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Abstract

We present a method for computing first order asymptotics of semiclassical spectra for 1-D Bogoliubov-

de Gennes (BdG) Hamiltonian in the Theory of Supraconductivity. A more rigorous approach taking

also into account tunneling corrections, will be discussed elsewhere.

1 Introduction and statement of the result

In many situations, finding the spectrum for a semi-classical Hamiltonian reduces locally to a 1-D
problem. This follows for instance from adiabatic approximation, separating the transverse modes
from the longitudinal ones. Thus its spectrum is given in a good approximation by Bohr-Sommerfeld
quantization rule. This approach is relevant for graph-like systems, as arises in the modelisation of
semi-conductors or metallic nanomaterials. In this paper we are interested in a model of supraconduc-
tivity, accounting for Andreev reflection between SNS junctions (supraconducting contacts). A similar

model when replacing the Normal Metal by a Ferromagnetic material, is called SFS junction [CaMo].

1.1 Bogoliubov-de Gennes Hamiltonian

BdG Hamiltonian describes the dynamics of a pair of quasi-particles within Supraconductivity. Our
framework, that we briefly recall below, is described in [ChtLesBla], [CaMo] for a “clean junction”,
and also [DuGy] for a “dirty juction”, and based on earlier work by [An] and [deJoBe]. For a detailed
insight into the theoretical and experimental setting in supraconductivity, see [BCS], [deGe], [KeSo],
[LE].



Consider a narrow metallic lead, with few transverse channels, connecting two superconduct-
ing contacts. For simplicity, the lead is identified with a 1-D structure, the interval x € [—L,L].
The reference energy in the lead is taken as the Fermi level Er, and the longitudinal problem re-
duces to describing the dynamics of a quasi-particle (hole/electron) in the effective chemical potential
w(x) = Ep — E*(x), where E*(x) denotes the transverse energy of the channel, obtained from adiabatic
approximation. We shall ignore channel mixing between different transverse modes, and consider only
one transverse mode.

Interaction with the supraconductor bulk is modeled through the complex order parameter, or su-
perconducting gap, Ager?/2, which extends smoothly to a function A(x)ei¢(x>/ 2,0 < A(x) < Ay, in the
metal (describing the “dirty junction”), ¢(x) = sgn(x)@, A(x) =0 in |x| < L— ¢, where ¢ < L. BdG

Hamiltonian assumes the form

E2—p(x)  Alx)e?/2
PxE) = <A(x)e,-¢(x)/z _ézw(x)) (1.1)

The chemical potential u(x) is assumed to be a constant for |x| > L+ ¢/2, which makes sense if ¢
is sufficiently large with respect to the typical wave-length .

We use throughout Weyl h-quantization & (x,hD,) on L*(R) ® C2. We assume that & (x,hD,)
enjoys time-reversal and PT symmetries : If .# denotes complex conjugation .#u(x) = m ie. I

quantizes the reflection on the £ axis, and ¥ the reflection Yu(x) = u(—x), we have
I P(x,hDy) = P(x,hDy).7, VI P(x,hDy) = P(x,hD,).7" (1.2)

Thus, & (x,hDy) shares (formally) some features with Dirac operators, such as PT symmetry, and
negative energies. Note that the phases ¢ (x) and the gap function A(x) should satisfy some consistency
relations due to coupling between supraconductors and the lead. This difficult problem related to the
so-called BCS gap equation, will not be discussed here.

Electrons (e™) and holes (e™) with energy E < infg tt(x), E < Ag form so-called Andreev states
sensitive to the variation of phase parameter ¢ between the superconducting banks.

The energy surface X = {det(Z — E) = 0} = {(£% — u(x))? + A(x)? = E?} is foliated by two
smooth Lagrangian connected manifolds A7 C {§ >0} and A; C {& < 0}. Because of the smoothness
of A, the reflections occur inside [—L,L], we denote by (+xg,&g) € Az, the one-parameter family of
“pranching points” defined by A(+xg) = E with xg €|xo — &,x0 + &/ say. We do not consider the
problem of “clustering” of eigenvalues as £ — 0 (Fermi level).

In the “hard wall potential” limit &c — oo, for x near xo, the potential A(x) can be safely approximated

by a linear function such that A(xy) = Ey, and (x) by a constant. So near xo we assume that
¢(x) =0, px)=u>E, Alx)=E+a(x—xg) (1.3)

which is a linearized version of (1.1). The condition (xg,&g) € Xg gives E2 = u > E, A(xg) = E. Note
that in the standard (scalar) potential well problem, we would have a turning point at &z = 0, but here
the kinetic energy, common at this point to the hole and the electron, is non zero, which truly accounts

for a “current” between the superconducting banks.
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This is what we call the Normal-Supraconductor (NS) junction model. For the dynamics of the
quasi-particle associated with (1.1), the mechanism goes roughly as follows.

An electron e~ moving in the metallic lead, say, to the right, with energy 0 < E < A below the gap
and kinetic energy K (x) = p(x) +/E? — A(x)? is reflected back as a hole e™ from the right bank
of the supraconductor, injecting a Cooper pair into the superconducting contact. The hole has kinetic
energy K_(x) = p(x) — /E? — A(x)2, and a momentum of the same sign as this of the electron.

When inf|_; ;) K (x) > 0 it bounces along the lead to the left hand side and picks up a Cooper pair
in left bank of the supraconductor, transforming again to the original electron state, a process known
as Andreev reflection. Since Z(x,hD,) is (formally) self-adjoint, there is of course also an electron
moving to the left, and a hole moving to the right, for no net transfer of charge can occur through the
lead in absence of thermalisation.

Nevertheless, when ¢ £ 0, this process yields so called phase-sensitive Andreev states, carrying
supercurrents proportional to the ¢-derivative of the eigen-energies of & (x,hD,).

Actually, the hole can propagate throughout the lead only if inf|_; ;; tt(x) > E. Otherwise, it is re-
flected from the potential (t(x) in the junction, and Andreev levels are quenched at higher energies, i.e.
transform into localized electronic states. In this work, we shall focus on the case of the supercurrent

(Andreev reflection) i.e. u(x) > E for all x € [-L,L].

L a = (-tff':zf)

~
~

Figure 1: The Lagrangian manifolds AZ/ = when inf_; pu(x) > E

We shall consider [—xg,xg] essentially as the “classically allowed region” at energy E, so that
classical action integrals, computed over this interval, give Bohr-Sommerfeld quantization rules at
leading order, for the semi-classical spectrum. Nevertheless, we keep track of the complex germs of
the microlocal solutions at +xg. These microlocal solutions have a complex phase outside [—xg,xg],
contrary to the scalar case (Schrodinger operator) where the phase becomes purely imaginary.

Since the pseudo-particle is no longer governed by BdG equations inside the supraconducting bulk,
letting |x| — o only makes sense when the typical wave-length is assumed to be much smaller than the

“penetration length” /.



1.2 Qualitative aspects of the spectrum

We do not attempt here at deriving rigorous spectral properties for BAG Hamiltonian. Observe that
P (x,hDy) is a symmetric operator with PT symmetry (but maybe not self-adjoint). The (semi-
classical) spectrum of & is a priori not invariant under E — —E, but &(¢) — E is mapped onto

0
—2(~$) +E, conjugating by < ol>'
l

The energy surface £z depends only on E2, which we explain physically by the existence of “nega-
tive energies”. For 0 < E < Ag, X is compact, so we expect the spectrum to be discrete in this interval.
On the other hand we know [ChtLesBla] that the spectral dynamics is also conveniently described
within the scattering matrix formalism. This is reminiscent of the fact that 0 < E < u is a scattering
level for £2 — . So the spectrum near ]0, Ag| consists actually in real “pseudo-resonances”, in a sense
that will be become clear below. Due to the symmetry .# Ay = A} inducing tunneling properties, they
actually come up in pairs, with exponentially small (real or complex) splitting. We content ourselves

here to compute by BS their leading order asymptotics, which turns out to be real.

1.3 An outlook on monodromy operator and scattering matrix

To understand the monodromy properties of solutions for BAG equation, it is useful to make the anal-
ogy with the scattering process in the scalar case, see [Ar,Sect.5] and also [Fa] for more advanced

results. We shall however follow another route, and mention this approach only as a guideline.

1.3.1 Schrodinger operator on the real line

Consider the operator P = —h*A +V together with the eigenvalue equation
—1?u" (x) + V (x)u(x) = Eu(x) (1.4)

with a compactly supported potential V(x), and assume the energy E = k> of the particle is strictly
positive.

To the left of the support of V, (1.4) coincides with the equation
—1*u (x) = Ku(x) (L.5)

for the free particle whose solution span a 2-D complex vector space 2 =~ C2, called the state space
of the free particle.

Hence Schrodinger equation has 2 solutions which coincide with f; = ¢** and f, = ¢ ™** to the
left of the support, called incoming to the right and outgoing to the left. In the same way, there exist 2
solutions which coincide with ¢** and e~** to the right of the support, called ourgoing to the right and
incoming to the left, respectively. It is easy to see that the particle cannot be totally reflected to the left,

but can depart totally to the right (this is obviously the case if V = 0).



Since (1.5) has real coefficients, its solutions also span a 2-D real vector space Zz ~ R?. Real
solutions e; = coskx, ep = sinkx are connected with complex solutions fi, f> by fi = e; +ie; and
fr=e1 —ie;.

The monodromy operator M (k) of (1.4) with a potential of compact support is a linear operator
mapping the state space of a free particle with energy E = k? into itself. It is defined in the following
way. To a solution u_ of (1.5) in 2 we assign a solution u of (1.4) coinciding with u_ to the left of the
support; in turn we assign to u its value uy € 2 to the right of the support, and set u, = M (k)u_. In
other terms, the monodromy operator acts according to the formula f; + Bf, — Af;, when (1.4) has a
solution equal to f; + B> to the left of the support and to Bf; to the right of the support. We call |A|?
the transmission coefficient and |B|* the reflection coefficient.

Considering the real solutions of (1.4), (1.5) we can show that the phase flow of (1.4) preserves area.
It follows that .# (k) € SU(1,1), the group of complex 2 x 2 matrices with determinant 1 preserving
the Lorenz form |z;|> — |22 /.

Since (1.4) defines a self-adjoint operator with real coefficients, the monodromy operator takes the
form _ o

(k) = ( 1/A -BJA

B4 1a > eSU(1,1) (1.6)

In particular, |A|*+ |B]> = 1.

Along with the passage from the left to the right of the support of V, we can consider the passage
from the right to the left. The corresponding solution v of (1.4) is e~ /" 4 B¢/ to the right of
suppV, and Are */" to the left. The scattering matrix is defined as

S0 = ( ) U

This is a unitary and symmetric matrix, whose entries can be computed in term of those of M (k); in
particular A, = A, and B, = B.

Resonances of (1.4) are then defined as E = k? € C, where k is a pole of S, and physical resonances
those with Imk > 0. Thus E is a resonance iff the solution of (1.4) is purely outgoing as x — +oo and
X — —oo,

The poles coincide with the poles of meromorphic extension of the resolvent (P —k?)~! from the

physical half-plane ImE < 0 to the second sheet ImE > 0.

1.3.2 BdG equation

Consider now BdG equation (& (x,hD,) — E)U = 0 for large |x|, i.e. when A(x) = Ay, u(x) = o > E,

and look for solutions of the form
a b eikx/h
U(x;h) = (C d) <eiEX/h>



The secular equation decouples into 2 identical systems for (a,c) and (b,d), which have non trivial
solutions iff tg + E +iAg € {k*,/*}. So eigenfrequencies come in opposite and complex conjugate
pairs (£k,4k), where k = /g + E + iAA, and the corresponding solutions are determined as follows:

Let 2 be the 2-D complex line bundle spanned by Fi=(x) = (emg/z)eiikx/ b ¢(x) = sgn(x)¢ (as-
sociated with the scattering process e™ — ¢7), and Z be the 2-D complex line bundle spanned by
F; (x) = (6i¢<:)/2)eiigx/ I (associated with the scattering process e~ — e*). Then the space of solutions
of exponential type to (Z?(x,hD,) — E)U = 0 for large |x|, consists in the 4-D complex vector space
Z®Z,and Z,Z are orthogonal for the usual pointwise Hermitian product in C.

According to the general scheme (see [ReSi]), we declare that E € C is a 2 -resonance iff the
Z -component of the wave function solving BdG equation is outgoing at infinity, i.e.

e_i¢/2 .
o )e ™/ x = —oo
—i

i9/2

U(x,h):A(e )eikX/h7x_>_|_o<,7 U(x,h)zB(

—i
Similarly we say that E is a 2 -resonance iff the Z°-component of the wave function is outgoing at
infinity, i.e.

i0/2 N
e - e ' >ezkx/h’x_> oo
l l

Ul(x,h) :A<

So for both sets of resonances, the corresponding solution is simultaneously decaying, and outgoing at

>e—i%x/h7x — +oo,  U(x,h) = B(

+oo. These sets of resonances need not coincide (although they come up in pairs), but their real parts
are actually given by Bohr-Sommerfeld quantization rules.

We define next the monodromy operator M~Z (k) acting on 2 according to the formula

—ig/2\ —i9/2 , 9/2\
<6’ . >ezkx/h —|—B<e . >ezkx/h »—>A<e . >ezkx/h
—1 —1 —1

and similarly for MZ (k).

It is no longer true however that MZ (k), MZ (k) are in SU(1,1), but we can expect them instead to
be in U(1,1). Scattering matrices S (k), S?(k) can be defined as in the scalar case, and expected also
to have a meromorphic extension to the complex plane, their poles defining the resonances EZ and
EZ. But here we expect the resonances to be real.

In fact we shall proceed differently: assuming already existence of resonances, we construct “rel-
ative monodromy operators” in the interval [—xg,xg] (the “classically allowed region”) which belong
to U(1,1) for the “flux norm” (in fact, a Lorenzian metric). Then Bohr-Sommerfeld (BS) quantization
rules will be derived for the real part of EZ and E Z which we expect to be the resonances of the prob-
lem determined by the procedure above. Spectral theory then could be precisely carried over within
Grushin problem, but we will not further elaborate on these general facts, and focus on computing

Bohr-Sommerfeld quantization conditions instead. This work is an elaboration of [IfaRou].

1.4 Main result

Extending the method of positive commutators elaborated in [Sj], [HeSj] and [IfaLouRo], we obtain

Bohr-Sommerfeld quantization rules for the quasi-particle, accounting for Andreev currents.
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Theorem 1.1. Let }/g C Xg (p =1 for the electron, p = —1 for the hole) be the loops obtained by gluing
Ag with Ag at £xg, and §, &P (y;h)dy the semi-classical actions (see (7.22) below). Let also b(E{;h)
as in (7.17), where E{ is the rescaled energy parameter as in (3.10)-(3.15). Then Bohr-Sommerfeld

quantization conditions near Ey are given at first order by:

EP(y;h)dy — h¢ —2b(E};h) 4+ O(h*) = 0 mod ThZ (1.7)
Ye

We stress that (1.7) is not the standard BS rule: it contains the additional phase ¢, and the “bound-
ary term” b(E{;h) computed at the junction. There is no Maslov index in the final formula (though it
appears on A7 and Ay separately), which is computed mod 7hZ instead of 2mhZ. Note also that since
b(E{;h) is odd in E{ (at least at the level of Taylor expansions), which is again an odd function of E,
(1.7) is invariant under conjugating & (¢) —E to —F(—¢) +E by o,.

1.5 Plan of the paper

In Sect.2 we investigate integral representations of the parabolic cylinder functions Dy and D_,_; for
real positive v, in the form given in [WhWa] (see also [Ol]). These functions, conveniently normalized,
provide the basic ingredient for microlocal solutions of (& — E)U = 0 near the branching points. Their
complex branches in the “shadow zone”, with different growth properties, will play a crucial role in
computing the monodromy matrices.

