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Abstract

This paper is devoted to a numerical method for the approximation of a class of free boundary
problems of Bernoulli’s type, reformulated as optimal shape design problems with appropriate shape
functionals. We show the existence of the shape derivative of the cost functional on a class of admissible
domains and compute its shape derivative by using the formula proposed in [5, 6], that is, by means
of support functions. On the numerical level, this allows us to avoid the tedious computations of
the method based on vector fields. A gradient method combined with boundary element method are
performed for the approximation of this problem, in order to overcome the re-meshing task required
by the finite element method. Finally, we present some numerical results and simulations concerning

practical applications, showing the effectiveness of the proposed approach.

Keywords shape optimization, free boundary problem, Bernoulli problem, optimal solution, shape derivative,

convex domain, support function, cost functional.

1 Introduction

The main target of shape optimization is to provide a common and systematic framework for optimizing structures
described by various practical physical or mechanical models; especially, hydrodynamics, elasticity, geophysics

and aerodynamics models. Shape optimization problems consist in finding the optimal shape (or domain) which



minimizes a certain cost functional under given constraints such as a partial differential equation defined on the
variable domain. Since the seventies of the last century, many authors investigated the shape optimization field
and remarkable progress has been achieved in shape and topology optimization. In fact, the growing interest in
this field reflects a growing sophistication in structural analysis and optimization which allow solving more and
more difficult shape optimization problems. However, one may say that no uniform approach to shape optimization
problems has yet emerged.

The numerical investigation of shape optimization problems is based on the study of the first variation of
the cost functional, and in particular on the computation of its gradient. So, as the variation of the domain is
characterized by the variation of its boundary, in this process arise both numerical and theoretical difficulties. The
method of variation of domains using vector fields, introduced by Céa [11] and developed then, among others,
by Murat, Simon, Sokolowski, Delfour and Zolésio [12,23], Allaire [2] and Henrot and Pierre [16], allowed to
solve some of these issues. But these techniques themselves present some difficulties from both theoretical and
numerical point of view. For example, when one wants to connect the set of admissible domains with vector fields,
one has to suppose high smoothness conditions on the initial data in order to differentiate functions depending
on the domain. Note also that to solve a conditional shape optimization problem by this method is yet more
complicated and usually requires to reduce it to a non conditional problem (for example, by Lagrange’s multipliers
method). Moreover, the numerical implementation of the shape optimization problem requires to extend the vector
field (obtained only on the boundary) to all the domain or to re-mesh at each iteration of the process, and both
approaches are expensive (see for example Allaire [2]). In this paper, in order to avoid part of the above issues,
we define and use another way of variation of domains, a way that is linked to the convexity context and based
on the Minkowski sum. Recall that for any convex bounded domain the support function of this domain is a
continuous convex and positive homogeneous function. Conversely, it is known that each continuous convex and
positive homogeneous function is the support function of a convex bounded set (sub-differential of this function at
the origin). Using this, the variation of the domain is clearly characterized by the variation of the corresponding
support function. Moreover, according to the works [5-7,21], one can express the shape derivative of volume cost
functionals by means of support functions, and when solving problems numerically one gets a support function at
each step of the implementation, the domain being recovered as the subdifferential of the support function. This is
why we think that, in the context of convexity and numerical approximation, the use of support functions is more
advantageous than that of vectors fields.

More precisely, we are interested in this paper in a shape optimization problem for solving numerically the
so-called Bernoulli’s free boundary problem or Bernoulli’s problem. Note that many applications to fluid dynamic
and industrial application lead to such a free boundary problem. As an example, let us quote the problem where
the design of an annular capacitor is required in which one of the plates is prescribed while the other must be
determined, so that the intensity of the electrostatic field remains constant thereon. Depending on whether we
describe the internal or external plate, we have an exterior or an interior Bernoulli problem. This class of problems
has been extensively studied theoretically by several authors, see for example [1,10,13,19] and references therein.
In practice, a way to study this type of problem is to transform it into a shape optimization problem where one
of the Dirichlet or Neumann boundary condition on the free boundary is included into a cost functional while the
other boundary condition is considered as part of an appropriate state problem. The question of existence for such
shape optimization formulations is studied for example in [14] or [8], using the C? or C! regularity of the free
boundary. On the numerical level, approximations of such shape optimization formulations of this free boundary
problem can be found in the literature, using techniques that are different from ours. For example, a variational
approach to shape derivatives is introduced in [18], a fictitious domain approach for solving this free boundary
problem is proposed in [15], a pseudo-solid approach for solving its discrete problem is introduced in [25], a shape
optimization approach by tracking the Neumann data and using the lagrangian formulation is developed in [22] and
an iterative method based on a level-set formulation and boundary element method is proposed in [4,20]. In this



work, we propose a shape optimization formulation of this problem using a volume cost functional. We develop a
method for the shape differentiability of this cost functional, and establish the expression for its shape derivative via
support functions, using the formula of shape derivative with respect to convex domains proposed in [5,6]. Then,
we propose a gradient method for solving the shape optimization problem. Thereby, during the numerical solving
of such problem, we get at each step support functions instead of domains. In this process, the discretization of
the state problem is done using the boundary element method [9], while in most of shape optimization approaches,
finite element method has been employed for sensitivity computation. However, the approaches generally suffer
certain drawbacks; indeed, in shape optimization, cumbersome parameterization of design domain is required and
time consuming re-meshing task is also necessary. Finally, we give some numerical results showing the effectiveness
of the proposed approach.

The outline of the paper is as follows. In the second section, we present the shape optimization formulation for
the approximation of Bernoulli’s problem. In the third section, we give some preliminary results on the existence
of the shape derivative of the cost functional on the considered family of admissible domains and establish the
expression for its shape derivative by means of support functions. In the fourth section, we propose an algorithm for
the approximation of the problem, based on a gradient method combined with the boundary element discretization.
Finally, in order to illustrate the main result of this paper, the last section is focused on some numerical simulation

applied to practical situations.

2  Shape optimization formulation of Bernoulli’s problem

Let D be a fixed smooth convex bounded and open subset of R” (n > 2). Let 2 be a doubly connected open subset
of D, that is, Q is of the form Q = Qs \ 1, where 5 is a smooth convex bounded and open subset of D and €
is a smooth closed and bounded subset of 25. We denote by I'; the boundary of €1 which is also the fixed inside
part of the boundary of Q and by I's the boundary of Q25 which is at the same time the outside free boundary of
Q (see Figure 2).

