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Abstract

The asymptotic behavior of a plug-in kernel estimator of the regression level sets is studied. The exact
asymtotic rate in terms of the symmetric difference is derived for a given level. Then, we exhibit the exact

asymptotic rate when the level corresponds to a fixed probability and is therefore unknown.

1 Introduction

Level set estimation is a general statistical framework where one has to estimate the t-level set a function
g (i.e. the set {z | g(x) > t}) using observations where randomness is involved. Depending on the context,
the function g can be a density (Hartigan, 1987; Tsybakov, 1997; Cadre, 2006; Mason and Polonik, 2009;
Chen et al., 2017), a cumulative distribution function (Di Bernardino et al., 2013, 2015) or a regression func-
tion which is the framework of this current article. Let (X,Y") be a pair of random variables taking value in
R? x R. The function r : # — E[Y | X = 2] is called the regression function of Y with respect to X. There
are different applications of estimating L£(t) := L"(¢t) = {« | r(z) > t}. For example, in medical treatment,
Y can be a variable characterizing the severity of a cancer. In certain cases, one compares Y to a threshold
~ to choose between standard chemotherapy or aggressive chemotherapy. The problem is that measuring Y
can be complicated, so one might hope to infer Y from a feature vector X of the patient where X can be
obtained more easily. The problem then becomes the estimation of L£(+). Similarly, in economics, X can be
demographic information concerning a person and Y can be his income. From a government point of view,
it is relevant to estimate £(t) where ¢t may be the poverty threshold or, on the contrary, a very high income

threshold. For more details the reader is referred to Scott and Davenport (2007).
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Despite the many potential applications, the estimation of the level sets of the regression function has not
been widely studied. Willett and Nowak (2007) obtained minimax rates (for different smoothness classes) for
estimators based on recursive dyadic partitions. Scott and Davenport (2007) use a cost sensitive approach and
a different measure of risk. Cavalier (1997) and Polonik and Wang (2005) used estimators based on the max-
imization of the excess mass. Cavalier demonstrated asymptotic minimax rate of convergence for piecewise
polynomial estimators using smoothness assumptions on the boundary of the level sets. Laloé and Servien

(2013) used a different approach and construct a plug-in estimator £,,(t) defined by
L,(t)={zeR:r,(z) >t}

where 7, (x) is the kernel estimator of the regression. The main advantage of this estimator lies in the
simplicity of his calculation, inherited from the plug-in approach. Moreover, this estimator does not require
strong assumptions on the shape of level sets. The error is investigated in term of the volume of the symmetrical

difference between the real and estimated level sets
dr(Ln(t), L(1)) = A (Ln(t)AL(L)) ,

where L,,(1)AL(t) = (L, (t) N LY (t)) U (LS (t) N L(t)) and ) is a measure on R? (for example the Lebesgue
measure). The estimator is shown to be consistent with E A(L,, (t)AL(t)) = O(1/v'nh?). To our knowledge,
the exact asymptotic behavior of the Lebesgue measure of the volume of the symmetric difference is still unkown
for the regression function whereas an exact asymptotic rate has been obtained under reasonable assumptions

by Cadre (2006) for the density case. Thus, our objective is to give exact asymptotic rate in the regression case.

Section 2 is devoted to definitions and notations. In Section 3, we state the exact asymptotic rate for the
regression framework. Then, we extend this result to the case of an unknown level t. Proofs are sketched and

gathered in Section 4.

2 Definitions, notations and assumptions

Let (X,Y) be a pair of random variables taking values in R% x .J where d > 2 and .J is a bounded subset of

R. Suppose that X has a density f and let 7(z) = E[Y|X = z]. Let K be a probability density on R¢ with



K= J K? and denote by r,, the corresponding kernel estimation of 7, that is

ol if fo() > 0;
)= | I (1)

0 otherwise,

where ¢, (2) = — Xn: YK (thXi) and fp(2) = =7 i K (””*hXi) with h = h(n) — 0 being the bandwidth
i=1 i=1

parameter. We use A to denote the Lebesgue measure and )\, the measure induced by a bounded function m
in the sense that A,,,(S) = [ m1,csdz for measurable sets S. ® denotes the cumulative distribution function
of the standard Gaussian distribution N'(0,1) and ¢ some strictly positive constant whose values may vary

from line to line. From now on, © C (0,supr) is an open interval. Let us introduce some assumptions :
e Assumptions on (X,Y) :
A0 For all t € © there exists inf r <t~ <t such that £(¢7) is compact;
A1l The functions 7 and f belong to class C?(R%) and V¢ € O, Li(rtlf) f>0;
A2 Forall t € @,Tir%(ft) (V7] > 0;
A3 The function g(z) = Var (Y|X = z) belongs to class C* and satisfies inf,-1(g) ¢ > 0.
e Assumptions on the Kernel :

