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Formation of localized sand patterns downstream from a vertical cylinder under steady flows:
Experimental and theoretical study
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(Received 26 May 2016; revised manuscript received 21 September 2016; published xxxxxx)

The generation of localized, spatially periodic patterns on a sandy bottom is experimentally and theoretically
studied. Tests are performed in a hydrodynamic flume where patterns are produced downstream from a vertical
cylinder under a steady current. It is found that patterns appear as a result of a subcritical instability of the
water-sand bottom interface. A dependence of the area shape occupied by the patterns on the flow velocity and
the cylinder diameter is investigated. It is shown that the patterns’ characteristics can be explained using the
Swift-Hohenberg equation. Numerical simulations point out that for a correct description of the patterns, an
additional term which takes into account the impact of vortices on the sandy bottom in the wake of a cylinder

must be added in the Swift-Hohenberg equation.

DOI: 10.1103/PhysRevE.00.002900

I. INTRODUCTION

In recent decades, the study of the formation of localized
structures in nonequilibrium media has attracted the attention
of researchers. Such structures were found in chemically
active media, in granular materials, and in many numerical
experiments with model equations. A sandy bottom under
hydrodynamic flow is an example of a nonequilibrium medium
[1]. The interface between the water flow and the sandy bottom
is unstable owing to perturbations with zero phase velocity.
This instability has been studied for over 100 years [2]. It
was found that its development may lead to the generation of
different stationary patterns at the bottom: roller structures,
modulated rollers, and cellular structures consisting of a
rhombus or squares. These structures were studied in detail
for the case of supercritical instability when spatially periodic
patterns arise from infinitesimal perturbations and occupy
an area with a characteristic dimension that is substantially
greater than the spatial period of the pattern. In this paper, we
investigate localized patterns which appear on a sandy bottom
as a result of subcritical instability under finite-amplitude
perturbations. These perturbations are generated downstream
from a vertical cylinder. It should be noted that erosion,
so-called scour [3-5], appears in the vicinity of the cylinder.
The features of the scour have been investigated in detail, since
they are essential for the design of hydraulic structures [6—10].
The present work is devoted to sand structures appearing under
the influence of vortices in the wake of a vertical cylinder.
Vortices contribute to finite perturbations and initiate the
pattern’s development on the sandy bottom. The mechanism
of occurrence of localized patterns is investigated in this
paper. For the present experimental conditions, the water-sand
boundary is stable with respect to small perturbations when
there is no vertical cylinder placed on the bed.

This paper is organized as follows. In Sec. II, the experimen-
tal setup and results are presented. Section I1I is devoted to the
theoretical approach. The theoretical results are compared with

“francois.marin @univ-lehavre.fr

2470-0045/2016/00(0)/002900(7)

002900-1

the experimental findings. The paper ends with conclusions in
Sec. IV.

II. EXPERIMENTAL SETUP AND RESULTS

The experiments were conducted in a 10-m-long, 0.49-m-
wide current flume. The mean water depth H was 0.2 m.
Current was generated by a recirculating pump, as shown in
Fig. 1.

The first series of tests was carried out without sediment
and without a cylinder. An acoustic Doppler current profiler
(ADCP) was used for these tests to get vertical profiles of the
fluid velocity in the channel above the artificial bed which
was hydraulically smooth. The flow regime was turbulent for
all of the tests since the value of the flow Reynolds number
Re = U H /v, where U is the depth-averaged current velocity
and v the water kinematic viscosity, was greater than 5000,
the critical value for the flow to be turbulent [11]. The velocity
profiles can be described by a logarithmic law characteristic
of a turbulent flow, for z > 0.02 m, where z is the vertical
distance above the bed (Fig. 2), except for the highest values
of z where the outer flow takes place. This logarithmic law
may be written as follows,

u 1 (z)
—=—=In{—,
Uy K 20

where u is the horizontal component of fluid velocity at height
z above the bottom, u, the shear velocity at the bed, K the
Karman constant which is usually taken to be 0.4, and zp a
length scale.