Let us consider the external free boundary Bernoulli problem which consists in finding the free boundary I'y

and u = u(x) solution of the problem

7Au:f in Q:QQ\le
U= Q1 on Iy,

(P) (1)
U = P2 on FQ,

Oy, = 0., G on Iy,

where f, p1, w2 and G are given functions, vs is the outward unit normal vector to I's and 9,,u = (Vulr,, 12),
where (-, ) denotes the scalar product in R".

Let us first remark that in the free boundary problem (1) two boundary conditions must be satisfied on T's.
This suggests to reformulate such a problem as an optimal shape design one to be able to solve it numerically. We
refer for example to [8,14,18] where the idea of reformulating a free boundary problem into a shape optimization

one is used. Here, it consists in finding I's and u solution of the shape optimization problem



Minimize J (2, ugq) for allQ € O
where J(Q,uq) = / (uq(z) — @a2(x))?do

I'>
and ug is solution of
7A’U:f in Q:QQ\Ql,
(PE){v =1 on Iy,

0,0 = 0,,G on Iy,

where O is a set of admissible domains.

'y = 30,

Figure 1: The considered domain Q.

In order to avoid the difficulties that arise because the cost functional introduced in the shape optimization

problem (2) is defined by a surface integral, we propose in what follows a new formulation where the surface

integral is replaced by a volume integral.

formulas developed in [5, 6].

2.1 New formulation of the problem

This moreover will allow us to be able to use the shape derivative

In order to propose a shape optimization formulation of the problem, we will first give some preliminary results on

convex domains.

Lemma 1. Let Q an open bounded convex subset of R™ of class C*, (k > 1). Then, for all fized y € Q, we have

(v(z),x—y) >0, forall xedQ,

where v is the exterior unit normal vector to OS2.

In particular, if 0 € Q, we get

Proof.

(v(x),z) >0, forall z e N

Let ©Q be an open convex domain. Assume first that 0 € 2, according to [12], there exists a convex function

¢ : R™ — R such that

D={zeR" / p(x) <0} et 00 ={zecR" / p(x)=0}.

There exists also W a neighborhood of I' such that

©eCFW), Vop#0on W and v =

Vo

Vel



Let = € 092, by the characterization of the convexity at the points 0 and = we have
(Vo(x),0 — z) < 9(0) = ().
Or since we have ¢(0) < 0 and (z) = 0, then
(Vo(z),z) > —¢(0) > 0.

Thus multiplying by m, we get
(v(z),z) > 0.

If 0 ¢ Q, for a fixed y € , we consider a translation of © denoted by € — y which is an open bounded convex
subset of R"™ of class C*, such that 0 € Q — . Hence by application of the above result we obtain,

(va—y(x),z) >0, forall x€dQ—y.
Since vo_y(r — y) = v(z) for all x € 0Q, we get
(v(z),zr —y) >0, forall xe .

Let now Q be a doubly connected domain such that = Q5\Q; where Q5 is a convex open subset of D of class
C? and ) is a closed smooth subset of Q5. For the sake of simplicity, we suppose that 0 € ;. Then, according

to Lemma 1, we have

(v2(z),z) >0, forall zeTls.
So,
| (wale) ~ @) ata). e > 0

As a result, we are able to propose as shape optimization formulation for the approximation of the free boundary

problem (1) the following one

Minimize J (€2, ug) for allQ2 € O
where J(Q,uq) = / (uq(x) — 02(2))* (va(x), r)do

T2
and uq is solution of (3)
—Av=f in Q=0Q\0,
(PE) V= Q1 on Fl,

Op,v = 0y, G on Iy,
where the set of admissible domains O is defined by
O:{QCRH/Q:QQ\Ql, QQEO(D)},

and
OD)={QCcR" /Qisanopen, Q1 CQ, QC D and Q€C*NK},

here K denotes the set of all convex domains, C? denotes the space of domains with boundaries of class C2%, Q; is
a smooth closed bounded subset of R” and D is a smooth convex domain of R™ chosen sufficiently large.
In what follows, we propose a shape optimization formulation using rather a volume cost functional defined on

Q. Indeed, since the domain €2 is doubly connected, the exterior unit normal vector to €2 is given by



I/Q(SC) six € FQ

—v(z) sizely.

where vy, for k = 1, 2 is the exterior unit normal vector to Qz and S”~! is the unit sphere in R™.
Let us consider ug the solution of (PE) associated to Q = Q2 \ Q1, and using the fact that ug = @1 on I'1, we
get

/F (ua(2) — p2(2)) (va(a), (2))do = / (ua(z) — a(2))* (v(z), (2))do
+ / (ua(z) — @2(a)(0(x), (x))do — / (ua(z) — a(2))? (). (2))do
Hence

/F (ua(z) — p2(2))* {val2), (2))do = / (ua(z) — @2(2))(2), ())do — / (ua(z) — p2(2))* (1 (), (2))do.

'y

From the Stokes formula we obtain

/rz (u(z) = p2(2))*(v2(2), (2))do = /

Q

div((ua(x) = pa(2))*x)do — / (p1(2) = @2(2))* (1 (@), (2))do,

1N

where div(v) designates the divergence of the vector v.
According to the Lemma 1, we have
(va(x), (x)) >0, Vzels.

Moreover, since ug = 1 on I'y, we deduce

0< [ a(@)  ea(o)ata), o = [ div((ua(@) - ea)Pa)de [ (e1(0) - ea(e) P ), ()
Since the term /r (01(x) — p2(z))*(vi(z), (z))do do not depend on the variation of s, we can propose as

shape optimization formulation for the approximation of the free boundary problem (1), the following one

Minimize J (2, uq) for allQ € O
where J(Q,uq) = / div((ug(z) — @2(2))%x)dz
Q

(PO) and ug is solution of (4)
—A’U:f in Q:QQ\Ql,
(PE){v =1 on Iy,

dy,v=0,,G  on Ts,

In the sequel, we will propose a numerical method of the approximation of this problem based on a gradient
method. This requires to study the first variation or differentiability of the cost functional with respect to the
family of domains O. For this, we shall adapt the formulas proposed in [5,6] to be able to express the shape
derivative of the cost functional by means of support functions.



3 Shape derivative of the cost functional

In order to obtain an expression of shape derivative of the cost functional for the shape optimization problem (4),
we begin first by recalling and adapting the result on the shape derivative formulas given in [5, 6] for the class of
doubly connected domains O.

