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HOLDER STABLE RECOVERY OF TIME-DEPENDENT ELECTROMAGNETIC
POTENTIALS APPEARING IN A DYNAMICAL ANISOTROPIC SCHRODINGER
EQUATION

YAVAR KIAN AND ALEXANDER TETLOW

ABSTRACT. We consider the inverse problem of Holdder-stably determining the time- and space-dependent
coefficients of the Schrodinger equation on a simple Riemannian manifold with boundary of dimension n > 2
from knowledge of the Dirichlet-to-Neumann map. Assuming the divergence of the magnetic potential is
known, we show that the electric and magnetic potentials can be Holder-stably recovered from these data.
Here we also remove the smallness assumption for the solenoidal part of the magnetic potential present in
previous results.

1. INTRODUCTION

1.1. Statement of the Problem. Let T > 0, let (M, g) be a compact, connected, smooth Riemannian
manifold of dimension n > 2, and denote by OM its boundary. Further assume that (M, g) is simple (see
definition 1). Let A € W2°°((0,T) x M;T*M) be given by A = 2?21 ajdz’, and consider the magnetic
Laplacian given by

- _1 ) 1 .
Agawu= D 1o % (0 +ia;(t,2) (I91* ¢ (O + ian(t,2))u),
Jk=1
where g=! = ¢/ and |g| = det(g). If A =0, this is just the usual Laplace-Beltrami operator A,. For T > 0
and g € W1>°((0,T) x M) we consider the initial boundary value problem (IBVP)
i0pu(t, x) + Ag awyult, z) + q(t, z)u(t,z) = 0in (0,T) x M,
(1.1) u(t,z) = f on (0,T) x OM,
u(0,2) =0 in M,
with inhomogeneous Dirichlet data f. For all r,s € (0,00) and X = M or X = OM define the spaces
H™((0,T) x X) = H"(0,T; L*(X)) N L%*(0,T; H*(X)) with the associated norm
2 2 2
”uHH'ﬂS((O,T)xX) = HUHHT(O,T;LQ(X)) + ||U||L2(0,T;Hs(x)) :
We further define the space

HP®((0,T) x OM) = {f e H((0,T)x OM) : forallk e (—1,s— %) NN, O fli=o :0}.

The problem (1.1) admits a unique solution u € HY2((0,T) x M) for f € H33((0,T) x M) (see [10,
Proposition 2.1]). Further, the Dirichlet-to-Neumann (D-to-N map in short) map

(1.2) Aag(f) = (8, +iAv)u, for f € H2((0,T) x OM),

where v = v(z) denotes the unit outward normal to M with respect to the metric g, is a bounded operator
93

from Hg 2 ((0,T) x OM) to L*((0,T) x OM). For j = 1,2, let A; € W2°°((0,T) x M;T x M), and

qj € WHoo((0,T) x M). We call (A1, q1) and (A2, q2) gauge equivalent if there exists ¢ € W3°°((0,T) x M)
such that ¢|o ryxom = 0, A2 = A1 +d¢ and ¢2 = q1 — 9:¢ and let u; be the solution of (1.1) with
potentials A = A; and ¢ = g;. If ¢ is as above, we recall that the D-to-N map is invariant under this gauge
transformation. More precisely, we have

(iat + Ag,Al(t) + ql)ei¢u2(x, t) = ei¢(i3t + Ag,AQ(t) + qg)UQ(LL‘, t) =0,
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2 Y. KIAN AND A. TETLOW

and we deduce that e*®us = u; and
(81, + iA1V)U1 = (&, + ’L(Al + d(b)l/)UQ = (81, + ’iAQV)’lLQ,

which then implies that Aa, 4, = Aa,,q,- This obstruction to uniqueness notwithstanding, the aim of this
paper is to prove Holder-stable recovery of the time-dependent electric and magnetic potentials (A, q) from
knowledge of the D-to-N map A4 4.

1.2. History of the Problem. In the case of the dynamic Schrodinger equation with time-independent
potentials, Holder-stable recovery of the magnetic field from knowledge of the Dirichlet-to-Neumann map
was shown in [3], and stable recovery of the electric potential of the Schrédinger equation on a Riemannian
manifold was proved in [4]. This latter result is extended to stable determination of the electromagnetic
potentials on a Riemannian manifold from the D-to-N map in [2]. We mention also the recent work of [5],
where such results have been extended to unbounded cylindrical domain.

Literature dealing with the inverse problem of recovering time-dependent potentials of the Schréodinger
equation is rather sparse. To the best of the authors knowledge, the only results establishing recovery of
time-dependent potentials of the Schrédinger equation from the D-to-N map deal with Euclidean domains.
In particular, it was proved in [8] that the time-dependent electric and magnetic potentials are uniquely
determined by the D-to-N map. Logarithmic-stable determination was shown for the electric potential in
[7]. This result was extended to the full electromagnetic potential in [6], provided that the time-independent
part of the magnetic potential is sufficiently small. Indeed, it was only recently shown in [10] that the
electromagnetic potential in a Euclidean domain can be Holder-stably recovered from knowledge of the
D-to-N map.

In the current work, we show that it is possible to Holder-stably recover the time-and-space-dependent
coefficients of the dynamic Schrédinger equation on a simple Riemannian manifold.

1.3. Main Results. Here and in the rest of this paper we write ||| for the norm of an operator in
93
B(Hg 2 ((0,T) x OM), L*((0,T) x OM)). In this paper we aim to prove the following:

Theorem 1. (Uniqueness):For j = 1,2, let A; € W5>((0,T) x M;T*M) and q; € WH>*((0,T) x M).
Assume also that

(1.3) 00 A1(t,x) =05 As(t, ), (t,z) € (0,T) x OM, a €N |af <5.
Then the condition Aa, g, = Aa,.q, tmplies that (A1,q1) and (Aa,g2) are gauge equivalent.

Theorem 2. (Stable Recovery of the Magnetic Potential): Let the condition of Theorem 1 be fulfilled and,
forj=1,2, let A; € W&°((0,T) x M;T*M) N H3"*4((0,T) x M;T*M) be such that

(1.4) 09 Ai(t,z) = 05 As(t,z), (t,xz) € (0,T)x OM, aeN" |al <3n+3.

