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COMPUTATION OF THE MAGNETIC POTENTIAL INDUCED BY A

COLLECTION OF SPHERICAL PARTICLES USING SERIES
EXPANSIONS

STEPHANE BALAC!, LAURENT CHUPIN? AND SEBASTIEN MARTIN?®

ABSTRACT. In Magnetic Resonance Imaging there are several situations where, for simula-
tion purposes, one wants to compute the magnetic field induced by a cluster of small metallic
particles. Given the difficulty of the problem from a numerical point of view, the simplifying
assumption that the field due to each particle interacts only with the main magnetic field
but does not interact with the fields due to the other particles is usually made. In this
paper we investigate from a mathematical point of view the relevancy of this assumption
and provide error estimates for the scalar magnetic potential in terms of the key parameter
that is the minimal distance between the particles. A special attention was paid to obtain
explicit and relevant constants in the estimates. When the "non-interacting assumption" is
deficient, we propose to compute a better approximation of the magnetic potential by taking
into account pairwise magnetic field interactions between particles that enters in a general
framework for computing the scalar magnetic potential as a series expansion.
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1. INTRODUCTION

This work is devoted to the study of a way of computing the magnetic field induced by
a cluster of metallic particles subjected to the static magnetic field of a Magnetic Reso-
nance Imaging (MRI) device. These magnetic particles locally induce magnetic field inhomo-
geneities. In some context, magnetic field inhomogeneities are annoying since they perturb
the imaging process giving rise to susceptibility artifacts in the image [22, 2|. In other con-
texts, the magnetic field inhomogeneities induced by the metallic particles can be exploited in
the imaging process for specific medical diagnostic. For instance, magnetic particles are used
for the magnetic labeling of cells and MRI detection. In stem cell therapy, MRI offers the
potential of tracking labeled cells in vivo [20]. Tumor cell detection can be achieved by label-
ing the cells with iron oxide-based contrast agents [24]. We can also quote the measurement
of susceptibility effects due to blood in brain micro-vessel networks and application to the
MRI studies with or without contrast agents [4, 12|. As well, pathological iron deposit in the
brain plays a role in neuro-degeneration [26] and iron has been identified as a potential MRI
biomarker for early detection and diagnosis of Alzheimer’s disease. Thus, mapping the brain
iron content, identifying and quantifying iron deposits using MRI could provide new ways of
diagnosing Alzheimer’s disease at an early stage [8]. This list of examples is not exhaustive.

Over the years, numerical simulation has become an essential tool in the research field
of MRI, for a better insight into the physical mechanisms that govern the MR signal, for
improvement of simulation sequences and protocols, for safety assessment of medical devices
etc. The above mentioned problem is however tricky from a numerical simulation point of
view. Indeed, the large amount of particles prevent the use of standard numerical approaches
such as the Finite Difference Method [16], the Finite Element Method [10] or methods based
on integral formulations [23| since they require the meshing of the computational domain,
taking into account metallic inclusions, which is prohibitive from a computational point of
view. For such a problem, in the existing MRI literature, the calculation of the variations of
the static magnetic field is usually done by adding the analytical solutions of the magnetic
field due to sources described by simple geometrical shapes: point sources, spheres, (infinite)
cylinders. The simplifying assumption is that the field due to each source interacts only with
the main magnetic field but does not interact with the fields due to the other sources, see e.g.
[27, 3, 14, 13, 19] and references therein. This assumption is referred as the "non-interacting
assumption". Sometimes these analytical models are coupled with statistical methods [25] or
Monte-Carlo methods [3].

The goal of the present work is to study from a mathematical point of view the validity
of the "non-interacting assumption". At best, the assumption is justified experimentally in
the above mentioned references. Intuition suggests that this assumption is fulfilled when the
particles are "far enough" but that it is defective when the particles are "close" to each other.
We will quantify in the document how "far" and "close" have to be interpreted.

The features of the particles involved in the above mentioned applications are generally
not known precisely. Their shape and size can vary around a mean configuration. However,
in order to simplify the mathematical investigations, we assume that all the particles have
the same shape and size corresponding to the mean configuration. Namely, we denote by
Qq,...,QN the open sets corresponding to the particles, see Fig. 1. For simplicity and clarity,
we assume that the particles are spherical, i.e. the open set Q;, j € {1,...,N}, is a ball
centered at position ¢; € R3. We also assume that all the balls have the same radius denoted
by € > 0. The boundary of €}; is denoted by XJ;. It corresponds to the sphere centered in c;

with radius e. We also denote by Q¢ the surrounding area, i.e. Q¢ = R3\ Ujvzl STJ-, and by X

the boundary of 2¢ie. X = Ujvzl Y. In this study, besides €, a key parameter is the minimal
distance between two particles defined as

d= min |¢ — ¢l (1)
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FIGURE 1. Notations used to describe the cluster of metallic particles.

Moreover, we denote by R > 0 the radius of a ball containing all the particles. Assuming

the particles are not in contact to each other and using volume considerations, we have the
following constraints:

§>2 and N& <8R (2)

We also assume that the particles are made of the same paramagnetic or weak ferromagnetic
material and we denote by p, > 1 their relative magnetic permeability.

As mentioned earlier, the effect of the main static magnetic field Hg of the MRI device
(assumed to be constant in direction and strength in the area where the particles are located)
is to generate a secondary magnetic field induced by the metallic particles. As usual in
magneto-statics, the mathematical problem can be formulated in term of the scalar magnetic
potential . Our main result states that the error made when approaching the magnetic
potential ¢ by the sum of the magnetic potential ¢, induced by the particles ©;,j =1,..., N

taken individually, i.e. under the "non-interacting assumption", satisfies, in a convenient norm
to be specified later, the following estimate

N
H‘P - Z Socj
j=1

where the constant Bz was found to be By = 142 + 31In2 =~ 144.1.

This result is consistent with intuition: when considering a very large number of particles
able to fill the area of interest completely and evenly, the ratio (25—5)3 is proportional to the
volume fraction of particles. Thus, when the volume fraction is low, that is to say when
the particles are spaced at a fairly large distance from each other, computing the magnetic
potential by neglecting magnetic field reciprocal interactions between particles gives a quite
accurate approximation.

The paper is organized as follows. In Section 2, we introduce and study the magneto-statics
problem. In Section 3, we study the accuracy of the "non-interacting assumption" and prove
the above mentioned error estimate together with a point-wise error estimate. In Section 4, we
study the approach consisting in taking into account pairwise interactions in the computation

of the magnetic potential and we prove an error estimate in that case. Finally, Section 5 is
devoted to numerical illustrations.

(p—1)2 7eN3 [2e)° 2R
<ayrte” ) ) (By+31 Ho|,
W1(R3) VT pp + 2 (R) 1) 33l 1) 1t |Ho|
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2. THE MAGNETOSTATIC PROBLEM

2.1. Formulation for the scalar magnetic potential. The magnetostatic problem de-
scribed in introduction, expressed for the magnetic field H, reads

rooH = 0 inR3
divH = 0 inQq,...,Qy and Q° (3)
[WH-n] = 0 across Xq,...,2N
where p is the piecewise constant function taking the value 1in Q¢ and i, in Q;,5 =1,..., N.
Moreover, we have the following condition at infinity
| Ilim H(z) = Hp (4)
x|—+4oo
z€R3

where Hyg is the applied magnetic field assumed to be constant in strength and direction. By
convenience, we denote by | | either the absolute value of a real number or the euclidean norm
of a vector in R?. In (3) and throughout the paper, we will denote by [u] the jump of the
quantity u across one of the boundaries ¥; : [u] = u|gc —ulo,, j = 1,...,N. As well, the
quantity n will refer to the outward unit normal to the boundary ;.

We reformulate problem (3) in terms of the induced magnetic field H', such that H =
Ho + H'. It is natural to assume that H’ belongs to L2(R3)3 the Hilbert space of square
integrable vector functions. Since H' is curl free, thanks to Poincaré lemma we can introduce
the so-called scalar magnetic potential o € W§(IR?) such that

H' = -V (5)
where W} (R3) is the weighted Sobolev space defined by

v
ViEars

As outlined in [6] the semi-norm defined by

Wh(R?) = {w € D/(R?) ; e L2(R%) ,Vy € L2(R3)3}.