3.1 Preliminaries

We start this section by recallind some definitions on convex bounded domains and the associated support functions

[24]. To any bounded convex domain €2, one can associate its support function defined by
Po:yeR"— Po(y) = maéc(y,x) e R.
xTE

which is a continuous, convex and positively homogeneous function.
The opposite statement is also true, for any continuous, convex, positively homogeneous function P(z) there
exists a unique convex bounded set 2, such that P(z) is its support function, i.e. P(x) = Pqo(x), where  is

obtained as a sub-differential of its support function at the origin :
Q=0P(0):={¢€R" / (&y) < P(y), ¥y eR"}.

In the sequel, in order to express the shape derivative formula of the cost functional, we propose a technique
of deformation [17] which consists in defining the deformation of Q by Q' € O(D), as follows Q. = Q 4+ e, for
g € [0,1]. This in fact allow us to avoid the tedious use of the shape derivative method based on the vector fields
and it permits, as we can see, to express the shape derivative of the cost fuctional with respect to support functions
instead of vector fields.

For this, recall first the shape derivative formula for a volume integral shape functional J to type
Q€ O(D) = J(Q) = / f(@)da,
Q

where f € WH(D). According to [5,6], we have

Theorem 1. Let Q,Q € O(D), we have that the shape derivative of J at Q@ € O(D) is given by

tim, ) =IO _ [ ) Py (w(a))do (),
e— £ a0

where Q. = Q + Q' and v denotes the exterior unit normal vector to ().

Remark 1. If we take as deformation of Q the domain Q. = (1 —&)Q2+ e, according to [5, 6], we obtain similar
shape derivative formula of J, that is
J(2e) — J ()

tim S22 — [ f(@) (Po(v(a)) — Po(v(a) do()
E— BQ

thereby, in the following, depending on what it is needed, we use one of the two deformations and consequently

investigate the associated shape derivative formula.

Now, let € €]0, 1[ and let 2 be an element of O, then there exists Qs € O(D) such that Q = Qs \ Q; and let Q)
be an element of O(D). We denote by A. and Q. the domains defined by A, = Qo + Q) and Q. = A\ Q.
We have also that

J(Q) = /D xo. f(@)dz = /D (xa. — xa ) (@)da

Hence, according to the Theorem 1, we get



T UO)]ecgr = £ TBDlcr = [ F(a)Poy va(a))do(z). )

Consequently, we have the corollary
Corollary 1. Let Q5,95 € O(D), we have that the shape derivative of J at Q= Qo \ Q1 € O, is given by

lim J((Q2 + Q) \ Q1) — J(Q2\ Q1)

e—0+t £

= [ f(z)Pay(v2(z))do(x),
T2
where vy denotes the exterior unit normal vector to €a.

In the situation where the function f depends on domains, one can show the following result.

Proposition 1. Let (f-)-cj01; C LY(D) be a family of functions and let fo € WH'(D) and f be a function such
1
that f = lim —(f- — fo) in LY(D). Consider the function
e—0t €

e €0, 1> I(e) = / Fo(x)dz € R.

Then we have s 10
i L0 [ gt [ o) oy (o)) o). (6)
Qo \ I

e—0+t S

where vy denotes the exterior unit normal vector to €a.

Proof.
Let ¢ €]0, 1], we have

M - % ( @ | fo(x)d:c) + é < /Q o) | fo(:c)d:c) :

H B = [ e (20 = ) = 1@ ) o+ [ o @fyto+ 2 ([ fortr = [ fotora)

First, we get that

‘/D xa, (%(fs ~ fo)(@) — f(x)) da

On the other hand, since we have that xo. = xa. — X, and that the characteristic functions y, converge almost

< L1t @) = 1)) lao — o

e—0t

everywhere to the characteristic function yg,, then from the Lebesgue convergence theorem in L!(D) and by the

use of formula (5), it follows that

I(e)—1
i, M _ /D Xafde | fole) Py () dor(@)
Consequently we get
tim X =IO _ ryan v [ o) Poy (ma(@)do ()
e—0t £ Q Iy

We have also the following result, which concerns the situation where we use a translation of domains.



Corollary 2. Let (f:):cjo,1; C L*(D) be a family of functions and let fo € W' (D) and f be a function such that
1
f= lim E(fe — fo) in LY(D). Let a and b elments of R™. Consider the function

e—0t
e €]0,1[— I(e) = / fe(z)dz € R.
((Q24a)+e(Q254b)\ 21
Then we have
. I(e)—1I(0
i LE) = 1(0) _ / F(x)dx + / Fo(@) Py 1) (V0 1a(@))dor (). M)
=07 € (Q24a)\ (Q2+b)

where Vo, +q denotes the exterior unit normal vector to Cla + a.

Proof.
Let € €]0,1[, we have that

1 1
- / fe —/ fo =/ X(Q2+ate(Q+b)\2 (_(fe — fo) — f) +/ X(Qatate(@ )\ f
€ ((Q2+a)+e(Q5+b))\ Q21 (Q2+a)\ D € D

1
(] - [ h).
€ (Q2+a+e(Q2540))\ (Q2+a)\

Then
1 1
‘/ X(Qotate(@y+)\@y — (fe — fo) — fdz| < / |=(fe = fo)(z) — f(x)|dz ——— 0.
D g D € e—0t
On the other hand, we know that x(,tate(@)+p)\ = XQutate(@y+b) — X, since the characteristic func-

tions xq,tate(0y+p) converges almost everywhere to the characteristic function X(q,yq). Thus it follows from
the Lebesgue convergence theorem in L'(D) that X(Qztate(Qy+b)\0 f converge to X(q,ano,f in LY(D). Then
according to [5], we have

. 1
ey - [ o) = [ @) Py (@)da o)
e—=0t € \ J(Qatate(Q,+b)\ 2 (Q2+a)\ (Qa4a)

Hence, we get

_ / f(a)de + / Jol) Pay 450y (2))do(z). (8)
(Qa+a)\ 8(Q2+a)

e—0t £

The following result concerns the situation where f is written as a product of two functions depending on the

domains.