Assume also that there exists a constant B such that

(1.5) Z 1 .00 0,7y x M= my T 1Ad lywrs.ce 0,0y x asre ) + 1A a0,y x psre ) < B-
j=1,2

Then we have
A5 — A < C Ay g — Aasgll™

where s1 > 0 is a general constant, C' > 0 a constant depending only on B, T, M and A‘;Ol is the solenoidal
part of the Hodge decomposition of A;, given in Lemma 1.

Theorem 3. (Stable Recovery of the Electric Potential): Let the condition of Theorem 2 be fulfilled with
(1.6) §A; = A,

Fiz also q; € WH>((0,T) x M) N H>((0,T) x M) and assume that the condition

(1.7) ovqi(t,x) = 05q(t,z), (t,z) € (0,T)x OM, «aeN", |af <4,

is fulfilled. We also assume that there exists a constant By > 0 such that

(1.8) Z (Na5llpa.ce o,y xmty + 1931 s 0.7y oy ) < B
j=1,2
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Then we have

(1.9) lar — qQ||L2((07T)><M) <c ||AA1,q1 - AAz,q2||82 )

where C' depends only on B, By T, and M, and so is a general constant.

As far as the authors are aware, the following work is the first dealing with recovery of time-dependent
potentials appearing in a Schrodinger equation with variable coefficients of order two. In fact, the above
estimates are the first showing Holder-stable recovery of a coefficient dependent on all variables of a second
order partial differential equation with variable coefficients of order two. The only other work where similar
results have been obtained is [10], where the authors consider the case of a bounded subset of R™ with the
Euclidean metric.

Furthermore, stable recovery of the magnetic potential appearing in a Schrodinger equation on a manifold
with non-Euclidean metric has, thus far, relied upon the a priori assumption that the magnetic potential is
small in some appropriate norm, even in the time-independent case (see, for example, [2]). This smallness
assumption is also utilized when recovering the magnetic potential of the wave equation (as seen in [12]).
In fact, it happens that this assumption is not necessary when dealing with the Schrodinger equation, even
when the magnetic potential is allowed to depend on time, as we shall demonstrate herein.

In Section 2, we introduce the geodesic ray-transforms for 1-forms and for functions. In Section 3 we
construct geometric optics solutions to the equation (1.1). We devote Section 4 to the proof of Theorem 1,
using the geometric optics solutions as the main tool. The estimate of Theorem 2 is proved in Section 5,
whereas the estimate of Theorem 3 is proved in Section 6.

2. NOTATIONS

In this section, we list some notation used in the rest of the paper. We denote by (-, -) p the inner product
with respect to g on T'M, that is for # € M and Y, Z € T, M given by Y = 30| y;0,5, Z = 377, 2j0u
we have

n
(Y, Z>g(x) = Z 9ik(T)Y;2k-
J,k=1

Similarly, we denpte by (-, ->g the ipner product with respect to g on T*M, that is for U,V € T* M given

by U =30_ ujda?, V =377 vjda’ we have

n

<U’ V>g (x) = Z gjk(a:)ujvk.
G k=1

We denote by dV, the Riemannian volume on M, which is given in local coordinates by dV; = | g|% dzt A A da™,
We further define on M the surface measure o, such that for X € H'(M;TM) we have

/ divy(X)dV, = [ (X,v), do,
M oM

where divy(X) =>7"_, | gr% 9u, (| g|% X7). Additionally, we recall the Riemannian gradient operator given

by vgf: (gjlaaf]fa ’gjnax]f) )
We recall the coderivative operator 4 is the operator sending the 1-formw = 7" | w;dz’ € Whe(M;T* M)
to the function dw given in local coordinates by

(2.1) dw=1gI7% D" 0 (1gl* g wn).
j,k=1

We recall also the definition of a simple manifold. Let D be the Levi-Civita connection on (M, g). For
x € OM we consider the second quadratic form of the boundary

11(0,0) = (Do, 0) ., 0 € T,OM.
We say that OM is strictly convex if the form II is positive-definite for every z € OM.

Definition 1. We say that (M, g) is simple if OM s strictly convex, M is simply connected, and for any
x € M the exponential map exp, : exp, (M) — M is a diffeomorphism.
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We write 7,0 for the unique geodesic in M with initial point € M and initial direction § € T, M. We
define the sphere bundle of M by
SM ={(z,0) eTM:0], =1},
and likewise the submanifold of inner vectors 9, SM by
04 SM = {(2,0) € SM, x € OM, (0,v(x)), (z) <0}

Given that M is assumed to be simple, we can also define 74 (z,0) to be the maximal time of existence
in M of the geodesic v, ¢ for z € OM, that is

T+ (z,0) = min{s > 0: y,,9(s) € OM} for (z,6 € 04 SM).
We also introduce here the geodesic ray transforms on a simple Riemannian manifold M.
Definition 2. The geodesic ray transform for 1-forms is the linear operator I : C*°(M; T* M) — C®(0;5M)
which is defined by
T+ (z,0)
(2.2) Lw(z,0) = / W(Y2,0(5) Ve 0(s)ds, (x,0) € 9,SM, w e C®(M;T*M).
0

Definition 3. The geodesic ray transform for functions is the linear operator Iy : C*°(M) — C*°(9+SM)
which is given by

+(x,0)
(2.3) Iof(z,0) = / FOro(s))ds,  (2,0) € 0.5M, f € C(M).