The test conditions are shown in Table I, where D is the
cylinder diameter and Rep, = U D/v. Tests 113 were carried
out with a 7-cm sand layer of median diameter d = 340 um
and relative density s = p;/p = 2.65, where p, and p are the
sand and fluid density, respectively, for flow conditions such as
the bed shear stress was too weak to move the sediments when
there was no vertical cylinder placed on the bottom. A critical
value of 0.31 m/s for the depth-averaged current velocity U for
the initial movement of the sediments has been experimentally
obtained. Below this critical value, the sand particles on the

(D

©2016 American Physical Society

53

54

55

56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
4l
72

73

74
75
76
77
78
79
80
81
82
83
84
85
86

87


https://doi.org/10.1103/PhysRevE.00.002900

88

89

90

91

92

93

94

95

96

97

98

929

AUZERALIS, JARNO, EZERSKY, AND MARIN

PHYSICAL REVIEW E 00, 002900 (2016)

C .
Honeycomb Rail . amera Acoustic sensors
Cylinder
Mean water level
AV4
-
g g .
= ~ Flow Bathymetric
= < Bottom Sandy\bed SEnsors Bottom
" 52m 1.5m -
Pump Flowmeter 0.3m
~\
z =4
10 m

FIG. 1. The experimental setup.

bottom are motionless, when sediment transport starts above
this value. Let us consider the following relation proposed by

79. The value of the Reynolds number Re, = u, k;/v = 11.8,
where k; = 2.5d [13] is the roughness length of the bed, lies

in the transition region since 5 < u,k;/v < 70 [11], and the
length scale zq in the log-law velocity distribution [Eq. (1)]

Ref. [12],
. = & + 0.055[1 — exp(—0.020D,)], (2) may be estimated by [11]
14+ 1.2D,
where 6, is the critical value of the Shields parameter 6 for 0= —

the incipient sediment motion, and D, = [(s — 1)g/ V2134,
with g the acceleration due to gravity. The Shields parameter

is defined as follows,
0 = L7
pls — Dgd

where 7 is the bed shear stress. Using Egs. (2) and (3), for
the present tests, it is possible to estimate the critical Shields
number 6, = 0.035, and the critical value of shear velocity
at the bed u,. = /to./p = 0.0139 m/s for the incipient sedi-
ment motion, with 7. being the corresponding critical value of

30

£ [1_eXp<_

Uik
27v

Vs

Ot

@

The bottom is considered to be hydraulically smooth when

Re, < 5, and hydraulically rough when Re, > 70. In the
transition regime (5 < Re, < 70), we have [11]

3)

U =2.5u,1In <

2.72Zo>'

Using Eqs. (2), (4), and (5), we get an estimation of the critical
value of the depth-averaged current velocity U for an incipient
sediment motion of 0.29 m/s. This result is in good agreement
with the experimentally obtained value of 0.31 m/s. Table I

(&)

shows that the present tests were carried out for U < 0.29 m/s,

04 in other words, for 8 < 6. A vertical cylinder was embedded
in the sand layer, as shown in Fig. 1. The sandy bottom was
03 - . ..
TABLE I. Experimental conditions.

:go s K . Test number D (mm) U (m/s) Rep Re
= _'_,..4-""/ 1 14 0.150 2100 30000
. 2 14 0.190 2660 38000
0.1 - Lo 3 14 0.200 2800 40000
4 14 0.210 2940 42000
. " 5 14 0.215 3010 43000
0 - : 6 25 0.150 3750 30000
0.002 0.02 0.2 7 25 0.180 4500 36000
z (m) 8 25 0.185 4625 37000
9 25 0.190 4750 38000
FIG. 2. Typical velocity profiles above the artificial smooth bed, 10 25 0.195 4875 39000
without pile placed on the bed, for a horizontal distance from 11 25 0.200 5000 40000
the honeycomb of 5 m. The solid lines show the best fit with 12 25 0.210 3250 42 000
the experimental data in the layer where the velocity profile is 13 25 0.220 3500 44000

logarithmic. M: Re = 29000; A: Re = 53 000.
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FIG. 3. Bed profiles at the equilibrium state. (a) Test 2, (b) test 4, (c) test 5, (d) test 8, (e) test 10, and (f) test 11.

initially flat. It is well known [8] that scour occurs in the
vicinity of the cylinder such as

)

where § and S, are the equilibrium scour depth and the
value of the scour at time ¢, respectively, and 7, is the time
scale of the scour process. The value of ¢, may be estimated
from the present tests at 30 min. For our experimental
conditions, we have 2100 < Rep < 5500 (see Table I), and a
turbulent Karman vortex street occurs downstream from the
vertical cylinder. Measurements carried out with hydrogen
bubbles which were produced by electrolysis show that the
dimensionless shedding frequency, the so-called Strouhal
number St= fD/U, where f is the frequency of vortex
shedding, is St = 0.2. This value agrees well with well-known
experimental data [14]. Bedforms appeared downstream from
the cylinder due to vortices when the sediments did not move
upstream from the cylinder (except in its vicinity where scour
was observed), apart for tests 1 and 6 for which the bed
remained flat. These two tests involve the lowest value of
the depth-averaged current velocity, and the perturbations
in the flow velocity field induced by the vortices are too
weak to initiate the development of patterns. The intensity
of these perturbations is considered later in this paper. A
high-resolution camera was used to get the top views of
the sand patterns, and an ultrasonic ranging system with a
linear array of transducers mounted on a movable carriage