Corollary 3. Let (f:)cejo,1] and (ge)eejo,1[ be tow families of functions in L?(D) and let fo € HY(D),go € HY(D)
1
and f, g be functions such that f = lim —(f. — fo) in L*(D) and g = lim —(g. — go) in L?(D). Consider the
e—0t € e—0t €
function

e €]0,1[— F(e) = /Q fege(x)dx € R

Then we have
lim £E€—FO _ | oo+ fa@de+ [ ogo(w) Py (va(e))do(z), (0)
Qg\Ql

e—0t 3 Ty

where vy denotes the exterior unit normal vector to )s.



Proof.
Let ¢ €]0, 1], we have

% (fege — fogo) — fog — fgo = (fe — fo)é (9= — 90) + 90 (%(fs — fo) = f> + fo (%(gs — o) — g) :
Using the Hélder inequality we get
fa - fO

3

1 9e — 9
||g(faga_f090)_fog_ngHLl(D) e = follpz(myl 1= 5 .

ge — 9o
g

2Dy + 90l 22(D) |l — fllz2(py

+ 1l follz2 ()l —9llz2(p)

Using the fact that there exists M > 0 such that, for all € € [0, 1], |[[£<Z2||z2(py < M and |[f: — follz2(p)

converge to 0 as € — 0, we obtain

1 fe = f
HE (feg: — fogo) — fog — faollrrpy <M||f= = follL2(py + g0l L2(py || = . ® — fllz2(p)
g — 9o
+ [ foll2(m) [ 5 = 9llr2(p)>
consequently
1
li - — — — =0.
im, ||E (fege — fogo) — fog — fgollLr ()
So using the Proposition 1 to the functional
€ €0,1[— F(e) = fe(z)ge(z)dz € R,
Q.
we deduce that
. F(e)—F(0
i SOZEO [ (gt fan)ode + [ To(egoo) Py (vala)doto). (10)
=07t € Q2\ Q1 >

3.2 Shape derivative of the optimal shape design problem

In this section, we state the main theoretical result of this paper, which concerns the shape derivative of the shape

functional
TS un) = [ div((uae) - pa(w) )iz (1)
Q
where Q) € O and uq is the solution of the state problem on €2
—A’U:f in Q:QQ\Ql,
v =1 on I'y, (12)

8,0 =0,,G  on Ts,

Let € €]0, 1] and let Q5 be an element of O(D). Denote by Q. = (22 +eQ5) \ Q1 and by I'(,) the boundary of
Oy + Q. Let ug_ be the solution of the state problem on Q.

—Av=f in Q.
v =@ on Iy, (13)
81,2’0 = 8,,2G on F(a)7

10



Let us now note that
div((uq — 2)*x) = 2(ug — @2)(V(ug — ¢2),z) + n (ug — 2)°

so if we denote by F' the following function

F: DxRxR* — R (14)
(z,y,2) > Flz,y,2) =2y — e2(2))(z = Vea(a),2) +n(y — ¢2(2))?,
we can write
F(.ug, Vug) = 2(uq — ¢2)(V(ug — ¢2), la) + n(ug — ¢2)* = div((ug — ¢2)*14),
where I; denotes the identity map in R”. Then J can be written
J(Qug) = / F(z,uq(z), Vug(x)) dz. (15)
Q

Remark 2. We note that, when we assume that Q is a strongly convexr domain, . can be considered as a
deformation of the domain Q by the vector field V (z), such that (V(x),v(z)) = Py (v(x)) (see [5,6]). Therefore,
when f € HY(D), ¢ € H2(T'y) and G € H3(D), we can write

. =u+eu +ev. in HY(D),

where & and U, designate respectively extensions on D of uq and uq, and v’ is the shape derivative of & with respect
to the vector field V ( see for example, [12,23]). It follows from that result that there exists a function denoted F}
in LY(D), such that

1 - SO )

~[F(., e, Viie) — F(.,u,Va)] — F) — 0 in L'(D), ¢ =0,

€
which ensures the existence of the shape derivative of J and allows to apply the proposition 1 in order to express
its shape derivative.

Indeed, we have the following result

Theorem 2. Suppose that f € H'(D), v € H*(D), ¢1 € H:(I1) and G € H*(D). Let @ = 0 \ O € O,
0 € O(D) and Q. = (N2 + Q%) \ Q1, then the shape derivative of J(Q,uq) at  is given by
Q - J(
i TOeru0.) =T wa) _ [ gy po (1(0))do(e). (16)

e—0t 3 T,

where
B = div((ug — ¢2)°1a) + (V(ua — G), V) — (f + AG),

with v is the solution of the following problem (said the adjoint state problem):

—AY =0 in €,
P =0 on I'y, (17)
O, ¥ = —2(uq — p2){va, Ia) on I's,

and vo denotes the exterior unit normal vector to I's.

Proof.

Let € €]0,1[ and let €2 be an element of O, then there exists Qy € O(D) such that Q = Q2 \ Q; and let Q) be
an element of O(D). Let us suppose first that 0 € Q). Denote by A. and Q. the domains defined respectively by
Ao = Qo + Q) and Q. = (Q2 +Q5) \ Q1 having respectively as boundary T'(.y and T.. It is clear that T'; is also
inside boundary for .. Let ug and ug_ be respectively the solution of the boundary value state problem (12) and

11



(13). Since f, ¢1 and G are smooth enough functions and the boundaries of 2 and Q. are also smooth, we have
that ug € H%(Q), ug, € H*(Q:). On other hand, according to [24], for all € €]0, 1[ we have that

Qg N = (Aa N QQ) \Ql = ((QQ + EQ/Q) N QQ) \Ql = QQ \ Ql. (18)

Then Q = Qs \ Q1 C Q.. Consequently, we obtain that ug and uq_ are respectively solution of

uQ = P1 on Iy, uQ, = Y1 on I'.

{AUQ =f in €, {AUQE =f in €,

Hence, if we denote by du = uq, — uq, we have that du is solution of

{A(5u) =0 in €, (19)

ou=20 on I'y CTI.

Now, Let us denote by AT := T (Qe,uq.) — J(Q,uq), we have

AJ:/Q F(Z',UQE(:C),VUQE(:C))d:C7/ F(z,uq(x), Vua(z))d.

Q

Hence
AT = /Q Fla,uq, (@), Vua. (z))dz - /Q F(z,ug. (v), Vug, (v))dz

+/QF(:E,UQE(30),VUQE(30))dx—/QF(:I:,UQ(QU),VUQ(:E))CZ:E

Consider J; the function defined by

e Ji(e) = /Q F(z,uq, (), Vug, (z))dz — /Q F(z,uq, (), Vug, (z))dz.