3. GEOMETRIC OPTICS SOLUTIONS

We now seek to construct GO solutions of the magnetic Schrodinger equation in (0,7) x M. We fix
Aj € WE2((0,T) x M;T*M), q; € WH*°((0,T) x M) and assume that

(3.1) Og A (t,x) = 0y Aa(t, z), (t,x) € (0,T) x OIM, aeN" |a| <5.
We consider the equations
i0suj + Dg a,)us + giu; = 01in (0,T) x M,
u1(0,) = ua(T,-) =0 in M.
We seek to find, for A > 1, j = 1,2, solutions u; € H“2((0,T) x M) of (3.2) of the form

(3.2)

(3.3) wj(t,w) = (as(t2) + M)e“w(@—m + Rya(t,2).
In (3.3) above, ¢, a;, b; satisfy the following eikonal and transport equations:
(3.4) Vaul2 =1,
(3.5) 2i (Vg, Vgaj>g +i(Ag)a; —2(A;Vh)a; =0,
(3.6) 2i(V g1, Vgaj)g +i(Agh)bj — 2(A;Vgh)bj = —(i0: + Ag A, 1) + ¢5)a;-

Taken together, equations (3.4) - (3.6) yield

. bi(t , 0 + A +¢;)b;(t,
(184 Byaie +47) [0 (a2 + LED)] = ot L H oo T4l (E2)
We also assume that there exists 7 € (O7 %) such that aj,b; are supported in [7,T — 7] x M and further
assume that a;,b; € H*((0,T) x M), whence (i0; + Ay a,) +q;)b; € H'(0,T; L*(M)). Thus we can choose
R; » solving

. 10y + Ay Ay +a;)b;
(Zat +Ag7Aj(t) +q_])R]7)\ — _61)\(1Z)(I)7)\t) (Z t g,z‘;\y(t) QJ) J in (O7T) ~ M,

(3.7) RiA(0,) = Ry(T,-) = 0 in M,
Rjx(t,z) =0 on (0,T) x OM.
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Since (M, g) is simple, the eikonal equation (3.4) can be solved globally on M. To see this, we first extend
the simple manifold (M, g) to a simple, compact manifold (M, g) with M contained in the interior of M.
We pick y € 9M; and consider polar normal coordinates (r,0) on M; given by x = exp, (rf) for r > 0 and
0 € SyMy = {v € TyM; : |v|,,, = 1}. Letting v(y) denote the outward unit normal to dM; with respect
to the metric g, we define 9, 5, My = {6 € Sy My : (0,v(y)),(,) < 0}. According to the Gauss Lemma (see
e.g. [15, Chapter 9, Lemma 15]), in these coordinates the metric takes the form g(r,6) = dr? + go(r, ) with
9o(r,0) a metric on {6 € Sy M, : (v(y),0),,, < 0} depending smoothly on r. In polar normal coordinates

dVy = u(r, 9)%d7‘d9, where p = det go and df is the usual spherical volume form on 0,15, M. For a function
J € LY (M) extended by zero to Mj, we can extend dVj, to a volume form on T}, (M;) and get

/ f(x)dVy(x / / f(r,0)u(r, 9) drd®.
3+S Ml
We choose

(3.8) P(x) = disty(y, v)
where dist, denotes the Riemannian distance function. Since ¢ (r,60) = r, we can easily check that 1 solves
the eikonal equation (3.4).

We now look towards solving the transport equations (3.5)-(3.6). First, note that
(3.9) Vo7, 0) = 0, =+ 4(r) = 6.

Therefore, we rewrite the transport equations (3.5)-(3.6) in polar normal coordinates based at y € dM;
to obtain

(3.10) dra; + (i’":)aj +i(4;0)a; =
Or .
(3.11) B,b; + (T:)bj +i(A;0)b; = B;(t,r0),

where A;0 denotes Aj;(t,r,0)0 and 3; denotes (i0; + Ay 4, (1) + q5)a;/2-

Applying [17, Section 3, Theorem 5], we find A; € W%>((0,T) x Mi;T* M) such that for t € (0,T)
the support of A(t,-) is contained in the interior of M;, and we have A; = A; on (0,7) x M and
A1 llyyo.00 (0,7 x MysTay) S C 1AL, (0, 7) x A7 M) » Where C depends only on M. Then for all t € (0,7)
we put:

Ao(t.2) As(t,x), if x € M,

xTr) = ~
2\ Ai(t,z), if 2 € My \ M.
Then according to (3.1), Ay € W8>°((0,T) x My;T*M;) and

max || 4 |

j=1,2 W62 ((0,T)x M1;T* My)

Similarly, for j = 1,2, we consider §; € W*>°((0,T) x M) such that for ¢ € (0,T) the support of

g;(t,-) is contained in the interior of M;, and we have §; = ¢; on (0,7") x M and qu||W4 o ((0.T)xMy) <

C ||q_j||W4,oo((O7T)><M) Note that here we do not impose that ¢; and ¢, should coincide on (0,T) x (M \ M).
For any h € H®((0,T) x 84+S,M21), the functions

< Cjn_l?fé ||Aj||W6v°°((O,T)><M;T*M) :

+oo
(3.12) ar(t,7,8) = x(Oh(t, 0)p(r, 0)~ T exp (z /O Ay(tr+ s,e)eds),

“+o0
(3.13) as(t.r,0) = x(Du(r,0) ¥ exp (i /0 Ao(t,r+ 5,0)0ds),

are solutions to the transport equations (3.10). In the same way, for 8; = (i0; + Ay 5 ) + dj)a;/2, we fix

(3.14) bi(t,r,0) = u(r, 9)—3;/07' [exp(—i/r Aj(t,sl,9)9dsl)5j(t,sz,e)ﬁ(s%e)}dsz
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which is a solution of (3.11). Here we fix x € C§°((7,T — 7)) satisfying x =1 on 27,7 —27], 0 < x <1 and
X lyyr.00 Ry < Cj 7% with Cy independent of 7.

Let us now consider the remainder terms R; x, j = 1,2. In view of (3.12)-(3.14), we deduce the following
bounds:

(3.15)  llarllgso,ryxnn) < ClPlgraqomyxas sym) T 0l o,y xnn) < C BN s o,y xs sy ) T
(3.16) (10 + Ay ay ) + @1)b1 HL2((07T)XM) < Cllhllgago.ryxa, 5,00y T oo
(3.17)

laall s oy nty < CT7% Mb2llmsqo,myeany < CT70 (100 + Ag.aniry + @)b2| (o 1y gy < 7775

where C' depends only on M, T" and [[A1lyys.((0,7)xm + |42/l ws. 0,7y x a1+ Then applying [10, Lemma
2.1], we see that problem (3.7) admits unique solutions R; \ for j = 1,2 with R, € C([0,T]; Hj(M) N
H?(M)) N CY([0,T]; L?(M)). On the other hand, from the a priori estimate [11, (10.10), page 324], we
deduce that

[0 + Aay o) + ‘h)blHL? 0,T)x M
(318) ||R1’)‘||L2((O,T)XM) S C \ ((0,T)xM) S C ||h||H4((O,T)><3+SyM1) T_2)\_1.

