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Random tensors, random spaces
Why?
How?



Random surfaces

® 2D quantum gravity and matrix models:

® Matrix models provide a theory of random discrete surfaces weighted
by a discretized Einstein-Hilbert action.

® Evidence for matrices being the right discretization of 2D quantum
gravity.

® In the last 10 years, much progress from probabilists:
® Random metric surfaces (e.g. Brownian map).
® Universal limit of large planar maps.
® Liouville quantum gravity sphere = Brownian map.
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2. LQG = GFT = T(G)FT



Invariant actions
Symmetry

Consider T, T : ZP — C, complex rank D tensors with no symmetry.



Invariant actions
Symmetry

Consider T, T : ZP — C, complex rank D tensors with no symmetry.

® Matrix models: invariant under (at most) two copies of U(N).
Tensor models (rank D): invariant under D copies of U(N).

(1) (2) (D)
T"l"?"'nD — Z Un1m1 Ungmg e UanD Tm1m2"'mD
m



Invariant actions
Symmetry

Consider T, T : ZP — C, complex rank D tensors with no symmetry.

® Matrix models: invariant under (at most) two copies of U(N).
Tensor models (rank D): invariant under D copies of U(N).

(1) (2) (D)
T"l"?"'nD — Z Un1m1 Ungmg e UanD Tm1m2"'mD
m

® |nvariants as D-coloured graphs

T T T-T:= Zn, Toymansng T nymansng



Invariant actions
Symmetry

Consider T, T : ZP — C, complex rank D tensors with no symmetry.

® Matrix models: invariant under (at most) two copies of U(N).
Tensor models (rank D): invariant under D copies of U(N).

(1) (2) (D)
T"l"Z'"nD — Z Un1m1 Ungmg e UanD Tm1m2"'mD
m

® |nvariants as D-coloured graphs (bipartite D-reg. properly edge-coloured)

T T T-T:= Zn,- Toymansng T nymansng



Invariant actions
Symmetry

Consider T, T : ZP — C, complex rank D tensors with no symmetry.

® Matrix models: invariant under (at most) two copies of U(N).
Tensor models (rank D): invariant under D copies of U(N).

(1) (2) (D)
T"l"Z'"nD — Z Un1m1 Ungmg e UanD Tm1m2"'mD
m

® |nvariants as D-coloured graphs (bipartite D-reg. properly edge-coloured)

T T

§ :mi;nj Tm1 mymszmgy Tm1 nomsmay Tn1 non3ng TI‘I1 mon3ng



Invariant actions
Symmetry

Consider T, T : ZP — C, complex rank D tensors with no symmetry.

® Matrix models: invariant under (at most) two copies of U(N).
Tensor models (rank D): invariant under D copies of U(N).

npmp Tm1m2"'mD

1) () (®)
Tn1n2~~-nD — Z Un1m1 Un2m2 U U
m

® |nvariants as D-coloured graphs (bipartite D-reg. properly edge-coloured)

§ :mi;nj Tm1m2m3m4 Tm1n2m3m4 Tn1n2n3n4 Tn1m2n3n4



Invariant actions
Symmetry

Consider T, T : ZP — C, complex rank D tensors with no symmetry.

® Matrix models: invariant under (at most) two copies of U(N).
Tensor models (rank D): invariant under D copies of U(N).

(1) (2) (D)
T"l"Z'"nD — Z Un1m1 Ungmg e UanD Tm1m2"'mD
m

® |nvariants as D-coloured graphs (bipartite D-reg. properly edge-coloured)

§ :mi;nj Tm1 mymszmgy Tm1 Nnomszmay Tn1 non3ng TI‘I1 mon3ng



Invariant actions
Symmetry

Consider T, T : ZP — C, complex rank D tensors with no symmetry.

® Matrix models: invariant under (at most) two copies of U(N).
Tensor models (rank D): invariant under D copies of U(N).