So, we get

AT = [ (Pla,un. (0). Vu, (@) = Fa.un(a), Vun(e))de + (e).

Let us denote by 0F = F(.,uq,, Vua.) — F(.,uq, Vug), we have

OF =2(ug, — p2)(V(ua. — ¢2), Ia) + n(ua, — 2)* = 2(uq — v2){V(ug — ¢2), Ia) — n(ug — ¢2)°
=F (., uq., Vua,) = 2(ua — ¢2)(V(uq — ua,), Ia) — 2(ua — v2)(V(ua. — ¢2), La) — n(ua — ¢a)?
=2(uq, — ua)(V(ua, — ¢2),la) — 2(uq — @2)(V(ua — ua, ), La) + n(ua, — ¢2)? = n(ug — ¢2)?
=26u(Vu, La) + 20u(V (uq — ¢2), la) — 2(ug — ¢2)(V(ua — ua.), La) + n[(ua. — ¢2)* — (uq — ¢2)°]
=20u(V (6u), I) + 26u(V (uq — ©2), 1) + 2(uq — v2)(V(0u), Iz) + n(uq, — @) — n(ug — v2)?

since
(uq, —¢2)* — (uq — p2)” = ud_ — ud + 202 (uq — ugq,)
= (uq, — uq)® + 2uq(ug, —uo) — 2¢2(uo, — uq)
= (0u)? + 26u(uq — ¢2),
then

12



§F = 26u(V (6u), Iy) + 20u(V (uq — v2), Ia) + 2(uq — ©2){(V(6u), I) + n(6u)* 4+ 2ndu(ug — @2). (20)

Thus the function § F' depends only on du and Vdou. On the other hand, let us consider the function H,,

H

ug

Q — R™
z = Huyg(z) =2(ua(z) — g2())z

and denote by (H; 4, )", the components of H,,. Let us also consider the function

Ky,: @ — R
r o Kug(@) =2(V(ug — ¢2)(2), 2) + 2n(ua(z) — p2(x)).
We note that .
div(Hug) =Y 0iH;ug = Kug. (21)
i=1

It follows that

6F = (Hyg, V(6u)) 4+ Kugdu + n(du)? + 25u(x)(V (0u)(z), z).

Denote by Errs, the function
e Errs,(e) = n||5u||%2(9) + 2/ ou(x)(V(du)(x), z)dz.
Q
Then AJ reads

AT = /Q<<Hm, V(0w)) + Kugou) (2)dz + Ji(€) + Errsu(e).

By using the relation (21), we get

div(Hugou) = 0i(Hu, o0u) = (Hug, V(0u)) + div(Hug)ou = (Hyug, V(6u)) + 6uK,.

i=1

Then
(Hyg, V(0u)) = div(Hy,0u) — duK,,.
Therefore
/ ((Hyg,, V(0u)) + Ky, 0u)(x)de = / div(Hyg,ou)(x)dx.
Q Q
Consequently

AT = i div(Hyg, ou)(z)dx + J1(e) + Errs,(e). (22)
2

From the Green formula, we get

/div(HuQ(Su)(:c)dx:/ (Hyg, (), v(x))du(z)do (z)
Q

[2}9)

- / (o (), v2()) () dor () — / (Houg (), 11 (1)) do ()
I'>

Iy

=2 /F2 (uq — @2)(va(x), z)du(x)do — Q/F (ug — o)1 (z), 2)0u()do,

1
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On the other hand, let 9 be the unique solution of

—AY =0 in ,
P =0 on I,
Oy, = —2(uq — w2){va, 1) on I's.

We note that ¢ € {v € H'(Q) /vy, = 0} N H?(£2). Then from the Stokes formula, we get

/ div(Hy,ou)(z)de = — | Ou,¢(z)ou(z)do — 2/ (ug — p2){v1(x), x)du(x)do.
Q T2 N1
Since du = 0 on I'y, we have

/Q div(Hyg,ou)(z)de = — | Ou,p(z)ou(z)do. (23)

Iz
Now, using the fact that A(du) = Ay =0 on Q and du = =0 on I'y, by the Green formula we get

/F2 Ov, () du(z)do = /Fauw(w)&t(x)da

:/V@Z)V(Mdz
Q
:/w(x)auéu(x)da
r
= 1/1(30)8V26u(x)d0:/Q/J(x)al,éu(ac)da.
Iy r
Thus
/ auzw(x)&t(x)da:/w(ac)auéu(ac)da.
Iy r
Therefore
/div(Huﬂéu)(ac)dac = —/w(x)auéu(x)da.
Q r
Consequently
AT = Ji(e) + Ja(e) + Errsy(e)
where
Ja(e) = —/F(?l,éu(z)w(z)da,
rrsa(€) = nl|oul|%s ou(z)(V(du)(x), x)dz,
Errsu(e) = nl| ||L(sz>+2/Q (@){V(0u)(x), )
and Jl(E) = J171(€) — JLQ(E)
with

J111(€):/Q F(z,uq_(x), Vug,_(z))dz, J172(€):/QF(SC,UQE(SC),VUQE(Z'))dZ',

According to the proposition 1 applied to the function F. = F(.,uq_, Vug,), we get
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d ,
F Oy = [ R@de s [ Fw)Pe (a)o (24)

and p
@ = [ Fifwyde (25)

So, by combining (24) and (25) we get

& DOecr = [ Folo)Poy ()i

2

Consequently, since Fy = F(.,uq, Vug), one can deduce that

% Ji(E)|pr = /F2 F(.,uq, Vuq)(x) P, (v2(x))do. (26)

Now let’s calculate the derivative of J, we have

Ja(e) = — /F dyou(z)(r)do = — /F dyugq, (z)Y(x)do + /F dpuq(z)(x)do
=— /F (Oyugq, (z) — 8,G(x)) Y(x)do + /F (Opuq(x) — 0,G(x)) Y(x)do
which can be reads

Jo(e) = Ja1(e) + J2,2(e),

where

Joa(e) = - / (Bvue, (z) — 0,G(x)) d(x)do, Jale) = / (Bvua() — 0,G(x)) ¥(x)do.

Using the fact that uq satisfies the equation

GV(E)uQE:&,(E)G on F(s)a

we get

J2,1(e) = */F(auuszg (z) = 0,G(x)) Y(x)do +/F (Ov. ug. () = 0u, G(x)) Y(x)do.