Moreover, applying [10, Lemma 2.1] we find that

Hem(wﬂ A (i0; + Aa, )+ @) b1H
H(0,T;L2(M)) _
IR 2 0,102 (ay) < © X < ClPllgao,myxo. 5,00 TN

and by interpolation between this estimate and (3.18) we deduce

HRL)\||L2(07T;H1(M)) <C ||h||H4((0,T)x8+SyM1) T
Combining this with (3.18) we obtain
(3-19) ||R1,A||L2(0,T;H1(M)) +A ||R1,>\||L2((0,T)XM) <C ||h||H4((0,T)x8+SyM1) T
In a similar manner, we derive the estimate
(3.20) IR2 M 20,711 (M) + M B2l L2 0.y py < CT

This completes our construction of the geometric optics solutions of (3.2).

4. UNIQUE DETERMINATION OF THE POTENTIALS MODULO GAUGE INVARIANCE

We recall that any 1-form w € WIP(M;T* M), with p € [2,00) admits a Hodge decomposition via
w = w*! + d¢, where w** € WLP(M;T* M) is the solenoidal part of w which satisfies dw**! = 0 (see (2.1)
for the definition of coderivative operator 6) and ¢ € WP (M) N H}(M). Let us first prove an extension of
this Hodge decomposition for the 1-form A € W5°°((0,T) x M;T* M) given by the following:

Lemma 1. Let A € W5°°((0,T) x M;T*M). Then we can decompose A into
(4.1) A= A% 4 dg,
where, for anyp € (2,00), A%°t € W5 ((0, T)x M; T* M), and ¢ € L>(0,T; WP (M))NW?>>(0,T; L>=(M)),
we have @[, ryxom =0 and §A%°L = 0.
Proof. We fix ¢ to be the solution for all ¢ € [0,T] of the boundary value problem

—Ago(t,-) = —0A(t,-) in M,

o(t,)=0 on OM.

Since JA(t, ) € W>°°(M), according to [9, Theorem 2.5.1.1], this problem admits a unique solution ¢(t, ) €
Mpep2,00) WTP(M). Moreover, since § A € L> (0, T; W5>°(M)), we also deduce that ¢ € Mpef2,00) L0, T W7TP(M)).
In the same way, using the fact that §4 € W5°°(0,T; L>°(M)), we prove that ¢ € Mpe2,00) VV5 (0, T; W2P(M)).
We then use the Sobolev embedding theorem to deduce that ¢ € W>°(0,T; L>(M)). We fix A%l = A—d¢
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and by the Sobolev embedding theorem, deduce that A*°! € W5>((0,T) x M;T*M). Moreover, we see
that

§A°L = §A —§dp = 6A — N,p = 0.

Thus (4.1) is the Hodge decomposition of A and the proof of the lemma is complete. O

We start by considering the implication
AA1741 = AA27Q2 = A% = 0,

where A°°! is the solenoidal part of the Hodge decomposition (4.1) of A. For this purpose, we establish the
following intermediate result.

Lemma 2. Let Ay, Ay € W ((0,T) x M; T* M) satisfy the matching condition (1.3), and fit A = Ay — A,
extended by 0 on (0,T) x (M1 \ M). In particular, for A; the extension of A; to (0,T) x My introduced in
the previous section, we have A = Ay — Ay. Assuming these conditions are fulfilled, we find that

(4.2)

/OT /ODO /8+SyM1 i(A(r, 0)0)x*(t)h(t,0) exp (z /000 A(t,r + s, Q)Hds) dOdrdt

<ClAA g — Ay g | X778 120l g5 0,1y x 0,8, M) + 10N Era 0,1y 0 08, M) O

Proof. We fix u;, j = 1,2 the solutions for j = 1, 2 respectively of (3.2) taking the form (3.3). We write also
i =uj — Rj\. We consider v € H»?((0,7) x M) solving

100 + Ag a0 +qev =0 in (0,T) x M,
v(0,-) =0 in M,
v =11 on (0,T) x OM,

and consider w = v — uw; which solves

10w + Ag A, W + qaw = 2iAV guy +Vug  in (0,T) x M,
w(0,-) =0 in M,
w =0 on (0,T) x OM,

where V = i0A + |A2|£27 — |A1|3 + ¢1 — g2. Multiplying this equation by us and integrating by parts yields

T T
(4.3) / / (20AV guy + Vg )uzdVy(x)dt = / Oy wlizdo 4dt.
0o Jm 0o Jom

Moreover,

/Zavw“?dagdt' < ||(AA1,q1 - AAQ,QZ)7/)1,>\||L2((07T)X5M) H¢2,AHL2((0,T)x8M)’

and (3.15)-(3.16) imply

g C ”AAl,th - AAqu” ||1/}1’>\||H%’%((O,T)><M) ||w2,>\||L2((07T)><M)

/ Oy wugdo gdt
(4.4) (0,T)xOM

<C ||AA17Q1 - AA27<12 ” )‘6 ||h||H5((O,T)><8+SyM1) T8
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Here C' is a generic constant which depends only on M, T and ||A1||W5,9o((07T)XM) + HA2||W5,x((O,T)XM).
On the other hand, we have that

T
/ / (20AV gu1 + Vur)uadVy(x)dt =
0 JM

= / 2(AV 1) ar@zdV,(z)dt + A 2i(AV y1)ar (bﬁ + eMW(ﬂ—A”Rz,A)qu (z)dt
(0,T)x M (0,T)x M A
b ,
(4.5) +)\/ 2i(AV 41) (i + e*’)‘(w(m)’)‘t)RL)\)chdVg(x)dt
(0,T)x M A

