor is already known in geophysics; see [38], which
refers to Frank’s solution [39].

6.4. Particular case of aligned spheroidal inclusions with the same symmetry
axis as the transversely isotropic matrix

We detail, as a particular case of the general solution presented in sec-
tion 6.3, the polarization tensors related to spheroidal inclusions: an oblate
spheroid (0 < v < 1) and a prolate spheroid (1 < ), with symmetry axis 3
corresponding to the general equation (49) with a; = ay = a and a3z = avy.
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One considers a transversely isotropic matrix with conductivity tensor oy (n
denotes the unit vector along the symmetry axis),

oo=00 (Vir+iy), in=n®n, ir=1—1iy (77)
The corresponding transformed ellipsoid R = H.o~'/? is written as
. . . 1 /1, 9.
H =iy +yiy, T\’,.'T\’,:U— ;zT—i—fY N (78)
0

The semi-lengths of the transformed ellipsoid (n = e;) are written as

1 gl
U ,—O_O ) N 3 ,—0_0 ( )

The aspect ratio of the transformed spheroid is defined as

AT:A1:A2

f—A—T—VW (80)

In transversely isotropic rocks, the electrical conductivity tensor generally
verifies that v > 1, and the following particular cases may be distinguished:

e oblate solution: 0 < v < %

e spherical solution: v = %, the considered spheroid is oblate (v = 1% <1)

but the transformed spheroid is a sphere

e prolate solution: % < 7; it may be noted that if % < v < 1, the spheroid
is oblate but the transformed spheroid is prolate

The Hill polarisation tensor P of a spheroidal inclusion aligned in the di-
rection of a transversely isotropic matrix (the spheroid and matrix have the
same symmetry axis) is written as
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6.5. Particular case of spheroidal inhomogeneities with symmetry axis per-
pendicular to the symmetry axis of a transversely isotropic matrix

It is convenient, for this case, to consider the intermediate basis ef* =
ij”‘ e; detailed in appendix 7. In this basis, as e3* = e (symmetry axis of
the matrix), the matrix conductivity tensor is written as

o9 = 0y (V2 (Qfa®§1a+§2a®§2a)+Q3a®23a) (82)
The shape tensor of a spheroid with symmetry axis ef is written as
H=cl@el +e5 Deh +e5 @e (83)

A rotation of angle 6, = 7 leads to the following shape tensor in the inter-
mediate basis:

Ho=cl" @l + el ®ed et @es” (84)
The corresponding transformed ellipsoid R = H.o~/? is diagonal and or-
thotropic,
t L /1 7 o
RR=—|5e"@ef" + 5ef" ®es™ +ef* @es” (85)
oo \ V2 V2

The semi-lengths of the transformed ellipsoid are written as

1
afe = <afr=——\ afo=_1 (86)

vr N /o

7. Appendix. Averaged tensors in the transversely isotropic frame

7.1. Transformations of coordinates useful in the case of a transversely isotropic
matrix

We present in this section details of the calculus of tensors averaged over
orientation in the particular case of a transversely isotropic matrix with em-
bedded spheroidal inclusions. In the case of orientation, the distributions ver-
ified the symmetry of the revolution about the same axis as the matrix.The
effective conductivity is transversely isotropic with the same symmetry axis
as the matrix. An overline denotes averaging over orientation; in the case of
a second-rank tensor B, this is written as

J=1 9l
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Figure 5: ¢, angle characterizing rotation in transversely isotropic plane (longitude spher-
ical angle about the symmetry axis of the material)

1 2

= —
T 4n

/ Bij (¢a,0a) sinby, db, do, (88)
00a=0

pa=0

where spherical angles ¢, and 6, are shown in figures 7.1-7.1 (with the e
symmetry axis of the transversely isotropic matrix and material).

e = Qe (89)

The corresponding non-zero components of the transformation matrices are
written as

Yo _ YPa _ Yo __ Yo __ Yo __ :
i1 = Q3 = cos pa, 33 =1, iz = —Qs = —siny,

a _ Nba Pa _ N

g =Wy e" =g (90)

ea Qa Ga 9(1 ea M
Q1 =1, Q5 = Q33 =cosb,, (3 =—0Q35 =—sinb,
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AL3 =T ?;O‘ symmetry axis of matrix & effective material
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Figure 6: Inclination angle 6, between the symmetry axes of the matrix and a spheroidal
inclusion (colatitude spherical angle about the symmetry axis of the material)

7.2. Case c: random orientation distribution and numerical integration over
colatitude angle 0,

By using the integration method detailed in [16], one obtains

Bij (¢a;ba) = @ (0a) Q" (0a) B (ba) (91)

The averaged tensor is transversely isotropic,

1 (T
Br = 1 / (B{7 (0,) + Bss (0,)) sinb, db, (93)
00=0
— 1 /7

The Gaussian quadrature rule is finally used to calculate integrals (93-94)