(©
From the fact that v» = 0 on I';, we obtain

[ @ @) = 0,60 v =0

Or since T =Ty UT et T,y NT'y = 0, then

/ (O uq, () = 9,.G(x)) Y(x)do = /F (Ov., ug. () = Oy, G(2)) Y(x)do.
()

€

Therefore

oa(e) = - / (Buun, (2) — 0,G(x)) b(x)do + / (Bu. e, (z) — B,.G(a)) (x)do

€

By the Green formula we get

Joa(e) = — /Q div(V (uq, — Q)0 (x)dx + /Q div(V (ug, — G)) () da.

€
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Using the fact that —Aug, = f on Q. and Q C €., we have that —Auq, = f on . Then

div(V(uo, — G)Y) = (V(ua, — G), Vi) + Alug, — G)Y = (V(uq, — G), Vi) + (—f — AG)Y.

Hence J3,1(g) can be written

where

Denote by B. the function defined by B. = (V(ug, — G), V1)), it is easy to see from the Remark 2, that there

exists B} € L'(2), such that
1
—[B. — Bo] - By — 0 in LY(Q), ¢ =0,
€

then using the proposition 1, we obtain the following shape derivative

d (5 / /
— (J = — B dz,
de ( 2,1 (5)) eot e, o(x)dx

2 (186)

=0,

e=0+

T /QZ\Q1 B{(z)dz +/ By () Poy (v2(x))do,

T2

and

dis (JQ(T?(E)) :/r (=f = AG)Y(2) Pay, (v2(z))do.

So, using equations (27), (28), (29) and (30) we get

e=0t

L Ty = / (Bo(a) + (—f — AG)$(x)) Poy (va(x) dor

de Ty

Now for the function Js 2, using the fact that ug satisfies

dp,uq = 0,,G on Ts.

and that ¢y = 0 on I'1, we have
/ (Buru0(x) — By, G(@)) (x)do = 0,
'y

Hence

/r (Oyuq(z) — 0,G(x)) Y(x)do = /

Iy T2

Then we get that, J272(€) = (. Therefore

16

(Dot — 0y, G) (2)b(x)do + / (Duyicr — 0,,G) (2)b(x)dor = 0

(31)



T (21(6) + Ja2(@)| s = [

Iz

Bo(o) Poy (a(e))do + | (= = AG)I(a) Py (va(w)do

T2

- / (V(ug — G), V) + (— f — AG)Y) (@) Pay (2 (x))dor

Consequently
d
7 (S2(€)le—o+ :/F (V(ug = G), Vi) + (= f = AG)Y)(2) Pay, (va(x))do. (32)
Hence, from the formula (26) and (33) we obtain
T )+ BDlcr = | B@)Pog (o) (33)

where

B(x) = div((ua(z) — p2(x))*z) + (V(ua — G)(2), Vi (2)) — (f + AG)(x)(x).
Since, (J1 + J2)(0) = 0, then we get

Ji(e) + J2(e) = 5/ B(z) Poy, (v2())do + Errs ().

T2
We deduce that

AT = 5/ B(Z')PQ/Z(VQ(SC))dO' + Errs,(e).
1Y
To conclude, it suffices to show that

Errsy(e) =o0(e) where  lim @ =0,
e—=0t €

For this, let € €]0, 1], from equation (19), we have that du is solution of this problem

{A(éu) 0 i Q -
ou=20 on Iy CT.
Then

Z 3 (6ud; (du)) = Z(&-(&L))Q + Z Sud? (Su).

Hence, we obtain
n

SuA (6u) = Z OFou == (0i(6u))® + > _ 0i(6ud;(5u)).

i=1 i=1
From (34), we get duA(du) = 0 in 2, then we have

n n

D (0i(6u))* = 0;(5ud;(6u)) in Q.

i=1 i=1

So, by using the Green formula we obtain

IVoul[72(q) = Z; /Q(ai((su))2 = Z; i 9 (6ud; (0u)) (z)dx = /F Sud, (6u)(z)do.
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Therefore

||V5u||L2(Q) /8 ou(x)du(x /8 ugq, (z)ou(x dJJr/a uq(z)ou(zx

= /(3 ug, () — 0,G(x)) 6 (:E)dJJr/(a,,ua(z)fayG(z))éu(z)da
r r
which can be written
IV8ul[F2(qy = Ei(e) + Ez(e),
where
Ei(e) =— /F (Opuq,(x) — 0,G(x)) du(x)do, Ea(e) = /F (Opuq(z) — 0,G(x)) du(z)do

Using the fact that du and uq satisfies respectively

ou=0 on I, OJ,uqg=0,G on T
Then

s (e) = /F (Oua(z) — 0,G(x)) du(z)do = 0.

Also since I', = Fulyand Iy NIy = (), using the fact that 81,(5)1@9 81,( )G on I, we get

/F (Ov.uq, (x) — 0,.G(x)) du(z)do = / (8,,(5)1;(25( r) — 0y, G(z z)) du(z)do

o)

+ /F (B s, (1) — By, G(a)) Sulz)do = 0.
Thus
Ei(e) = — /F (Qhugq, () — 0,G(x)) du(z)do +/ (Oy. uq, () — 0,.G(x)) du(z)do
Hence
Ei(e) = — /F (Qvugq, () — 0,G(x)) du(z)do +/ (Oy uq, () — 0,.G(x)) du(x)do

So by using the Green formula, we get

ZEi(e) = —/Qdiv(V(uQE — G)ou)(z)dx —|—/ div(V(ug, — G)éu)(z)dx

Qe
Using the fact that —Aug, = f in . and that Q C Q., we have that —Aug_ = f in . Then

div(V(uq, — G)ou) = (V(ug, — G),Vou) + A(uq, — G)du = (V(uq, — G),Vou) + (—f — AG)d.u

Hence E;(g) can be written

where

— / (V(ug, — G),Véu)(z)dr, Eia(c)=— / (—f — AG)du(z)dx
Q Q
Eo1(e) = /Q (V(ug, — G),Viu)(z)dz, Ez2(c)

_ / (—f — AQ)su(z)dx

€

Denote by W the function defined by W, = (V(uq, —G), Vdu) and by D, the function defined by D, = (—f—
AG)du, with Wy = 0 and Dy = 0.

It is easy to see from the Remark 2, that there exists D} € L'(Q) and
W{ € L'(Q), such that

1
—[D. — D] = Dy — 0 in L'Y(%), e =0
e

18



and .
E[WE—WO]—WO'—W in LY(Q), ¢ —0.