In Sect.3 we describe the set of h-Fourier transforms U near the branching points. They take
the form of semi-classical spinors, and are obtained from the solutions of Weber Eq. The detailed
computation of Uis postponed to Appendix B.

In Sect.4 we normalize U by means of microlocal Wronskians, or positive commutators, elaborating
concepts introduced in [Sj], [HeSj], [Ro] for homoclinic Lagrangian manifolds, and extended later to
periodic orbits [SjZw], [IfaLouRo]. Though BdG does not really enter any of these frameworks, our
approach still allows to endow the vector bundle of microlocal solutions with a Lorenzian structure,
from which will merge the U(1,1) symmetry group.

In Sect.5 we convert these normalized microlocal solutions to the spatial representation, and analyse
their growth in the “shadow zone”.

In Sect.6 we construct WKB solutions in | — xg, xg][.

In Sect.7 we write connexion formulas relating the microlocal solutions at ag with those at a
through the intermediate WKB solutions in | — xg,xg[. This give the relative monodromy operators
on each branch p = %1 corresponding to the electron and the hole respectively. Following the method
elaborated in [IfaLouRo], we built up Gram matrices 4” (E) of solutions microlocalized on each branch
p = £1. Their determinant vanishes precisely at Andreev levels E, (h).

In Appendix A, we make more precise Helffer-Sjostrand normal form for a 1-D A-PDO near a non

degenerate potential well.



In Appendix B, we construct from the normal form the microlocal solutions used in the main text.

Acknowledgements: We thank Timur Tudorovskiy for having drawn our attention to this problem. The
second author acknowledges grant PRC CNRS/RFBR 2017-2019 No.1556 “Multi-dimensional semi-

classical problems of Condensed Matter Physics and Quantum Dynamics” for partial support.

2 Parabolic cylinder functions

Since the semi-classical harmonic oscillator Py(1,Dy) = 3((hDn)* 4+ n* — h) plays a crucial role
in BdG Hamiltonian at the branching points, we proceed first to discuss Weber equation. For later
purposes, let us recall from [H6,Thm 7.7.5] the Theorem of asymptotic stationary phase, that we shall

essentially use at leading order.

Theorem 2.1. If f : RY — C, with Im f > 0 has a non-degenerate critical point at xo, then

/Rd Oy (x) dx ~ i x0)/h (det(%))_l/z ;hij(u)(xo) 2.1)

where Lj are linear forms, Lou(xo) = u(xo), and

2 g—(n+1)

Lyu(xo) = E)m«f”(xo))*leDﬁ"H ((@xy)"ut) (x0)
where @y (x) = f(x) — f(x0) — (" (x0) (x — x0),x — Xo) vanishes of order 3 at xo (here Dy = 10,

denotes the derivation operator, and n the algebraic power).

For any real v, Weber equation Pyv = vhv, through the change of variables n = (h/2)'/2¢, %({) =

v(M) can be written in the form
1

v %g%: (v+3)7 22)
Fundamental solutions of (2.2) are expressed in term of parabolic cylinder functions D, see [WhWat
pp-347-349&p.245], [Ol]. We review below their asymptotics for large v, giving also asymptotics for
solutions of Py(1n,hDy)u = vVhu.
For any complex number v, Dy ({) is an entire functions on the complex plane, normalized by
specifying its asymptotic expansion for large ¢ :
v(v—1)

3
e 4, \argC\<T7r 2.3)

Dy(§) = e E14¢v (1 -

This normalization (so called Whitakker normalization) however, will be modified in Sect.3. When v
is a positive integer, Dy () = e~ 5"/4H, (£ //2) with H, an Hermite function. For v ¢ Z, we have the
following integral representations :

C(v+1) _ O s _,ds
DV(C):%e C2/4/°; e C 2/2(_s) V? (24)



where the integration contour encircles the positive real axis in the direct sense. Note that the integral
in (2.4) stands for the inverse Laplace transform of e/ 2(—s)~V~!, a multivalued function of s when
v is not an integer; see [DePh] for a discussion of such transforms. We restrict to v+ 1 > 0, but allow
for integer values of v, which give poles to I'(—V).

Equation (2.2) being invariant under the change { — —{, and also changing simultaneously & to
+if and v to —v — 1, when v ¢ Z, it follows that D, (—{) and D_,_;(+i{) are still solutions, with

. I'(—v ) _its—s ds
D_V_I(IC) _ %6C2/4/ e s .2/2(_S)V+l ? (25)

The systems (DV(iC ),D_y_1(£il )) are fundamental solutions of (2.2) for any choice of 4+. When v

is not an integer, both systems

(DV(C)?DV(_C))7 (D—V—l(iC)JD—V—l(_iC))

are fundamental solutions of (2.2). Conversely, V is an eigenvalue of 130 = (Dg)2 + A%C 2 % iff v €N.
Here we construct asymptotic solutions of (FN’O — vh)u = 0 by evaluating (2.4) or (2.5) as semi-classical

distributions (h — 0) by stationary phase formula (2.1).

2.1 The semi-classical distribution D,

For e = +1 and v ¢ Z, (2.4) writes

Dy(e(h/2)""?n) = F(v+1)hE2/4h / (Oﬂexp[iCI)Z(s;n)/h} ds (2.6)

—217[\/_ o

where we have set
2 2 g2

CIDZ(s;n):i(%+\/§8ns+%+710g(—s)), E=+/2(v+1)h (2.7

2.1.1 Asymptotics for || < E

To begin with, we consider the classically allowed region. We evaluate (2.6) by stationary phase (2.1).
The critical points of s — ®Y(s;7) are the roots sY ,, of the quadratic equation s>+ v/2€ns+ %2 =0,

namely
—\/_Ssgw n+io\/E*—n?, any o =+l1 (2.8)

and an elementary computation shows that the corresponding critical values are

E? E?
n (1—1log 2) [a)n\/E2 2 E’0: (7 (n)]
where

v € )

Ocw(n) =arg(—5(n +ioVE—n2) €] -7, 7] 2.9)
To simplify notations, we remove the constant term from the phase, which gives the additional factor
(26 )E /i (2.6), and denote by

E?

\%
®£0)

=~ (ONVEX— 12— E*® »(n)) (2.10)

9
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the critical value. We restrict mainly to the classically allowed region || < E, but need also know the
germ of the analytic continuations of ®Y(s;n) atn = +E.

The Hessian of ®;(s;1) at the critical points sy, is

(a2¢¥)(sv (n)im) = 0V2EX—1? _ —20n \/zm+i2(E2—n2)

ds? £s¥ (M) E E?

hence sy , is non degenerate when 7 is not a turning point -F, and defines the Jacobian (independent

of €)
1 9%®Y
Jo(n) = ;Tf(séw;n) (2.11)

2pV
Furthermore, Im %35 (s¥ o:M) =2E"*(E? —n?) > 0. We choose a “good contour” of integration in

the s-plane encircling the positive real axis and intersecting the imaginary axis at the conjugate points
S o(n), ®==£1.
Applying (2.1) to the contributions of s¢ ,,, we find :

Dy(e(h/2)2n) =CY(E* = 0> V* Y (iews!o(n)2exp[i@) o(n)/H] + 6(h) (212
w==+1

with
~ [(v+1) ,2eh E2/4h
Cp = — 4 (—2)
—iV2m21/4 N E
Making use of the relation arg(z) —arg(—z) = wsgn(Imz), we find

O_+(M-0,.n)=-7 6._(N)-0,_(n)=7 (2.13)

Remark: From this we recover easily the quantization condition for the harmonic oscillator. Namely,
comparing the values of (2.12) for € = 4, we observe that the only dependence on € consists in phase
factors e*™E*/2h Thus, the functions Dy, (e(h/ 2)-1/ 21]) are (semi-classically) linearly dependent for
€ ==1 only if e IME? [2h — GInE?/2h o oiTE?/h — | je. v € N (we exclude v = —1 because \/Ezfn2
needs to be defined for small 17, 1 # 0). According to the parity of v, D, (:I:(h/ 2)*1/ 21]) are equal
or opposite. The value v = 0 gives the ground state. Let ®(n) = ©, ,(n). So far, taking (2.13) in

account we have shown that for any v € N

4 2

~ 2 —n+/E2 _n2
Dv((h/2)’1/2n) :C,Y(Ez—nz)’l/“cos(n (1) +E e(n) 2711 E°—n )—I—ﬁ(h)
uniformly on compact sets in || < E = /2(v + 1)h.

2.1.2 Asymptotics for || > E

Consider now the classically forbidden region |n| > E. Recall that the “complex geometry” of the
problem is given by Stokes lines. We adopt the convention of [DeDiPh] for Stokes lines (the fastest
way expi®/h has to decrease towards the turning point in the complex domain), and take advantage
of the existence of explicit solutions for Weber equation. There are 3 Stokes lines, tied to each of the

turning points 7 = =F and bordering Stokes regions.
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The (real) critical points of s — ®Y(s;1) are given by
V25 y(n) =en+0 Vn2—E?; any o' =+l (2.14)
The condition —+/25Y 25, o (1) > 0 (the contour encircles the positive half-line) requires
esgn(n) =1 (2.15)

A straightforward computation shows that the second derivative at the critical points is given by

aZcI)v 2 I_f2
(528) (St gy (m)im) = —V1 (2.16)
ds gw'n++/n2—E?

Since 57 (1) —5¢ _(n) = 24/n? — E? is a small real number, there is no single contour containing

both sy (1) that would contribute, by stationary phase, to Dy (e(h/2)~ 1/2 1), but instead two contours
giving the exponentially decaying/ growing branch.

Such a contour y} ,,(n) can be parametrized near the critical point Se. Sy (M) by

S = 5p gy +1eXPp[i (esgn(n)%+5)]a teR

For s near Se. sy (M), Taylor expansion of second order gives

\% \nY t2 n azq)g Vv 3
O (5:1) = P (55,0 (M);1) + 5 expli(esgn(n) 5 +28)] (5 57) (.o (i) + O(F)
Let
.‘s/,w’(n):q)‘s/(S;n)_q)‘s/(SZ,w/(n);n)
We have

esgn(n) vn? -
gw/TH_\/rsm (28)* + 0()

which is positive for small enough 7 if —®’sin(28) > 0. It is also well known by the method of steepest

Im( Z@,(S;T])) =

descent that we can find (globally) ¥ () such that Im (PY

£,0'

(s;1m)) > 0 everywhere on Ye o (1), and
that the integral (2.6) defining Dy, (ze(h /2)” 1/2 ) depends only on the critical point s, ¥ o (M), modulo
exponentially smaller terms (uniform in |1]).

Now we examine the behavior of @ (s} Sy o (1); 1) to see whether D (ig(h/2)~ 1/ 1) decays or

grows exponentially when leaving the classically allowed region. The critical value is

DY (57 (n)iM) = [ e’ nyn?—E*— +E210g(\}§(8n+w’x/n2—E2))]

When 11 > E > 0, we set 1 = E + &, and get by Taylor expansion at £ =0

E? 2¢& &2 E? eE

DY ~(V), n) = —i 1= 3/2 i P 2.17

(ewm)in) = —ie o 5 (77 —iZ +iglog(Zo=) + 2.17)
When n < —E <0, we set 1 = —E — &, and get by Taylor expansion at & =0
JE? 2& _52 E? eE

QL (SFo(min) =ic o —- > (& )2 - 5 +1710g(—ﬁ)+‘” (2.18)
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So Im (P} (Eg’w,(n); 1)) decays/grows as (%)3/2, depending on &, @', sgn(n).

The next step is to choose @’ consistently with the former choice of ® in the classically allowed
region to define Dy (¢(h/2)~"/2(1)). Recall from (2.8) the expression of the critical point when || <
E.

We know that Dy (z) is a one-valued function of z throughout the z-plane, but semi-classically the
situation is different because of so-called Stokes phenomena (see [DePh]).

The function \/Ezfn2 has an analytic continuation on the complex plane where the half lines
n > E and < —E have been removed, which we denote by (1) = (v/E2 — N%)ext. Thus, for n > E
or n < —E we have

f(n+i0) = Fisgn(n)\/n2—E? (2.19)

with the positive square root, and (2.8) gives

—\/iséw(n +i0) = n+ewsgn(n)v/n?—E2

Comparing with (2.14) (s{ ,, = 5% ) We get @' = € wsgn(n), or ® = +o for the boundary value
140 by (2.15). Let
P (1) = (P& (Se.0r (M):7))

and @ (1 £ i0) its extensions in the upper/lower half-plane. We proved:

Lemma 2.1. Forn > E, letn =E+&, and forn < —E, let n = —E — &. Assume €sgn(n) = 1, then

E? 2
Dy (1 £i0) = $iw—(—§

—(3 )+ 0(E) +Const.,, € >0 (2.20)

so there is always an analytic branch of D, decaying exponentially (evanescent mode), the other one

being exponentially increasing.

2.2 The semi-classical distribution D_, _;

We shall compute similarly the semi-classical distributions D_,_;. For € = +1 and v ¢ Z, (2.5) gives

) B r(—v) _ (0) . ds
D_y_i(ie(h/2) 1/21;):(2!%73;1 E2/4h/ exp [id; ¥ 1(s;n)/h]? (2.21)

where we have set

n2 52 E2
CIDE_"_l(s;n) = —i(7 — i\/isns— ) + 710g(—5))7 E=/2(v+1)h (2.22)

2.2.1 Asymptotics for || < E

The critical points of s — ®; V! (s;n) are the roots sy, ! of the quadratic equation s>+ iV2ens —
%2 = 0, namely

—V2esg ' =in+wVE2 -2, any o ==+l (2.23)
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I are rotated from E as in (2.8) by m/2. As above we examine the classically

so that the points sg g,
allowed region || < E; the corresponding critical values are given by

2 2

E E
e ) =i (1t ) om VBT 4 £%60ln)

Here
~ €
Oc0(N) = arg(\ﬁun +oVE?=n?)) €] - m,x (2.24)
is defined similarly with é)&w(n). Asin (2.13) we have
O (n) -6, (n)=-7sgn(n), Ocu(n)=-0_c on) (2.25)
—v—1.

As in (2.10) we remove the constant term from @Y~ !(s; %,"';71), and denote by

. 1 ~
D (M) =5 (@NVE? =0+ E*0c o(n)) (2.26)

the resulting phase. The Jacobian is independent of € and given by

lan)—v—l i E2 _n2 2 E2_ 2 E2_n2
sy = LR oty L SHOVAVERTE 2ET D) o IVELSNE g o)
i oe e esely | 2 2
which shows that s y~ ! are non degenerate when 7 is not a turning point. Applying again Theorem
2.1, letting
~ r'(— h (2eh\ —E*/4h
Chf"*l — M (i) (2.28)
iv/2m21/4
we find
Doy (ie(h/2)" 5;”*12<J;V*1<n>>*1/2exp (10557 /) (s ™)~ (1 + () =
G,V NE 1/42 —ewsg ") P expli(0nVET =2+ E®p o(1)/20](1 4 6(h))
(2.29)

Except for the fact that the normalization factor C " V=1 has apole at v € N*, the same argument as above
gives that D_,_; (ie(h/2)~ 1/2), & = +£1, are colinear on |1)| < E iff v € N (in fact equal or opposite,
according to v is even or odd). In this case, D_y_; (i(h/2)~ 172 n) is colinear to Dv((h/2)_1/2n), up

to (h*), uniformly on any compact set inside | — E, E]|.
2.2.2 Asymptotics for || > E
The critical points of ®; ! are given by

iV2s, () =en+o'vVn2—E?), o =+£1 (2.30)

So both critical points lie on the negative (resp. positive) imaginary axis, €sgn(n) = +1, and as before
each of those gives a branch of D_,,_ (i e(h/ 2)*1/ 21]) with exponential growth or decay when leaving

the classically allowed region. Second derivatives

aZcI)gvfl (&v—v—l) _ 2i /nz _E2 (2 31)
Is2 8 e+ /N2 E2 '
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have the same expression as in (2.16) so we choose the contours ¥, v, ' (1) near s, ¥, ' (1) like Yoo (1)
(n), o =+1.
+~v-1

: —v—1
The expression for & (s& o

~
near S&a)/

(n)) simplifies to

- ' E? 104
.V (5,0 () = % [ew'n/n2—E2—E*log(e 'n + /02— E?)+ 3 —Elog (’%)] (2.32)

so it is odd (modulo Const.) in € ®'sgnn. Assume 11 = E + & > E, we have

@, Gy (M) = 3¢ w’Ez(%)3/2+ﬁ(€2)+C0n8t-, n>E (2.33)

Similarly, (2.32) shows that for these €, @', and N = —-E — & < E

~y_ ] 2
VG ) = —%e (0’152(?5)3/2 +O(E*)+Const., 1 <—E (2.34)
so Im®@,V~1(5. v "1(n)) decays or grows as (%)3/2, depending on &, ®’,sgn(n) (this time we do not

impose any condition on €sgnn).
The next step is to choose @’ consistently with the choices of @ in the classically allowed region as
above, so to define D_,_ (ie(h/2)_1/2(n)).