A / 2i(AV ;) (b—l e MEDAR, ) (bﬁ + AT Y av ()t
(0,T)x M A A

, V,b
+ / (2020 4( 9 yay + L4 V,R), 3) + Vi w3V (a)dt.
(0, T)xM

We then divide (4.5) by A and apply (3.19)-(3.20) to obtain

/ i(AV ) arazdV, () dt
(0,T)xM

<Al /(O . (@i g1+ VTV (2)dt] + C [l s oy, oyt
5 X

Using polar normal coordinates in the left hand side of the above gives us

/OT /Ooo /Mym i(A(t, 7 0)0)X2 (DA, O)u(r, 0)~% exp (z/ooo Alt,r + s,9)9ds>dVg(r, 0)dt

<\t /(O . M(%Avgul + Vur)uzdVy(z)dt| + C |7l gago,7)x 0, 5, M 76\
,T) %

Using now the fact that p(r, 9)_%dVg(r7 0) = drdf, we conclude that

T ¢S] oo
/ / / (At 7, 0)0)x2 (1) h(t, ) exp (z / A(t,r + s, 9)0ds> dfdrdt
o Jo Jo,s,m, 0

<At

AVy(@)dt + C Il yagorryxon s,m T A

/ (QZ'Angq + Vul)ng
0, T)xM

We use this last estimate together with (4.3) and (4.4) to obtain (4.2). O
Armed with the above, we are now in a position to complete the proof of the uniqueness result.

Proof of Theorem 1. Let us assume that Aa, 4, = A4, 4., and begin by proving that this condition implies
that A%°! = 0. We recall also Definition 2 of I;, the geodesic ray transform for 1-forms given by (2.2).
According to s-injectivity of the transform I; (consult e.g. [1] or [16, Theorem 4]), it is enough to show that
I1A(t,-) = 0. Then, sending A — oo in (4.2) we obtain

(4.6) /0 ! /O h /8 - (At 7, 0)0)x2(£)h(t, 0) exp (z /0 T A+ s, e)eds) dfdrdt = 0.

On the other hand, notice that, due to (3.9), for A =3>""_, a;dz’ we have
o 7+ (y,0)
/ A(t,r,0)0dr :/ A(t,r,0)0dr
0 0

7+ (y,0)
- / At 7y0())7, 0 (8)ds = L[A(L, )](5,0).
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Thus we deduce that

/OOO i(A(t,r,0)0) exp (z /OOO A(t,r + s, 9)9ds)dr :/O i(A(t,r,0)0) exp (z /TOO At s,e)eds) dr

_/Ooo B, exp (z/oo Alt, s,9)6ds)dr

= exp (2 / Alt, s,a)ads) —1 = hlAIw _ g

oo

Using this identity in (4.6) and applying Fubini’s theorem, we get

/ / [e AN 1] h(t,0)dodt = 0.
a+s1,/v11

Since h € C§°((0,T) x 01SM;) is arbitrary, we deduce that
XA (t) [ AW 1] =0, te(0,T), (y,0) € 94SM.
But since 7 € (0, 1) is arbitrary and x(t) = 1 for t € [27,T — 27], we see that
AW =1 ¢ € (0,T], (y,0) € 9+ SM,

and hence deduce that for all ¢ € [0,7], I1[A(t,")](y,0) € 2nZ. Since A € W5>((0,T) x My;T*M;) one
can check that Iy A € C([0,T] x 0+SM;). Then since for all y € M it holds that 0;.5,M; is connected,
we conclude that the map [0,T] x 0;S, M1 > (¢,0) — I1[A(¢,-)](y,6) is constant. On the other hand, note
that A = 0 on M; \ M, so that for any y € OM; there exists § € 0,5, M; such that for all ¢t € [0,T] we
have I, [A(t,-)](y,0) = 0. Therefore we conclude that A%°! = 0.

We can then use the Hodge decomposition (4.1), to deduce the existence of ¢ € W5 ((0,T) x M)
satisfying ¢|(o,r)xom = 0 such that Ay = A; + d¢. Thus the proof will be completed if we show that
g2 = q1 —0:¢. Since Ay = A;+d¢ we can put g3 = g1 — ¢ and by gauge invariance we have A4, ¢, = Aa, q5-
Thus, by assumption it follows that

(4'7) AAzyq:s = AA1,(11 = AA27(12'

Therefore, the proof will be complete if we prove that condition (4.7) implies that g3 = go. For this
purpose, we let y € OM, h € C§°((0,T) x 045y M;). We consider us the solution of (3.2) for j = 2 taking
the form (3.3), and u; the solution of (3.2) but with A; replaced by Ay and g¢; replaced by ¢, again taking
the form (3.2). Note that g3 = q1 — ;¢ € W*>((0,T) x M), so this construction is still valid. In particular,
taking Ay = Ay in (4.3) we obtain

T T
/ / (g3 — @2)ur1UzdVy(x)dt = / / [(Adggs — Mag,gp)¥1 0| Uzdogdt = 0.
0 JM 0o Joam
Fixing ¢ = g3 — ¢2 extended by 0 on (0,7T) x (M \ M), we get

: _
b . .

|| awmiva= [ emmavy@des [ gan (4 AR )av (o)

0o Jm (0,T)x M (0,T)x M A

b N
+ / q(—l + e‘z’\(w(”)_’\t)Rl,)\)(ngVg(m)dt
(0, T)xM A

by o i At by i At
+/ o(2 @R, ) (02 L de@-0FT ) av, (2)dr.
e 13 )3 )

Then, we argue similarly to the proof of Lemma 2. Using polar normal coordinates and (3.19)-(3.20) we get

/ / /8 9, M q(t,r, 0)h(t, 6)dodrdt

And we send A — oo to obtain

(4.8) / / /a .y q(t,r,0)h(t,0)dodrdt = 0.

< Clhll gao,ryxo,8,m0) T AT
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Let us recall the definition of the geodesic ray transform I acting on functions, given by (2.3). In light
of (4.8), we allow y € OM and h € C§°((0,T) x 0+S,M;) to be arbitrary, whence we deduce that

T4 (y,0)
fwa»mw=A CBalt,r,0)dr =0, t € (0,T), (5.0) € D, SM;.