(1) (2) (D)
T"l"Z'"nD — Z Un1m1 Ungmg e UanD Tm1m2"'mD
m

® |nvariants as D-coloured graphs (bipartite D-reg. properly edge-coloured)

§ :mi;nj Tm1m2m3m4 Tm1n2m3m4 Tn1 non3ng Tn1m2n3n4




Invariant actions
Symmetry

Consider T, T : ZP — C, complex rank D tensors with no symmetry.

® Matrix models: invariant under (at most) two copies of U(N).
Tensor models (rank D): invariant under D copies of U(N).

(1) (2) (D)
T"l"Z'"nD — Z Un1m1 Ungmg e UanD Tm1m2"'mD
m

® |nvariants as D-coloured graphs (bipartite D-reg. properly edge-coloured)

2 § :mi;nj Tm1 mom3zmgy Tm1 nomsmay Tn1 non3ng TI‘I1 mon3ng



Invariant actions
Symmetry

Consider T, T : ZP — C, complex rank D tensors with no symmetry.

® Matrix models: invariant under (at most) two copies of U(N).
Tensor models (rank D): invariant under D copies of U(N).

(1) (2) (D)
T"l"Z'"nD — Z Un1m1 Ungmg e UanD Tm1m2"'mD
m

® |nvariants as D-coloured graphs (bipartite D-reg. properly edge-coloured)

T T

E :mi s nj Tm1 momszmgy Tm1 mon3ng 7;‘!1 nonzng Tn1 nomsmy



Invariant actions
Feynman graphs

® Action of a tensor model

S(T,T)=T-T+> gsTrs[T, T,
BeTJ
J C {D-coloured graphs of order > 4} interaction vertices



Invariant actions
Feynman graphs

® Action of a tensor model
S(T,T)=T-T+> gsTrs[T, T,

Bed
J C {D-coloured graphs of order > 4}

® Feynman graphs

— | i
— v

/
\

interaction vertices



Invariant actions
Feynman graphs

® Action of a tensor model

S(T,T)=T-T+> gsTrs[T, T,
BeTJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs




Invariant actions
Feynman graphs

® Action of a tensor model

S(Tv?) =T 7—’— ZgBTI’B[T,T],
BeTJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs = (D + 1)-coloured graphs




Invariant actions
Feynman graphs

® Action of a tensor model

S(Tv?) =T 7—’— ZgBTI’B[T,T],
BeJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs = (D + 1)-coloured graphs = D-Triang. spaces



Invariant actions
Feynman graphs

® Action of a tensor model

S(Ta?) =T 7—’— ZgBTrB[T7T]>
BeJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs = (D + 1)-coloured graphs = D-Triang. spaces

vertex D-simplex




Invariant actions
Feynman graphs

® Action of a tensor model

S(Ta?) =T 7—’— ZgBTrB[T7T]>
BeJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs = (D + 1)-coloured graphs = D-Triang. spaces

half-edge (D — 1)-face




Invariant actions
Feynman graphs

® Action of a tensor model

S(Ta?) =T 7—’— ZgBTrB[T7T]>
BeJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs = (D + 1)-coloured graphs = D-Triang. spaces

half-edge (D — 1)-face




Invariant actions
Feynman graphs

® Action of a tensor model

S(Ta?) =T 7—’— ZgBTrB[T7T]>
BeJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs = (D + 1)-coloured graphs = D-Triang. spaces

half-edge (D — 1)-face




Invariant actions
Feynman graphs

® Action of a tensor model

S(Ta?) =T 7—’— ZgBTrB[T7T]>
BeJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs = (D + 1)-coloured graphs = D-Triang. spaces

half-edge (D — 1)-face




Invariant actions
Feynman graphs

® Action of a tensor model

S(Ta?) =T 7—’— ZgBTrB[T7T]>
BeJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs = (D + 1)-coloured graphs = D-Triang. spaces

vertex D-simplex




Invariant actions
Feynman graphs

® Action of a tensor model

S(Ta?) =T 7—’— ZgBTrB[T77]>
BeJ
J C {D-coloured graphs of order > 4} interaction vertices

® Feynman graphs = (D + 1)-coloured graphs = D-Triang. spaces

edge gluing
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Loop Vertex Expansion

Motivations

LVE = main constructive tool for matrices and tensors

® Originally designed for random matrices. [Rivasseau 2007]

® |nitial goals:

1. Constructive ¢}*,
2. Simplify Bosonic constructive theory.

1. Classical constructive techniques unsuited to matrices/tensors.
2. Bosonic perturbative series cannot be resumed as easily as Fermionic
ones.