First we relate (2.30) with the analytic continuation of the critical points given by

—V2esgy ' =in+oVE?—n? (2.35)
By (2.19) and (2.35)
ivV2sg 0 '(n+£i0) =en Fewsgn(n)y/n? — E? (2.36)
Comparing with (2.30) (E;Z)Tl = s;Z;l), we get @' = Fewsgn(n), so that (2.33) and (2.34) give:

Lemma 2.2. Define @y, ' (0 +i0) similarly with ®Y ,,(1 £i0) as in Lemma 2.1. Then (even without
the condition €sgn(n) = 1), we have, as in (2.20):

2
Db (N+i0) =Fiw % (%)3/2 + O(E*) +Const., € >0 (2.37)

2.3 Relating D, and D_,_;

We present some relations between the critical points and critical values of the phase functions defining

Dy and D_, _ in the classically allowed region, which will be useful in the sequel. First we have

s; vl m) =isY
sfj_l(n) _s,w(n) 238)
Jo" () =Jg5(n)
The difference between critical values (2.10) and (2.26) is given by
O (1) + Oc.0(N) = Tle.0(N) (2.39)
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where index (¢ (1) is a half-integer defined by

Cew(n) = % when ew =1, ¢ o(n)=—(wsgn(n)+ %) otherwise (2.40)

In |n| < E, the phases are related (at the critical point) by

EZ
o, 0! = ”T + @Y, (2.41)

The normalization constants are related by (when v ¢ Z)

V2h

6\/6—\/—1 -
h™=h 4sinmv

(2.42)

3 Microlocal solutions in Fourier representation

3.1 The normal form of BdG near the branching points

Here we recall some notations from Sect.1 and collect the relevant information from Appendix. Eigen-

values of classical BAG Hamiltonian & (x, &) are of the from

Rp(x,) = /AW + (82— p()? (3.1)

The energy surface Xz = {det(Z — E) = —(£% — u(x))? — A(x)? 4+ E? = 0}, foliated by two smooth La-
grangian connected manifolds A7 C {§ > 0} and A; C {& < 0}, is invariant under the PT symmetries

I (X,é) = ('xa_é) and ¥ : (-xag) = (_X7§)'
Denote by ag = (xg,&g) and a, = (—xg,&g) the branching points in Az, defined by A(xg) = E,

which fixes xg close to xg > 0, and 2 = p(xg). Since we assumed x — () to be a constant near xo,
we set U(xg) = U.

We split A as AE’JF U AE’_, the 2 branches p = +1 as in (3.1) joining smoothly at ag and a. By
the symmetry above AE’p =4 A;’p , see Fig.1.

To start with, we consider the family of quasi-modes supported on Az. Those supported on Aj; are
implied by .#. Thus we denote A;’p by Ag, or also simply by p, when no confusion could occur.

We shall work (locally) in h-Fourier representation and introduce an “effective Hamiltonian” (scalar
differential operator), whose normal form is given in Appendix A. Recall Z,u(E) = (2mh)~1/2 [ e~ *5/Mu(x) dx.

Near a = ag, the local Hamiltonian & = .7, 2.7, ! takes the form :

2 ¢9/2(E — ahDg — oux
P (~hDg, &)= . §TH ( s ) (3.2)
e 9/2(E — ahDg — o) —&%+u
and by PT symmetry (1.2), the corresponding local Hamiltonian near o’ reads :
, 2 “9/2(E 4+ ahDg — o
gy SH ¢ ME+ ahbg — o) (33)
e’¢/2(E+(th5 —oxg) —&2+u
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so that we only have to consider 2¢(—hDg,& ). By definition of a = (xg,&g), we have

det(P*(xg,Eg) —E) =0 3.4)
Consider the system (9“(—hD5 E)—E ) U*=0,0"= (%) will be refered henceforth as the microlo-
cal solution near a.
By the first equation we can express @; as
G1(8) =—€*2(82 —pu—E)"!(E — oxp — ahDg) § (&) (35

then take the hD¢ derivatives of ®1, and replace into the second equation, we find :

-~

(hD¢)* @, —2[a™ ' (E — axp) —i(E* — u — E)~'h& | hD: ¢

3.6
+O£72[(E—(XXE)2+(52_‘“)2_E2_2iha(E_axE)(éz_“_E),lé]@:0 (3.6)

We make the substitution (&) = exp[if5 g(s)ds/hu(&), where we choose g(&) so that the hD¢
term drops out, i.e. g(&) = a ' (E — oxg) —ih(E* —u — E)~'E. This gives the integrating factor
expli [ ¢ g(s)ds/h] = Const.(E? — pu — E)'/2e(E-x£)6/@h and q little computation shows that u verifies

E2
PU(~hDg, & hu() = 5ulé) 37)

where
PU(=hDg,&,h) = (hDg)* + a (&% —pu)* + h*(§? —u — E) *(28> + U+ E)

We then recover the second component of the system as
P2(§) = (&2 —p—E)'PeEmme)s /oy (&) (3.8)

and the first one using (3.5). We make a number of E-dependent scalings. Let ® € S! (“moduli space”)

and parametrize

E=28,0BE + &, PB=Va(2t) 3.9)

defining a “local (complex) momentum” &’ and a corresponding “local (complex) time” variable. We

define also scaled “Planck constant” 4’ and energy parameter
W =PB%h, E,=(2Eg)%E (3.10)

and restrict to £ < % to allow the harmonic approximation as is explained in Appendix A. This takes
3.7to
EFio
Po(~hDg. &' hua (&) = (5=
where P4 (—hDg/,&';h) = (—hDg:)* + 0* (&' + 0B E")* +h* (wP)* f(®BE') is the double well Schrodinger
operator (with lower order term &'(h?)) of the form (8.1) with

) ua(E') (3.11)

fz)= (2z2+2z+§+E1)(z2+z—E1)*2 (3.12)

16



Note that f has a pole in Az at &' = &} = %%'FTEH (0,&7) being one of the turning points at energy
(E‘T“’)z of the classical Hamiltonian p% (x',&") = (—x')? + ©*(§' + @B E™)?. In the spatial representa-
tion, this pole corresponds to the point x¢ on the characteristic variety of &?¢ — E such that Ag(xs) =0,
where the linear approximation of the gap function breaks down. There we need to use standard WKB
solutions for original & (x,hDyx). So we restrict & to a neighborhood of 0 not containing & We

rescale the phase-space variables as

E=BE, x1= (&) *a(x—xg) (3.13)

and set
xp = (2&p) 2 (E — axg) = (285) " (E1 — 2x2:86B) (3.14)

Passage from Pg(—hDg, &’ h) to its harmonic approximation changes as in (9.2) parameter “’TE‘ to Ef,
a non linear function of E; (since the period of oscillations depends on E), which are related by (see
App.A)

3 77

3 35
E>=E*+ EEl“+ ZE16+ = E =E| - ZE{3 - 3—2E{5 — (3.15)

This defines the frequency v as in (2.7) by

E|=B2(v+ Dh (3.16)

Parameter @ “explores” the domain of complex momenta as in the “radar method” [DePh]. Complex
values of @ are quite artificial when ignoring tunneling effects, so we shall assume henceforth @ = +1,
which plays the role of parameter @ in Sect.2. Note that operators P{, are unitarily equivalent. Due to
(3.5) and (3.8), there are natural isomorphisms

Eio

B

where Ker, denotes the microlocal kernel. The same holds near @', and actually P§ = P(‘f,/ are denoted

14 < Kery (P4 — (—-=)?) — Kery(2° —E) (3.17)

simply by P,. We shall endow the RHS of (3.17) with a Lorenzian structure, and “diagonalize” 1 in
some orthogonal subspaces.

As long as we focus on a single branching point, we drop the superscript a.

3.2 The microlocal kernel near a branching point
Following [DuGy], [Ro,Sect.4] we first introduce a class of semi-classical spinors:

Definition 3.1. We call spinor an oscillatory integral (Lagrangian distribution)

1(d,9)(x,) = @)~/ [ 005, 0:h)
R

with the following properties (all functions being defined locally) :

(1) ©(x,0,h) denotes a non degenerate phase-function and
d(x,0;h) =doy(x,0;h)+hd) (x,0;h)+ -
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a C?-valued amplitude (i.e. a classical symbol in h), Gy = (e¢< e ) possibly depending on h (with the
property that ¢(x) = sgn(x)9).
(2) For k=0, (); ) A(x,0; h)( ) A € C, is proportional to a real vector ( (,;) depending also on
0
(x,0;h).

Actually we allow I(d, ¢)(x, h) to be a 2-microlocal object, in the sense that ¢ (x, 0,h) = ¢o(x, 0,h) +
B2 (x,0,h) where B as in (3.10) is a large parameter, but this point is not crucial and will be omitted.

If u(x,h) = I1(d, ®)(x,h) is a spinor, so is its h-Fourier transform.

It turns out that the microlocal solutions of (@"(—hDg E)—E )l7 @ = 0 are spinors in the sense of
Definition 3.1. They are constructed from the parabolic cylinder function of Sect.2 via the normal form
of P4 given in [HeSj] (the same holds of course with @'. )

We collect here a number of notations and results from Appendix, in a form that will be directly
used in the sequel.

A basis of solutions {uy ,,uzt, '} of (3.11) is constructed in Appendix B from the solutions of
Weber equation (2.2) in the following way: (1) apply to Dy, and D,_; a h-FIO A, of the form (8.8),
microlocally unitary near a, with leading amplitude co,(E’,7,0); (2) compute AyDy,AuD_y_; us-
ing a contour integral parametrized by variables (0,1,s); (3) specify (correction) the extension of
cow(&',1,6) from I (valid for both Dy, D_y_1), in such a way that {uy ,, 1z, '} solves (3.11).

Index & = 41 is the same as in Dy (e &) or D_,_;(i€{), see Sect.2, and (6}, n({,,s£7w) denote the

critical points, with

—V2esY o (00) = 6y + O(E' 92)1/2

(3.18)
—V2esgl (ea,)_ea,+zw( 1—62)2 = —iV2esY (0n)

Here 8s£7w(9w) depends on , j, but not on €, 6, = :l:gw(él), gw(é'l) > 0 depends analytically on &;

near 0 and on E’ %, but not on €, j. We have the relation

0 (&1) = 0-0(—&1) (3.19)

Recall from (2.9) and (2.24) the angles ©¢ ,,(0) and @g,w(e), from (9.16) and (9.28) the phases

1 1 5~
1o (61.60(61)) = [£161 +ha(§1,6) — 5061 ('] — 67)' % — —E’2®e,w<el>]|elzew<gl>

(3.20)
1
Tow  (81,60(&1)) = [5191+hw(<§1791)—§0991(E1 91)1/2+ ~E"10¢.0(61)] lo,600(1)

with hg(&;,0;) an analytic function.

Note the analogy of (3.18) with (2.8) and (2.30), as well as (3.20) with (2.10) and (2.26), but with
the réles of D, and D_,_; interchanged.

Eventually @ and € will be related by é® = 1. Recall from (9.35) that 7,7, (5,‘1, Gw(él)) and
Te o -1 (51 , 00 (&1 )) differ only by a piecewise constant term, so the &;-derivative of ng; o doesn’t depend

on € and j. The phase functions associated with our spinors are
D 0(81,00(81)) = xp&e + 20038681 + To (61,600(81)) =28 + T0(81,00(51) (32D
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and ®} , and @;Zfl differ only by a constant. Next we examine the leading part of the amplitudes.

From (9.20) and (9.31) we recall the amplitudes aé7w, with principal part (independent of €)

ap (§1,00(81)) = ag" "' (&1,00(51)) (3.22)
and the phases R{O with
1.
RZ)(ew(él)) = R(T)V7l (9@(51)) = _§®sgn9w,w(9w) (323)

It is convenient to rewrite the amplitudes in the polar representation

ag (61,00(81),h') = lag|exp[iRy, (60 (E1))] (3.24)

We apply Theorem 2.1 to the Lagrangian distributions defining ué,w as in App.A, extending computa-
tions in Sect.2 with the previous normalization of Dy and D_,_;. This gives the second component
©2(&) of the spinor I/J\‘g]w Next we use (3.5) to compute the first component @ (&). Let

h/ aﬁlaé ]

ij,a)(glyea)(él);h/) = (2§E) [ ‘951 sw+

oE e u B e 629

2io gE aew

with 0-th order term X({, (5,‘1, 0w (&1 )) independent of €. Using (3.17) we can state the main result of this

Section:

Proposition 3.1. For any e, = %1, K}(E ) Ker,(2(—hDg,&) — E) (in Fourier representation) is
spanned by the spinors Us o= Us o= ((pl) o j€{v,—v—1}, of the form:

%
IV _ oV eid)/z(éz_.u_E)_l/zXV (5179(0(51))
Ue,w—Ch’ew_Ea)(gl)< (E2—p—E)2 ) (3.26)
|agy (1,00 (E1);h') | expli(Df (1,00 (E1)) +HRE) (80(&1))) /K]

Afvfl_ﬁ —v—1 son ei(p/z(éz_IJ—E)fl/zxsf,(ffl(élaew(gl))

Vew T E Ci Gw_j%w(&f ¢ (ew)< (E2—p—E)12 )X (3.27)

lae” ™ (61,00 (81):H) [expli(Pe ' (§1,60(81) + 1R (8u(61))) /1]

where we recall (3.22)-(3.23), and the constants C}{, (computed from Whittaker normalization in Sect.2)

are related by

clC, " = (VI a*sinav) ™ (3.28)
provided v ¢ Z.
Remarks:
1) Writing
o (6100(8) =22+ 55 4 7 (1, 00(60)

we recognize that Ugj’w are indeed 2-microlocal spinors.
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2) Since Dy (&) and D_,_; (i) are linearly independent, the vectors ﬁg‘/ o> € = 1 are linearly
independent from the vectors U, Py vl e=41.

3) In the next Section, we will remove the spurious factors Cy, and C};‘/*l by changing the normal-
ization of the parabolic cylinder functions (2.3). The new spinors then make sense for integer v by a

continuity argument.

3.3 Some symmetries

Using symmetries in App.B, Sect.1.3 we find that
X" (&1, 00(81): 1) = X3 (E1,00(81): 1)
X5 (&1, =00 (E0): 1) = =X (&1, 00 (E1): ) (3.29)
X! (= &1,0-0(—&1):H) = —X5(&1,00(&1):H') mod O(H)

The following Proposition will also be crucial to select the indices €, ®.