Then using the proposition 1, we get

d _
= E2,1(8)]_gr = / Wo(x)dx + | Wo(x)Poy (va(z))do = / W{(z)dx (35)
€ Q2\ Ty Q2\
and p
— Eo9(e)|._gs = / Di(z)dx + | Do(x)Pqy(va(x))do = / D{(z)dx. (36)
de Q\ Ts Q\
Hence, using (35) and (36) we obtain
d _
4 @ Dmge =01
Consequently
||V6u||%2(m =o(e) where, lim olc) =0. (37)

e—=0t €

On the other hand, from the Poincaré inequality, there exist a constant Cq such that

! L o(e)
16Ul |2 2p0n < Ca=||Vou||22i0y = ——2.
5” ull @ = Qs” ullg Q) -
Then o
o\g
5 22 = h ’ li — =0.
|0ul|72 () = o(e)  where =

Thus by using once again the Poincaré and Holder inequalities, there exists a > 0 independent of € such that

0< ‘z/gauw(au),m

Hence form (37), we deduce that

< allbull L2 |[Voul| 2 ) < aCallVul[72q)-

2/Q du(V(éu),Iq) = o(e) avec, lim ole) =0.

e—=0t €

To conclude, we show that the above result remains true in the case where Qo and Q) are not necessarily
neighborhoods of 0. In fact, let ¢ € Q9 and ¢ € Q), then Qy — ¢ and ) — ¢ are neighborhoods of 0. Hence,
applying the Corollary 2, for a = ¢y and ¢ = b, we get

.1
lim — / st/ Fy :/ B(z) Poy (va())do(z). (38)
e=0" € \ J(Qate)\ Q2\ 2 Iy

This achieves the proof of the theorem.

4 Identification process for optimal domain

The numerical optimization process used for the estimation of the unknown free boundary I's of € is based on the

gradient method presented in the following.
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4.1

Gradient Method

Using the gradient of J determined by equation (4), the computation of the optimal shape is summarized in the

following algorithm.

1.

10.

Choose 2o = Qo2 \ 21 € O, p€]0,1] and a precision EPSD.

Solve the state problem
Au=f in  Qg,
U= on Iy, (39)
Op,u=0,,G on Tgps.

Solve the adjoint state problem

Aty =0 in - Q,
=0 on Iy, (40)
Op, Y = —2(u — p2) (1a(x),z) on Type.

Compute B by the relation
B(x) = div ((u—¢2)"7) + (V (1= G), Vo) = (f + AG) ).

Compute iy = Pq,,

Compute P the solution of

arg min j(P) (41)
where
iP) = [ B - R @)ds
To,2
and
P ={®cCR? /® is convex and Py, <& < Pp}.
At step k

if ||u* — @ollz2(r,,) < EPSD  Go to 10.

where u* is the solution of the state equation in €2}, (the domain at step k) and I'j 2 is the outside boundary
of Qk.

Compute
Piy1 = (1—p) Py +p Py

Compute the domain ﬁkJrl associated to Pyt by

ﬁkJrl = aPkH (0) = {l S R2 / PkJrl (:L') Z (l,:c), Vx € RQ} Go to 2.

End.
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4.2 Discretization of the problem

In this section, we approach the optimal shape design problem (4) using the boundary element method. For this,
the state problem (39) and the adjoint state problem (40) can be written in terms of boundary integral equation [9]
by the equation

c(®u(g) = /6Q {u(y)@l,y In|¢ — y|} dsy — Oy, u(y) In[§ — y|ds, (42)

where ¢(§), called the free term, is 0 if £ € QU ON, 1 if € € Q and 0/27 if £ € O, where 0 is the interior angle
between the left and right tangents to the boundary at the point &; u*(y;&) = (1/2m)In(1/r) is the fundamental
solution for the Laplace equation; r = |y — &| is the distance between the collocation point £ and the integration or
observation point y; and ¢* = —(1/27)0u*/0v is the flux associated to the potential u*(y;&).

The subdivision of the boundary can be done using different types of elements. In the present investigation,
constant elements are considered. Assuming that over each boundary element 9¢); of 02 the functions w and
q= @ are constant and take their values u; and ¢; at the centroid &;, the resulted discretized boundary integral

equation at node k has the following form

NE NE
Z Hyuy = Z Gra, (43)
=1 =1

where NE is the number of boundary elements 0f2; such that 092 = Uf\gf 09;. The components of the coefficient

matrices H and G are given by

Hy = / q;, when k # [, (44)
o
1
Hy = / ¢+ = when k =1, (45)
o 2
le = / UZ (46)
o

A four-point Gaussian quadrature rule is employed for numerical integration of the components of the coefficient
matrices H and G. However, for calculating the diagonal components, special care must be taken. The diagonal
terms Hpi vanish due to the orthogonality of the element coordinate and the normal. The terms Ggi can be

calculated analytically and it is given by the following equation

Gri = g—ﬂ [m(%) + 1} (47)

where L. is the element length. The values of the off-diagonal coefficients of H and G can be written as [9]

4

4 > — .
Gu = Zzn(dis)ws\/(Rle);(Sl %) o

where R1, Ro,S1 and S5 are the coordinates of the extreme mounts of each element, w, are the weighting for each
point, L is the distance from the collocation point to the line element tangent to the element and d is the distance
from collocation point to the Gauss integration points on the boundary element. We note that the system (43) can

easily be rearranged as a system of order n and written in a generic form

Az =1 (50)
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Its right-hand side is obtained by multiplication of the appropriate columns of the influence matrices H and G by
values known from boundary conditions. Components of the vector of the unknowns z as well as components of

the main matrix A depend on the boundary condition at the considered node. We obtain

A = —Gi; for Dirichlet’s boundary condition (51)
7 H;; for Neumann’s boundary condition
j qj for Dirichlet’s boundary condition (52)
!/ =
Uj for Neumann’s boundary condition

Let now m be the number of the boundary elements located at the free boundary I's, such that m < n and n —m
is the number of boundary elements located at the inside fixed boundary I'; of . Let Y = (y;)I, be a partition
of I'y, where y; = (%(1), yz@), we denote by & = (&)1, a partition of I's, such that & = (fi(l),él@)) is the centroid
of the boundary elements [y;, yi+1].