Y € WH(R?) — </ V|2 dz>2
R3

is a norm on Wg(R?), denoted by || - ||y (rs) in the sequel. Moreover, all ¢ € W§(RR?) satisfies

[¢] = 0 across ¥ where ¥ denotes any regular surface ¥ in R3. The magnetic potential
¢ € W}(R3) satisfies the following problem deduced from (3)
Ap = 0 in Q1,...,Qn and Q°
[ugi] = [u/Ho-n across ¥i,... Xy (6)

We introduce the following normalization: xz; = RZ; for ¢ = 1,2,3 where Z; denotes the
dimensionless i-th coordinate. In the dimensionless coordinates system, problem (6) for the
new unknown ¢ defined by |[Hg|R @(Z) = (R Z) for all € R3, reads

Ap =0 in (~21,...,S~2N and Q°
i H = ~ (7)
[uai] = [y ﬁ ‘n across Xi,..., LN
where (~2j = B(¢j,€), ¢j =c¢j/R, € =¢/R and Q° =R3\ U;V:1 ?273 We also set 6 = 6/R. Note
that the conditions (2) give rise to the conditions

~ 8
28 << — 1. 8
E<o< < (8)

From now on, we will only consider the dimensionless problem (7) and, for convenience, we

will drop the tilde ~ symbol introduced to distinguish dimensionless quantities. As well, we
4



do not write down vectors in bold letters anymore. Thus, we have a magnetostatic problem
in the form:

Ap =0 in Qp,...,Qn and Q°

9
[Ma@] = [u|h across ¥p,..., XN ®)
on

for a given h € L>°(X). The weak formulation of problem (9) reads: find ¢ € W}(R?) such
that for all ¢ € W}(R3)

N N
/cho‘Vl/zdx—i-up ;/gzngo-Vz/Jd:c:(up—l);;éjhwda. (10)

A direct application of Lax-Milgram theorem proves that problem (10) has a unique solution
¢ € W}(R?). Moreover, using ¢ as a test function in (10), we get

N
ol gs) < (o = 1) D Il sy leluis,) (11)
j=1
and from the trace inequality (85) given on Appendix A, we deduce that
3
[ellw sy < A1 (up — 1) N2 [|hf|Lee(s), (12)
where ||h[lLe(z)y = supjeqr,.. Ny |PllLo(x;) and where Ay = v4m. Applying these results in
the special case when h = % -n whose L®-norm equals 1, we have proven the following
proposition.

Proposition 1. There exists a unique ¢ € WS(R?) solution to problem (7). It satisfies
3
lellwr sy < Ar(pp — 1) Ne2, (13)
where A1 = V4.

2.2. The one particle case as a reference problem. We consider the following reference
problem: find ,or € W§(R3) such that

Apef = 0 in B(0,¢) and CB(0,¢)
OPref _ . (14)
. = [u]h across S(0,e) = 0B(0,¢)

where p = p, in B(0,¢), p = 1in CB(0,¢) and h = “5—8' -n. For convenience, we consider a
reference frame (0, e1, ez, e3) such that Hy defines the direction of e3. With this convention,
we have h = e3 - n. Problem (14) admits a unique solution ¢, € W{(R3). (Indeed, it
corresponds to problem (9) in the special case when N =1 and ©; = B(0,¢).) In this simple
geometrical framework, the solution @.¢ can be computed analytically using the separation
of variables method in spherical coordinates. Details are given in appendix C. We have

-1
'up+263'm in B(0,¢)
pril@) =1 12T _ (15)
P T3 es T in CB(0,¢)
pp +2 |zl
Moreover, the gradient of . is given by
-1
—LH €3 n B(07E)
Vpret () = po S B (16)
_Hp =1 6—(3(63-x)i—63> in CB(0,¢)
pp+2 |z[? |z[? ’

From (15) and (16) we deduce the following estimates.
)
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FIGURE 2. Notation for the translation of the coordinates system.

Proposition 2. Let @, be the solution to problem (14). For all x € CB(0,¢), we have

—1 &3

3

pp—1 €

< .
“pref(w)’ ,Up+2|fl’|3

\Mp+2W

and ‘vwref(w)’ <2

Remark 1. Note that for more general shapes of particles, similar estimates can be obtained
using classical results of potential theory, see e.g. [11].

For a spherical particle with radius ¢ centered at position c; € R3, introducing the trans-
lation mapping

ch:xeR?’l—)x—cjeRS, (18)
we readily obtain that the function Pc; = Pref © Ie; satisfies
Ape; =0 in Q; and CQ;
0.,
[N;ﬁ?} = [u]h across X; (19)

The situation is illustrated in Fig. 2. The solution ¢.; to problem (19) is the magnetic
potential induced by the metallic particle §2; submitted to the magnetic field Hy.

3. ACCURACY OF THE NON-INTERACTION ASSUMPTION

3.1. Approximation under the non-interacting assumption. The solution ¢ to prob-
lem (7) can be expressed as

N
¥ = Z Pe,; + . (20)
j=1
The first term can be interpreted as the scalar magnetic potential induced by the metallic
particles under the assumption that they do not interact together. Since outside a particle,
the magnetic field induced by the particle decreases as 1/r3 where  denotes the distance to
the particle center (see Proposition 2), if the particles are at a distance sufficiently large from
each other, or if the solid fraction of particles is small, their mutual interaction contribution
to the total induced magnetic field can be neglected and it would be reasonable to expect
that the approximation ¢ ~ Z;V: 1 ¢, is of good quality. However, if the particles are “not
too far” from each other, or if the volume solid fraction of particles is “not too small”, this
approximation is not anymore accurate. We want to quantify what “not too far” or “not to
small” means by studying the behavior of the correction term 1.

Proposition 3. The function 1 introduced in (20) belongs to W§(R3) and satisfies

Ay =0 in Q,...,0y and Q°

0 21
[u(;f:] = [plgo acrossTi,..., XN (21)

6



where the data gg is defined for all z € ¥;, i € {1,...,N}, by
N
== V(T (x)) - n(). (22)

i

Proof. By linearity, 1 belongs to W(R?) and satisfies the Laplace equation in each do-
main Q;,¢ € {1,..., N} and in Q°, together with the following interface conditions across

Siie{l,...,N}:
{ gﬂ _{ gﬂ i[ agf] (23)

Let i € {1,...,N}. From (7) and (19), we have the following condition at the interface ¥;

[gﬂ [u] b and {uagﬂz[u]h-

We deduce that
N

0 Ope,
[ 8176] — ; [“8;] across ;. (24)
i
For any j € {1,..., N}, j # i, the potential ¢, solution to problem (19) is continuous in R3
and it is regular (regularity C*°) everywhere except on the boundary ;. Since for all j # ¢ we
have |¢; — ¢;| > 2¢ (this condition reflects the fact that the particles ; and Q; with radius €

Opc; . .
do not intersect), the normal derivative gnj is continuous across ¥; so that (24) also reads

o N 9y N
_ A R .
Fan) =02 G = (S Turo T ) (25)
j#i J#i
Proposition 3 is proved. O

3.2. Wl-error estimate under the non-interacting assumption.

Proposition 4. The source term gy defined in (22) is such that

—1 (2\° 2
ool <2225 (%) (maram (). (26)
P

where B3 = 142 4+ 31n2 ~ 144.1.

Proof. The proof relies on Proposition 2. For all x € ¥;, we have

3

N
,Up_1§ : c
Vo <2 ] 27
|90 E ‘ (Pef cJ | /.Lp+2j:1 |ch(x)|3 ( )

a;m i

The quantity ’ch (x)| is the distance from the center ¢; of the particle 2; to the point z € ¥;,
see Fig. 3. It is shown in Appendix B, see relation (90), that

e (oo () ()

Combining (27) and (28) gives the estimate. O

Note that problem (21) for i) has the form of problem (9) for ¢ for the boundary data
h = go. As a direct consequence of (12) and (26), we have the following result.
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F1GURE 3. Effect of the translation of the coordinates system for several particles.

Theorem 1. Let Q,...,Qn be N spherical particles in B(0,1) C R3, centered respectively
atcj, g €{1,..., N}, with the same radius € > 0. Let 6 be the minimal distance between two
particles as defined in (1). Let @c; = @ret © Te; where prep s given by (15) be the magnetic
potential induced by particle 2, taken in isolation from the others. We have

ng—i(p con, U=V s (22N (g (2 (29)
~ cj W1 (R3) X 1 /~Lp+2 5 3 5 )

where A1 = v4rm and B3 = 142 + 31n2 ~ 144.1.

Remark 2. Note that the bound given in relation (29) that corresponds to an estimate of the
first order error term in our asymptotic expansion of the magnetic potential ¢ is the product

of the term N e3 of the order of ©, see estimate (13), and a complementary term comparable
2¢)\3 2

to ()" (1+1n(5))-
3.3. L*°-estimate for the error under the non-interacting assumption. In this sub-
section, we are interested in providing a point-wise estimate for ¥ = ¢ — Z;VZI ¢c;- While
the estimate of |[1)[|yy1(gs) was based on Lax-Milgram theorem, our point-wise estimate for ¢
relies on integral representation formula for the Laplacian. Namely, the solution ¢ to (21)
can be expressed, for all x € Q€ as [5, Thm 2, Chap. XI, p. 120]

N

¢(w)=—(up—1)z</

J=1

90(y) G(z,y) dy — /Z Vw(y) OnG(z,y) dy) : (30)

i
where G, the Green kernel of the Laplacian in R?, and its normal derivative on Y, 0nG are
given by:

_ _n-(z-y)
We deduce from (30), the following estimate for v:
N
B < =1 D (Il 196 Mooy + i) 1005l ) ) 52
J:

where the choice of the norms involved in (32) are guided by the regularity of Green’s kernel.
Indeed, it is known, see [5, Rem. 4, Chap. XI, p. 127], that G(x,-) is integrable on any
8



boundary ¥; and that 0,G(z,-) belongs to LP(¥;) for all p < 2. Having a L°°(X;)-bound
on go (see Proposition 3), the way the first integral is bounded is a natural choice. Concerning
the second integral, we will use the fact that the Sobolev and trace inequalities implies the
following type estimate: [[¢||La(x;) < [[¥]lwi(rs), and that 4 is already controlled in WLH(R3)-
norm (see Theorem 1).