Proposition 3.2. Spinors Uéw verify (at least at leading order) the symmetry
Uy _o=Uly (3.30)
for the “local time” reversal operator "u(&) = u(—&;).

Proof. We use symmetry hg (&1, 01) =h_u(—&;,—6) proved in Proposition A.1, relations (2.9),(2.24),
and symmetry 0,(&;) = 6_4(—&;) to show that Tf.&_w(—é‘l,—@_w(—fl)) = Tg];w (51, Gw(?,‘l)), and
thus &’ -0 (—5,‘1 ) —O_a,(—?jl)) = CIDé’w (51, Gw(fl)), which gives (3.30) at the level of phase function.
We have
i o (—0-0(=8) =500 (6(&1)

and since the amplitudes céw(’g'l;h) constructed in Theorem A.2 are again invariant changing &; to
—&; and simultaneously 6 to —8y,, it follows that a” (—51,—0_[0(—?,‘1)) = a}l’,(él,(-)w(é‘l)), and
SO Xfw(—’g'l,—e,w(—’g'l)) = —X({,(él,ew(’g'l)). Then changing &; to —&; together with (¢, ) to
(— &, —m) simply permutes the terms of the sum in (3.26)-(3.27); thus (3.30) holds. O

4 Normalization

4.1 The microlocal Wronskian

We extend here to BAG Hamiltonian the algebraic and microlocal framework for computing 1-D quan-
tization rules: see [Sj2], [HeSj] and also [Ifal.oRo] for regular Bohr-Sommerfeld quantization rules in
the scalar case, and [Ro] for a system with avoided crossings. It is based on the classical “positive com-
mutator method” using normalization of the microlocal solutions and conservation of some quantity

called a “quantum flux”.
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In case of Andreev reflection, A C {det(%?)—E) =0} is a closed connected Lagrangian subman-
ifold, consisting of 2 branches A?p , that could be viewed as Lagrangian submanifolds with boundary
{ag.ag}.

Recall that AE “turns vertical” at a = ag, i.e. TaAE is no longer transverse to the fibers x = Const.
in T*R. We have seen in (3.26)-(3.27) that A7 is parametrized near a by the phase functions CID{;@,
which differ from each other when j = v,—v — 1 only by a constant.

We choose the orientation on A7 according to this of Hamilton vector field, and denote again by
p = %1 its oriented segments near a. Let x € Cy (R?) be a smooth cut-off equal to 1 near a, and w5 be
a small neighborhood of supp{ %, x*} N Ag near p; we shall write & (x,hD,) (spatial representation)
as well as &(—hD¢, &) (Fourier representation).

Definition 4.1. Let & be (formally) self-adjoint, and U¢,V* € K;,(E) be supported on Ag. We call the

sesquilinear form
i i PN
UV = (122U V) = (12,2 1pU V) 4.1)

the microlocal Wronskian of (U,V?) in aj. Here L[2, % denotes the part of the commutator

supported microlocally on .

To understand that terminology, let us consider instead the scalar Schrodinger operator P = —h>A+
V, xg = 0 and change x to Heaviside unit step-function y(x), depending on x alone. Then in distri-
butional sense, we have %[P, x] = —ihd' 4+ 28hD,, where & denotes the Dirac measure at 0, and &' its
derivative, so that ([P, x]ulu) = —ih(u’ (0)u(0) — u(0)u'(0)) is the usual Wronskian of (u, 7).

For regular BS quantization rules in the scalar case, the key formula
(5 1P ) = (5 [Pl l7) = 0 (42)

and its corollary, namely that p = % give opposite contributions to the scalar products, result easily
from the fact that u”,u” are of WKB type near the focal point a. Because of Proposition 3.1, the
latter property fails near the branching point a of our system, so we will have to compute separately
(£12, %] pﬁ “|17“) for p = =£. Nevertheless (4.2) turns out to be true, see Lemma 4.1 below.

We note that #5'(U“, V) still doesn’t depend, at least modulo &'(/2), of the choice of x¢. Namely,
Proposition 3.1 shows that U“,V* are smooth away from a, so if x“, x* € C7 equals 1 near a, we can
expand the commutator ﬁ[@, X% — X“|p as above and find that the two quantities W', defined by any
of these cut-off, are equal mod &' (h) (at least, since the microlocal solutions in Proposition 3.1 have

been computed only up to this accuracy).

4.2 Normalization of spinors in Fourier representation

We compute, at leading order, the matrix elements %"(Uéw, Ut,), j.k € {v,—v—1}. Since they are
independent of the choices of x“ as above, we are free to choose x*(x,&) = x1(x)x2(&), with supp
(%2) so small that x1(x) =1 on @g. In Sect.7 however, without changing the normalization, we shall

deform x* to x* so that 4 [27%, x“) is supported very close to @’
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By the functional calculus of ~-PDO’s we have microlocally in

0 —ae"‘”/zxé(é))

4.3
_ae0lgE) 0 *-

S| o~

[, 2~ hD¢, &) = (

To simplify the notations, we omit superscript a, as well as &; from the argument (’g’ 1,00 (&1 )) Let Xw,

be equal to 1 near @,. We have

Wp (Ul Ud ) = =0t (20, 15(8) (92)£ 0 (81)F.0) — e (1, 22(E)(01)7 0| ($2)¢.0)

— —20Re [ (10, 24(E) @)L 0 @)}
(4.4)

Recall we have denoted by §w the critical point with 6, > 0. By (9.39) we have

CI)Z7a) (‘glv 5&)(51)) - CDZ@ (‘gl ) _5(0(51)) = 2Ts‘:w (51, ew(‘gl)) (4-5)

and using also (3.29)

1 =2 i
—E\CE,M 23 Wz(%%%ﬁ(‘:)(% sw’ w)

B )"0 001 X (B (B )e o001 ) 4

(e 25 (& )i

(oop 25 (€ )ty (— 8o/ P~ 80) M X0 (B, )l (— By ) PE B0l (4.6)
(L 25 (£ )ty (B ) 50 o) W XY ()l (— By PEol—00) /1) 1

(op 23 (€ )ty (— By )™ E 0 =00/ XY (6l (B ) P 0o

we rewrite the sum of the first 2 terms of the RHS of (4.6) as :
~2i | 72(8)lag(80)* Im(X3)(8a)) d& CX)
@p
which is purely imaginary (still mod &'(i') ). The other terms are oscillating integrals with phases

Cbéw(ew) - ¢“‘;‘/7[L)(_6w) = 2T£‘7/a)(‘§17 960(51))

due to (4.5), whose derivative are given by

9, T¢ (61,00 (&1)) = 0w + 9, ha (81,00 (E1)) (4.8)
In Appendix B, we show that for @ = +1

(255) (28)?

= (B — (B +)

X (81) = 9, T 0(&1,00(61)) =

S0 ¢, Te,w(E1,00(&1)) # 0 and the last 2 terms of (4.6) are (k') because the phase is non-stationary.
So by (4.4)

Yo (Ue'o:Us o) = Cil? O () (4.9)
at least. We proceed to compute

Wp(Usd " Usl ) = ae"”/z(xwpxz(é)(@z) N1@)ee ')
— Qe l¢/2(xwp12(é)((pl)s7w )
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The computation carried over in (4.6) repeats identically, and yields
WoUes ' Uew ) =G " PO (4.10)
We are left to the mixed terms

W(U&YWUSLY) 1) aeld)/z(x XZ(&)(@)Z@‘(@I);Z)_I)_ae_id)/z(xwp)(é(é)(q)l)sw’( ) o 1)

@.11)
The first term on the RHS of (4.11) times —é (C}‘;F) -1 equals
(op 23 (€ )ty (B) ¥ o @) X V=18 )V (B )P (o)1)
(Xoop 25 (& aty(— 8o ) PF 0 8V X V=1( B ) v 1 (— B, ) e ' (-0 4 o
(24 (& )t (=B )P B X218, )1 (8, (Bl -
(L 25 (£ )ty (B ) 50 o) | X V=1 (6 )a Y = (— B ) Pern ' (001

Using again symmetries (9.52), (3.29), together with relation (2.39) we rewrite the sum of the first 2
terms of (4.12) as :

expl—inE} Ceo(B) /20) | 74(8)ap(Bu)ayh ! (Bu)Xa" ' (Bu)dE+
R g R R (4.13)
exp|—inE| " Le.o(~60) /2] 1) VB0t (80)X," ! (80) dE

Recall E{ from (3.14) and Ce.(B0) from (2.40). We observe that exp[—iirEizg(j:@w,s,0))/2h’] =
exp|—imE|>/4h'] when € @ = 1; otherwise, exp[—in’E{ZC(igw,e, ®)/2h] = explinE]* (+ o+ 1) /2K
takes the values exp|—imE|” /4] or exp[3inE,|” /4]. In the latter case (4.13), as a function of E|* /i,
will have many cancellations due to the oscillating phases.

Thus we restrict henceforth to the choice € @ = 1. The term exp[—inE {2 /4H'] factors out in (4.13),

which takes now the form

2exp[—inE}’ /4| Re / 25(E)al (8o)ayy " (00)Xe" " (80)d& (4.14)
®p ’
The last 2 terms in (4.12) are &'(h') because they are given by oscillatory integrals with non-stationary
phase as before. For the second term on the RHS of (4.11) times —— (CX,C h,v 1) ! , we find similarly,

under the same condition €w =1

2exp[—inE}" 4 Re | 75(8)alo(6o)acly ! (B0)X5(00)dE
P
which adds to (4.14), giving
W (UL o Upsy ) = —atexp|—inEf? JAH]CHC, !

<2Re [ (&)l 0(0u)acls ! (B0) [X5(00) +Xo" () dE

@p

Since € ® = 1, this expression simplifies to

Wp(UY 0, U ™) = —2v20(2E5)2CC;, "~ exp[—inE] J4H] i 1 (E)FolEr,00(E1))dE (4.15)
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where
§.0(E1:M1,601) (61 + 9z, ho(&1,61))

2 . ~
61+ o(E]"— 912)1/28(31}1@(&17 61) 1ni=no(81),6=80().
and ¢ (&1,M1,6) is the amplitude associated with FIO A, defined in App.A. The next step is to

Fo(1,00(6)) =

(4.16)

check that .7, (&;, gw(’g'l)) is a constant, which would be automatically satisfied in the scalar case, see
the discussion after (4.2). A careful inspection of the normal form of [HeSj] for P, carried in Appendix
A allows to compute precisely C%’ (61,11, 61), from which we obtain the following Lemma (at least at

the level of Taylor expansions).

Lemma 4.1. With the notations above, and the proper choice of the extension of co,(E',1M,0) from T

giving the microlocal solutions, we have :

FolE1,00(E1)) = 00 (E1) +40E (&) + -

C 00(&)+40E 0p(Er) + -
Remark: Without the correction on the amplitude ¢, carried in Theorem A.2, i.e. replacing ¢ (1,11, 61)

by co,0 ]pK (evaluated on the critical set), the RHS of (4.16) takes the form

60 (51) +40& 0,(81) + 587 00(81) + -
0 (&1) +4 08 00 (&1) + 5 E7 00(81)

and we cannot perform the integration in (4.16). The same subtelty occurs in Proposition 7.2 below.

=1

=1+ 0(&})

Now because pr x(&) = —p, we get from (4.15)
Wp(UY 0, Us ™) = 2v/2p (285 )2CC, Y ~exp|—inE]” J4H] 4.17)

which is independent of @ (still with € @ = 1). Taking complex conjugate, this gives also %, (ﬁg ;;1,17; o)

Collecting (4.9), (4.10) and (4.17), and identifying the microlocal Wronskian in Fourier represen-
tation with its matrix %}, in the basis l/]\g’w, j=V,—v —1, we have shown that, for e =1

P =2V20(28x)* x
iy 2o CyC" expl—inE|? /4] (14+ O (W) (4.18)
<c_g,c};v—1 explinE|” /4| (1+ O(1)) I,V Pon) )
does not depend on p, and makes of %, a non degenerate (1,1)-Hermitian (or Lorenzian) form on
K/ (E) = Ker,(£* —E).

We want to find a new basis of microlocal solution so that (4.18) has a canonical form, at least
with the current accuracy @ (h'). The prefactor in (4.18) can be safely ignored. So the first step in
normalizing, modulo & (k") terms, amounts in dividing ﬁsjw by C{;,, j € {v,—v —1}. Because of
(2.42), this is harmless so long as v ¢ Z, in which case (at least) one of the “new” U\&Y s ﬁg [‘[,*1 would
vanish identically, and the pair fail to be linearly independent. Dividing also ﬁgv o (Tesp. U e y=1) by the
phase factor exp[inE|* /4], (resp. exp[inE]|*/2h']) we can remove exp|—inE|*/4K'] from (4.18). Let
Ng’wﬁéw denote the spinors normalized this way. In this new basis p’#,, eventually takes the canonical

form

pWp = <(1) é) +0(h) (4.19)
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By Plancherel theorem (4.1) p%#), assumes the same value in the spatial representation,
We keep in mind that we have been working near a = ag by writing Ng[{, Ug({, instead of NéwU&{w

and p%' instead of p#/;'. We proved:

Proposition 4.1. The microlocal Wronskians p#j' supplies Kjj(E) with a (1,1)-Hermitean form. All
vectors Ngé,Ug({, € KX(E), (j,&,0) € {v,—v —1} x {—1,1}* are isotropic (modulo O(K')). Those
subject to the condition € ® = 1 form a normalized basis (modulo O'(h')) in which pV/p“ takes the form
(4.19).

Since K!(E) is 2-D, there follows simple colinearity relations (modulo &'(h")) between the Ugjﬁa,’s
and their complex conjugates. For simplicity we keep denoting the normalized spinors Ng[oﬁg({, by
02l
4.3 Lorenzian structure on the microlocal kernel

We want to extend pV/p" to a globally defined Hermitean form on Kj(E), and start to study some

symmetries. Let 17;‘/&{ = fﬁg{o, je{v,—v—1} solve
(29 —E)T¢d =0 (4.20)

/o~
with 2% as in (3.3). The normalized functions Nga{ aﬁ{ are defined in the same way. Let also

x“/ = Zx*7, and define the spinors
F&l =~ (2 31U 4.21)
Then
B = 5[3”“',7(“']173:&{ =-IF (4.22)
Equations (4.21) and (4.22) hold also in spatial representation, removing the “hats”. Considering the

microlocal Wronskians, we have
UL UES) = (FEAIUES), ke {v,—v—1} (4.23)

and similarly with @’ instead of a. By (4.22):

V(UL UES) = w2 (UYL _o U _), ke {v,—v—1} (4.24)

Let K;(E) be the microlocal kernel Kery,(#(x,hD,) — E), which splits into K¢ (E) and K{(E).

The forms #¢, %< provide a natural duality between Kj,(E) and the span of {F¢ ’[{,,Fg /a,j which
identifies with the microlocal co-kernel K;(E) = K&*(E) +KZ*(E) of 2 —E on | —xg,xg[xR,. Actu-
ally, varying j € {v,—v — 1} (depending on a or a'), a priori dim K} (E) = dimK;"*(E) = 2 for general
E,sodimKj(E) = dimK; (E) = 4, but we shall see how to break Kj(E) into two orthogonal subspaces
(see Sect.1) so that this dimension drops to 2, and eventually to 1 when E is an eigenvalue of either

sub-system. Let #/¢ = L(#¢ —#4), and #'* = L(—#¢ + #¢). These indices which account for

the jump of Maslov index at a or d’, are both equal to 1. Thus we have proved :

25



Proposition 4.2. Under PT symmetry ¥ .9 P (x,hD,) = P (x,hDy)." which we recall from (1.2), the
microlocal Wronskians W' provide Kj/(E) with an (1,1)-Hermitian form ¢ = (HE—W). The
same holds at a', and by (4.24) the corresponding structures on K{! x Kj"* and K,‘l‘/ X Kfl‘/* are anti-

isomorphic.