B1 The kernel K belongs to the class C2, has compact support which we suppose to be contained in

B(0,1) and satisfies K (z) = K(—x);

h oo and phmin(d+4,2d) log®n — 0.

n
log® n

B2 The bandwidth satisfies

Note that Assumption AQ is a standard assumption in the theory of set estimation. Indeed, it is very difficult
to measure errors if we try to estimate an unbounded set. Assumption A2 means that r has no plateau in
levels around ¢. Indeed, if r had a plateau at level ¢, then even a very good estimator of r (in the sense that

|rr, — 7| is small) might still produce a bad estimator of L(t).

3 Theoretical results

3.1 Knownt

We first consider the case where the level ¢ is known and obtain a rate of consistency for the volume of the

symmetric difference A(L,, (£)AL(t)) :



Theorem 1. Under assumptions A0 to B2, we have

2K
eace |25 [ it ©
2K
nhiE [\ (L (t e /1{t} IIVTH (3)

where H denotes the (d — 1)-dimensional Hausdorff measure on R? (Evans and Gariepy, 2015).

and

This theorem gives the exact asymptotic limit for the Lebesgue measure of the symmetric difference between
the true level set £(t) and the estimated set £,,(t). Note that (2) is a natural extension of Theorem 2.1
in Cadre (2006) to the regression case and that (3) is an improvment of Theorem 2.1 in Laloé and Servien

(2013) where only a convergence rate of O(v'nh?) is proved.

3.2 Unknown ¢t

We now consider the problem of estimating £(¢) when ¢ is unknown because it is defined via a probability p
such that P (r(X) > t) = p. We define an estimator t,, for ¢ and the estimator for £L(t) becomes L,,(t,). For

this, we need a more restrictive bandwidth assumption (which implies assumption B2):

B2’ d > 3 and the bandwidth satisfies 732;;2 — oo and pA™in(d+4.2d) 1668 5 5 .
Theorem 2. Define the function P by P(u) =P (r(X) > u) and let ©, = [s1, s3] be a strict subinterval of

©. Let p be such that p € P(©) and let t be such that P(t) = p. Then, under assumptions A0-B2':

1. Almost surely for n > ng = ng(w), there exists an unique t,, such that fL(t*) foly >, = p. In

particular, P (3! t, S.t. fL(t,) falyp, >, = p) —1;

2. We have t, 23 t;

3. We have VnhiX|[L, UQK/
=14t} HVTH

It is interesting to see that even if the problem of estimating L£(t) where ¢ is unknown seems to be more

difficult, the convergence rate stays the same.



3.3 Discussion of the results

First of all, note that the convergence speed and the exact form of the limit are similar in the two theorems.
Moreover if we consider the restrictions on the bandwidth we see that the best convergence rate we can get
is O (nd+4) up to some logn factor. We are in a situation similar to Cadre (2006) with a clear curse of

dimensionality.
Let us now discuss the form of the exact limit :

e The term \/q/f in the asymptotic limit is natural: estimating L(t) is easier when the variability is low

and the density is high;

e Note that in the trivial case ¢ = 0 everywhere, Y would be a deterministic function of X. Estimating

L(t) would be a lot easier and thus we would have a faster convergence speed than vnh;

e The exact limit depends on an integral over =1 {t}. This is not surprising because r~! {t} corresponds

to the boundary of L(t) which is the place where the estimation is more difficult.

The results presented in Theorems 1 and 2 provide a natural and elegant extension of the results presented in
(Cadre, 2006; Laloé and Servien, 2013). However a nice perspective would be to get a asymptotic normality

as the one obtained in Polonik and Wang (2005) in the density function case. In a more practical perspective,

the problems of the choice of the bandwidth and of the estimation of the integral fr,l{t} ‘—V‘Vqﬁ dH remain
open.
4 Proofs

4.1 Proof of Theorem 1

In all this section, ¢ will denote a generic constant whose value can change from line to line.

Sketch of the proof : By definition of the symmetric difference, one can write A(L,(t)AL(t)) =
f{r<t}ﬂ£(t,) L, (2> do + f{r>t}ﬁ£(t*) L., (z)<tdz. We focus on the first term as the second one can be
treated similarly. One can approximate the integral of 1, (;)>; over {r <t} N L(t7) by the integral of

1, (o)>¢ over V! = {r € [t — 'y, t]}, where T',, is some small number using Lemma 3.