The discrete gradient of the cost function can be read as follows

m

J(P) = Z h; B; (P; — Pa(v(&)))
i=0
where h; = ||yi+1 — vill; P = (P = P(v(&)); v(&) is the outward unit normal vector to the boundary elements
YiYi+1 and B; = B(§§1),§§2>) is given by the relation

B; = 2(ui —v2(&)) (Vuh(fi) - V@Q(éi)vfi) + 2 (u; — <P2(§i))2
+ (V(u"(&) — G"&)), V¥"(&)) + (f(&) — AG™(&)) )

where u” is the approximate solution of the state equation, such that (u"(¢) = u;)_, is the solution of a linear
system of type (50), ¥" is the approximate solution of the adjoint state equation, such that (p"(&) = ;) is
the solution of a linear system of type (50) and G" is a approximation of G. The discrete space of the admissible

support function can be read

,P:{P:(POy7Pm)€Rm+1/Pﬂl(V(Ez))SPzSPD(V(gz))Z:L ...,m—l, P()S)\()Pm—f—(l—)\o)Pl,
Pzg)\zljzfl“i’(l*)\z)Perl Z:1, ...,mfl and Pm SAum,1+(17Am)P0}

where

[ (&i—1) — v(&)l

[v(&) = v(&is)l

o ) =€l _ 1(ene1) = )l
(&) —v(EDll ™™ lw(&m) — v(&o)ll
The discrete domain associated to Qg = P (0) = {l e R* / P (x) > (I,z), Vx € R?} is given as solution of the

following relations [21]

i = fori=1,....,m—1

and

(NI + 0P (e)IP =P fori=0,...,m

To compute I; = (151), 152)), we suppose that [; — & is collinear to v(§;) i.e.

v () 1P =@ ()1 =W () e — @) e fori=0,...,m

5 Numerical results

To illustrate the ability of the present algorithm in estimating the optimal shape and location of the unknown

boundary I's, we consider in the following two the specific models: the analysis one and the design one.
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In the analysis model, the exact boundary I's and the exact solution u of the free boundary problem (4) are
known. By using the exact value of v on I'; and I's, and arbitrary initial guesses of the boundary, one is asked
to reconstruct the exact boundary by the gradient method combined with our proposed method used for the
computation of the gradient.

The design model is devoted to the investigation of some numerical experiment based on the approaches

proposed in the previous works to explore free boundary problems of Bernoulli type.

5.1 Analysis model

The main objective of the analysis model is to show the validity of the present design algorithm in estimating the
unknown boundary and to verify the accuracy of our method in the computation of the shape derivative of the
cost function. For this reason the following numerical simulation is performed. For the first example, we consider

the exact solution of (2) given by u(z,y) = 2% — y? and the exact domain given by considering 2 = Q5 \ Q1, where
Oy = {(z,y) / 2* +y* < (1.5)°}

0 ={(z,y) / 2> + 9> < (0.75)%}

In all the test cases considered for this analysis model, the initial guesses of the domain €25 is taken as a ellipse with
axes of length 3 in 2 and 2 in y and of center (0,0). The number of boundary elements used for the discretization
of the free boundary and the fixed boundary were taken to be respectively m = 40 and n — m = 30 (n = 70).
The coefficient of deformation and the precision are respectively taken p = 0.01 and EPSD = 10~3. The optimal
boundary is reached after 181 iterations. In figure 5.1, we plot the fixed and initial domain, and the exact and the
optimal solution. We note that our approach give a good solution. the variation of the cost function with respect
to the number of iterations is presented in figure 5.1. In figure 5.1, we plot the initial boundary, the free boundaries
at 10, 40, 80, 120 and 150 iterations.
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Figure 2: The optimal and the exact solutions
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Figure 3: Variation of the cost with respect to the number of iterations
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Figure 4: the free boundaries at different number of iterations.
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Now we keep the same solution u = 2% — y2, but the exact domain is defined by the ellipse with axes of
length 1.5 in = and 1 in y and of center (0,0). For the same number of boundary elements and for the coeffi-
cient of deformation and the precision respectively taken p = 0.0001 and EPSD = 1072 the optimal boundary
is reached after 111 iterations. The fixed and the initial domain, and the exact and the optimal solution are pre-

sented in figure 5.1. In figure 5.1, we plot the variation of the cost function with respect to the number of iterations.
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Figure 5: The optimal and the exact solutions.
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5.2 Design model

In this section, we present some numerical results for the exterior free boundary problems using the approach
presented in the previous section. The exterior Bernoulli free boundary reads as follows. Find outside boundary

Iy and function u = u(x) solution of the problem

—Au=0 in Q,

u=20 on I'y, (53)
u=1 on I'g,
% =C on FQ,

where C' is a negative constant.

The first numerical example is given in order to confirm the fundamental observation (see [13]), that is for a fixed
domain €27 which is the ball B of center (0,0) and radius r a solution is a ball BE of center (0,0) and radius R,
such that R > r; and moreover R increases when C increases. In all the test cases considered for this design model,
the initial guesses of the domain is taken as a circle of radius 3. and of center (0,0). In the first example, the fixed
domain is chosen as circle of radius 0.75 and of center (0,0), and the number of boundary elements used for the
discretization of the free and fixed boundaries are taken the same as in the above examples. The coefficient of de-
formation and the precision are respectively taken p = 0.01 and EPSD = 10~°. The optimal domains for different

values of C are presented in figure 5.2. The values of the cost functions for different values of C' are given in table 5.2.
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Figure 7: The optimal domains for different values of C.

C -0.35 -0.75 -1.5 25
Cost 1551076 8551078 4.310°8 4.3410°¢

Table 1: Cost functions for different values of C.

Now for the second example, we keep the same data, but the fixed domain ; is taken as a polygon. The
number of boundary elements used for the discretization of the free boundary and the fixed boundary were taken
to be respectively m = 40 and n — m = 40 (n = 80). The fixed domain and the optimal domains for different

values of C' are presented in figure 5.2. We observe that the optimal shapes take the same profile to those obtained
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Figure 8: The optimal domains for different values of C.

6 Conclusion

In this work, a shape optimization formulation is considered for the approximation of the free boundary Bernoulli
problem. We show the existence of the shape derivative of the cost functional and establish its expression via
support functions, in order to avoid the tedious use of the shape derivative method based on the vector fields.
Then the gradient method combined with the boundary element method are performed for the discretization of the

problem. Finally we give some numerical results showing the ability and effectiveness of the proposed approach.
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