The group of automorphisms preserving #¢ and 7/“/ (still modulo O'(h')) is therefore U(1,1). In
Sect.5 & 6, we shall extend the 2 families of spinors Us and Us along Ay and show in Sect.7 how

they are related by the relative monodromy operator.

S Spinors in the spatial representation near a branching point

We apply to our microlocal solutions in Fourier representation, the inverse A-Fourier transform .%,u(&, h) =
(27h) /2 [ ¢*6/hy(x) dx. Like Airy functions, they have complex branches at a,d’, so it is necessary
to distinguish carefully between the germs of complex phase functions in |x| > xg, even if one contents

with the region |x| < xg.

5.1 Formulas in the spatial representation

For the moment, we work near xg, and omit henceforth the label a. By inverse Fourier transform ff;
to (3.26)-(3.27) we get (before normalization of Sect.4), at leading order in &

. G9/2(E2 _ y — EV-12xY "
Ulo0) =208Che" Y an 2 | ( ‘ éz_E,)J—E)g‘i’/(f“@ (g)))

60 (&1)=+00(E1)
x |al (€1, 00(E1)) |expliRY (8 (&1))] exp[i®Y. o, (x1, 1) /1| dEy i
(5.1
and
Usey '(x) = 2\f
1
_ e2(E2—pu—E) 12XV (&1, 00 (&)
£sgn O, (2mh)~ /2 (5.2)
ew@l)—ziéw(él) / ( (&2 —u—E)" >
x Jag" "' ((&1,00(&1)) [expliRy" ™" (0 (&1))]exp[i®ety ' (x1,E1)/H] d&)
with
B o (x1,E1) = 22 Ep + O(Ey +x1)E + T (61, 00(&1)) (5.3)

Because 6,, is the common 6-projection of the critical point of the phase defining A, Dy, (resp. ApD_y_1)
as in (9.3) (resp. (9.23)), the critical points of & {Ivléﬁw(xl,’g'l) satisfy Go(x1,&13E]) =0, with

Go(x1,E1:E7) = O(E1 +x1) + 00(&1) + 52~ (61,00 (&1)) (5.4)

5

In other words, the critical points of &; — {Iv’é (x1,&1) belong to the &;-component of the set of critical
points of Hg (£1,61) = 0(E; +x1)& + Hp(&1,61;E]), with

Ho(E1,013E]) = £161 + ho (&1, 01) — a)/(E{2 —0%)'2 40, (5.5)
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as in (9.11). We notice that G, (&;,01;E}) and Hy (&, 61;E{) are independent of j and €. Let us look
at the critical points G, (x1,§1;E]) = 0, and the critical values lff’{;@,()q ,&1), as functions of x;.

The critical point of Hg is given by

o(x1 +E1) + 01+ 9g ho(81,01) =0

(5.6)
&1 +aelhw(<§1, 01)— a)(E{2 _ 912)1/2 -0

Second equation (5.6) gives the critical point 8; = 6, (&;). Recall from Lemma A.3 that this is actually
an equation for 67 and the positive root is denoted by gw(él) To show that (x;,&;) = 0 is a critical
point for H,,, and hence G(0,0) = 0, we must prove that the first Eq.(5.6) holds for (x1,&;) = 0. The

following Lemma will be checked by formal calculus in Sect.5.3.
Lemma 5.1. : For ® =1 we have WE| + 04 (0)+0g 11, (0,84 (0)) = 0 provided 6, (&) = —00,(&).

Now we have
9%hg
d&’

2%hy,

9z, Go(x1,E13E7) = (9¢, 00(&1) [1+ <m>(é‘1ﬁw<&>)} +(

) (&1,60(&1)) (5.7)

In Sect. 5.3 we prove by formal calculus

Lemma 5.2. : We have

9,G(0,0;E]) =0

9z Go(0 O-E’)—w(i+§E’ +-) #0 o9
él w\YV,Y, 41 ) — Ell 4 1

There follows the following factorization near (x;,&;) =0

Go(x1,81,E1) = Ao(x1,81,E1) (& +ao(x1, E1)&1 +bo(x1, 7))
=Aow(x1,81,E1) (&1 — &g (x1,EN) (&1 — &y (x1,EY))
where Ay (x1,&1,E),a0(x1,E]),be(x1,E]) are analytic near (0,0), Ay is elliptic, and a,(0,E]) =
bo(0,E]) = 0. Thus Gg(x1,&1;E]) = 0 has locally 2 solutions & = EF(x) (the critical points of
& lfIvléa,()cl,cSl)) normalized by p&5 (x) > 0 for small x; < 0.

(5.9)

Having computed the critical points of q‘é’w(xl ,&1), we perform the integration with respect to &;

in (5.1), and apply Theorem 2.1. Denote by

YL (x) = PLo(x1,ED) (5.10)
the critical values. Since
1 nE?
Weo P(x)=Weo(x) + 21 e (00 (E0(x))) (5.11)

(where index (¢ ¢, defined in (2.40) is 1/2 when € @ = 1) they differ only by a constant, and the densities
K({,’p (x) (Hessian at the critical point) take the same value
10°%Y,

Kf,(x) = -

1
52 (61:0)lg—en i = 795 Go (¥, 8 ED) g e (5.12)
&i
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where we recall dg, G, from (5.7). By (5.8) we have Kh(xg) = 0.

The (ogw(’g'l) term in (5.1) has non stationary phase, and contributes to an error term ¢'(h'), while
the 6,(&)) = —(D@w(é 1) term contributes by two critical points, labelled by p, and located on the cor-
responding segments p = A;. Applying the asymptotic stationary phase we find (before normalization

of Sect.4), and up to the phase factor ¢25e/1 which doesn’t change normalization:
UL (o) = 20BE:Cle™ " Y (K (x) ™
)
(e’""’/z(éz —p—E)'PX (&, 9w(§1))> |
&=

(E2—pu—E)2
expli¥et (x)/H|(1+ O (1))

ol (&1, 80(E0) | exPliRY (B0 (ENlz, e

(5.13)
and
Uey ™ (x,h) = 20BEC, " 1e /MY e sgn(B,(E5 (x)) (KB(x) ~/°
)
<6i¢/2(§2_H_E)1/2va1(§1,9w(§1))>’ (5.14)
(E2—p—E)1/2 &=&h

lag" ™! (&1, 00(&1)) expliRy" ™" (8 (E1))]lg, —en ) exPli¥ees ™ (x)/H)(1+ O(K))
We summarize (5.13) and (5.14) as

(2 55)

Ui o(x,h) ZUgg x,h) =C/, h,ZUgg x,h)expli(x& + ~E R (x) /h] (5.15)

where Uy § (x,h) and Ug g L (x,h) are colinear (outside the branching points the space of microlocal
solutions is 1-D). In particular the common phase factor for U, 8] ’(’f, (x,h), up to a multiplicative constant,
and including the lower order term in /2’ (sub-principal 1-form) is given by explix&g /h] exp [i(We o b (x)+
W' Ryt (00)/H']. To stress that Jacobians Kg,” (x) are purely imaginary we set

KoP (x) = Kg" P (x) = L8 (x) (5.16)

with L?)(x) real and vanishing at xz. Notice that £sgn 8, = — & @ = —1 since 8, (&;) has sign opposite
to w.

5.2 Asymptotics of the phase functions near the branching point

Here we study the microlocal solutions near ag, in particular in the region x > xg where the phase
(5.3) is complex ; our aim is to sort out among j, €, @, p’s, the exponentially decreasing (recessive) and
exponentially increasing (dominant) branches of solutions. We chosed already € w = 1. To this end,
we shall relate the picture of Stokes lines and Stokes regions of phase (5.3) to the corresponding one
for the harmonic oscillator Py(6,hDg) = % ((hDe)2 +6%— h), close to the turning points, as explained
in Sect.2.

Note that “local time” reversal invariance property (3.30) shows that Ugj’w continued across Stokes
line x > xg in the forbidden region has the same asymptotics as U J e.—o> this still would allow for

exponentially small corrections, called Stokes phenomenon (see [DeDiPh] for the Schrédinger case).
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5.2.1 Extension of U;g{a, along Stokes lines

By (5.10) for x; in a neighborhood of 0

Wit (1) = xp&e + O(E1 +x1)& + T, w(‘?h@w(‘?l))\gl —0EP(x) =

E2

Te (81,61) = £161 +h(81,61) — —(09(»(51)( —0)"/2 - 71@)8@(91)

with hg (&1, 61) holomorphic in a neighborhood of (0,0), and where we recall from Lemma A.3
2 12 14 12
03(61) = (B —4E* 4+ )~ GiAE + )+ -

is very close to E{z. Define v; by E] = \/2(v + 1)h. We can rewrite this phase as

We () = [Hol(&1) +Pg0 ™' (=60 (80)] Iz —wer () (5.17)

where CID&?Z,]*1 is as (2.26), and &; — Hol(&;) is holomorphic near 0. Let

Moo (%1) = =00 (81)lg,—wep (x)

this is an analytic function of \/Ejx; near 0, and nﬁ(xl) > 0, and for x; = 0 lies on the real axis and
is very close, to the left, of the turning point E = E| of the harmonic oscillator of Sect.2. We have the
expansion

nb(x) =E(1-2E"T —--) = 2iE'\p\/2E1x, + - - (5.18)

so that N4 (x;) moves to the axis [E’;, +oo|.

When x; >0,and p =+1, 1 J’i(xl) moves upwards towards the Stokes line making an angle 27 /3
with the positive real axis at E.

In computing the integral (5.1) for positive x; we take a good contour y; C {Im&; > 0} passing
through £5 (x1), p = +1, and parametrized locally by & = EP (x;) +1, t € R. It clearly suffices to show
that Im'¥y ,(x,&1) > 0 along 7, ; since the “regular part” Hol(&;) varies slowly it suffices in turn to
check that # — CID;}L’,_I (nf (x1) +1) has positive imaginary part. Similar considerations hold for U, P

5.2.2 Taylor expansion of the phase functions

We write (5.10) as
ip . X a

W) = W () + | 5= (WL () dy

Xan (5.19)
= WP (xp) + 0(2&5) / EB (y1)dyy

where we recall from Lemma 5.1 that £5(0) = 0. The expansion of £5(x;) near 0 is given in the

following Lemma, that we prove by formal calculus in Sect.5.3.

Lemma 5.3. The critical points é‘f, (x1), p =+, are given by the branches of an analytic function
w&h(x1) = fi(x1,E1) + pV2EIV=x1f(x1,E1) (5.20)
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(independent of ®) with

fi(x1,Er) =2E1x) —I—xf—i----
(5.21)

1
f(x1,Er) =1 —x (4E, —E+ SEEE

where we recall E| and E| are related by (3.15). In particular we have the following symmetry between

critical points
Lo (xis Er) = —&0 (i3 En) (5.22)

Returning to the original variables (x,&) by x; = (26g) 2 & (x — xg), @& = (2&¢) 1 (& — &g), for
these values of & = £5 (x1), we have of course det(Z(x,&) — E) = 0.
Now we compute the asymptotics of ‘Ps w(xE) Recall from (3.21) and (3.20) that
‘PZ,’(’; (xg) = x% ép+ Ts‘:a) (0, 0w (0))
0 1 2 ni2 1 oes (5.23)
K&+ hof0,00(0)) ~ 5085(0)(E'} ~ 6(0)%)!/2 ~ BB 0(60(0))
and from (5.6)
%oy (61,600(0) = @(E}” — 67)' 2
We also have

Oc(61) = are (—= (i6y + w(E ~ 6)'/2))

V2

We discuss according to the cases € = @ = 1 and € = w = —1. In the first case,

(E* —6.(0)%)/2
E;

(:)+7+(9+(0)) = —g + arcsin

and by a Taylor expansion using App.A

25 9

1/2
(Ef* = 62(0)" = (96,14)(0,6,.(0)) =262 (0) + 01 (0) - ~ 2E* + JE{ " 4+
we get
~ T . 9 35
®+7+(0+(0))~—§+ar051n(2E{+§Ei3):—§+2E1+ 6E1 +--
and using also (3.15)
‘P++(xE) 4Ei —§E{ _..._Z(E1+EE1_|_...)_§E1 —
The same expression holds when € = @ = —1. In fact, for all €, ®
TEW 2 .3 TEW 3 2
‘Pg’g,(xE)NTEl —gEi —= (E2+2E4+ )—§E13—--- (5.24)
To compute ‘I’;Z,ﬁl’p (xg), we use (5.11), which gives, when e w = 1
—v—1, T 2 2 3 T 3 2
W, p(xE)NEE{ —gE{ —m:E(EIZ—FEEf—i--'-)—gEf—W (5.25)

since {¢ (6 (0)) = 1. Note that the leading term %E’z (resp. § E{z) in Wb (xg) (resp. We g P (xg))
drops out after normalization in Sect.4. Integrating £5 given by Lemma 5.3, we substitute in the 5:th
Eq. (5.19) and get :
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Lemma 5.4. We have

Wb (x) = Weh (xp) + Erxigi (x1,Er) ——p\/zE —x1) " %gy(x1, Ey) (5.26)

(independent of ®) with

X
gi(x1,E) = 1-1-3?1—1-'-'
! (5.27)

3 1
@0, Er) = 14 2xi (- — 4B+ +---
5 E
and similarly fo ‘P;Z;Lp (x).

Of course, ‘Pé:ﬁ, (x) looks much the same as the phase of an Airy function.

5.3 Appendix: Formal proof of Lemmas 5.1-5.3

We content ourselves with proving the Lemma at the level of Taylor expansions.