So we only need to show that vVnhd fVTE L, (z)>¢ dx tends in probability to some explicit number c. This can
be derived by showing that its expectation tends to ¢ and its variance tends to 0. By Fubini's theorem, one can

write E (\/nhd S L (@)>t dx) as Vnh? [,,, P (rn(z) > t)dz. Then, by using Berry-Esseen inequality and



properties of kernel estimators, one can give an explicit formula to approximate P (r,,(x) > t) with Lemmas 4
and 5. This explicit formula eases the calculation of the limit of V'nhd [, P (rn(x) > t) dz which is provided
in Proposition 7. Then, the variance term is treated in Proposition 9. Again by Fubini's theorem, one can

show that

ar <W P (ra(2) > 1 dx> —uh? [[Bu0) 2 t.1(0) 2 ) = Pra(a) 2 )P (1) = ) do .
v

(V)2

n

S Vi (25

=

i K ()

depends on X if || X; — x| < h and so r,(z) and r,(y) are "almost independent" if ||z —y|| > 2h. One

Recall that r,(z) = ) and that K has support in B(0,1). This means that r,(z) only

might therefore hope that P (r,(z) > ¢,7,(y) > t) — P(rn(z) > t)P(r,(y) >t) is small. In the proof of
Proposition 3.2 in Cadre (2006), Cadre solved this problem by approximating P (f.(z) > t, fn(y) > t) —
P(fnu(z) > )P (fuly) > 1) in terms of Cy y(u,v) — Cx(u)Cy(v) (where Cp 4y, Cy and C, are respectively
characteristic functions of (fy,(x), fn(v)), fu(z) and f,.(y)). Then he proved that Cy ,(u,v) — Cy(u)Cy(v) is

small. Unfortunately, this approach can not be generalized easily to the regression case.

In fact, even when ||z —y|| > 2h, r,(x) and r,(y) are still dependent because the random variables N,
and N, are not independent (where N, and N, are respectively the number of points belonging to B(x,h)
and B(y,h) among X1, ..., X,,). Therefore, we study the dependence between r,,(z) and 7, (y) in Lemma 8.
Using this Lemma, Proposition 9 proves that Var (\/7%]1‘/7f P (r,(x) > t) dx) tends to 0, which concludes

the proof of Theorem 1. [

Proof of Theorem 1. By Lemma 3, one has vnh? {A (Ln(ALE)) = [ Ly @)t — [ ]].,,-n(z)<t:| 5o.
Proposition 7 allows us to conclude that E [\/ nhd fvt ]]-Tn(w)zt:| — 1/ % fr*l{t} ‘—V‘qu( dH, while Proposition
9 gives Var (\/ nhd [ 1y ()=t dx) — 0. This ensures that

N / / dH.
rwz = |5 S Hwn

The same arguments applied to vnhd fW L, (z)<t complete the proof. O

Lemma 3. Let V! = r7! [t—l" lsif,t] and Vi = 7! [t,t—i—l" lsif} where T' > 0 is such that

nhiP <supﬁ(t) |rp, —7| >T IZ%) — 0. Then:



(i) Vahd | A (La(AL)) / 1, oy do — / 1 myerde | 50;
Vi

(i) Vnhe |EX (L, (t)AL()) f/IP’(Tn(:E) >t)dz — [ P(rp(z) <t)dz| — 0.

Proof. Since the proofs are quite similar, we only deal with the point (ii) of Lemma 3. Note that

@A@zﬂg@/{ atp 1| 5T 1ogn>

Vnhd/ P P 7
{rgth./%}ﬁll(t*) rgtfl“,/ls%}ﬂl:(t*) L(t™) nh
/1
S\E(t*)]vnhdﬂb ( sup |rp, —r|>T Oi:) — 0 by Lemma 4.1. in Laloé and Servien (2013)
L(t™) n

and, similarly vV'nhd f{ >t+F\/m} P (rp(z) <t) — 0. As we have
" ‘nhd

VRhaBX (L, () AL(t)) = Vnhd | P (ry(z) > t)+\/W/_t P (r,(z) < t)
vi v,

+ Vnhd ro(z) > t) + Vnhd ro(x) <t),
J J

P ( P(
rgth‘/%}ﬁﬁ(t’) T>t+r\/%}

we have (ii). O

Lemma 4. Let V,(z,t) = Var (Y —t) K (£52)) and set 7, () = (tf(z) — ¢(x)) \/Rf(m)[q(z’;id(T(z)_t)z].