Now, since 7 € (0, Z) is arbitrary and x = 1 on [27,T—27], we conclude that Io[g(t,-)] = 0 for all ¢t € (0,T).
Then by injectivity of Iy on L?(M) (e.g. [16, Theorem 3]) implies that ¢ = 0, whence g2 = q3 = q1 — 9;¢.
This completes the proof of Theorem 1. O

5. STABLE DETERMINATION OF THE MAGNETIC POTENTIAL

In this section we establish the stability estimate in the recovery of the magnetic potential stated in
Theorem 2. For j = 1,2, we assume that A; € W5°((0,T) x M;T*M) N H3"T((0,T) x M;T*M) fulfill
(1.4). Then, for A = A; — As extended by 0 on (0,T) x (M;\ M) we have A € W ((0,T) x M1;T*M;)N
H3"T4((0,T) x My; T*M;y). We will also assume for the moment that for some small & > 0 it holds that

(5.1) A%, €.

((0,T)yx M) <

Before proving Theorem 2, let us recall some facts about the geodesic ray transform I.
Firstly, according to [14, Theorem 4.2.1], the ray transform for 1-forms extends to a bounded linear operator

I : H*(My;T*My) — H¥(0.SM,). Fixing w(z,0) = ’(9,1/(:5))57‘, we can also extend I; to a bounded
linear operator Iy : L2(Myq; T* M) — L2(904+SM;), where L2 (9,SM,) is the L? space with respect to the
weighted measure w(y, 0)dfdo,(y), and thus define I : L2 (0 SM;) — L*(Mq;T* M) as the adjoint of I;.
By condition (1.3) we have A € H>((0,T) x My;T*M;) with supp A(t,-) C M for t € (0,T). Moreover,
according to [16, Section 8], the operator I I3, is an elliptic pseudodifferential operator of order —1. Together
with condition (1.5), we have for 0 < k <5

(52) ”If‘[lAHH’C((O,T)le;T*./\/ll) <C HA”H’C((O,T)XMl;T*Ml) <CB.

Also according to [16, Section 8|, we can find constants C7,Cy > 0 such that for 0 < k <5

63 O A aramany < WALz ) < C2 4 o ramgany

Proof of Theorem 2 subject to (5.1). Following the work of the previous section, we allow h(t,6) to depend
on y € OM;. We can rewrite inequality (4.2) in the form

T
/ / (e AW 1) \2()h(t, y, 0)dodt
0 8+SyM1

(5.4)
< C( HAAl,Ql - AAz,!D” )‘57—_8 ”h(yv ')HH5((0,T)><8+51/M1) + /\_17_6 ”h(y’ .)||H4((07T)><6+S3/M1) )

We can use the Taylor expansion e! = 1 + ¢ + ¢ fol e*t(1 — s)ds to see that
1
AN | LA ))(:0) ~ BIA® P (,0) [ PRI (1 s)as,

0
and using this identity in (5.4) yields

< C( ||AA1,Q1 - AAz,qz” Aor® ”h‘(y7 ')||H5((0,T)><8+Sy./\/11)

[ e[ niAwo)w.ont.y. o
0 818y My

1 2
+ A0 2 (y, ')||H4((0,T)><8+Sy./\/11) + ||~ (y, ')||L2((O,T)><8+Syj\/l1) ||-[1AHCO([0,T]><8+SM) )

Combining this with the fact that
IlA = Ild¢ + IlAsol = [1Asol
and the definition of I7, we deduce that

sol
1 Allco o, 71x0, 500 < C 1A oo o mpxntsre ) -
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This implies that

A(t, )] (y, O)h(t, y, 0)dodt

XQ(t> < C( ”AAl,lh — N4z, || X7 8 ||h(y7 '>||H5((0,T)><(9+Sy./\/11)

818y My

—1,_-6 sol ||2
+ATT Hh(ya')|‘H4((0,T)xa+sy/v11)+Hh(ya‘)|‘L2((0,T)x8+syM1) HA HCO([O,T]XM;T*M))'

Since I; extends to a bounded linear operator I; : HF(My;T*M;) — HF(9,SM;), we can choose
h(t,y,0) = LIITI,[A(t,-)](y,0) and then integrate (5.5) with respect to the volume form do, of dM;. Using
the compactness of M7 we deduce that

(5.6)
T 9 T
[ e [ mniae@P = [ 30 [ AC) w0k 0| 6.010), | dodo, (o)t
0 M 0 LS M
< C( 1A = Ao I TP N LAl s 0.y oy aay T AT N LAl a0,y st - o)

+ ||IlIlASOlHL2 (0,T)x Mq;T* My) HASOZHCO([O TIXM; T*M))

Moreover, using (5.2) we can further simplify (5.6) in order to obtain

T
(5.7) /0 X' (®) /M LA )](2) | dVy (a)dt

< (M avs = At T+ A i 1A o omntiran) )

Since we also have

/OTX2(t)/M1 |17 LA ))(2)]* dVy (« dt—/ /M1 IELIAG, ) (@) 2 dV, (@) dt

sc[/o (1-x <>>dt+/T (1= x2()at] < Cr,

T—1

(5.8)

we obtain the estimate

/ / LAt ) () dV (2)dt
(5.9) M
C( [Aayg = Ay g [ X772+ X7 0 7 HAGOIHLz (0,T)x M) A soz“co ([o, T]><M1))

We now set 7. = min ((£)%,1). Let v = ||Aa, ¢, — Aay,q. . For v < 7., we can choose 7 = yax, A =1717,

and deduce that

* v SO SO 2
(5.10) (11 IlAHiZ((o,T)le) < 0(7414 +]|A lHLQ((O,T)le) |4 ZHCU([O,T]XMl) )
By the Sobolev embedding theorem, interpolation, and condition (1.5), we observe that
(5 11) HASOZHCO([OT]XMl) — CHASOlH %((0 T)xMj)
< C A s oy 14 s ompentsy < C 1A 2o oments