(6)

was employed to provide three-dimensional (3D) bed profiles.
Figure 3 depicts bed profiles obtained with the ultrasonic
ranging system at the equilibrium state. The origins of x
and y are located at the cylinder center. Sand patterns are
clearly seen. For a fixed value of the cylinder diameter D, the
area where patterns appear increases for increasing values of
fluid flow velocity, as shown in Fig. 4 for D = 25 mm, figure
displaying a sharp phase transition. For a given value of the
depth-averaged current velocity U, this area is enhanced for
rising values of the cylinder diameter. This is illustrated in the
comparison between experimental and theoretical results in the

4500
4000 ®

3500

Pattern area (cm?)
— [~} N w
W [=3 W (=3
(=3 (=3 (=3 (=3
(=] (=} S (=]

1000

500

10 12 14 16 18 20 22
U (cm/s)

FIG. 4. Variation of pattern area with the depth-averaged current
velocity at the equilibrium state. D = 25 mm.
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FIG. 5. Variation of the pattern wavelength with the depth-
averaged current velocity at the equilibrium state. —¢—: D = 14
mm.---A---:D=25mm.

following section of the paper (Figs. 13 and 15). The pattern
wavelength A can be easily obtained at the equilibrium state
for the present tests. Figure 5, which exhibits a variation of A
with U for D = 14 mm and for D = 25 mm, shows that the
pattern wavelength increases for increasing values of fluid flow
velocity and of the cylinder diameter. Even at the equilibrium
state, the patterns are never completely immobile. In this paper,
we consider the patterns to be at the equilibrium state when
the pattern characteristics no longer change significantly with
time and fluctuate around the mean characteristics, as depicted
in Fig. 6 for the pattern wavelength.

Lee-wake vortices induce perturbations in the velocity field
which affect the bottom. Particle image velocimetry (PIV)
measurements were carried out to estimate the level of these
perturbations, as depicted in Fig. 7.

The measurements were performed without sediments on
the bed, in a horizontal plane located at 0.02 m above a
glass bottom, just outside the viscous sublayer. The camera
was placed under the glass bed. The spatial resolution was
37 000 pixels/cm, and the acquisition frequency was 15 Hz.
Figure 8 shows an example of the velocity field for the same
flow conditions as test 11, but without sediments on the bed.

Perturbations in the velocity field due to the Lee-wake vor-
tices are clearly exhibited. Time-averaged velocity fluctuation

12 ). at the eq. state

t (h)

FIG. 6. Variation of the pattern wavelength with time ¢. Test 8.
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Light sheet
c Flow
S
Cylinder Lee-wake vortices
shadow
Y Cylinder

Flume

« PIV measurement zone V Laser

FIG. 7. Sketch of the particle image velocimetry (PIV) system.

fields were estimated using the following equation,

W:% / (Ve =V +(V, =V )Y, ()
i JO

where V, and V, are the instantaneous velocity components
along the x and y axis, respectively, V, and Vy are the
time-mean values of V, and V,, and V is the time-averaged
velocity fluctuation. The integration time 7; was fixed to 16 s,
which is a time window greater than ten times the time interval
between two vortices shedding for all of the tests. Transverse
profiles of V? are depicted in Fig. 9 for D = 14 mm and
x/D = 1. These profiles exhibit two peaks which correspond
to the perturbations induced by the alternate vortex shedding
downstream from the cylinder. For a fixed value of D, the
intensity of the velocity fluctuations increases for increasing
values of Rep, as expected. Figure 9 shows that high values
of the velocity fluctuations are located in the wake zone for
—1 < y/D < 1. The variation of V2 with the dimensionless
distance from the cylinder in the current direction x/D is
plotted in Fig. 10 for y/D = —0.3 for the same tests as in
Fig. 9. Figure 10 shows that, outside the immediate vicinity of
the cylinder, the time-averaged velocity fluctuations decrease
quite rapidly for increasing values of the distance x from the
cylinder. As previously mentioned, no pattern appeared for
test 1 when the patterns were generated for the other tests
carried out with a 14 mm diam cylinder (tests 2-5). It can be
deduced from Figs. 9 and 10 that for D = 14 mm, the patterns
on the sandy bottom are not initiated under vortices when the
peak values of V2 are lower than 0.008 m?/s?, approximately,