Our point-wise estimate for ¢ then relies on the estimates provided in the following Lemma.

Lemma 1. Let Q1,...,Qx be N isolated spherical particles in B(0,1) C R, with boundaries
Y1,..., 2N, respectively centered at c¢;, j € {1,..., N}, with the same radius €. Let § be the
minimal distance between two particles as defined in (1). For all x € R3, we have

N 9 3
}:ng@;»u)@ﬂs;Bl<6> 2 M, (33a)
i=1
al 2 3 3 3
and ; 190G (@, )l 4 s, < B2 (5> £2 + M, Ase2, (33b)

where M, corresponds to the number of particles whose distance at x is less than 26 (we note
that M, < 64 and that M, < N) and where By =~ 8.385, By ~ 6.611 and A3 ~ 0.3439 (all
the constants introduced are summarized in table 2 page 36).

Proof. Let us start by proving the estimate for S; = Ejvzl 1G(2, )|Li(x,)- For z € Q° and
for j € {1,..., N}, the quantity [|G(z,")[|L(x,) is the solution to the following problem (see
[5, Thm. 2, Chap. XI, p. 120]):

Au=0 in ©; and R\ Q;
[u] =0 across ; (34)

[Opu] =1  across ¥;

The solution to problem (34) can be computed analytically by using the separation of variable
method in spherical coordinates. It is found to be:

82

& ireRN\G
u=G(@, )i,y = § &~ ¢l (35)

€ ifa:Eij

We split the sum & into two parts. The first one, denoted S7°*" in the sequel, corresponds
to the indexes j such that the center c¢; of the particle {); is at a distance of x smaller than
26 and the second one, denoted S{"“ in the sequel, corresponds to the indexes j such that the
center c; is at a distance of x strictly larger than 26. Accordingly,

N N
Si= D 6@ sy + D 16 )L, = ST + 8. (36)
\zflcj\l<2(5 |zfjcj|1225

The number of terms in the sum S7°*" is bounded independently of N. Since x € Q°¢, this
number, denoted M,, corresponds to the number of disjointed balls of radius 1 that can
be contained in a ball of radius 4. By volume consideration, one can show that M, < 64.
From (35), we deduce that S} < M e.

9



Using relation (35) and a strategy similar to the one used in Appendix B to show rela-
tion (90) or (91), we have

Sfar . i g2 65 Z /
oy ’x_CJ’ 7o (cj, ) |$_CJ|
\zfc]-\>26 |lz— cj|>26
68 652 dy
Z 75 S 158 —
j=1 6372 “’E - y‘ 2 T B(ZE,2+ )\B(w |x - y‘ — 5
|z— c]\>26

_ 24 /2+S r2dr 242 /2 (s + 9)2 ds _ (2 5,
X T ca - X = 57
R TR S A A 5 '\

where we have introduced
23(s+ )% ds 302 62 (2
Blzmax/(Q):3maX(2—|—25——|—l < ))%8.385.
6>0 Js s 5>0 2 0
We finally deduce that

0

where the contribution M, ¢ is actually only present if x is at a distance less than 2 from at
least one particle.

2 3
S =8y str B (2) &2+ M,e, 37
1 1

The estimate of Sy = Zé\;l |0nG (x, )H 15 obtained in a very similar way. We split the
sum over j into two parts according to the dlstance between the point x and the spheres 3;:
N
f:
Si= 210G, ¢ }j 100G, g ) = S 4 SET(39)
|rzc_¢\<26 |z— c]\>25

The number of terms in the first sum S5 is, as before, bounded by M., independently of N.

In order to estimate the quantity Hang( )HL4 4 when |z — ¢;| < 20, we first introduce the

projection z* of z on ;. We note that (see Appendix E)
VyeXi  |0.G(z,y)| <[0.G(z",y)l,

and that the quantity [/0,G(x*, ')||IL4 can be explicitly evaluated (see Appendix E for

3(%4)
details). We have
100G (M 4 ) < Az (39)
where Az = {/0,6((1,0,0), )|| ~ 0.3439. (The result is proven in Appendix E for a ball

of radius 1 but by dilation one easﬂy reveals the factor E%) Finally, we obtain
S5 < M, Age?.

Let us now consider the sum SI* in (38) over the indexes j such that z is at a distance larger

than 29 from the center ¢; of the particle ;. For x such that |z — ¢;| > 26 and for y € ¥,

we have

20 — ¢
20 |

3
x —cj| > —

2=yl >l -l -2 > ;

z = ¢jl

so that

3 3
1 d Yoq d g 3 1
0.6 g < 3m (P = ) <o (P L) =gruami
L)~ \ Iy, |z —y|3 I \Js; |z —¢5]5 9 |z — ¢
10



Summing over j and using the same strategy as in the case of the sum S we deduce that

2 3 4
Sgar < Bo <5> €2

where By = Y2 maxssg (8 — 66 — 6% + 86In(%)) ~ 6.611. We finally deduce that

1
3n4d

2 3
Sy = Sy - Shr < By <5> £2 4 M, Aze3,

where the contribution M, As £2 is only present if x is at a distance smaller than 2§ to any
ball. O

We are now in position to state the following point-wise estimate for ¥ under the same
assumptions as for theorem 1.

Theorem 2. Let Q,...,Qn be N isolated spherical particles in B(0,1) C R3, centered
respectively at ¢j, j € {1,..., N}, with the same radius €. Let § be the minimal distance
between two particles as defined in (1). Let Vc; = Pref © Te; where @i is given by (15) be the
magnetic potential induced by particle Q; taken in isolation from the others. For all x € Q°,
we have

-] 2l () (mrwom (3)) (51 (3) o o

+ A1As (pp — 1) N €2 (32 <§>3 M, Ag)), (40)

where M, corresponds to the number of particles whose distance at x is less than 26 (we note
that M, < 64 and that M, < N ). Note that all the constants have been explicitly estimated
and are summerized in table 2 on p. 36.
Proof. From (32), ¢ = ¢ — Z;VZI ¢c; satisfies for all z € Q°,

N

@ < Gy~ DY (Laollmgsy) 166l + Wl 1006y ) (@)

J=1

From Lemma 1, we have the estimates

Z 1G(z, )Lz, < B <5) e+ M,e,
j=1
N 3
2 3 3

S 10w g, < B (5) <4 M A

j:
It remains to estimate [|¢)||La(x;). From trace theory and Sobolev embeddings, it is possible
to obtain the following inequality (see Appendix A):

[¥llLacs;) < All¥llw rs)s (42)
forall j € {1,..., N} with Ay = 332f' Since v is solution to problem (21) which differs from
8 /T

problem (9) only by the boundary data h, ¢ satisfies the estimate (12) with h replaced by go,
ie. forall j €{1,...,N}, we have

3
[l pacs;) < Ardz (up — 1) N2 ||gollLeo(s).- (43)
It follows from (41) that

3 3
[v(@)] < (up — 1) llgollec € (31 <§> e+ M, + A1 Ag (up — 1)N€2(B2 (?) + M, Ag)).
11



We conclude the proof using the estimate of ||go||oo provided in proposition 4. O

Remark 3. Both Theorem 1 and Theorem 2 can be interpreted as follows. In the extreme
case when we consider only two particles, the error made by adding the contribution to the
magnetic potential of the two particles assuming no mutual influence, is roughly speaking
proportional to the cube of the ratio of the particles radius to the distance separating the
two particles. In the other extreme case when considering a very large number of particles
able to fill the area of interest completely and evenly, the ratio 2—2 is proportional to the
volume fraction of particles. Thus, when the volume fraction is low, that is to say when
the particles are spaced at a fairly large distance from each other, computing the magnetic
potential by neglecting magnetic field reciprocal interactions between particles gives a quite
accurate approximation.

4. TAKING INTO ACCOUNT PAIRWISE INTERACTIONS

4.1. Reference problem for the pairwise interactions. When the approximation ¢ ~
Zj-vzl ¢¢; is not accurate enough, one can compute the error term ¥ in (20) using the same
idea as the one introduced in the previous section for the magnetic potential ¢, that is to say
by expanding v as

N N
= Z Z ¢Ck,Cj + X (44)

j=1 k=1
k#j

where ¥¢, ., J,k=1,..., N, k # j, are found to satisfiy

Athey ¢ =0 in ; and Eﬁj .
Ney e, 45
[,u, 87]: J} = [ (VereroTy,) - across ;

It should be noted that each couple of functions (e, ¢, ¥e, ¢;) 18 related to the potential
created by the two particles 2; and €. Namely, the sum De; T Pey —H/ch,ck —Hﬁck,cj corresponds
to the potential created by the two particles €2; and €2, without taking into account the other
particles.

The solution 1, ¢, to problem (45) can be expressed as

wck,c]- = %k—cj,o © Tc]- (46)

where e, —c; 0 € W(l)(R3) is solution to the following reference problem for v = ¢ — ¢;

AYl, = 0 in B(0,¢) and CB(0,¢)
oY (47)
[u%} = —[u]lg* across S(0,¢).

where g% = —(Vper 0 Ty,) - n.