7.8. Case b: azially random orientation distribution

This case is simpler than the previous case, as we consider a constant
angle ¢, = § (see figure 7.3). For Hill, the conductivity contribution and
concentration tensor of isolated inhomogeneities are orthotropic. A random
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symmetry axis of spheroid
@ —
T3 = Ty

orthotropic Hill tensor P

Figure 7: Inclination angle 6, = 7/2 between the symmetry axes of the matrix and a
spheroidal inclusion

orientation distribution in the transversely isotropic plane conduces to trans-
versely isotropic averaged tensors with the same symmetry axis as the matrix.
By using the integration method detailed in [16], one obtains

Bij (va) = Q' (va) QF (va) By (95)

The averaged tensor is transversely isotropic,

. 1 2m 1 2m
ij = o Bij (¢a) dpa = oy sza (¢a) Qi‘a (¢a) Blfla dpo  (96)
T J g0 T J =0
B = Brir + Byiy (97)

_ BY* + Bf>
Br— 2128 By - B (98)
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Figure 9: Mineral map of a sample of Callovo-Oxfordian mudstone [6]
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Figure 10: Case a: aligned distribution of inclusions. Ratio of the transverse to normal

matrix conductivity as a function of the aspect ratio «; of inclusions (only the oblate case)
for different values of the volume fraction ¢; of the inclusion phase.

DEM (plain) - MTB (dashed) - Axial Random

adlad
4.8¢
—— DEM - =02
4.67 ——— DEM- ¢=0.3
4.4} —— DEM- =04
4o ——— DEM- =05
----- MTB - ¢=0.2
A0~ T - MTB - ¢:=0.3
3.8 s\\_¥ """""""""""""" MTB - ¢=0.4
=SS M- em0s
2 3 4 5"

Figure 11: Case b: inclusions randomly distributed in the transversely isotropic plane
(axially random distribution). Ratio of the transverse to normal matrix conductivity as a
function of ~; (oblate and prolate cases) for different values of the volume fraction ¢; of
the inclusion phase.
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Figure 12: Case a: aligned distribution of inclusions. Ratio of the transverse to normal

matrix conductivity as a function of ~; for teh DEM, MTB and Maxwell homogenization
schemes with different aspect ratios of the effective spheroidal inclusion.
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Figure 13: Case c: random orientation distribution of inclusions. Ratio fo the trans-
verse to normal matrix conductivity as a function of v; for the DEM, MTB and Maxwell
homogenization schemes.
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Figure 14: Two-phase model. Comparison between cases a (aligned), b (axially random)
& c (random). Ratio of the transverse to normal matrix conductivity as a function of ~;
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Figure 15: Orientation distribution function (ODF) with argument colatitude angle 6,
and parameter x = 0 (random); 1;2; 3; 4; 5; 10; 20; 50
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Figure 16: Two-phase model (case d): ODF. Ratio of the transverse to normal matrix

conductivity as a function of v; for different degrees of alignment (from top to bottom on
the left (oblate) x = 0 (random); 1;2; 3; 4; 5; 10; 20; 50, aligned)
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Figure 17: Reference 3-phase model. Random orientation distribution. Ratio of the
transverse to normal matrix conductivity as a function of the aspect ratio y; of calcite
spheroidal inclusions
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Figure 18: Reference 3-phase model: ODF. Ratio of the transverse to normal matrix
conductivity as a function of the aspect ratio v; of calcite spheroidal inclusions for different
degrees of alignment
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Figure 19: Reference 3-phase model: ODF. Ratio of the transverse to normal matrix
conductivity as a function of the aspect ratio ; of calcite spheroidal inclusions for different
degrees of alignment
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Figure 20: 3-phase model with 2.3 < 1v%; = o5t /oS!l < 6.3 (plain line: random; dashed line:
aligned orientation distributions). Ratio of the transverse to normal matrix conductivity
as a function of v%; for different aspect ratios of calcite inclusions: Red: 71 = 0.2, Black:
~v1 = 0.3, Blue: 71 = 0.4, Green: ~; = 1.
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Figure 21: 3-phase model with v2; = o$f/0% = 4.3 (top) — 2.3 (bottom). Ratio of
the transverse to normal matrix conductivity as a function of ; for different degrees of
alignment (from top to bottom on the left (oblate) x = 0 (random); 1;2; 3;4; 5; 10; 20; 50,

aligned)
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Figure 22: 3-phase model with 2.3 < v% = 05T/ < 6.3, (plain line: random; dashed
line: aligned orientation distributions). Ratio of the transverse to normal matrix conduc-
tivity as a function of v%; for different aspect ratios: Red: 71 = 0.2, Black: v = 0.3, Blue:
v1 = 0.4, Green: v; = 1.
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Figure 23: 3-phase model with v = o$7/oSf = 3.3: model 1 (top) and model
2 (bottom). Ratio of the transverse to normal matrix conductivity as a function of
v1 for different degrees of alignment (from top to bottom on the left (oblate) x =
0 (random); 1; 2; 3; 4; 5; 10; 20; 50, aligned)
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