Then ik ( [y B (ra(2) > 1) = [ ® (7 (1)) = 0.

Proof. Set 7,(z) = (tEfn(x) — E¢n(z)) ,/#t;h,d. Using Lemma 4.1. in Laloé and Servien (2013) and
Prop A.2. in Cadre (2006), we have

nh / P(rn(z) >t) — / D (7 (2))| < Vnhd|V!|sup [P (rn(z) > t) — @ (10 (2))|
Vi v Vi
1 1
< Vnhd (c Zi:) ;hd =c Zij} — 0 under assumptions on h. (4)

Straightforward calculations show that



Vilz, )bt — K f (q + (r— t)2) (ac)’ < ch?,Vn,Vz € V! and (5)

[Efn(z) — f(z)| < ch?,[Egn(x) — ¢p(x)| < ch? Vo e r~1(O). (6)
Therefore, for all x € V!,

1 1
¢n +|t Efn*f)*(E(bn*(ﬁ”i
VValz, )h \/Kw Kw(x)

’Kw — Valz, t)h’d’

Tn(@)| < tEf, — E

1
mhn(if) -

+eh——— by (6)

W\/ﬁ (W+W > Ku()

< ch? by (5) and assumptions Al and A3.

Finally, using Lipschitz property of ®, ‘\/nhd (fvt P (1 (x fvt T )‘ < cy/nhidt4logn — 0. This

convergence and (4) conclude the lemma. O
nhd f(x
Lemma 5. Llet au(z) = (tf(2) ~ o)/ = (t-r(@) ?(qfi))- Then

VIR ( [ ® (7a(@)) = fyy ® (an(2))) = 0.

Proof. We have

nhd

/w@(%n(x))/wwan(x»|

<cV nhd‘Vrﬂ sup [
Vi

F(r—1)

1
— ] by Lipschitz property of ®
q

1
< cy/nh?lognsup(r — t)* using that |V!| < ¢ % and inf ¢>0
Vi n

r=1(©)
log®n
<c by the definition of V,
nhd
which tends to 0 by assumptions on h, hence the lemma. O

Lemma 6. Let €* > 0 such that [t — 4e*,t + 4€*] C ©. There exists a function b € C* (R%,R) bounded be-

E96) oy [t — ¢t + ¢*] andlim, o0 Vb(x) =

tween two strictly positive numbers b and b such that b(x) =

f
lo
0. Furthermore ¥Yn and Vu < T %n we have {z|u > an(x),z € V!} = {x|r(ac) € [t — uy/ %,t] }

Proof. By the continuity of 7, r =1 [t — €*,¢ + €*] is a compact set contained in the open set r ~1 |t — 2¢* ¢ + 2¢*[.
By proposition 2.26 in Lee (2003), there exists a nonnegative function p such that p = 1 on 771 [t — €*,t + ¢7]

and the support of p is contained in 71|t — 2¢*,t + 2¢*[. By Al and A3, the function % is bounded on



7~1(©) between two strictly positive numbers denoted b and b. Then the function b(z) defined as follows

satisfies our requirements:

(B2 p) po) 4 ifac o Jo-3ene 360
by = ) T

b otherwise.

For the second point, recall that on V!, a,,(z) = (t — r(x)) ,/g‘(—’;(; soon V! we have u > a,(z) < r(x) >
(

t—u %. So we have easily {z|u > a,(z),z € V!} C <z|r(z) € {t — u,/b—}fgj
logn
d (

such that r(x) € {t—u\/%,t} Then r(z) >t —u i}? t—I‘,/b(‘?i;;
n mn

>t-T log" . This means that z € V! and thus {z|r(x) € |t— uw/%,t] } C{zlu > an(z),z € V'}. O

}. Inversely, let = be

Y

by assumptions on w)

Proposition 7. We have Vn fvt ro(x) > t)dz — %f 1 ‘V‘Vqﬁ dH  and
Valf
VRhIE A (Ln | = 2 [y Yo d
Proof. We have
logn
nhd/ P (ap(z))dz = Vn / )/ Lu>a, (2)lecv: dodu
vt R
+Vn / : u)/ Lu>a, (2) leev: dzdu := I) + L. @)
/ ogn R