Note that when studying the non-interaction assumption in the last section, the reference
problem was independent of the ball center: for symmetry reasons, by a translation one could
consider a ball centered at origin. When considering pairwise interaction, there is no more
symmetry and the reference problem depends on the relative position of the two balls.

The objective now is to obtain estimates for ¢, similar to the ones obtained for ¢, in
proposition 2. The main difficulties are that we do not have an explicit expression for ¢, as
it was the case for (et and that there is no longer invariance by rotation of the solution to

problem (47) as it was the case for problem (14).
12



4.2. Explicit solution to the second reference problems. Since 1], satisfies the Laplace
equation, it can be expanded in spherlcal coordinates (r,0,n) as

ref Ty 0 77 Z Z <af r +Bé g+1> nm(evn) (48)

=0 m=—/

where oj' and 3" are complex numbers to be determined and Y,” denotes the Spherical
Surface Harmonic function of degree ¢ and order m [21].

The following lemma specifies the expression of the series expansion of ¢ ;. This expres-
sion is purely formal at this stage. Convergence of the series expansion will be proved in
proposition 5.

Lemma 2. The Spherical Surface Harmonics series expansion of ¢y reads

¢
r my m .
ZZ ,U/+]-£+15£ 1933/'2(0777) Zf?’<€
P

g2+l |
Z Z (1 —|—1 £+1 1+£9?1nm(9777) ifr>e
P

where g;* = 027r (Jo 9“(0,m) Y}™"(0,n)sin(f) dO) dn are the coefficients of the Spherical Surface
Harmonics series expansion of the source term g* introduced in (47).

wgef(r7 97 77) =

Proof. We consider the formal series expansion (48) of the solution . to problem (47).
Because the magnetic potential must be bounded for r = 0, it reads in B(0,¢)

Yie(r,0,m) = ZZawn (6,m). (49)

=0 m=—¢

Moreover, because the magnetic potential must tend to zero at infinity, we have in CB(0, €)

Vet (1,6, 1) Z Z B m Y™ (0,n). (50)

{=0 m=—/¢
The constants o and 3;* are determined by the conditions across S(0, ). The continuity of
the solution 1% across the sphere S(0,¢) implies

2

g2t+1"

VeeN Yme{—(,....0} o= (51)

Let us examine the condition on the normal derivative in (47). From (16), we have for all
z € 5(0,¢)

— e3
g4 (z) = —Zi+;M(3(eg (z—u) ((x—u)-n)—(es-n) ((z—u)- (@ —u))) (52)

This function belongs to C*°(S5(0,¢)) and it can be expanded as a linear combination of
Spherical Surface Harmonics as

oo 4
=3 > g Y(0,m) (53)

=0 m=—¢

where
= [ " ([ s @770 sin(e) a0) an. (54)

Thus, the interface condition in (45) is found to give rise to the relations

VOEN Vme{—4,....0y  ppaflet™ 4 (£+1)€§2:(up—1)ggl.

13



From (51), it follows that

—1
Vﬁ S N Vm € {—E, . ,E} ,3;” = m/f’f)w€g+2 g?l (55)
P

0

According to Lemma 2, in order to estimate the behavior of the solution vy, to the reference
problem (47), we have to control the coefficients g;”. This is the subject of the following lemma
where the notation Ay refers to the Laplace-Beltrami operator on the sphere

Do (sin(6)9y ) + 82

1
Bs = sin(0) sin (9)

For all integer p > 1, we set AL = Ago---0A, (p times) and by convention AY is the identity.
For convenience, we also introduce the gradient operator on the sphere :

9
00
Ve = 1 g
sin(@) On
Lemma 3. Coefficients g;* for £ € Nym € {—{,... ¢} in the spherical harmonic expansion

of g* defined in (53)-(54) satisfy g3 = 0 and for any choice of p € N

Var

—£, ... U< e 1AL o

with
3
U Hp — 1 €
lo*lloo < 45255 s (564)
T Tt (45052+139€|u]+8\u|2>. (56b)
pp + 2 (Juf —€)®

Proof. Let us first show that gJ = 0. From (54), we have

1 Opret 1 Opref
0 __ re re
g @) dos = - ¢ (y) do.
O Var Jsos On ‘ V21 Jutsoe On Y
It follows from Stokes’ formula that
1
0
g =
0 2\F u+B(0,e)
Let us now consider the estimates of g;" for £ > 1. To highlight the decrease in coefficients

with respect to ¢, the idea is to use the fact that the elements Y™ are eigenfunctions to the
laplacian. More precisely, we have A Y™ = —¢(£ + 1) Y;". It follows from (54) that

A(’Dref(y) dy =0.

1 2 e L
mo___— w0, 1) AY(0,n) sin(6) df dn.
W=~ | 0w AT sin) a0 ay

Since g* € C*(5(0,¢)), using Green’s formula, we have

2m
gt = £+ 0 / / Asg™(0,m) Y, ™(0,n) sin(9) dé dn.

Then, repeated use of Green’s formula p — 1 more times yields

p 2
= (£ €+1 / / ALy Y™ (0,m) sin(f) df dn.



It follows that

m 1 27 s oo - .
s (WH))”/O (/0 | ALg" (0, )] [Y7™(0,m)| sin(0) d0> dn
1 u 21 T . '
< WHAZ;Q oo /0 (/0 }Yg (9,n)| sin(0) d9> dn
Var

< m HAé’g“HOO .

This complete the first part of the proof. It remains to show the two estimates (56). From
(52), we have for all z € S(0,¢)

3
wp—1 ¢
“x)] <4 .
The estimate (56a) follows from the inequality: |z — u| > |u| — |z| = |u| —&.
In order to obtain the estimate for ||Asg"| 0, we proceed as follows. We have
u pp — 1 ( h(T) (e3-n) )

= — B — =7 )» o7
o) = 2 Y T Eoap &7

where we have set T = x /e, u = u/e and
K@) = (e3- (T —u)) (T — 1) -n).
For p € N, p > 1, we set Vz € S? and Vu ¢ S?
. 1
Gp(ﬂj, u) = m
A simple, yet cumbersome, direct calculation shows that
AGy(@, 1) = p(p + 2) (@) T Gpya(@,0) — (1 + (3 - (i — 7)) Cpaa(@, )
where Js(7) denotes the following 2 x 3 matrix
Ju(3) = cos(@? cos(n) cos(f)sin(n) —sin(n)) _ V.7
— sin(n) cos(n) 0
Moreover, we have
VsGp(T,0) = p (Js(T) W) Gpy2(T,0).
Note that Js(z)u = Js(z) (u — x) and
| Jo(Z) U] < V2|7 -1l

Therefore,
|AsGp(T,u)| < 2p(p + 3) Gpia(T,u) + 2p Gpia (2, u) (58)
VGp(Z, )| < V2p Gpy1 (T, ). (59)

Another direct calculation shows that
Asha(i) = 2(1 —n-(T— ﬂ)) ((E— u) - 63) - 2(55- 63) ((5— w) n) + 2(6955- 63) (8995 (T — ﬂ))

and
Vhi (@) = (T — 1) - n) (Js(@) e3) — (T — ) - e3) (Js(@) 0).

Because |z| = |0px| = |0,z| = 1, we have the estimates
p* (@) < |7 - al? (60)
ALY (Z)] < 2|7 —0)? + 6|7 — 1 (61)
V(@) < V207 — 1> + |7 — 1. (62)

Now, using the differential calculus formula
As(fxg)=fAsg+gAsf+2Vsf Vg
15



we deduce that

Asg(z) = — Zp+ (3h“( ) AGs(F, ) + 3G5(F, 0) Ah™(F) + 6VGs(Z, 1) - Vh(T)

— (e3-n) AGs(3, ) — Ga(3, ) Ay (e5 - n) — 2V, Gs(T, 1) - Vi (e3 - n)).

To get the estimate for Agg"(x) we proceed by estimating each term involved in the preceding
expression:

A" (@)] < Z — (sc;g(f @)+ 6(19 + V2)Ga (7, @) + 6(46 + 5v2)Gs (7,1 )
P
1 1 - ~ ~

< (87— + 123[7 — ] + 219)

pp + 2 |2 — 1l

-1 3

e c 5(8|x—u|2+1235\x—ul +219€2>

fp + 2 |z — ul

From the inequalities | — u| < |z| + |u| and |x — u| > |u| — |z| = |u| — €, we finally obtain

Asgt(z)] < P2 i (45052 + 139¢]ul +8yu\2) (63)

S X .

pp +2 (Ju] =€)

O

We are now in position to prove convergence of the series expansion for ., introduced in
lemma 2.

Proposition 5. The series (50) where By*, £ € Nym € {—{,...,l}, is defined in (55) con-
verges uniformly on CB(0,¢).

The series (49) where o', £ € Nym € {—£,... L}, is defined in (51) converges uniformly
on B(0,¢).

Proof. Let ay(r,0,n) = an:_é ot Y;™(0,n) be the coefficient of rank ¢ of the series (49).
From (51) and (55), we have

(up — e
ag(r,0,m) = w:j—lé—i—l<5) de Y/™(6,n).