5.3.1 Proof of Lemma 5.1

Recall (3.15) and the expansion of 8, (&, ). In particular —®8,(0) = E| —2E!> —11E|” —---, and

3 515 5_,3 275

(98,1 (0.60(0)) = 3 (60(0))+ 22 (80(0)) ~ 31~ 2277

There follows, with 8, (0) = — 8¢ (0), Ey + 6. (0) + g, h1.) (0,6 (0)) ~0and —E; +6_(0)+ g, h-)(0,6-(0)) ~
0 up to this accuracy. This gives Lemma 5.1 &

5.3.2 Proof of Lemma 5.2

We prove the Lemma analogously: check first 5.8) using (5.7). Again we work at the level of Taylor
expansions in E{, specifically up to order 5. We have
0%he

15 2575

2 4
(aelagl)(ovew(o))27(9(»(0)) +=5" (80(0))" +---
" o 23 3439
(GE2(0.66(0) =0 (260(0) + 5 (66(0)’ + 312 (60(0) "+ )
For @ = 1, choosing the negative root 6 (0) we get
(6,(0))> = —E +6E" +
20,4 o s
(a—él)(o)_zEl_7El ...
9%h, 15 ,» 2095
(56,08, (0:01(0) =3 TET S B
9*h 15 1983 s
(851;)(079+(0)) 2E1—7E1 16 Ell_...
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SO
G,

E
(SE0.0:E) =0
Another computation shows that
0°G. 1 3
0,0;E)) = — E' 0
(agf)(?al) E/ +4 1+ 7&
For w = —1, we choose instead the positive root 6_(0) > 0, and show
dG_ 9%G-
0,0;E 0, 0,0;E 0
(G N )= (aé1 )(0,0:E7) #

which takes the proof of Lemma 5.2 to an end. &

5.3.3 Proof of Lemma 5.3

Here we compute the critical point 5 (x1, E}) for x; < 0. We have

G, &3 E4) = 0 (Ey-+31) + 80() + 208 80(&1) + & 80(E1) + 2 (60(E1))’

0 (98 0u(E) + 3 &1(80(&)”) + T3 (Bul&)*+ 1 & (60(&)’

1015 3439 5 765 3 2037
56 0@ + 0 (128 (00(80)" + 5 80 (Bul8))' + T 6 0u(E) ) -
For @ = 1, we choose the branch 6 (0) < 0, and we get
1 3 95 3 95
G+(x1,§1;E{):x1+(2E, +8E1+64E1 + ) EE+ ( + E1+32E1 o) ER e (5.28)
Using Lemma 5.1, in particular a, (0; E{) = 0, we expand
0y (B = ap (0:)) + ()0 m + - = (250 (0B +
15 — U4 1 ax 1 1 axl 1
b ab
b (313 Ef) = b (05E]) + (520 (O3 -0 = (G200 +-o
/ N dA4
Ay (x1,813E7) = A4 (0,0;E1) + (8 )(0,0;E1) x; (85 )(0,0,E7) & + -
By identification
1 3 95
A4(0,0,E]) = 2E,+8E1+64E1 +--
0A, 13 95
(aé )(OOEI) E/+ E1+32E1+"
dA
E
(G)0.0:E) =0
8a+ / 7 3 77 ;5
(ax )(OEI) —4E'+3E, —l-?El + -
b, 3 5 T s
(8 1)(0E1) ZEI_EEI BT
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It follows

77
Gy (x1,EE) = Ay (x1,EE]) (EE + (—4E] +3EC + §E’15 o) &t

(5.29)
(2E{ - iEl —%E - ) x1)
and the expression for &P +’ follows easily, by solving the quadratic equation.
Now for @ = —1, we choose 6_(&;) > 0, and get
G_(x1,EE]) = —x1 — (2;,1 + 2E +22E ) ER (1;' - 3E1+§;E’13+-..)§13+...
(5.30)
We notice that
Gy (x1,—&3E]) = —G_(x1,&E1;E) (5.31)

and get similarly the expression for £”. This proves Lemma 5.3. &

6 Spinors in the spatial representation outside the branch-
ing points

We diagonalize &7 — E outside the branching points and construct WKB solutions extending microlocal
solutions of Sect.4 as WKB solutions along simple bicharacteristics. The situation is close to the
“pseudo-scalar” case set up in [Ro], because there is no longer “strong mixing” between electronic and
hole wave-functions. See also [Iv] for general systems. Recall the Lagrangian manifold A7 consists
in 2 branches Ag = A?p , p = =1 so that p = +1 belongs to the electronic state (§; > 0 in the local
coordinates near a above), resp. p = —1 to the hole state (§; < 0). These states mix up when A(x) # 0,
but we can still sort them out semiclassically, outside a,a’. Call the vector space of C? generated by
( ) the space of (pure) electronic states, or electronic spinors, and this by ( ) the space of (pure) hole
states, or hole spinors.

Recall from (3.1) that the positive eigenvalue of Z(x,&) is A(x,&) = v/A(x —u(x))?, and

the corresponding normalized eigenvector (for the pointwise hermltlan norm in C2)

- Aei?/?
Y(x8) = (A% + (=" +p+A)) 1/2<—<§2+u+l> o
Let Ay (x,&) = pA(x,€). On AL we consider the line bundle with fiber
- Ae9/?
Yy (6, &) = (A4 (—E2 4+ + 4, )2 1/2< > (6.2)
P ( P ) _624_”_’_}1)

The vectors Y (x, &) are orthogonal, and Y, (x,&) =Y (x,€). When A(x) =0, Af = {&? = pu(x) +
E} carries a pure electronic state, spanned by Y. (x, &) while Ay = {£? = p(x) — E'} carries a pure hole
state, spanned by Y_(x,&). Because of the normalization factor in (6.2), Y, has a discontinuity on Ag

when A vanishes, while Y_, is continuous. To analyse the discontinuity, we use the identity

SN (B2 )2 = N (-8 - p /A (2 )
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A2 e (1902
e e O e

Because of the jump of x — ¢ (x) at x =0, ¥, (x,&) is only piecewise smooth on AL, and Y, (x,&) =

(e”g"g) o 2) where A =0, while Y_p (x,&) is everywhere smooth on Ap, and Y_, (x, &) = () where A=0.

Thus it can be convenient to view Y, as a smooth section over Ag (up to the branching points a,a’)

isgn(x)9/2y . . . . ;

e 0 ) is identified with ((1)) At a they consist of the
. .. . i9/2 - .

most “hybrid” superposition of electronic and hole states % (e1 ), and similarly at a’. Moreover it

valued in the projective space P'(C), where (

satisfies the symmetry .7VY, =Y.
Let &5 (x,R) the critical point computed in Lemma 5.3 (which depends on @ only by its sign), we

identify the section Y, (x,&) over Ag with a function of x, as

Yo (x, 1) = Yp (x,€) ¢, _ep (o)

Choose (xp,&p) € AR\ {a,a'}, and let us construct WKB solutions starting from (x,,&,). The vectors
Y, make a unitary matrix with (piecewise) smooth coefficients, .o7, (x,&), defined along the piece p of

Ag containing (x,,&,), and up to the branching points, such that

ﬂﬂﬁ—m%=<%;EﬂﬂiE> (6.4)
When looking at an electronic state, we choose p = +1 so that A, (xp,&y) —E =0, while A_ (x,&,) —
E is elliptic. When looking at a hole state instead, we choose p = —1 so that A_,(x,,8,) —E =0,
while A, (x,&,) — E is elliptic.

It is standard (see e.g. [HeSj], [Iv], [Ro,Sect.4]) that we can implement this diagonalization at the
level of operators, in particular the first 2 terms of the Weyl symbol of A, (x, D, h) — E are computed
in [HeSj2,Sect 6]. Of course, due to the discontinuity of x — ¢ (x) at x = 0, the corresponding operators
should be considered separately for x > 0 and x < 0, so we change the phase factor €92 onx>0to
e~%/2 on x < 0, so that the spinors verify Definition 3.1. It is convenient to keep the (real valued)

subprincipal symbol k,gl)(x, &) together with the principal symbol A, (x,&), so let
Ao (e, &) = Ap(x,£) + iy (x,6)
In the “quasi-particle local frame”, we look for a WKB solution ZP (x, k) of
Ay (P —E)pZP (x,h) =0
of the form

, *(x,h) . 0
TH(x ) = oS+ h)/h (W (x, 7= (x. ) = iS-(xh)/h .
() =e o) ) =e W () (6.5)

where S, solves the modified eikonal equation ip (x,0xSp,h) = E, and the symbol wP = w{) +hw! +---

is uniquely determined up to a constant factor by solving transport equations along p. In particular
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wi (x,h) satisfies :

1 9% ~

aélp (x’ axsp (x,h),h)&cwg + 5 WAP

(x, 8xSp,h)wg =0

o) wg can be chosen to be real. More invariantly,

L1, np(5) (W0 (2, ) dx] 2) = 0 (6.6)
where .,S,”Hlp denotes the Lie derivative acting on half-densities. Applying 7, we get
WP (x,h) = oy ZP (x,h) = &5 W/ (B (x )Y, (x,0:8p) + O(h)) = oM/ WP (i ) (6.7)
We summarize our constructions in the:

Proposition 6.1. Let K? (E) = Ker) (& — E) be the microlocal kernel of & along AR, with Kery(Z —
E) =K, (E)UK, (E). Then K} (E) is one-dimensional and consists of spinors WP (x,h) defined in
(6.7).

7 Connexion formulas and BS rules

First we look for connexion formulas between microlocal solutions near the branching points, and
WKB solutions along the pieces of bicharacteristics.

The set Kj,(E) of asymptotic solutions to (& — E)U = 0 as a vector bundle over R with compact
base [—xg,xg], consists of the union of 2 sub-bundles over AE’p , p = % (joining smoothly at ag,dl,
where the electron and the hole state are indistinguishable), and of the 2 sub-bundles over A;’p obtained
from A;’p by the complex involution .#. The sequence of eigenvalues E = E, (h) will be determined
by “surgery”, gluing together asymptotic solutions along A;’p , with asymptotic solutions along AE’p ,
in such a way that K, (E) consists of 2 orthogonal line bundles with trivial holonomy (modulo small

corrections), carrying the electron state for p = 1, resp. the hole state for p = —1.

7.1 Relative monodromy matrices

Again, we consider only real monodromy. The key point in our argument is that along simple charac-
teristics, K,(E) is one dimensional; in particular the phase function S(x; /) (including the A-correction)
and the leading order, real valued amplitude (as |a},| in Proposition 3.1) are uniquely defined (see
[HeSj,App.a.3] for a general discussion).

Recall from (3.3) and (3.4) BAG Hamiltonians near a,a’ respectively. Because of Theorem 4.1 for
each w,€,p = %1, the normalized microlocal solutions Ugj”(’f,’a/ are related to the extension Ué‘,’gfé;t of

the normalized microlocal solutions Uf;fj;“ along p by a (relative) monodromy matrix

e — (A cU(1,1) (7.1)
P\, & ’ '
21 22
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(still at leading order) where dp = d'S P ¢ C (anticipating the fact that My ¢ shouldn’t depend on

/ / dy d
(g,m)). Actually, ///;,l ““ are 2 branches of the (relative) monodromy matrix .#Z%% = <dll du) €
21 42
U(1,1) discussed in Sect.1.
Since there is a pair of particles, the symmetry between the .#’ 4" and ///g/’a is order 4; thus we
claim (see Theorem 4.1) that ///,f/’a € U(1,1) obtained by extending from the left to the right, and

applying symmetry, takes the form
ptty = I (M) I = () (7.2)

We are to compute the coefficients d;; = dfj (still at first order) by connecting the microlocal so-
lutions from a to o, using (7.2). The considerations made in Sect.5 concerning the behavior of the
complex germs of microlocal solutions Ug’w beyond the branching points fix the choice of the d;; as
follows.

Extend a microlocal solution near a of the form o Uy  + 0Us, o " towards a'. We have

(alUsw“‘O‘ZUsg la)ext :ﬁan}ig +B2U£c‘[) L (7.3)
By definition of .#Z%%
(Ue6) ey = d11Us s +d21U8_()’,_17“ 7.4
(Us_,c:;_l’a)ext =dipUs b dnUsy
Projecting microlocally onto p, Eq. (7.4) takes the form
v.a _ap pvd p v 1d
(UE6)c, = dhUes + 5 Ue (7.5)

—v—lLa\p o rv.d p v 1,0
(Uew )ext d13Us 0 +d22

For each scattering process, the dominant branch (i.e. exponentially growing outside [—xg,xg|) of
the microlocal solution at either branching point a,a’ becomes recessive (i.e. exponentially decaying

outside [—xg,xg|) at the other point. There are actually 2 possible cases. First:
df, =db, =0 (7.6)
The relation ///,f’a/ € U(1,1) expresses as dfzd_gl = 1 and by (7.2), p///g/’a = ///,f’a,. Second:

df,=df, =0 (7.7)

_ : , 0 1
and df\do,” =1, 50 pMly * = 0o M O, With G, = (1 0) :

By (7.5) we have ( gv(f;p)ext = dgl o L4P and ( HV, 1’“”))“t = d{’ngv,;ff’" in case (7.6), resp.
(Us‘jgp) dflUs o P and (U g lap) = dzng(Y, Ld'p in case (7.7).

These extensions determine the normalization in the sense of Sect.4 all along the bicharacteristics

ext ext

p = +. Namely, choose a pair of normalized solutions (U;,Us) with U} = Ugf » and Uz = Ug, Zfl’“
near a, so that (i (2, x“pU1|Us) = 1, (still at leading order in /) and deform continuously x“ into x €
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Cg(R?) so that y equals 1 near A7 \ {aj}. By the discussion after Definition 4.1, the normalizations

remain unchanged along p, namely in case (7.6)

I _ /
P (G [Z21pUn|Us) = p( [P Apd Uy 15U ) = 1 (7.8)
since d21d12 =land p(:[2, 2" pUcsr L ]Ug’g) = 1 and similarly in case (7.7)

p(g[@,x“]pumw)w( (2, Kpd Uy \dbyUe ) =1

We shall only consider case (7.6) from now on, but (7.6) and (7.7) lead to the same quantization

rules, so long we are not concerned with tunneling properties. So we have

P P\ — P P
//lgﬂ’ _ < 0 du) p//lﬁlﬂ _ ( 0 (dy) 1) _ <611 eu) (7.9)
P ’ —\p e p :
dy 0 dy 0 €1 ex
Let now U, be a normalized solution, such that U2 =Ug, P L near ', and
US = (Uey ") = &nUs (7.10)

near a. Then it is clear (in case (7.6)) that dg | gives the required connexion formulas.

7.2 Computing dg ]

Argueing essentially as in [IfalL.ouRo], we identify the WKB solutions of Sect.6 with the microlocal

solutions along p. Recall from Proposition 6.1 the WKB solutions are of the form
WP (x,h) = Cpe'Se M/ (b (x,1)Yy (x,0:Sp) + O(h)) = CpeS M/hWP (x, ) (7.11)

where C, » can be chosen to be real. By (7.8) the normalization of Uy near a determines uniquely C, » > 0.
Near @', we have
¢OPPWP (x,h) = dP, &MU TP (x, ) (7.12)

Computing in two different ways (4 (27, %] pUi|U; a‘;/) gives db,. Namely on the one hand

i ! / ! _ _
(L1 L) = a8y (L1 o 02 = 8 (U Uk) =
=d)\ Wy (U ' UY,) (Plancherel) (7.13)
BT O D) = (Y DL h) by (424
= —pdj, (by (4.19))
Here we used microlocal solutions normalized as in Sect.4. On the other hand, by (7.12)
i ! ! / /
(12" 2 UiV ) = e"”/z( [P 1 1pWP (x, 1)U )
h
Identifying with (7.13) gives
—pdhy = 2 N (L2 WP (e ) U ) (7.14)
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Proposition 7.1. Let @;3,' Px) =xE + @ ‘PXZ,I P (x). We have
e~ xele/h (%[,@“/,x“']pr]U‘;g,’p) —2CP ei”/4/exp [i§p (x;h)/h)Be (x,h) (}(f')’(x) dx

The phase function is constant with respect to x, and of the form

~ XE
Sp(x,h) =tp(h) =— [ EP(v:h)dy+b(Esh) (7.15)
.
Here the boundary term
26) V4
b(E{;h):( iE) WLl o(xe) +hRY 4 (6-6(0)) (7.16)

has the following expansion (with only odd powers of E{)

28p)% 2 7 35
b(E{;h):—( iE) (5E13+8E{5+-~)+h(E{+EE{3+-~-) (7.17)

Moreover the amplitude By (x,h), real mod O'(h), is independent of x.