Using Lemma 6, a generalization of Lemma 3.2 and Propositions A.1 and A.2 of Cadre (2006), Lebesgue's

dominated convergence theorem gives

I %/ &' (u)u / =1\ / /
! 0 “1{1 HVTH 2m Jony ||VTH “Veor “1{4 HVTH

We also have that I < vnhd [T \/m u)du fu Lrevy do < cylogn [, re o5 du — 0. Using (7) this

leads us to V'nh? [, ®(an(x)) — \VE I o ”tiﬁ‘ dH. Lemma 3, 4 and 5 end the proof. O

Lemma 8. Letz,y € R? such that ||z — y|| > 2h and put Ny = 3| Lx,ep(un)- Let Dy =P (X € B(x,h)),

then we know that D, = fB(m h) f < ah® where o does not depend neither on = nor on n. Then we have
limy, 00 Jp = 0 where J,, = sup ‘Wm 1l
z,yeR?
lz—yl=2h
u,v§2anhd

Proof. Let (z,,), (¥n), (un) and (v,,) be four sequences such that ||z, — y,|| > 2h and u,, v, < 2anh?. It



P (Ng, = tn, Ny, = vp)

BN, = un)P(N, =) — 1. This quotient can be rewritten as

is sufficient to show that

(n—up)l(n—v,)! (1—D,, —D, )" """
nl(n —up —vn)! (1—D,, )" " (1—D,, )" "

using the definitions of N, and D,.. By using the Stirling formula, the first term is equivalent to

when n — oo. Thus, one only needs to prove the following limits:

(1 _ Tn) (171;1#—2; — 1 and
(1 _ Un,+Un) " " (1 — Dwn — D

n

(1- D, )" " (1= Dy, )™

)n—un—vn

— 1.

Yn

The left hand of the first limit can be written as

(1 - %)H"Jrv" Unvn/n? \" A
(1= )™ (1 —2)™ (1+ 1%) T A <

By using straightforward calculations and the fact that u,, v, < 2anh?, one can show that A; — 1,Vi € 1,4,

thus finish the demonstration of the lemma. O

Proposition 9. We have Var (\/ nh? [, 1, ()¢ dz) — 0.

Proof. First, one has

Var <\/W y Ln(zm) = nhd//IP’(rn(x) > t,rn(y) > t) = P(ra(x) > t)P(ra(y) > t)dedy. (8)

(V52

Now, set S, = {z,y € V,' | ||z —y|| > 2k} and S,, = {x,y € V' | ||z — y|| < 2h}. Then

nh? //]P’(rn(x) >tra(y) > t) = P(ra(z) > )P (ra(y) > t)| < enh? lz%hd — 0, (9)
Sn

whereas, by using straightforward calculations, one can rewrite the integral over S,, as

nh //Z QeuQyo (B (N, = u, N, = v) — P(N, = u) P(N, = v))dady (10)
5o ww

10



K(m X1

(T

with Qz . =P ( L > t ‘ X1, Xy € B(z;h)). Moreover

nhd/ P(Ny =u,Ny =v) —P (N, =u)P (N, =v)|dady

S u\/v>2anhd

< n?h? / P (N, > 2anh?) + P (N, > 2anh®) dz dy. (11)
Observe that

P (Nz > 20mhd) <P (Nz >nD, + omhd) where D, is defined in Lemma 8

2h2d
<exp | ——————=——] by using N, ~ Binomial(n, D,
=P ( 2nD, + %omhd) Y & ( )

< eféanhd

using Bernstein's inequality (see Theorem 1 in Janson (1999)). With (11), this leads us to

nh? // Z [P(Ny =u,Ny=v) =P (N =u)P (N, =v)|dedy < enlogne™ 39" 5 0 (12)
S, uVo>2anhd

nh

T — 00. We also have that
ogn

as

wnt [[3 QP (N =) QP (N, = v)

S, u w<2anhd

=J, (W P (ry(z) > t) dx) .
v

with J,, defined in Lemma 8. This last quantity tends to 0 according to Lemma 8 and Proposition 7. Using

that convergence and (8), (9), (10) and (12) end the proof. O

4.2 Proof of Theorem 2

Proof of Theorem 2. The theorem follows from Propositions 10, 11 and 13. O

Proposition 10. Let P(u fL(t )f 2y>udx for w in [t7,supr] and let ©, = [s1,s2] be a strict
subinterval of ©. Then for every p in P(@s) and almost surely for n > ng = ng(w), there exists an unique

t,, such that fﬁ(t,) fnly,>t, = p. Moreover, t,, € ©.