It follows from lemma 3 (considered with p = 1) that

Vir (p
0.m)| < Asg" oo 772 - Y, (0 64
acr,0.0)| < gy 189" e +1Hl({f) Zu ) (64)
Using the following estimate for Spherical Surface Harmonics (see Appendlx D for a proof)
¢
3\/5 3
Y/ (0,n)] < £z 65
3 o< (65)

we conclude that ), ae(r,0,n) is uniformly convergent on B(0,¢).

Similarly, let be(r,0,n) = Zf;:_g By M% Y,"(0,m) be the coefficient of rank ¢ of the se-
ries (50). From (55), we have

(/'L — 1 /+1
be(r, 0 — (- Y, (0 66
@(Tu 777) (M +1)£+1 <7°) Z gf J4 77 ( )
From lemma 3 and from (65), we deduce that

(kp —1)e 18" 3v/3 (3 (g)”l
(pp + 1)+ 1 1757 1100500 iy

and we conclude that the function series 3 ey be(r, 6, 1) converges uniformly on CB(0,¢). O
1

|b€ (T’, 0, 77)| < (67)



Finally, we are in position to prove the following result for v, which is the analogue of
proposition 2 for @y.s.

Proposition 6. Let 1, be the solution to problem (47). For all z € CB(0,¢), we have
&3 2

‘wref( )’ 12\[A (| ’ )3 |.13’L (m)

63 2

g g
<A —— —Li —
VU < A% = o Mo ()

(Mp - 1)2

(pp + 1) (pp + 2)
(also called Jonquiére’s function). Moreover, the constant Ay is such that Ay ~ 59.93.

(68)

€ [0,1] and Lis(2) refers to the Polylogarithm function of order s

where \p 1=

Proof. The estimate of /. (x) is deduced from the Spherical Surface Harmonic series expan-
sion given in Lemma 2 for r > & combined with the estimate of the coefficients g;" given in
lemma 3 for p = 0 and with the estimate (65) for the Spherical Surface Harmonics.

Let us consider the estimate of Vi (). In the spherical coordinate basis, we have

Vs (@)* = 100fter (r, 0,m)|* + | Bgtyes (0, + | gy Onthres(r, 0, m) 7. (69)
Since ¥ (r,0,m) = > /57 Zil—fe B ﬁ Ym(9 n) in CB(0,¢), we deduce that

CH1 L,
O et (1,0, m) Z Z B oz Vi (6,n)

{=1 m=—/¢
and an estimate for 0,9 can be obtained in exactly the same way as for ¢! ;. Namely, using

- estimate (55) for coefficients G}
- estimate of the coefficients g;* given in lemma 3 considered with p =0
3

m /~Lp 5
g 70
o < W e (70
- estimate (65) on the Spherical Surface Harmonic functions Y,
we find that
el g2 £
0re(r, 0 )| < 24V3 N o5 5 Liy (5)- (71)

Let us consider the second component of V@D o given by

789wref r,0,m) Z Z B rgi_g Y™ (0,m).
{=1 m=—/¢
Here again, using estimate (55) for coefficients ;" combined with the estimate g;* given in
lemma 3 considered with p = 0 and the estimate of an:_g |0gY;"(0,m)| given by (117) in
Appendix D, we get
Sogut(r,0,m)| < 4VB(1 4+ m) b () (72)

The third component of Vi, is given by

1 m
m Uwref r,0 77 Z Z ﬁé £+2 ﬁaan (9,7]).

{=1 m=—¢

Proceeding as before using now the estimate of Z

L, 0, Y8, )‘ given by (118) in

sm( )
Appendix D, we get
u 3 52 . £
8’7wref(r79a 77)’ 6\/>)\ (’ ‘ — ) Ll_% (;) (73)
17
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Finally, combining (71), (72) and (73) together with (69), we conclude that

w g3 e? . €
V()| < Ay oy s g () (74)
where Ay = \/(24\/5)2 + (4V6(1 + m))2 + (61/6)2 = 21/6(85 + 87 + 472) ~ 59.93. O

4.3. Wl-error estimate when taking into account pairwise interactions. When the
approximation ¢ ~ E;\le ¢c; 1s not accurate enough, a more accurate approximate solution
can be obtained by using the two terms expansion

o= Z(Pc] +Zchk,C7 +x (75)

] 1 k=1
k#j

where y denotes the approximation error.

Proposition 7. The remainder x in (75) satisfies

Ax = 0 m Qq,...,Qn and QF
[,uax] = [ulg1 across ¥q1,..., XN (76)
on

where the data gy is defined by

N N

Vo € 3 g1($) = — Z Z vwck—c]-,O(TCj (SC)) ’ n(:z:)
j=1 k=1
J#i k#j

Moreover, the source term g1 satisfies

ot < a0y (Z) (oo (2)) (moriy (2) +3(2)m(2)). o

Proof. Since the functions ¢, ¢¢; and ¥, ¢; for j,k € {1,..., N}, k # j, all satisfy the Laplace
equation in each domain Q;, ¢ = 1,..., N and in Q¢ it follows from (75) by linearity that x

also satisfies the Laplace equation. Moreover, for all ¢ € {1,..., N} we have
N N
0 0,
[ 82] [ ] ZZ [ Ve, 7] across ;. (78)

From (21), (22) and (45), we can express the interface condition (78) across ¥; as

P N Do . N N Oy
B
ki J#i ket

=0

The potential 1), ., solution to problem (45) is continuous in R3 and has regularity C*® ev-

erywhere except on the boundary ¥;. Therefore, as soon as |¢; —c¢;j| > 2¢ (that corresponds to

. . . . . a c Ci
the fact that the particles £2; and Q; of radius € do not intersect) the normal derivative 1!)62, !

is continuous across ¥; and (79) reads

[ } ZZ 3¢ck,cj = ZZ Viep—e;00Te;) - (80)

j=1 k=1
J#l k#j J# k;é




The first result stated in the lemma is proven. In order to obtain the estimate on the source
term g;, we start with

Vie{l,...,N} Yze% |z Zszpj‘gf Iz — ).
gy

We deduce from Proposition 6 that

£
<Ay Li <7>
g1 4 ZZ ’ck_c|_€ 3c; — af? Li_g lc; — 2

Jj=1 k=1
J#L k]

From the definition of the Polylogarithm function and the inequality |c; —c¢;| —¢ > %\ck —cj

it follows that
A )\ £2 +2
l91(2 4 Z < Z,C x’é+22’ck_c|3
g?ﬁz k#j

Using relation (90) of Appendix B, we can bound the last sum to obtain

2\ 042
01 ()] < Ad <5> (Bg+31n<5)>zeze Zm L

J#z

Finally, using relations (90) and (91) of Appendix B, we can bound the sums ZJ 1 m
and for all £ > 1 to conclude that

por (2] (mr5m () (5 (3) 2(2)n(2)

Following the same steps as in the proof of Theorem 1, we deduce the following result.

N

Theorem 3. Let Qy,...,Qx be N isolated spherical particles in B(0,1) C R3, centered
respectively at ¢;, j € {1,...,N} with the same radius €. For all j,k € {1,...,N},i # k,
let 0., € WH(R?) be the solution to problem (19) and v, ., € WE(R?) be the solution to
problem (45). We have

TEIOSTES 35 3 R G Gl O)

X <B3Li_g <255> +3 < . > In (;)) (81)

k#j
where § is the minimal distance between two particles as defined in (1). Note that all the
constants have been explicitly estimated and are summerized in table 2 on p. 36.

Remark 4. When 2<TE becomes small, since Li_3(2) ~¢ z, estimate (81) reads
2
al Al s (2 2\
o (o v 0292 (2) (10 (2)
k]

and this new bound is the product of a term N £3 of the order of o, and the square of the

first order error (k) (1+1n(2)).
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5. NUMERICAL INVESTIGATIONS

Based on the mathematical investigations conducted in the previous sections, we have de-
veloped a computer program under MATLAB to compute the magnetic potential ¢ solution to
problem (6). The computer program offers the possibility to compute the magnetic potential
with either one term or two terms in the series expansion corresponding respectively to the
results stated in theorem 1 and theorem 3. Computation of the first term in the expansion
given by Z —1Pc; 18 straightforward since Pc; = Pref 0 Tt and the expression of ¢.f is given

by (15). Computation of the second term ijl Zkzl wck’cj, where ¢, o, = BT o T, ,
k]

ref
that takes into account pairwise interaction relies on the series expansion given by Lemma 2.
Namely, for all x = (r,6,7n) € R3

Z() ZVZ”Yz 0,n) iflr—cj|<e

m=—/{

G (r,0,m) = (82)
+oo NS . '
> () Zwmem if |o —cj >
/=1 m=—/

where we have set

m __ (/J,p — 1) € o " ym 1
7= [, () e Een o ) an )

Of course, in a numerical approach, the series expansions (82) have to be truncated to an
integer L and the efficiency of the method depends on the convergence to zero of the series
coefficients ;" as £ increases to infinity.