=1 Y A=Y Y Y w6 DA

n=0 " G,n(G)=n n=0 " G,n(G)=n TCG

i? Y Ar Ar=) w(G,T)Ag

n:
n>0 T,n(T)=n GDOT
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The BKAR forest formula

® Fix an integer n > 2.

n(n—1)

® f a function of >— variables xy, sufficiently differentiable.

® K,, complete graph on {1,2,...,n}. #E(Ky) = 2ot

Then,

f(1,1,...,1) = Z/dwfaff(xf(wf))
F

where

® the sum is over spanning forests of K,
1
o [dwr =]licer Jo dwe,
. d
* 0r = Ilicer) 7
o X7 = (xf)geg(Kn) with x; the infimum of the wy for ¢ running

over the unique path (if it exists) in F joining the two ends of £ if it
exists, 0 otherwise.



Loop Vertex Expansion
Analyticity of the free energy of ¢g

20 = [ duto). du(o) = et

Theorem
log Z is analytic in the cardioid domain {\ € C : |A| < 1 cos?(% arg\)}.

Cardioid

u}
o)
1
n
it
[
)
0
i)



Loop Vertex Expansion
Analyticity of the free energy of ¢g

Theorem
log Z is analytic in the cardioid domain {\ € C : |\| < 1 cos?(3 argA)}. J

Proof. LVE is done in 3 steps:
1. Intermediate field representation,
2. Replication of fields,
3. Forest formula.
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1. Intermediate field representation:

Z(0) = / ") du(o), V(o) = —Llog(1 — 10v/N).
R
2. Replication of fields:
=35 [Veorae) =55 [ (TTve) )
n=0 n>0
3. Forest formula:
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Loop Vertex Expansion
Analyticity of the free energy of og

log Z = Z Z /dWT/ H Jor 80(?(@) H V(o } dperw)(F)

n>1"" TCK, CEE(T)

=5 Z A/2 Z /dWT/ 1 dl; U)\)d’} dpet(wy(7).
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Loop Vertex Expansion
Analyticity of the free energy of cbg

ogz=Y" > [awr [[ T] 80 - n (a,-)} dcr ) (@)

n>1"" TCK, LeE(T)

>\/2 Z / / (di — 1) )

Z dWT d/,LCT( )(U).
2 n>1 TCK, (1 —w0iv/A A)d'}

Using ‘1 — mﬁ‘ > cos($ arg \), we get

n

11 |\l n—1
||ogz<2n§_:1n!<2cos2(1arg)\)> ZH(d"_l)!

] K, i=1
—1 COoSs alg A)

which is convergent for all A € C such that |A| < % cos?(3 arg ). O
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An example at work
Presentation and main result
Sketch of the proof
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The T, field theory

® Tensor fields:
T:7Z* > C, T, T with n,nn € Z*.
® Free action:

_ dT,dT+ B _ 1T
duc(T,T) = (HQW”> det(C 1) e ZMTCM Tn7

n,n

(Lo I i
Cnﬁ T]_nn 5",57 n2 — n% —+ n% + n% + ni7

1. = 124 1< M2imax (5,,75.

)



The T, field theory

® Tensor fields:

T:7* - C, Tw, Ts with n,n € Z*.
® Free action:
1.
Coii =0nz %, n’ = nf + n% + ng + ni.
® |nteractions: -
=&Y V(T.T), VI(T.T)=
c=1

T




The T} field theory

Tensor fields:

Tw, Ts with n,n € Z*.

n

T:7Z* = C,
® Free action:
1. _
Cn,ﬁ = 5n,ﬁ ( ’:2[:_)()1""»
® |nteractions:
V(TaT) = %Z Vc(TvT)7

c=1

® Formal partition function:

Zo(g)

_£
:/62

2

::nf—{—ng—i—ng—}-ni.
T,
V(T,T) =
T:

2T (T, ).
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The T, field theory

Perturbative renormalisation

Proposition

T4 is renormalisable to all orders of perturbation.