I Cylinder -
shadow

T S N
o % - LRt pigies S NGO e

y/D

% e -
N o e PR A A S S S e R
-0.5*\\\\ e e T A AT AT A e T
R s e s B o P P P
S e ATt B S e P

NANN SN =T

N it

FIG. 8. Velocity field downstream from the cylinder. Re =
40000, Rep = 5000 (z = 0.02 m).
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FIG. 9. Variation of V2 [Eq. (7)] with the dimensionless trans-

FIG. 11. Variation of V2 [Eq. (7)] with the dimensionless trans-

verse distance from the cylinder y/D, for x/D =1 (z = 0.02m). -  verse distance from the cylinder y/D, for x/D =1 (z = 0.02 m).
-¢- -: Rep = 2100 (test 1). —A—: Rep = 2660 (test 2). --- o
Rep = 3010 (test 5).

and that patterns appear when these values are greater than
0.008 m?/s%. In the case of the 25 mm diameter cylinder,
the present tests indicate that patterns do not appear for peak
values of V2 that are lower than 0.014 m2/s%, approximately,
and do appear when these values are greater than 0.014
m?/s? (figure not shown). This confirms that the considered
instability leading to the formation of patterns on the sandy
bottom downstream from a vertical cylinder is subcritical. For
the same value of the fluid flow velocity, the time-averaged
velocity fluctuations increase for increasing values of the

cylinder diameter, as shown in Fig. 11 for U = 0.19 m/s.

III. THEORETICAL APPROACH

Let us consider the Swift-Hohenberg equation [15], a

phenomenological equation,

U =0.19m/s.—A—: D =14 mm (test 2). ---W--.: D =25 mm
(test 9).

Instability to infinitesimal perturbations occurs if ¢ > 0. If
& < 0, linear instability is absent. The instability occurs for
q > 0, if the initial perturbations are sufficiently large. It is the
so-called subcritical instability appearing in many physical
systems. The Swift-Hohenberg equation is widely used as a
model to describe pattern formation [16,17]. In particular, it
has been used to model patterns in fluids such as Rayleigh-
Bénard convection.

Equation (8) describes patterns in media which are homo-
geneous for all directions in the (7(),7) plane. For example,
the formation and dynamics of hexagonal or square cells may
be explained by Eg) @ In the present case, the system is

anisotropic in the ( X , Y ) plane, a flow exists in one direction
(X), and Eq. (8) can be modified to describe patterns observed
in experiments in the following way,

du —
— =su—(1+ VU +qu* —u?, ®) 5 2
oT du 1\ 9
m=eu— |1+ — ) |«
where u is the order parameter, V — X L+ Y L.0X or koD ) 39X
and Y are dimensionless distances in the horlzontal plan, 2,
T is dimensionless time, g the coefficient for quadratic +D — +qu u, (10)
nonlinearity, and ¢ the linear instability of the system, "oy
60— 6,
e = 0 -, )
IR
0.016
0.014 . '
0012 s F 10W
Z o0 s e, .
E 0008 "" l' ." .
¥ 0,006
0.004 . ey
0.002 "*N"N"‘*.ww..-w‘.w»._ s ' ' ' ' ‘ . ‘ !
0 ; ; ; ; ; ;
0 1 2 3 4 5 6 7 8 '
llu (1 |||
FIG. 10. Variation of V> [Eq. (7)] with the dimensionless distance |:| Crests B Troughs

from the cylinder in the current direction x/D, for y/D = —0.3

(z =0.02 m). - -4--: Rep = 2100 (test 1). —A—: Rep = 2660 (test

2).---e---:Rep = 3010 (test 5).

FIG. 12. Theoretical results [Eq. (10)] for ¢ = 0.01. kgD =1,
Dy =1, g = 1.6, 20 iterations.
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where kg is the wave number, kg = 2 /A, and Dy a diffusion
coefficient. For small positive values of ¢, Eq. (10) depicts the
instability of infinitesimal perturbations with wave numbers
oriented along the X direction. This is confirmed by Fig. 12,

representing results from Eq. (10) for ¢ = 0.01.