5.1. Convergence toward zero of the series coefficients. In order to illustrate the fast
convergence to 0 of the coefficients +}" given by (83) as £ tends to infinity, we have depicted
in Fig. 4 the values ]g%”] for m = —¢,...,0 and £ = 0,...,15 for pp, = 10, ¢ = 1 and
u=cp—cj= (1,1, 1)T. We have also deplcted in Fig. 5 the decnnal logarithm of | max lg7"|

’” 7

for £ =1,...,29. The slope of the straight line is approximately —0.2. This means that from
¢ to £ + 1 the maximal value max lg/"| is divided by 1.6.
m=

Iy 7

5.2. Illustration of the mathematical results. We start with an illustration of the behav-
ior of the bound in the estimate provided in theorem 2. We consider two spherical particles
(N = 2) with radius ¢ = 1 mm aligned in the e; direction. For two particles, we have

¢ .= QI',%?IR}?E o(z) — ; Pe; (x)| = inef%}g ; ; Vg e; (84)
k#j

since with two particles, there is nothing else than pairwise interactions. We have com-
puted € considering two particles at various distance § form each other for p, = 10 and

Hy = i (1 0 0)T H.m~'. We have depicted in Fig. 6 the quantity € as a function of the
distance § between the two spherical particles in log-scale. One can observe that & varies
as 1/63 as predicted by theorem 2.

We then consider two spherical particles (N = 2) with radius ¢ aligned in the e; direction
with centers at a distance § = 11 mm. We have computed & considering various radius € for
pp = 10 and Hy = % (1 0 O)—r H.m™'. We have depicted in Fig. 7 the quantity & as a
function of the radius e of the two spherical particles in log-scale. One can observe that &
varies as €* as predicted by theorem 2. By linear least-square interpolation, the vertical
intercept is found to be 1.053865 x 103. In the estimate provided in theorem 2, for § = 1,
the first term in the series expansion in ¢ is 16(“” 1) (B3 + 3 In2) M, < 2.8 x 10° since
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FIGURE 4. Values of |g;"| for m = —¢,...,£ and £ = 0,...,16 for u, = 10,
e=landu=c,—c;=(1,1,1)".

FIGURE 5. Values of the decimal logarithm of max,,—_, _¢|g;"| for ¢ =
1,...,29 for gy =10, e =land u = ¢, — ¢; = (1,1,1) .

M, < N = 2. The bound provided in theorem 2 is therefore not a sharp bound in this
particular case.

5.3. Numerical experiments. As a first numerical experiment, we consider the case of two
spherical particles with magnetic permeability p, = 10 and radius € = 1 mm subjected to
a magnetic field aligned with the ball centers with intensity Hg = i H.m~!. The two ball

centers are separated by § = 3mm, i.e. the two spheres are at a distance of one radius.
21
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FIGURE 6. Values of € as a function of the distance § between the two spherical
particles in a log-scale. The slope of the solid line is —3.
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FIGURE 7. Values of & as a function of the radius ¢ of the two spherical
particles in a log-scale. The slope of the solid line is 4.

The plane of reference where the magnetic potential is computed is a plane passing through
the ball centers with size 9¢ along the y-axis and 4¢ along the z-axis. We have depicted
in Fig. 8 the potential ¢., + ¢¢, corresponding to the first term in our series expansion, i.e.
obtained by neglecting interaction between the balls, the potential 9., ¢, +%¢, ¢, corresponding
to the second term in the series expansion, i.e. corresponding to the pairwise interactions
between the two balls and the second order series approximation of the magnetic potential

O R Py + Peg + Vey o + Vey o These three quantities were computed over a grid of 50 x 100
22



points in the plane of reference. Computation time (CPU time) was 51.03s under MATLAB
(R2018a) on an Intel i5 Quad Core desktop computer.
In this first test case, one can see that the second term in the series expansion that takes

into account pairwise interactions between the two balls amounts to around 7 % of the total
magnetic potential.

First term of the expansion

First term of the expansion
; 600

400

200

-200

-400

-600

Second term of the expansion

Second term of the expansion

40

20

-20

-40

Magnetic potential

Magnetic potential
=g " 600

400
200

-200
-400

-600

FIGURE 8. Two particles. From top to bottom : first term in the series ex-
pansion of the magnetic potential, second term in the series expansion and
approximation of the magnetic potential obtained by summing the first two
terms of the series expansion. From left to right : three-dimensional shaded

surface representation and two-dimensional representation of the three quan-
tities.

In order to validate our computer program based on the series expansion presented in
the paper, we have also compared the second order series approximation of the magnetic
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potential ¢ ~ @¢; + QYey + Yy o + Veo o to the magnetic potential ¢ computed by the Finite
Element Method (FEM) using the free software FREEFEM++ [9]. Note that the solution
provided by the FEM is to be considered as a reference solution. It is not the exact solution
because of the discretization error (the magnetic potential is approached by Lagrange P,
Finite Element on a fine triangulation mesh of the computational domain) and the need to
bound the computational domain by introducing an artificial boundary and a (approximate)
boundary condition that takes account of the behavior of the magnetic potential at infinity.
The relative maximal error over the computational grid on the plane of reference between
the FEM solution and the solution computed by the two terms series expansion was found
to be 0.67% whereas the relative quadratic error was 0.63%. For the sake of completeness,
we should add that comparing the FEM solution to the solution ., + ¢, obtained under
the non-interaction assumption we obtain a relative maximal error of 5.78% and a relative
quadratic error of 5.18%. Thus, in this test example, we can conclude that taking into account
pairwise interactions significantly improves the accuracy.

To go further in the numerical investigations, we have computed the relative maximal error
and the relative quadratic error for various values of the parameter § /¢ when only one term in
the potential series expansion is taken into account (this corresponds to the "non-interacting
assumption” case) and when the first two terms are taken into account (this corresponds to
the "pairwise interactions" case). One can see on the results given in Table 1 that when
the two ball centers are at a distance lower than 5¢, the error made on the computation of
the magnetic potential assuming that the particles have no magnetic interaction lead to a
significant error. On the contrary, taking into account pairwise interactions provide good
results with an error about one percent. One can also observe that when the particles become
very close to each other, the error obtained with two terms in the potential series expansion
tends to increase. In our test example, it is around 3% when the particles are at a distance of
a quarter of their radius. This indicates that when the particles are very close to each other,
one should compute a third term in the potential series expansion.

d/e 225 | 25 3 4 ) 6 7
Max. error (%) || 16.34 | 11.08 | 5.78 | 1.95 | 0.77 | 0.62 | 0.65
Quad. error (%) || 14.62 | 9.76 | 5.18 | 1.75 | 0.73 | 0.47 | 0.61
Max. error (%) || 3.07 | 1.23 | 0.67 | 0.71 | 0.71 | 0.77 | 0.82
Quad. error (%) || 2.46 | 1.05 | 0.63 | 0.86 | 0.89 | 0.73 | 0.95

1 term

2 terms

TABLE 1. Maximal Error and quadratic error obtained when using one and

two terms in the magnetic potential series expansion as a function of g, ie. as

a function of the distance between the two ball centers. Note that for g =2,
the balls are touching each other.

As a second test example, we have considered a cube of 4% = 64 balls with radius ¢ = 1 mm
regularly spaced with a distance between their centers § = 3mm. The balls are subjected
to a magnetic field aligned with z-direction with intensity Hy = %H.mfl. The plane of
reference where the magnetic potential is computed is a plane passing through the center of
the cube with basis vectors corresponding to the z and y directions. The magnetic potential
is computed on 100? equidistant points on a square grid with size 15¢. Computations lasted
59872 s. (approx. 16h30) to compute the 64 x 63 = 4032 particles pairwise interactions. In
this test example, the second term of the series expansion is about 3.5 % of the first term. To
temper the important simulation time observed, several remarks can be made. The first one
is that the main computational cost is the computation, for each pairwise interaction, of the
series coefficients ;" defined in (83) for all m = —¢,...,¢ and for all £ = 1,..., L where L

is the number of terms taken into account in the truncated series (we took L = 16). We
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have used a basic quadrature approach to evaluate ;" but actually the spherical harmonics
integrals involved in the definition (83) of +;* could be computed by fast spherical Fourier
algorithms [15]. We can add that for the sake of graphical representation, the magnetic
potential was computed on a bi-dimensional grid but computation on a three-dimensional
grid would not significantly increase the overall computation time. The second remark is
that simulation was achieved on a desktop computer, not on a server dedicated to scientific
computing. In such a computer, computation time could be drastically reduced by parallel
programming. Indeed, each particle pairwise interaction can be computed independently from
each other.

6. CONCLUSION

In the first part of the paper, we have investigated the validity of the approach consisting in
neglecting magnetic interactions between particles in the numerical computation of the mag-
netic field inhomogeneities induced by a cluster of metallic particles subjected to a uniform
magnetic field. Such a situation is encountered in various contexts in Magnetic Resonance
Imaging. We have obtained bounds for the approximation error in terms of the three geo-
metrical key parameters that were found to be the number of particles IV, the radius € of the
particles (assumed to have a spherical shape for simplicity), and the distance ¢ between the
two nearest particles. Two other physical parameters, the magnetic permeability p, of the
particles and the strength of the inductive magnetic field Hy are also involved in the error
bound. The main conclusion of the analysis carried out on the "non-interacting assumption"
is that the error is proportional to €*/8§3. This behavior has also been observed in numerical
experiments presented in the paper.