Proof. Recall Y, from (6.3), of the form

b/
Yo (x,6) = Ap(x,6) <Bp(x,é‘)>

In the spatial representation (reminding i > E is a constant near a')

(hD,)? — A(—x)ei¢/2>

P (x,hD,) = _
(x ) <A(_x)ez¢/2 _(th)2+“

We choose x“(x,&) = x1(x)x2(E) where, contrary to the choice made in Fourier representation,
supp(%1) is so small that y>(&) =1 on cog' (recall that normalization does not depend on ¥%). A

little calculation using (7.11) shows

_ei¢/2zp (x:h)

i. d .d P — _nC. HiSp/h .
h[@ X0 pW 2C, e 8xSp(x,h)< o (x:h)

)x{ (x) + O ()

with

With the notation of (5.7) we recall

i (2&)°

Ugv,’(ﬁ’“ (x;h) = ﬁ:ﬁ P (x) exp [Z (x(;‘E + > \P“E‘/:Z)’p (x))] _
= i 26—
UeP o(—x:h) =UVEP ,(—x) exp [E (x&e — %‘P‘ig’iw(—x))]
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Thus the critical values of the phase in the spatial representation near @’ are given by
WA (x) = —PVEP (—x) = —V9P  (—x) (7.18)
and
Ut ® (1) = UVE2 ()
where, with & = £P4(x), & = £ (x)

Py o9/2 (2 — —1/2 v 1
025° () = (&.6u(&)) (222) ”2< ¢ éfl_g‘f’/geg“e@))> .19

Mod O'(h), we have
eixgég/hl — (%[@a/7xa/]pwp’U;£/7p) — 251) ein:/4/ (Sp(-xh) \yVa p(x))/h

(929 (82—l —E) ' PXY ) — 1y (&7~ — E)2)uSp a” o (L2)(—0) 2 () () dx

(7.20)
with Wya P (x) = x&p + 25 WY9P (x). Recall al) from (3.24), & = EB(x), and let
S2ar? st = Spxih) — (s + PGNP () Y (0-0(E ()
Polx:h) = (zp(8” — u —E)‘l/zxrw —tp (B2 —E)')a,S, la¥ o (L) (—x) "
Then (7.20) takes the form
[=2C,e™* / ¢S "M/ B ) (1Y (x) dx (7.21)

We are left to show that 523,, P (x;h) and By (x;h) are constant. Recall the h-dependent action &P (x; /) =
OxSp (x;h) is well-defined all along p, in particular

)
EP () = & (x) = h- (RY (00 (60 () (7.22)
We recall from (3.9), (3.13) and (5.9), that &) (x) = &g + 20E£ED (x) satisfies (x,EF (x)) € Ab. Inte-
grating (7.22) along [—xg,xg], we find that

~, X0 3
Tp(h) = Se" P(xsh) = — | EP(y;h)dy+ @ PV o(xg) +hRY 5 (6-0(0)) (7.23)

%
is a constant. The boundary term b(E{;h) = @‘Pzg’iw()@) +hRY 4, (6-»(0)) is computed in
(7.17). On the other hand, by (7.8) and Lemma 4.1, it turns out that B, (x;4) is indeed a real posi-

tive constant that we denote by 5p. This gives our claim. U

Hence

_ i /
o XESE/h (E[@a X ] WP‘U;/G‘; ) _2C D oo (W)/h l”/4/(x ) (x)dx = —ZCPD el (W)/h im/4
(7.24)
Moreover, it is clear that d§1 is of modulus 1, so normalization of the scalar product in (7.14) implies

25p5p = 1. Comparison with (7.14) eventually gives (still at leading order)

pdgl lTp( )/h z¢/2 in/4 (7.25)
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7.3 Gram matrix and Bohr-Sommerfeld quantization rules

It is convenient to view Fe gy Lat stav,_l’a’_ and Fpy " —F.; " as belonging to the microlocal
co-kernel of & — E in the sense that they are not annihilated by & — E. So according to [IfaLouRo]

we form Gram matrix

- _17 ) - _17 e - _17 ) - _17 e
{4(“7‘1') . (Ul‘F&a‘; a+_F£7a‘; ¢ ) (U2’Fs7a‘; a+_Fs7a‘; ‘ ) 726
(Z) - v.d + - v, ,— v.a ,+ o v.a,— ( : )

(Ul |F£,w Fe,w ) (U2|Fs,w Fs,w )

where Fg; ;‘,‘;" ,ng’ ’é’,/’p are defined as in (4.21) in the spatial representation. We have by (4.19), (4.23) and

Plancherel formula
(U1|F£ v—1l,a,+ F v—l.a,— ) (U&Ya+|Fja‘;71’a’+) . (U;£’7|F;a‘; 1a7))
=W (Uew, U;(Yfl’“) — (U, U;Z,’l’“)
=W (O, Oeay )~ 708, Ueris™™)
=2
and using also (7.10) defining 6’1)2
(UalFeg " —Feq ) =en [(U26 1R ") = (UG |Few ™)
e DU, Ui ™) (U 0]
= e [ (08.0es ) =12 (025, 0c”)]

Recall the symmetry Uz, UaP = 70 J 3’1 o> Where .# denotes complex conjugation. By (4.24) and
the definition of dg |

(U1|F£‘f£ .+_F£‘j£’ﬁ)) =dy [(U v—1,d +|Fva +) (Uga) L,d, 7|Fva 7)]

= &b, [ Ve UL = (Ve 028 )
(7 (U U:£) W (O 008

=db [~ W08 o U f )+ 70 U 0]

:—2d21

and similarly
(s —Fd) = (Uew IR ™)~ Vew " IRG ) = -2

So Gram matrix takes the form



We know from [IfaLouRo] that ¥° (E) is singular precisely when E verifies Bohr-Sommerfeld quanti-
zation rule. But det%? (E) = 0 iff ef, db, = 1, or by (7.9)

pdd =db, (7.27)

When p =1 (electronic state), (7.25) gives sin (%174r + % + %) = 0. By (7.23), writing éi(y;h) for
E*(y;h), with (y,&Z (y;h)) € AZ, the positive values of &P)

X0
[ e n) dy+h% +h§ Y H(El:) =0, modThZ (7.28)
o

Now we use CPT symmetry, implementing the reflexion (x,§) — (—x,—&); on A; we have instead

X0
- ?jj(y;h)dy—irh%+h§+hg—b(E{;h) —0, modmhZ (7.29)
.

(here 7 stands for the jump of Maslov index). We make “surgery”, cutting the branches p = 1 on A
and Aj; and pasting them together, so to obtain a loop in phase-space. Eq. (7.28) add with (7.29) to
give
—f’gdr(y;h)dy—l—h(j) +hm+2b(E{;h) =0, modnhZ
which is BS for the electronic state.
We proceed similarly for p = —1 (hole state). Namely, (7.25) gives cos (%T_ + % + 4+ 7r) =0. By
(7.23)

0 3n
- §g’;(y;h)dy—l—hg4—}174—19(E{;h) =0, modrmhZ (7.30)
“xo
on the upper branch, and
0 ¢ 7 /
- & (y;h)dy—i—ha +hz +b(Ej;h) =0, modrmhZ (7.31)
X

on the lower branch. Adding these two Eq. we get
—f&‘(y;h)dwrh«i) +hm+2b(E|;h) =0, modThZ

which is BS for the hole state. Thus Theorem 1 is proved.

8 Appendix A: The normal form for the anharmonic oscil-

lator

We need a refinement of the theory of [HeSj] on normal forms for a #-PDO P, of the form (3.11) acting

on the semi-classical distributions D, and D_,_; (Gaussian wave-packets). Consider
Pop(—hDg1,&'sh) = (—hDgr)* + (&' + 0BE"?)* + 1 f(wBE') @.1)

where f as in (3.9) can be thought of a large parameter, and f a real analytic function defined near 0

and given by (3.12). Here we have changed the notation Pg to Pyp to emphasize some homogeneity
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properties. For @ = 1, Pyg(—hDg/, &';h) is self-adjoint. Modulo a lower order term in /42, Pyp is the
familiar Schrodinger operator with potential V(&) = (&£ + wBE&'?)?, having non degenerate minima
at 0 and —1/®f and a non degenerate local maximum at &' = —1/(2wf). Moreover f has a pole at
one of the turning points given by V(&') = ﬁ2 We will take Py (—hD¢r,&'; k) microlocally near (0,0)
to G(Py;h), by conjugating with a unitary 4-FIO A,,. The role of the principal part Gy of G is to make
the period of the Hamiltonian flow independent of energy (“isochore Morse Lemma” see [CdVPa],
[HeSj).

8.1 Isochore Morse Lemma

Here we compute Gy (and its inverse Fp), as well as the canonical relation associated with A,. We shall
always assume @ = +1. For energies below the critical level (4f3) 2, the variable £’ can be restricted
in a neighborhood of 0. So when 0 < E; < 1/4, we consider the equation, with energy parameter

rescaled as in (3.11)
o E;

B
Our goal is to take the principal symbol of Pgp(—hD¢/, &’;h) to its normal form by means of an elliptic
integral. Let pup(x', ') = (=x')> + (§'+ @BE™)%, po(y1) = 3 ((—)* +n?).

(Pop— (—5—)")ua(§) =0 (8.2)

Proposition A.1. There exists an analytic diffeomorphism t — Fy(t, ®p) defined in a neighborhood of
0, Fy(0) = 0, with inverse Go, and a real analytic phase function ¢,5(&',0), defined in a neighbor-
hood of (0,0), of the form ¢,p(E',0) = E'0 4+ gup(E',0), gop(E',0) = O(|E',01%), parametrizing the
canonical transformation Kepg : (Jg Qep,0) — (§',0e:@up), such that Fyo pep o Kep = po. At leading

order we have :

Fo(t) = ;<r+ gy 1B+ “55 AR (8.3)
Gols) = 2(s— 322 — 17s3/34 _ 3§S4ﬁ6 _ 10089 sps . 8.4)
and
/ 1) 2@/3 3 13 3 3 305 14 203
8wp(8',0) = wBEO0+——60"+——E"0+ 13§6+ a)B0+ w[}§6+ a)ﬁc;‘e
(8.5)
51513 ﬁ’ 0’ 107313 5,3 0’ 20313 5/59-1- [3567

In particular, gqp is invariant under the reflection (&',0,0) — (=&',—0,—o), and odd under the
reflection (§',0,0) — (—&',0,—w). Moreover, (®B)*gop (w%, wiﬁ) is independent of ®f.

Proof. Consider first Fy(t) = §(—x')d&’ where the integral is computed on the energy surface X, =
{pw =1t}. When
4BV < 1 (8.6)

42



which is the condition for the harmonic approximation to hold near £’ = 0, X, has two connected
components. Changing variables, the elliptic integral Fy(r) = f T cos?u(1+4B+/1sinu)~"/?du can
be expanded as a (convergent) power series in 48+/¢, and equatlon (8.3) follows, which we invert
according to (8.4), for s in a suitable neighborhood of 0.

Next, still at the level of Taylor series we determine gqg(x, 8) by

gwﬁ(§/>9) = Z a,§™M0™, a, €R

n=(ny,nz),|n|>3

using the relation pyg 0 Kup(y, 1) = Go(po), with

Kop - (yﬂ]) = (5/4‘898@[3(6/,9)7 9) = (§/>xl) = (5/7 9+a§/gwﬁ(§lv 9)) (8.7)

Keeping terms up to order 3 in Gy we obtain first, at order 5,

8wﬁ(‘§/79) wﬁé/Zg_’_ wﬁ93 313 6/304_ ﬁ 663 (1)[3395 B 6/404_ (1)[3 5/293
_’_a04(§/2+92) +4[3a04(§"5+2§‘ 944—35/392)4-

Next truncating Gy to order 4, we expand g, (&', 0) to order 6, this gives ags = 0, and we find

gwﬁ(§/,9)=ﬁ§/29+2wﬁ 93 3B §/39—|—5ﬁ 503 60133954-%(1)[33&/494-?0)[33&/203

3
515B £05 4 1073 203

B 5/3 3 B 5/59_‘_ (§/2+92)3+

Finally, at order 5 for Gy, we observe that within this accuracy, the (§2+ 6%)° term in gqp(&’,0)
vanishes, and (8.5) holds. O

8.2 The semi-classical normal form of Helffer-Sjostrand

We bring next the operator Py,(—hDg,&'; h) to its normal form Py(—hDy,n) = 5 ((—=hDy)*+1* — h)
by conjugating with FIO’s A,.

Let X,Y C R be open sets, Kk : T*X x Y — T*Y a smooth canonical map, parametrized by a non
degenerate phase function ¢(x,y,0) and I, = {(x,&;y,—n) : (x,&) = k(»,n)} C T*(X xY) the corre-
sponding canonical relation. There is a Lagrangian embedding Cy = {(x,y,0) : dg@(x,y,0) =0} —I",..
Let A be a -FIO whose Schwartz kernel belongs to the class 0°(X x Y;T%.) of oscillatory integrals (or
semi-classical distributions) defined via an amplitude c(x,y, 0;4). Then it is known that c(x,y, 0;h)
is not uniquely defined, but only its restriction to the critical set Cy. In the normal form of Helffer-
Sjostrand (see (8.9) below) the choice of c¢(x,y, 8;h) is constrained on another set, so that the extension
is simply parametrized by a family of functions ag(u,v) (in local coordinates) non vanishing near
(u,v) = (0,0). It is necessary to find such an extension when A acts on semi-classical distributions u
of Gaussian type, such as the parabolic cylinder functions D,,D_,_;. Again, we content ourselves of

the level of Taylor series.
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Theorem A.2. For real ®, there exists a (formally) unitary FIO operator A = A, defined microlocally
near (0,0), of the form :

Av(&',h) = (2zh)~! / / 0o (&' 10)/he (&' 1, 0,h)v(n,h)dn d6 (8.8)
and a real valued analytic symbol
F(t,0B,h) = Fy(t,0PB) +hFi(t,0B)+---

with Fi (t,®f) = —% such that
A*F(Py, 0B, h)A = Py (8.9)

The phase function is given by
(pa)ﬁ(§/7n7 9) = ¢wﬁ(§/, 9) —né= (él - n)e +8wﬁ(§/a 9) (3.10)

with g, p parametrizing Ky, as in Proposition A.1. The analytic symbol

cw(§/7n767h) Zco(él,n,9)+hc1(...)+...

with real principal part cg is determined by the unitarity relations A*A = AA* =1d, up to its extensions

from T, which can be chosen, in suitable local coordinates (u,v), of the form (ag(u,v) being elliptic)

%84 ,
c(&',n,0) = (1+ a;ag(é ,0))"% + ag (u, v)uv (8.11)

Proof. Fy has been computed in Proposition A.1; the value of Fj is due to [HeRo]. Let us compute cy.
In order to comply with usual notations, we change for a moment the name of the variables. With @,

as in (8.10) we have
Auly ) = () ! [ [0 08 ety 2 € yu(e) ded

Then
A*v(x;h) = (2mh)~! //ei((yfz)éfg“’ﬁ(y’e))/hc(y,x,O;h)v(y) dyd6

and
A*Au(x) = (27h)~! / / 06,2, &) u(z) dzdé&

The phase function associated with the oscillatory integral defining (x,z, &) is given by

Dup (1, 05x,2,8) = (x—y) 0+ (y—2) & +80p(,E) — 80p (3, 0)

Writing g2(y, 0, 0) = dp gop (), 0), we have

80p(1,6) — 8wp(3,0) = (& —0)£2(»,5,6)
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thus the critical points (y., 6.) of @yg(.,.;x,2,&) solve

_9+‘§+(§_9)3y82()’7579):07 x_y_aegwﬁ(yae):()
or
=6, x—ye—0e8wp(¥e;6) =0

and the critical value is the pseudo-differential phase @, g (yc,6c;x,2,&) = (x —z)§. Computing Hess
D,p (yc, 6.;x,z, é‘) and using that c( is obviously real, Theorem 2.1 shows that (8.11), microlocally
near (0,0), takes the form

A*Au(x;h) = 27mh)” //ehx 98 J(x,2,E ) u(z) dzd€ + O (h)

with
J(x,2,&) = (1+(dy82) (e, €, 5)) co(Ye, X, &) co(ye,2,8)

The unitarity condition gives in particular J(x,x,&) = 1, that is

9%g
co(zerx,0) = (14 (55002, 0)) %, 2= 2e(x,0) =3+ ogop(ze,6)  (812)
Computing similarly AA™ we find
82gwﬁ 1/2
o836, 0) = (1+ (522 )(x,0)) ', ye =3e(x,0) =3+ Dogop(v.0)  (B.13)
With the help of (8.5), we find easily
2 2, Hop s 31,
xe(y,0) =y +20B6" + Ofy” + By + - pTy07 + (8.14)