In our case, ¢ < 0 as our experiments are carried out in
the subcritical regime, and patterns arise only in the wake of
the cylinder where velocity and pressure perturbations initiate
instability due to quadratic nonlinearity. We take into account
these perturbations by adding a force f(X,Y) corresponding
to the time-averaged pressure forces acting on the sand-water

interface on the right-hand side of Eq. (10):
1\ |
— ) = |u

koD ) X2

+Dy—— +qu’ —u’ + f(X.Y).

8u_8 1+
ar

9%u

aY?

PHYSICAL REVIEW E 00, 002900 (2016)

(b) |;| '
10D

[ Crests I Troughs

FIG. 14. Comparison between (a) experimental and (b) theoret-
(11D ical [Eq. (11)] results at the equilibrium state. Test 5. ¢ = —0.172,
koD = 0.50, Dy = 0.3.

We suppose that this force is proportional to V2, where V2
is the spatially modulated random field defined by Eq. (7),
because for the values of the Reynolds numbers Rep (several

thousands) involved in our experiments, a turbulent vortex
street is observed. The fields of time-averaged velocity fluctu-
ations V2 have been obtained just outside the viscous sublayer
for the present tests, using the PIV method as described above.

In this equation, [ is half of the lateral extension (in the Y
direction) of the sand pattern at the equilibrium state, and 7.,
the time required to reach equilibrium. It should be noted that
Eq. (11) can be written in the general gradient form

The shape of this force can be qualitatively explained as

follows. Along a streamline, we can use the Bernoulli equation,

V2

P+p—

2

=C,

F
u = _8_, (14)
aT Su
(12)

where C is a constant. A pressure decrease is induced by an  where F is the free-energy functional,
increase of the velocity. Therefore, low pressure corresponds
to positive forces acting at the sand-water interface, and
these forces introduce perturbations responsible for pattern

2 2 2
formation. The diffusion coefficient Dy [Eq. (10)] may be F = / { 1 1+ <L> 8_2 ul| — Dy 1 [(i)u}
estimated from our experiments with the following equation, a2 kD) 39X 2L\9Y

o=

() — —
2153115158
_iop_

[ ] Crests B Troughs below. _ _
Let us compare experimental and theoretical results at
FIG. 13. Comparison between (a) experimental and (b) theoret- the equilibrium state. The value of the coefficient g is 1.6
ical [Eq. (11)] results at the equilibrium state. Test 2. ¢ = —0.182, for the present simulations, and the number of iterations is

koD = 0.94, Dy = 0.023.

l

D

)2 t*
leq

u? b out

a3) —es —gg f(X,Y)u}dXdY, 15)

and Q is the two-dimensional region of space in which
the pattern occurs. The time derivative of this free-energy
functional gives us

oF du\?
o _ _/ ) axar <o. (16)
aT e \oT

Free energy may only decrease as it evolves. The limiting
behavior for gradient systems is either a steady attractor or
propagating fronts. Using the Fourier spatial method, we
numerically find nonhomogeneous steady states, as shown

500. Figures 13—15 depict the results for tests 2, 5, and 9,
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—t—
5D ’ ’ , '

(b)

[ ] Crests I Troughs

FIG. 15. Comparison between (a) experimental and (b) theoret-
ical [Eq. (11)] results at the equilibrium state. Test 9. ¢ = —0.182,
koD = 0.78, Dy = 0.11.

respectively. A reasonable agreement is obtained between
the experimental and theoretical results. In particular, the
spatial extension of patterns and the wavelength A are well

PHYSICAL REVIEW E 00, 002900 (2016)

reproduced. It is not surprising to obtain a greater spatial
extension for tests 5 and 9 than for test 2, since tests 5
and 9 involve higher fluid velocities and a larger cylinder
diameter, respectively, leading to larger time-averaged velocity
fluctuations, and then to a greater force f(X,Y).

IV. CONCLUSIONS

The formation of localized sand patterns downstream from a
vertical cylinder under turbulent steady flows is experimentally
and theoretically studied. Tests which were carried out in a
hydrodynamic flume depict the generation of patterns as a
result of a subcritical instability of the water-sand interface.
Lee-wake vortices induced by the cylinder lead to perturba-
tions in the velocity field and to an additional force on the sandy
bed. The present results show that localized steady states may
be numerically obtained by using a modified Swift-Hohenberg
equation with an additional term for this force. Numerically
obtained pattern characteristics are in reasonable agreement
with experimental observations.
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