When the "non-interacting assumption" is deficient, we have proposed in the second part
of the paper a method to compute a better approximation of the magnetic potential by taking
into account pairwise magnetic field interactions between particles that enters in a general
framework for computing the scalar magnetic potential as a series expansion. Numerical
computation of pairwise magnetic field interactions relies on the evaluation of spherical har-
monics series. Each pairwise interaction between two particles requires the evaluation of a
spherical harmonics series. Fortunately, the series coefficients tend very quickly toward zero
and in practise only a dozen of coefficients need to be evaluated. Moreover, computation of
the series coefficient relies on the evaluation of spherical harmonics integrals for which fast
spherical Fourier algorithms are available [15]. And lastly, the method has good parallelisa-
tion properties which suggests that an efficient simulation software could be developped to
deal with e.g. the applications in MRI quoted in the introduction. We have also obtained
error bounds in terms of the above mentioned key parameters for the approximation of the
magnetic potential taking into account pairewise interactions.
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FiGURE 9. Cube of 64 equidistant particles. From top to bottom : first term
in the series expansion of the magnetic potential, second term in the series ex-
pansion and approximation of the magnetic potential obtained by summing the
first two terms of the series expansion. From left to right : three-dimensional
shaded surface representation and two-dimensional representation of the three
quantities.

APPENDICES
APPENDIX A. TRACE AND INJECTION

It’s well known (see [5, page 119]) that functions belonging to W§(R3) admit a trace on
the surfaces 3;, j € {1,..., N}, and that the trace defines a continuous mapping from W(l) (R3)

onto H2 (3;). From Sobolev’s embedding results, we also deduce that W§(R3) is continuously
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injected in L1(3;):
Vi€ {1, N} 36 >0 Y e WhRY) el < Cyllollm o).

The following proposition provides the constants C); when the surfaces X; are balls with
radius €.

Proposition 8. For all j € {1,..., N} and for all ¢ € W}(R3) we have

3
lellLics;) < Arezflollwgs), (85)
where A1 = v/4m.

Proof. We first consider the case where ¥; is the unit sphere S? centered at the origin and
with radius 1. By a density argument, we can consider functions 1 in C5°(R?). In the spherical
coordinates system (r,6,7n), we have

/52 [(1,0,n)|sind dfdn < /1 /SQ 8,4(r, 0, 7)|sin 6 dodndr

(0.9} 1 o
< / / — sin @ dodndr / / |0p1) (1, 0,m)|%r? sin 6 dOdndr.
1 Js2T 1 Js?

[llLr(sy < VAT |9 llw rs)- (86)

In the case where XJ; is a sphere centered in ¢; and with radius € > 0, we use the change of

variable y € S% + z = ¢; + ey € ¥;. More precisely, for ¢ € W}(R?) we define ¢ such that
Y(y) = p(x). We have

el =Pl and  [lllwgs) = VEllbllw gs)- (87)

The estimate (86) together with (87) directly implies (85). O

It follows that

The Sobolev injection indicates that H2 (3;) € LY(2;) and we also have the following finer
result.

Proposition 9. For all j € {1,..., N} and for all p € W§(R3) we have
lellLas;) < Azllellw s), (88)

here Ay = —2—.
where Ay = — N
Proof. As in the proof of Proposition 8, we only have to deal with the case where X; is the
unit sphere S2. We also assume that ¢ belongs to C§°(R3) since the estimate for ¢ € W}(IR?)
will follow by density. Using the spherical coordinates (r,6,7), we have

el = [l 0mitsing doan<a [ [ lotr0.mP10600,m)]sin6 doandr

< 4\// / lo(r,0,m)|6 sin 6 dﬁdndr\// / 10,0(r, 0,m)|2 sin 6 dodndr
1 Js? L e

< AllellF sy ol @s)-

Using the following Sobolev embedding result in R?, see [7, page 26],

3
4\2 1
el < (3) 5rzIVellm (59)

we deduce that 5

38 /7
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APPENDIX B. SOME RESULTS ON THE SUM OF POWERS OF THE INVERSE DISTANCE

The results given in the following proposition are used in the study of the behavior of the
various terms in the expansion of the magnetic potential.

Proposition 10. Let Qy,...,Qn be N spherical particles in B(0,1) C R3, centered respec-
tively at cj, j € {1,..., N}, with the same radius e > 0. Let 6 be the minimal distance between
two particles as defined in (1).

Foralli € {1,...,N} and for all v € R® such that dist(z,%;) < §, we have

e (e (2)) ()

J752
where Bs = 142+ 31n2 ~ 144.1. Moreover, for all p > 4, we have

2\ P
<137 (<) . 91
Z o< () o
J#l
Proof. Let i € {1,..., N}, € R? such that dist(z,%;) < % For p > 1, we split the sum

Z |cj — x‘p
J#l

into two parts. The first one concerns the indices j such that the particles 2; with center c;
are at a distance lower than 20 from ;. The second one concerns the indices j such that the
particles €; are not in this neighborhood. Moreover, since the volume of the ball B(c;, g) is

%(53, we have
N N
1 6 dy
Py = Y —t S / - (92)
Z M P R ) o3 B(e;,3) ) lej — =l
lej—cil<2s lej—c;|>28

The number of terms in the first sum in the RHS of (92), denoted Si(ﬁ) in the sequel, is
bounded independently of N. Actually, this number is lower than the cardinal number C of
the set of points in B(0,2) \ B(0,1), such that the pairwise distance is larger than 1. By
volume considerations, this number is found to be less than the quotient obtained by dividing
the volume of B(0, 2)\ B(0, 3) by the volume of B(0, 1) that is to say 124. Each term in S; ;

is smaller than ﬁ so that
2 p
S <124 (5) : (93)

Let us now obtain an estimate of the second sum in the RHS of (92), denoted Si(g) in the

sequel. First of all, from the triangular inequality, we note that for all y € B(c;, g),

5 0
ly —cil < ’y—CJH"CJ_x"Hx_CJ ‘$_CJ’+**W_CJH‘5

It follows that |z —¢j| > |y — ¢;| — d and

=35 /B(W |y—czr —op

j=1, j#i

lej—c;1>26 (94)

ST /c“ \B(cz,2 (\y—cz\—5)



since under our assumptions for all j = 1,..., N, j # i, we have B(c;, 2) C B(ci, 2)\ B(c;, 3 590).
The last integral in (94) can be expressed in spherlcal coordmates and then it can be explicitly
evaluated. We obtain

—0 2
) 24 r? dr B % 2 (s+9) o %
Si,2 X 53/ (T_(;)p - 53 % P dS = 53 Ip.

We now distinguish the different possible values of p envisaged in the proposition since the
integral takes different closed form expressions depending on the value of p.

- Case p = 3. We have

270 (s 4 6)2 48 — 566 + 1562 2
I3 = /; = ds = 32— 0)2 +1In <5(2_5)> .

From (92) and (93), we deduce that

2 3
S < (315 + 124) <5> .

One can show that the mapping é — I is bounded by 18+In2+1In (%) This conclude
the proof of estimate (90).
- Case p > 4. We have

2-65 2 3—p 2—p 2.1-p72-96 p—3
Ip—/ (s +9) ds—[s +25s 6%s } <13<2> .

5 sP 3—p 2—p+1—p

p
0 13 (2
s<n(2).

From (92) and (93), we deduce the estimate (91).

N

We deduce that

O

One of the important feature of the estimates given in proposition (10) is that they are
optimal. More precisely, the behaviour of the sums with respect to the variable § is correctly
estimated. This remark can be understood by looking at the case of a large number of particles
(N — +00) uniformly distributed in the ball B(0,1), with one particle located at the origin.
To illustrate the situation, we consider the case p = 3. Let assume that ¢; = (0,0,0) for
simplicity. Since J measures the distance between the centers of two "adjacent" particles, these
centers have for coordinates (K16, k28, k36) where (ki, ko, k3) € Z3 with §2(k? + k2 + k32) < 1.
It is clear that the "worst" case, i.e. the one that makes the largest sum Si(g), is the case

i = 1. Thus, let us consider Sgg)(O). For all j € {2,..., N}, we have

®) O)_i 1 5 1 1 5 1
= leil? (ORI + k3 +K3) O
J#1

2 2 23"
(ky ko k3)€Z3 (k1,k2,k3)€Z3 (kl + k2 + k3) 2

1 1
1gk%+k§+k§g5—2 1<k§+k§+k§<5—2

When N is large, the last sum is the approximation by the mid-ordinate quadrature rule of
the integral

1 dx
_[ — 3/ 3
0% JB(0,2)\B(0,1) (22 + 23 + 23)2

This integral can be easily evaluated using spherical coordinates and we obtain

1
A7 (s dr 47 1
= — — =—1n(=).
f 53/1 r 83 “(5) (95)
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FiGURE 10. Notation for the spherical coordinates.

This shows that the estimate given in proposition 10 in the case p = 3 is optimal in the fol-
lowing sense: for 6 = o(1) (that precisely corresponds to the case of many particles uniformly
distributed in the ball B(0,1)), estimate (90) reads
(3) a 1
S0 < 5 (5),
the constant a being independent of N, ¢ and &, whereas in the present example, using (95),
we have

s (0) > 5% In (%)

where b is another constant independent of IV, § and e.