® Power counting similar to the one of ¢3.
2 divergent 2-point graphs: M§, M§
® 7 divergent melonic vacuum graphs: V;,i=1,2,...,7

® 3 divergent non melonic vacuum graphs:
- 2\ o
) s ELID

9”{1 gIQ m3



The T, field theory

Analyticity

® Renormalised partition function:

—g)ll _
Z..(g) = N/e VT THTT(Loen S8 %) gpue(T,7),

M= {M{ M5, c=1,2,3,4},
log A/ = (finite) sum of the counterterms of the divergent
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The T, field theory

Analyticity

® Renormalised partition function:

olfl —
2 () = N [ EATTTT( e S0 (1,7,
M= {M{ M5, c=1,2,3,4},
log A/ = (finite) sum of the counterterms of the divergent

vacuum connected graphs.

Theorem (Rivasseau, V.-T. 2017)

There exists p > 0 such that lim;, . log Z;  (g) is analytic in the
cardioid domain defined by |arg g| < 7 and |g| < pcos?(3 arg g).
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1. Intermediate field representation: oc € Hermppima, ¢ =1,2,3.4

ijax (g) = Neét / e_ i IOE(H _Z)_,L)\ ZC 5; Treoe dV]I(&)

)\:gl/Z
Y =ACY25CY/2
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The general strategy

0. Renormalised partition function:

_g - T (—g)!€l -
ijax(g):N/e §) . V(T4 T(ZGEM S 65) duc(T,T).

1. Intermediate field representation: oc € Herm jimax
Z,..(g) = Ne / e Trlosll=2)=A DS 5, Treoe gy, (7).

2. Renormalised action:

ijax(g) _ /efTrIog3(]I7U)7Tr(D1):2)7>‘—22:;»Qt7: dl/][(a")

U=Y+D, + D,
Dy = —)\2C1/2A5\41 C1/27 D, = )‘4C1/2A5V12 C1/2
U?

logs(I—U) = log(I-U)+ U + -



The general strategy

3. Multiscale decomposition:

(lg)nﬁ
n?+1

ng = 5,,,5

)\2 = -
Vg = Trlogs[1 —Ug;] + Tr[D1 < Z<J] + 0 Qg0

. v
Ve = Z(V<j ~Vg) =) VY
=1

Z;,,.( /He Y din (¢ / ~ 2NN G (3)du(X, )

Wi=e" -1



The general strategy

0. Renormalised partition function:

_s =TT glel o
ijax(g):N/e §) . V(T4 T(ZGEM S 55) duc(T,T).

1. Intermediate field representation: oc € Herm
Z,..(g) = Ne™ / e el =) =A D 0 Treoe gy (7).

2. Renormalised action:
Z, (g) = /efTrIog3(]l7U)7Tr(D1):2)7>‘—22:t7»Q;: du(3).

3. Multiscale decomposition:

Z.(g) = / e 2NN g (3)du(R, )
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The general strategy
4. Multiscale Loop Vertex Expansion: [Gurau, Rivasseau 2014]
(2-jungle formula)

® 2 forest formulas on top of each other
® First, a Bosonic forest then a Fermionic one

Jmax Jmax
08 246 =Y DD IEDD
n=1 J tree ji=1 Jn=1

/dWJ/deaj H;[agg(xfwja(ﬁaﬂf)}

® wy; = weakening parameters wy, £ € E(J)
® y7 = interpolated Gaussian Bosonic and Fermionic measures

® (7 = derivatives with respect to the o-, x- and x-fields



The general strategy

4. Multiscale Loop Vertex Expansion: [Gurau, Rivasseau 2014]

® 2 forest formulas on top of each other (2-jungle formula)
® First, a Bosonic forest then a Fermionic one

Jmax

SEREEDIED D 9 oy L199 P2TR) 1§ 1 (S ATACNS)

=1 " 7 tree =1 Jn=1

Jmax Jmax
—Z PR Z/dWJH 5jajb))/6
n=1 " J tree j1=1 Jn=1 abGB
a#b
IB*/aBHWa a)dVBfZ/ [ e %t )AG( ) dvs(7)
aeB aeB

® Graphs G are plane forests.