Then, using (5.3) and condition (1.5), interpolation also yields the estimate

sol
||A ||L2 (0,T)xMy) = C||Il IlAHL2(OTH1(M1)) <C ”Il]lA”L?((o T)x M;) HIlIlA”Lz(OTHG(Ml))
< CIIIi‘IlAHfz

(5.12)

sol * =
((0,T)x M) HA |’22(0,T;H5(M1)) < c HIlIlA”I?Z((O,T)XMﬂ :

Finally we combine (5.10), (5.11) and (5.12) to obtain
< CIELAIS < Oy +C |4 < Cye 4 cefo |||,

1A Lo oy atn) (0,T)x M) *
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Thus for small € we deduce that
sol 2
|4 ||L2((0,T)><M) < Oy,
Similarly for v > ~,., we have

4= v
sol L2((0,T)xM) 5
(5.13) |4 ||L2((O,T)><M) = = < Oy,
0%
Thus the proof of Theorem 2 is complete, subject to the smallness assumption (5.1). O

We will now show that the assumption that (5.1) holds a priori is unnecessary. Define n € C°°(R"™) by
Cexp(%) if |z <1,
0 if |z| > 1,

where C > 0 is chosen so that [, n(z)dz = 1. We further define the function

Np(x) = pinn(%)-

Note that 7, approximates the Dirac delta distribution on R™ as p — 0. Arguing as we did in (5.8), we use
the estimate (5.4) to deduce that

T
/ / (e H WO _ 1) p(t,y, 0)dodt
0 B+SyM1

= C( [Aa1,q — Az gl N7 ~® [h(y, ')HH5((0,T)><8+SyM1) +ATI0 1k (y, ')||H4((07T)><3+Sy/\/11) + T).

(5.14)

Since A is extended by 0 to (0,T) x (M \ M), it follows that e*/1[A#)1®:9) _ 1 is compactly supported in
[0,T] x 945, M;. We can find a finite open cover {U;}; of M, so that for all y € U; we can choose the
same spherical coordinates 6 := R"™! 5 o+ 6(a) on Sy M; in such a way that 6(a) gives coordinates in a
neighborhood of supp(e![AEINW 1) c 9, 5, M;.

We can then fix y € OMq, 6y € 04SyM;i, to € (0,T). Let g = a(bp), v = [|Aa, g0 — Aa, g0l We
define the function f(a,t) = e[AEIW0(@)) _ 1 and let h(t,y,0) approximate the cylindrical Dirac delta
distribution, that is

1
sin™=2(ay)sin™3(ag) - - - sin(a,—2)

h(t’ Y, 9(04)) =

1o (a0, to) — (e, 1)).
It is well known (see for instance [13, Lemma 2.1]) that

2l g0,y x 04 5, Mm0) < p TRk eN.

In addition, we fix

ffag, to) = fle, )R] (to, y,0(c)) — (t,y,0())]dtda.

R’!L
We use (5.14) to deduce that

(5.15) f(a,t)n, (o, t0) — (v, t))dtda

< C(fy)\f’T’gp*"*s + )\*1776p*”74 + T).
R’Vl

In particular, C' is a positive constant depending only on M, T" and B, and independent of y. In order to
deal with the left hand side above, we need the following Lemma:
Lemma 3. Let f : R" — R be C!, and let fP(xg) = JB(20.p) f (@)p(x0 — 2)dz. Then for any xo € R™ we
have that

|f*(@o) = f(zo)l < C I fllcr p-
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Proof.

(o) — f(x0)] = /B ol =) — S| < /B e =) @)~ S| de

< / np(0 — 2) | fller pdz < C |1 fller - p.
B(zo,p)
O

Since Iy : C¥(My;T* My) — C¥(OSM;) is bounded, [ Allyys.00 ((0,7)x M7 M) < Bs then we must have
[flle: < CB when f(a,t) = e1AEII@(@) _ 1 Thus, Lemma (3) together with (5.15) tells us that

et [Ato,)](y,00) _ 1‘ < C’(’Y)\Sngpinfs + AT p).

—n—11

For v < min (($)%"%% 1) we can choose 7 = NEEE, \ =T . p =7 to deduce that

I 1A(to.)](v.60) _ 1‘ < O,

with C' independent of y. We now choose vy small enough so the right hand side is near 0 when v < ~q.
But this implies that I;[A(to,-)](y,8p) remains close to integer multiples of 2 whenever v < 7g. Recall
that A is extended to (0,7") x M7 \ M by zero. Thus, for choices of y, 8y corresponding to short geodesics
remaining close to the boundary of M, we have I1[A(to,-)](y,00) = 0. Then, the continuity of I;[A(to, -)]
in y, 0, together with the previous argument implies I1[A(to,)](y,00) is close to zero when v < 7. But
HIlA||CO([0,T]><B+SM1) S 62 implies ||IlA||L2(O,T)><6+SM1 S C€2, and in turn HIikle||L2((O,T)><M1;T*M1) S
Ce2.
Then interpolation gives

1 1
) <C ||11*IIAHL2(0,T;H1(M1)) <C ||If[1A||22(( \11[1A||Z2

HASOIHLz((O,T)XMl 0,T)xM;) |

1
S CITLA] L2

(0,T;H?(My))

! % * 3
Omyertn) 1A a0z () < CITLANE 0.1y 0y < CF

Thus, for v < 79 we conclude that the smallness assumption HASOIHLz((O T)x M) < ¢ holds. Therefore,

we can rerun the argument of the previous section with 7, replaced by 7y, and reach the same conclusion
without the need to assume smallness a priori. On the other hand, if v > 79, we proceed as in (5.13). With
this, the proof of Theorem 2 is now complete.