Proof. Define P,( fc fn]lrnzu and let ©, = [z1, 23] be an interval such that ©, C 6, C O .

We have |P(u) — n(u)| < [ fllysa—1p>ul+ [ |f—ful < I+ L. As almost surely f, — f
L(t) L(t7)

11



uniformly on L(t7), we have [ |f— f,| — 0. For I, we note that 1,>, — 1, >, is only nonzero

£(t7)
when r > u > r, orr, > u > r. In the first case, we have u —¢, < u < r =17, +r—r, <
u+r—1ry < u+ e, where €, = sup |r —ry,|. In the second case, we also have u — ¢, < r < u+ €.

Thus [ fllysy — 1o 50| < f }tlze u—enuten] < Af (171w — €n,u+ €,]) — 0 by using Cadre (2006)
and tlfétfa)ct that ¢, — 0 by Tﬁh(Zo)rem [1.3, Chapter 5 of Bosq and Lecoutre (1987). So, we conclude that
P, (u) — P(u) almost surely for every u in ©,.

Let ¢t be such that P(t) = p. To show unique existence of a value ¢, such that P,(t,) = p, we need
to justify three points: a/ P, is strictly decreasing on [21,22]; b/ P.(z1) > pand P,(22) < p and ¢/
P, is continue on [z1, 22] . Let u < u’ be two points on the segment [21, 22]. Put My = r~1 ]t~ supr|, then
M is an open subset of £(¢t7). By continuity of r, there exists € M7 and ¢ > 0 such that B(z,¢) C M;
and 7 (B(zx,€)) € } Q“TJF“/, %2“/ . Uniform convergence of r,, to r implies that r,, (B(z,€)) € Ju,u'[. Because
inf, i~y fn > 0 for n large enough, this leads to fc(t,) fnle, cluw) > 0. Therefore, P,(u) > P,(u’) by
definition of P,, and a/ is proved. Using the same argument, P(t) is a strictly decreasing function on [z1, 22].
Because t € ©5 C ©,, we have P(z1) > P(t) = p and P(z2) < p. With the previously proved convergence

of P,, one can deduce b/ and ¢/ can be proved using dominated convergence theorem and straightforward

calculations which completes the proof. O

Proposition 11. Let ¢ € O, be such that fﬁ(t,) fl,.>; = p where p € P(0;). Then we havet, —t a.s. .

Proof. According to Proposition 10, t,, is contained in © for n large enough. We extract a subsequence (¢, )
from (t,) that converges to some ¢*. To show that (¢,, ) converges to t, it is sufficient to show that P(¢,, )
converges to P(t) because P(u fL(t )f L,(z)>u dz is a continuous strictly decreasing function. We
have |P(tn,) — P()| < fw,) fa

previous proof one can show that it converges to 0. Therefore we get P(t,,) — P(t) which leads to ¢,, — t.

r>tn, — Lo, >t

Since this conclusion is valid for any convergent subsequence of (¢,), we have finally that ¢,, — ¢. O
Lemma 12. We have Vnh? fﬁ(t,) F(Lise — 1, 54) Eo.
Proof. We write vVnhd fﬂ(t,) f(y>e —1,,5) = Vn fll(t )f r>tsr, — Ly, >t>r) . By Lemma 4.1 of

Laloé and Servien (2013), the event {supﬁ( rn—7r| <T log"} happens with probability tending to 1.

Note that on this event, we have fﬁ(t,) flistsr, = fv—gfllrnq so the lemma will be proved if we have
that \/va—;flrnq - \/WIVJ J T % 0. Using the same arguments as in Proposition 7 and 9 with
integrating with respect to the measure induced by f, we can show that each of these two terms tends in
probability to the same constant. O

Proposition 13. We have Vnh? |\ (L,(tn)AL()) — X (L (1)AL(H))] 5 0, which implies that

Vi L, (tn) AL(t —>\/§f,l{t}“‘/vqf_“d?—1

12



Proof. Straightforward  calculations  show  that  Vnhd|\ (L, (t,)AL(E)) — A (L (£)AL(L))] <
C\/W‘fﬁ(t,) (f = fn) th‘ + C\/W‘fﬁ(t,) fn (Lise — LnZt)‘- The first term tends in probability to
0 by Lemma 4.2 in Cadre (2006). For the second term, we have C\/W‘fa(t,)fn(]l,.zt —1,,>)] <
esuz(y U = SIVART [py ) (Ui, + pzesr) + /b [y f (st = 1r,20)|. Theorem 1 and

Lemma 12 end the proof. O
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