The general strategy

Bosonic bounds

/B_Z/ [T e %) Aq(3) dus ()

aeB

|IB| g /H 62‘ 5@ dVB /‘AG |2 dVB
aeB

IB perturbative

137, non-perturbative



The general strategy

Bosonic bounds

aeB

ol < ([ L aus) ™ 52 [1Ac(a)? dvs)
[

NP Ig, perturbative

Iz, non-perturbative

5. Non-perturbative bound:

Theorem

For p small enough and for any value of the w interpolating parameters,

e — / I] &% dus < 0(1).

aeB




The general strategy

Bosonic bounds

ol < ([ L aus) ™ 52 [1Ac(a)? dvs)

acB G —_—

Ig, perturbative

NP

Iz, non-perturbative

6. Perturbative bound:

Theorem
Let B be a Bosonic block. Then there exists K € R* such that

_ 37/2 o _1;
I5(6) < KIF=A((1B] = 1)) *%p@) T] M5,
aeB




The general strategy
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Renormalised partition function
Intermediate field representation
Renormalised action

Multiscale decomposition
Multiscale Loop Vertex Expansion
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Perturbative Bosonic bound



The general strategy

Renormalised partition function
Intermediate field representation
Renormalised action

Multiscale decomposition
Multiscale Loop Vertex Expansion
Non-perturbative Bosonic bound

Perturbative Bosonic bound

No bk wdhd = Oo

Put everything together and cross your fingers. .. O

u}
o)
I
i
ht
n




Conclusion and perspectives

® Tensor field theory provides a combinatorial theory of random
D-spaces.

® In the last 8 years, a lot of results with tensors:
%—expansion, perturbative and constructive renormalisation, continuum
limit of the dominant triangulations, double scaling limit, uniform random
complexes etc.

e Regarding T/, one could also prove Borel summability and
analyticity of the connected correlation functions.



Conclusion and perspectives

® Tensor field theory provides a combinatorial theory of random
D-spaces.

® |n the last 8 years, a lot of results with tensors:
%—expansion, perturbative and constructive renormalisation, continuum
limit of the dominant triangulations, double scaling limit, uniform random
complexes etc.

e Regarding T/, one could also prove Borel summability and
analyticity of the connected correlation functions.

e TZ (just renormalisable, asymptotically free)
¢ New Loop Vertex Representation [Rivasseau 2017]

e Simplify Bosonic constructive theory?



Thank you for your attention



Non-perturbative bounds

Theorem

For p small enough and for any value of the w interpolating parameters,

/H V(@) gy < O(1)1B10WE 181,

aeB

Proof.
1. Expand each node:

Pa k 1 1
: 2|V,,1) VLD ey,
av,l _ v @Y (1 e 2V 26,1V,
e _Z Kkl +/0 dt;,(1—t;,) P CH
k=0
2. Crude non-perturbative bound: (Quadratic bound)
/He2‘v Ndvg < KIBle KoM
aeB

3. Power counting (via quartic bound) beats both combinatorics and
the crude non-perturbative bound. (]



Perturbative bound

Theorem
Let B be a Bosonic block. Then there exists K € R% such that

6) = [1Ac(@) dvs < KIZ3((15] - 1)) "% T] m-bi.

aeB

® Ag(7) depends on o (essentially) through resolvents.

® If not for resolvents, Ag would be the amplitude of a convergent
graph.
® Remove resolvents with iterated Cauchy-Schwarz estimates.
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