6. STABLE RECOVERY OF THE ELECTRIC POTENTIAL

This section is devoted to proving the stability estimate in the recovery of the electric potential stated in
Theorem 3. Henceforth, for j = 1,2 we assume that A; € W*((0,T) x Mq;T*M;) with §A; = 64 (so
that A = A%, q; € W*°((0,T) x M;) and that conditions (1.7) and (1.8) are fulfilled. Additionally, we
continue to assume that condition (1.5) holds true for the magnetic potential. In light of (3.15)-(3.20), we
can use (4.3)-(4.4) to deduce that

T
/ / VuytizdV, (z)dt
0 M

where again v denotes ||A4, 4, — Aa,,q.]|- Using the fact that

T T T T
b . o
/ / Vg dV,(a)dt = / / Vayas dV,(x)dt + / / Val(—Q—i—e“\(w*’\t)Rg,A) dV,(x)dt
0 M 0 M 0 M A
T
+/ / V(b—l—i—e_M(w_“)RL,\)@ AV, (x)dt,
0 M A

_
T b1 (bt ba M=o dv
/ / V(~ +e AW )R,,\ ~ +e? )R,A dVy(a)dt
0 M <)\ ! )(A 2 ) 9( )

—6
< C(x\T 1A L 0,1y x M aty 1l e 0,7y %0, 5, 00)

(6.1)

—816
N [l 0,190 0000 )
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together with (6.1) and (3.15)-(3.20), we obtain

T
o2y VT et <O AL yneran oo,

AN P s 0.y <o, sy may AT I s 0.1y <0, 5, M0) )

Then, by the definition of V' together with Stokes’ theorem, we deduce

T T T T
/ / Vayag dV, (z)dt = / / qarT3 AV, (x)dt—i / / AV y(a13) dV, (x)di— / / (A, Ay + Ag), s dV, (),
0 M 0 M 0 M 0 M

whence we have

T
(6.3) /0 /M qax@3 dVy(2)dt <C (M~ 1Al o ryx gz ) 1Bl 3 0.y x5, 00

—81\6 —1,_—4
+9777A ||h||H5((O,T)><8+SyM1)+>‘ T ||h||H4((O,T)><8+SyM1))'

Since it holds that

T T o) 00
/ / qar@z dV,(z)dt = / / / a(t, 1, 02 (D)h(t, 0) exp (z / A(t,r+s,6)9ds)drd9dt
0 JM 0 JoyS,MiJo 0

we deduce
T [e'e] T
0 JoyS,My Jo 0o JM

/OT /mSyM1 /OOO X2 (t)a(t,r, 0)h(t, ) [eXp (z/ooo At,r + s,e)eds> - 1} drdfdt

Applying the mean value theorem to the second term on the right, we find that

T
/ / ga1G2dVy(x)dt
0 M

and, by combining the above with (6.3), we deduce that
(6.4)
T
] nlat o )w o @nt. o)
0 Joa,Ss,M

<

+

T
//Io[cJ(u-)}(yﬁ)x?(t)h(t,y,e)dedt <
0 M

+ C Al oo (0,7 x My s My ) 5

dfdt SC(AT% AN Lo (0,7 x o= M) ||hHH4((o,T)xa+syM)

+ ’)/7'78/\6 Hh||H5((0,T)><6+SyM1) + A Hh||H4((O,T)><6+SyM1) )

By the Sobolev interpolation theorem, we can choose p € (n + 1,00) such that [|Alz 0. 1)x a1 M1y <
CllAllywro((0,7)x My 7+ My - @0d by interpolation together with condition (1.5) we deduce that

1 1
||A||L°°((0,T)><M1;T*M1) <C ||A||5V2>P((O,T)><M1;T*M1) HAHEP((O,T)le;T*Ml)

1 i
< Al Ze oy xataire sty = €A 0,1y xaair sty -

By combining this estimate with the result Theorem 2, we conclude that
51
AN Lo 0,1y x My My) S CYP

Thus, we can rewrite (6.4) as

T
_ 1
/ / Io[q(t, ) (y, O)X>(t)R(t, y, 0) | dfdt < C'()\T Oy 120l a0,y x 0,8, M)
0 Jo.s, M

(6.5)
*

AT N Bl s 0,1y e sy an) F AT IR s 0.1y x5, 00 )
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Proof of Theorem 3. In order to prove (1.9) we will use the estimate (6.5) together with a suitable choice
of h. First, note that according to condition (1.7) we have ¢ € H®((0,T) x M;) with supp ¢(t,-) C M
when ¢ € (0, T). Recall, according to [16, Section 7], that I}Iy with I} the adjoint of Iy (see for instance [2,
Subsection 2.2] for details) is an elliptic pseudodifferential operator of order —1 for £ € T* M. Therefore, for
all t € (0,T), we have || I Io[q(t,-)]|| € H((0,T) x M;) and condition (1.8) implies

(6.6) 126204l £r5 0.7y x M) < C Nl g5 0,7y xry) < CBi-

Moreover, according to [14, Theorem 4.2.1], for all k € N, the operator Iy : H*(M;) — H¥(0.S5M,) is
bounded. Thus, we can choose h(t,-) = InI}Io[q(t,-)] € H5((0,T) x 04 SMj). Integrating the left hand side
of (6.5) with respect to y € OM; and applying Fubini’s theorem yields

T T
[0 [ hlato)w0ntv.0)|0.00), | dbdo, e = [0 [ 1 alate )@ vyt
0 8. SM; 0 M,y
Combining this with (6.5) and (6.6), and using the fact that M; is compact, we get
T
(6.7 [0 [ 1kl @ v < 0(yFar s ar it r),
0 My

with C' depending only on M1, T and B;. Further, by the same argument as in (5.8), the estimate (6.7) can
be rewritten as

T
(6.8) / / B Lola(t. ) (@) aVy(w) < ClyFAr=0 4477830 4 7-4x 17 ].
M,y
Note that for all ¢ € (0,T") we have supp ¢(¢,-) C M. Thus, according to [16, Theorem 3], we have
[ a2) P aVi(@) < C I Bl agy - tE O.).
1

Integrating with respect to t € (0,7") yields

[ ] 0P Vi) < Rl g oy

Then, by interpolation we obtain

T
L[ et avie) <C I latt. Myaqomyenss 15 ol Mooy
1

<C | I5Iola(t, )l r2(0,7)xry) »
where C' depends on M, T and By. Combining this with estimate (6.8), we find that

T
(6.9) / / lq(t, ac)|2 dVy(x) < C[V% SSAT O 4y NS 4 N 4 7
0 My
and (1.9) follows from (6.9) by a similar argument to the one used to prove Theorem 2 from (5.9). O
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