There remains to compute cy(x,y,0) from (8.12) and (8.13). Changing again notations, we write
(8.12)-(8.13) as
c(x(v,0),y,0) =F(y,0), c(xy.(x,0),0)=G(x,0) (8.15)

Consider the family of parametrized curves tg : x — tg(x) = (x,y.(x,0), sg : y+— to(y) = (xc(3,0),y),
where y.(x,0) as in (8.13) and x.(y,0) = y + dggwp (., 0) is implicitely defined as in (8.12). For
6 = 0, Proposition A.1 shows that #, N sy = (0,0); the “velocity vectors” verify #,(0) = s;,(0) = (1,1),
while the “acceleration vectors” verify #(0) = (0,2wf) and s3(0) = (2wf,0). So these curves are
not transverse when 6 # 0, but when 6 # 0 (but still small enough), it turns out that (¢9,s¢) can be
straightened to new axis of coordinates. First we look for the points My = (xg,yg) where these curves
intersect. We have

d
ﬂ(x(% 0)

Yo =Xg + 90

(8.16)

980
xo = xc(y0,0) = yo + —2£ (x.(y9,6),0)

26
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Substituting for xg = x00 +x10% +x20> + -+, xg = y00 +y10> +y,0° +---, and using (8.14), we find

Xo = Yo together with the relations
yi =x1 + 208 + 0B}
3003, 15,
2 =x +20Bxpx + Zﬁ Xp+ Zﬁ X0
x1 =y +208 + 0By;
15
X2 =2+ 20Byoy1 + 2875 + Zﬁzyo

The first and third Eq. give x(z) +2 =0, so the intersection of #g and sy consists in 2 complex points
My, Mg; we shall only consider Mg, with xg = V20 +---. Substituting into the second and fourth Eq.
yields x; =y; = — %a)ﬁ . So (up to this accuracy) Mg, Mg lie on the (complex) diagonal. We check that

1p(xe) and sy (ve) are transverse when 6 # 0 is small enough, since

det (t5(x9),55(ve)) = —%[ﬁez 4+ £0

So we change to a local frame, choose origin at Mg, and sety =y +y, x =xg +x, u =y —y.(x,0) =
Y =y.(x,0),v=x—x:(y,0) =x"—x.(y/, 0); here we have made use of the fact that xg = yg (up to this
accuracy). The curves fg and sy take the form u = 0, resp. v = 0. Consider the local diffeomorphism
@ : (x,y) > (u,v). Put o = co®, ", with ¢ as in (8.15). We have

C(xc(y76)7y70) :F(y70) :EQ(M,O) :fg(u)

- (8.17)
c(x,y:(x,0),0) = G(x,0) =c(0,v) = Go(v)
so that by Taylor expansion at first order
Co(u,v) = (0,0) 4 9, (0,0)u + 0,¢9 (0,0)v+ - - - = 9, Fp (0)uu+ G (O)v + - -- (8.18)

and we are left to compute 9,Fg(0),3,Gg(0). This gives only the germ of ¢ at order 1, since we have
no information on the mixed derivatives.

We may proceed a bit further by setting

_ azgwﬁ 1/2
f(%:3,0) = c(x,y,0) = (14 =—(x,0)) (8.19)

We notice that f vanishes along the curves fg and sg

f(xye(x,0),0) =0,  f(xc(1,6),,6) =0
which in the local coordinates (u,v) above centered at My, takes the form
fo(,0) = fo(0,v) =0 (8.20)
Generically (divisors with normal crossings) there is ag (u,v) elliptic at (0,0), such that
fou,v) = ag(u,v)uv (8.21)
This gives the required extension. O

The function ag will be chosen below by checking that A, D, and A,D,y 1 actually solve (8.2).
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9 Appendix B: Constructing the microlocal solutions

9.1 Microlocal solutions with the D, function

Assume already we have chosen a suitable extension of the amplitude of A, as in (8.11), @ = £1. It

follows from Theorem A.2 that equation (8.2) takes the form, with v, =Ajju, and v = %F (g—;,h) :
E}

or, after the scaling N = (h/2)1/2C, of Weber equation (2.2). In view of (8.3) we also set

2
E” _ F((a)El)2
22 B>
so that 0 < E| ~ Ej as (E1,h) — 0. Inserting vy (n) = Dy(€(h/2)~'/?n) (independent of B) in (8.8)

and using the fact that A, is (formally) unitary, we get with uy, = uy (&', h)

h)+h=(v+1)h 9.2)

_ I'iv+1) 1
! (& h) = Ao (Dy(e(h/2) 2 (&) = D L
2ir 2mh 9.3)
o+ _, )
X // VeSO /he(E! 1 9 h)(—s)" V) dsdn do
where :
~ i i 772 1/2 S2
Vo= (' —m6+gap(&',n) +i[5 +&(h/2)"2nsh+ = h+(v+ Dhlog(—s)]
‘We rescale the variables as :
01=PB0, m=pn, si=pVhs, & =pBE
and set i’ = B2h as in (3.10) so that
I'(v+1
(&) =~ S L) e[ t0g (1) 40
4im? (k')
04) 9.4)
// exp [W! o (11,5161, E1) /1] co(Eri1, 00 dsy dny d6y
where, in the new coordinates
v _ . 7712 S% \/_ 1 12
Ve o(81,M1,601,51) = (&1 —1M1) 01 +he(E1,01) +l[7 + 5 +v2ens; + 551 log(—s1)] (9.5
with 116, (&1,61) = B gp (%, %) independent of f3, and
& m 6 K
c 6171"1761;}1/ =\ 5% m o pm
ol =555 )
As in Sect.2, we apply stationary phase to (9.4) with small parameter /’. The critical points
(M1,51,61) = (Mo, 50,00) = (M6 (0(81))5¢.0(8(81)), 05 (51)) (9.6)
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are given by

E?
Er— M+ o, ho(E1,61) =0, —0) +iny +ivV2es; =0, V2en +5 +i =0 9.7
!

which yields a quadratic equation for s; and

m = o(Ej - 67)"/? (9.8)
—V2es, =i6, + (E}” — 6}7)'/? (9.9)
& — 0(Ef— 61)"7 + 09,1 (&1,61) = (9.10)

So 6 (&) is a also critical point for
0, — Hw(gl, 91) = 6191 +hw(§1,91) — (1)/(E{2 — 912)1/26191 9.11)

Properties of these critical points are summarized in the following :

Lemma B.1. For ©® = +1 and &, small enough, we have the expansion
2 2 4 6 2 4 6
(65(&1)) = (E'T—4E"| —18E"{ —---) — w(4E'] —8E'| —58E'] —--- ) &+

(—1+275E’%+19E"1‘+---)§3—w(—2+17E’f+58E"1‘+---)§?+(—3+17E’f+---)§f‘—

9.12)
and thus
£ 6,(81) = /1—2El3—11E’?—---—(;)(2E’1_7E’?_...)§1+
1 13 21 17 5
1 1 91 E

(_

We denote by @Y,(él) € [0,E]] the positive critical point of (9.11). Moreover, there is the symmetry

8E'> S8E 3t )& -

relation between the critical points Gt(ow(él) = 992,(—?,‘1)
Proof. We know that 6; = Gw (?,‘1) is a root of the equation
& — € (Ef" = 07)"7 + 0 ho(£1,61) = (9.14)

(¢’ = +1). When & =0, we get E:’(E’l2 — 012)1/2 = a)(2912 25 0 + 26“06 ) which implies
¢ =, and

25 2611
207+ = 60f + =00 +... = (E',"—6])'/2
2 16
Squaring this Eq. we get 912 +40f +50016 +e = E{z, and
+6)(0) =E| —2E]> —11E}” — --- (9.15)

Computing the critical point Ga, (51) from (9.14) with ¢’ = @, when @ = 1, we get
2575 1073 203

2
51-1-5124‘2912‘1'15134‘?519124‘1514‘1'7512912‘1‘79f+ & 0f + ‘5191 514‘ = (E}

and G(S,V) (&1) by looking for a power series in &;, with coefficients given in turn by power series in E {2.
We proceed in the same way when @ = —1, so we get (9.12). Taking square root gives also (9.13).
This brings the proof of Lemma 1.1 to an end. O
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The Lagrangian manifold Ax C {pep = (g—i) }, containing in its interior the connected component
of (§1,—x1) =0 in the potential well V(&;) < Ey, has a simple representation in the (&;, 6; )-plane, since
it becomes symmetric with respect to the &; axis. This is an ovale-shaped curve, close to the circle of
radius E; and center at the origin, with vertical tangents at (§5,0), & = —E; +---,§F =Ej +--- (the
turning points for p,g), and an horizontal tangent at P, i@?) = (—ZE{2 +---,£E((1 +2E{2+ e ))
But the lack of analyticity of f in (8.1) forces to exclude (&;",0) from that picture.

The critical values of l//; 5 (&1,M1,01,s1) are of the form

Ei2 {2
Y Y
V’sﬁ ef 4 (l_logT)

Ty (81, 0c(81)) = [6161 +he(81,61) — @%91( — o)1/ - §E1 *1l6,=60(21)

(9.16)

where we recall from (2.24)

@8@(91) =arg(— £ (i6 + w(E}” — 6; )1/2))

V2

As in Sect.2, we expand the integral by stationary phase according to Theorem 2.1, and find, at first

order in /' :

uy 5(&'h) Ch,Zesz '5(81,60) /K] (J5(&1,60)) 172 [co.0(&1,1 (60),00) + O(H)]  (9.17)

where we sum over the 2 critical values 8, = i@w(é 1), and

C(v+1) (Zeh’)Eiz/W

C) = 9.18
L R AN 9.18)
Now we compute the half-density (J(‘{,) 172 (independent of €), where
1
Jo(&1,00(&1)) = det(; Hess Wy, (&1,01,M1,51)) |pec.
and “p.c”. means : “evaluated at the critical point (6, Nw,Se)” given in (9.6). We have :
| | dgho —1 0
—.Hessl//:ﬁ:—_ -1 i ieV2
! Tt : . E}?
0 ieV?2 z( _ﬁ)
/2 .
At the critical point, 1 — —l% = _5’3%%), so that using (9.8) we have :
20(E}> — 62)1?
m(Jy(&1,60)) = ( IE,Z ) (61 + (E]" — 67)/205 ho(&1,01)) lo,=6,
! 9.19)

206
Re(J4(&1,600)) = E—,i(el +o(E” — 60)'293 ho(£1,61)) |a=o0
1

In polar coordinates

(ghea) ‘:1 Vw (5179w(§1))‘ 28Y (iésgn(el),w(el)) |91:9w(51)
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where we recall C:)sgn(el)@ from (2.9). If we set

aly (&1,60(8)) = (/55 (£1,60))) ™ c0w (E1,185(60),61) |6, e, = l@b(&1,60)|exp [IRE(61)] 5 g, e,
(9.20)
where .
RZ)(GI) = _Eésgn(el)@(el) 9.21)

we get eventually

uf (&) =Clp Y, !aé(&ﬁﬂ)!eXp[h,(gYw(§1,91)+h’RZ,(91)} 9.22)
0,=%0,(&1)

In (9.20), co.0 (&1, M5 (61) 91)|91 (&) |
obtained by writing that uy ,,(&’; k) actually solves (8.2) mod &' (h').

. as prescribed in Theorem A.2. It is

9.2 Microlocal solutions with the D_,,_; function

We proceed now to use D_y_(ie§) instead of Dy (€{), and outline the main steps of the computa-
tion. Recall from (2.5) the integral representation of D_,_;(i€ ), so that as in (9.3) ug y, '(&',h) =
Aw (D_V_l(ie(h/2)*1/2-)) (&') takes the form

oy I'(—v (O+) vV / ds
el (6 = ) exp— (£ og) /4] [ [ om0 ) dgnam S 0.2

where the variables (60;,7;,s;) are chosen as before, and

1
Wy (Gumi,Br,s1) = (& — M) 6 +hp(&r,61) +i— 7721+ +\/_lgnlsl__Eﬁ10g( s1)] (024)

The critical points (6;,1;,s]) are given by

2

E
= &+ do,ho(E1,01) =0, My = (6 +V2€s1), V2N +51 — —2Sﬁ —0 (9.25)
1

They differ from (6,1, s¢,) only by the s; component, and we have the relation

S0’ (80(81)) = ish(0(E1)) (9.26)

It follows in particular that the extension of cg , carried in the case of D, is again valid for D_,_;. The

critical values of v oL (E1,m1,61,51) are of the form

12 E/2

E;
Veo ' =Teo +i(1-log—-)

1 9.27)

where

12

06 E\" .
= (B =60+ 0@ |lo-a,e)  O28)

Tow ' (€1,00(&1) = [£161 + ho(E1,61) — 7

We apply again asymptotic stationary phase to (9.23), using the density

T (&1, 00(81)) = T3 (1,600 (&1)) (9.29)
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and

see  (80(61)) = _esen(6(6) Fi exp [ —2iRy, (00(&1))] (9.30)
V2
If we set
ay " (61,600(81) = f\rv '(&1,6181 7 o0 (81,10 (61),61) exp [iR," ' (61)] [, o, )
(9.31)
2
Ef,ag,v &1, 00(81)
and
R, (60(&1)) = Ry (6a(&1)) (9.32)
we get eventually
Ug l(é‘ sh) = C};V_l Z esgn(ew)‘&vg,v_l(él,ew)‘exp[h/( (él,ew)—FhR_v I(Gw))]
0==64
(9.33)
where r(v) ol
cov1 oL e\ —Ej* /4 9.34
! (m)32iV/I (512) O3
With the notation of (2.40), (TY,T~V"1), (@¥,a=V~") are related by
—v—1 v nE{Z
Tow  (§1,60(81)) =T (61,60(61)) + Cew(00(&1)) 9.35)

agp(81,00(81)) = %vfl(il,@w(él))

9.3 Some symmetries

Many symmetries occur when changing the signs of 0, &, w. They imply in particular relations between

microlocal solutions at ag and af;. First group of parities involve the reflection in 6;. We have

Oc.w(—61) = —Oc0(6)) (9.36)
Ocw(—01) =T — O 0(6), 0 =1 (9.37)
Ce-a(—601)=Cnl(6) (9.38)
Tow(81,—61) = —T. (&1, 61) (9.39)
Tew (§1,=00) = —Teg ™' (51,01) + ”iiz (9.40)
st o(—61) = L. (61) (9.41)
50" (=61) = —se ' (61) (9.42)
As hy (&1, 6)) is odd in 6;, we have the following relations
T (&1, —01) =I5 (81,61) (9.43)
Ry (—61) = —R},(61) (9.44)
c0,0(&1,M0(=61),—61) = co.0 (&1, Nw(61),61) (9.45)
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There follows

aly(&,—6)) =al, (51,91) (9.46)
Jo (61, —61) = 5" (&1, 61) (9.47)

Second group of symmetries involve the reflexions in @ and € :

0 ¢ 0(0-0(—&)) = —Oc0(0(&1)) (9.48)
(:)—87—(1)(6 w ) = _G)s w(ew 5 )) (9.49)
TVe o(—81,0-0(=&1)) = -1 (&1,60(61)) (9.50)
T o' (—&1,0-0(=&)) = —To g ' (&1,60(&)) 9.51)
R o(6-0(=&) = —Rb(60(&)), j=v,—v—1 (9.52)
We also get:
h_w(—?jl, 61) = —hw(él,el) (9.53)
0_o(—&1) =0u(&1) (9.54)
007—a>(_élan—w(e—w(—gl))ae—w(_él)) = C0,0 (élanw(ew(él))aew(él)) (9.55)
T o= &1,0-0(—&1)) =T (&1,00(&1)) (9.56)
@ o(—E1,0_0(~&1)) =ah(£1,00(&1)), j=v,-v-1 (9.57)
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