APPENDIX C. EXPLICIT SOLUTION TO THE REFERENCE PROBLEM FOR THE FIRST TERM
OF THE EXPANSION

In this appendix, we detail the way the explicit expression of the solution e € W(l) (R3)
to problem (14) is obtained.

C.1. Variable separation method. In spherical coordinates, the Laplace equation is sep-
arable. We are looking for a solution ¢pe to problem (14) in the form

pret (1, 0,m) = u(r) x v(0) x w(n) (96)

where u, v and w denote three complex valued functions of the real variable. The angles 7
and 0 are the azimuthal angle and the polar angle respectively, see Fig. 10.
In spherical coordinates, the Laplace operator reads

1 0 0 1 1 0 %) 1 92
Arezii 27re S\ .\ an .Hire . 9., A0 _o¥re . 97
Pl =02 By <T ar? f) T (sin(G) a0 <sm( )(99('0 f) * sin? 6 8772('0 f) O7)
The Laplace equation Ay, = 0 lends itself to being separated into a system of three ordinary
differential equations: upon substituting ansatz (96) in the Laplace equation, one finds that
for all r € R, 0 €]0, 7| and 7 €]0, 27|,
1 d,,, 1 1 od ) w'(n)
_ =— | —= 0) — 0)v' (0 .
u(r) dr (T v (T)) sin?(6) (v(@) sin )dH (Sm( Jv( )) + w(n) (98)
The left hand side of the equation depends only on the variable r whereas the right hand side

depends only on the angular variables 6,7. It follows that the two terms are constant and
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equal to the same constant p?, where p denotes a complex number. Thus, from the left hand
side of (98), we deduce that for all r € R

) ar ) =p
and, from the right hand side of (98), we deduce that for all # €]0, 7] and 7 €]0, 27|,
1 2 2 w'(n)
—— sin(f sin(6 —p° sin“(f) = ——=
Sy 0 g (O)0) =7 s 6) = S

Once again, the left hand side of the equation depends only on the polar variable 6 whereas
the right hand side depends only on the azimuthal variables 7. It follows that the two terms
are constant and equal to the same constant ¢, where ¢ denotes a complex number.

Finally, we conclude that the three unknown functions u, v and w satisfy for all r € R*_,
6 €]0, [ and n €]0, 27,

2" (r) 4 2rd (r) — pPu(r) = 0 (99a)

L @) ) + P~ —L ) (@) = 0 99b)
() @(sm v'(0)) + (p n?(0) v(d) = (

w(n) + ¢*w(n) = 0 (99¢)

where the real parameters p and ¢ are the separation constants.

C.2. Angular dependency. Since the geometrical and physical properties of the ball are
assumed to be independent of the azimuthal angle 7, it is necessary for w to be a periodic
function with period 27. Then, the solution to equation (99c¢) reads

w(n) = Cp ™ 4 Cye™imn (100)

where the separation constant ¢ coincides with an integer m € Z and C; and Cy denote two
complex constants.
The change of variable 7 = cos(#) in equation (99b) leads to the equation
m2

1—72
where the new unknown function v is defined by the relations v(6) = v(cos(f)). This equation
is referred in the literature as the general Legendre equation. The solutions to the linear second
order ordinary differential equation (ODE) (101) are the so-called hypergeometric functions,
see [1] chp. 15. This equation has non-zero solutions that are nonsingular at +1 if and only
if p> = £(¢ + 1) with £ being a non negative integer such that |m| < £. In such a case, the

solutions to equation (101) are the associated Legendre functions, see [21, 1], defined for m > 0
by

(1-— 7'2) (1) =270 (1) + (p2 -

) 3(r) =0 (101)

B(r) = P (7) = (=)™ (1= 7%)% (1) (102)
where Py denotes the Legendre polynomial of degree ¢ defined for all x €] — 1,1] by

1 db s,
Pu@) = g7 (@@ = 1))
The associated Legrendre functions are sometimes defined without the multiplicative con-

stant (—1)" which is known as the Cordon-Shortley phase factor. Following the standard
convention, we set for negative values of the order

_ o (£=m)!
P (x) =(—-1)"—-=%

For a fixed integer m, the associated Legrendre functions satisfy the following orthogonality
conditions for all k,¢ € N such that 0 < m < ¢

1
/ PPy dz =0
-1
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and

! 2(€ +m)!
PP dg = .
/1 CHC T B D) —m)!

Finally, we find the functions product v(6) w(n) in the form of
Y™ (0,1) = Com P (cos(8)) €™ —(<m<d{, (&N (103)

where Y™ is known as the Spherical Surface Harmonics of degree ¢ and order m, see [21].
The normalization constant Cp,, is taken to be

[(2041) (£ —m)!
Com = \/ Ar (04 m)! (104)

With this normalization convention, the complex conjugate of the Spherical Surface Harmonics
of degree ¢ and order m is

Y7 (0,m) = (=1)"Y,; (0, n).
The Spherical Surface Harmonics form a complete set of orthonormal functions and thus they
form an orthonormal basis of the Hilbert space of square-integrable functions on the unit

sphere [21]. Namely, on the unit sphere any square-integrable function can be expanded as a
linear combination of Spherical Surface Harmonics as:

+oo £
=> ") hpY™M0,m) (105)

=0 m=—/
where the equality holds in L2([0, 7] x [0,27],C) and

- ¥ ([ 1o 7700 sin(s) a8) a.

C.3. Radial dependency. It remains to achieve the identification of the radial function wu.
It satisfies the following Euler differential equation deduced from (99a)

2 (r) + 2ru/ () — £(£ + Du(r) = 0. (106)
Two linearly independent solutions to the linear second order ordinary differential equa-
tion (106) are 7 — r¢ and r — r~/~1. We deduce that the radial function u can be expressed
as )
_ ‘
U(T) =QyrT +5€m

where oy and Sy denote two complex constant numbers.
We conclude that the general solution of the Laplace equation in spherical coordinates

reads
Pret(r, 0,7) Z Z (az rf + 7" g+1> Y/ (0,m) (107)

{=0 m=—/{
where o} and ;" are complex numbers.

C.4. Boundary condition. Since s must be bounded for » = 0, the solution to prob-
lem (14) in B(0,¢) reads

Pref(1,0,1) = ZZOAL;T Y™ (6,n). (108)

=0 m=—¢

Moreover, since the magnetic potential must tend to zero at infinity, the solution in CB(0, )
reads

Pret (1,0, 1) Z Z By ﬁ Y;™(6,m). (109)
{=0 m=—¢
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The constants o and ;" are determined by the following two conditions across S(0, ¢)
n (14)

oatl =0, | 22| = i (10)

In the situation considered here, the source term h depends only on the polar angle 6. This
implies that the solution ¢ will not depend on the azimuthal angle  and reads

+o00
S afrf P6)  in B(0.¢)
Pref (1,0,1) = pret(r,0) = ¢ 22 1 (111)
>80 PAO) i CB(0,9)
=0

The interface conditions (110) give rise to the following linear system satisfied by the unknown
coefficients a? and ﬂg, {eN

B() =0
Npa(l) + 25?5_3 =pp—1
bppad + (L +1)Ble 72 =0  W>2

Solving this linear system for oz? and B? gives

0o_ Hp—1 0 -1 =
o] = ,
! pp +2 P = Np + 2
and 042 = /8? = 0 for all £ # 1. Finally, we conclude that
-1 -1
,up+2 rcos(&):'up+2 €3 T in B(0,¢)
Soref(w) - (pref(rv 0777) = //jp —1 &3 Ho -1 &3 o (112)
2 Hp € ~
—5 cos(0) = —z es-z  inCB(0,¢)
pp+2 7 pp +2 |zl
The gradient of ¢ is given in spherical coordinates by
1 1
v@ref(rv 0, 77) = 8T<;Oref(ra 0, 77) er + ;a%oref (T, 0, 77) eg + manspref(ra 0, 77) €n
,up - 1 . .
) cos(f) e, — sin(f) eg in B(0,¢)
= Zp T B (113)
,Ui T5.3 ( — 2cos(f) e, —sin(0) 69) in CB(0,¢)
( —1
Iu/i” n B(O, E)
- Zi -1 & x 0B (114)
3(es-x 63) in LB(0,¢)
2 T O ) (
APPENDIX D. SOME RESULTS ON THE SPHERICAL SURFACE HARMONICS
Proposition 11. For ¢ € N, the family of sphem'cal harmonics (Y;™) —e<m<e satisfies:
¥(0,7) € [0,7] x [0, 2n] Z Y™ (6,n)] i (3. (115)
m=—/

Proof. From the definition of Spherical Surface Harmonics, we have

S 170l = 2L (P8 cos(@) + 2 Z P cos(o))]).

m=—/
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The Legendre polynomial PO Py is bounded by 1 and we have the following bounds for the
Associated Legendre functlons see [17],

(6= m): max < L
(£ +m)! ze[-1,1]

/2e+1 (204+1)2 _ 3V3
Zmen ——(1+V20) < N <\/Ez.

m=—/

Vme{1,...,0} (116)

It follows that

Proposition 12. For { € N, the family of spherical harmonics (Y;™)_s<m<e satisfies:

V3L +m) s

0
VO € orl < 0.2x] DT a0l < 7 4 (117)

m=—~{

Proof. Using the definition of the Spherical Harmonics, we get

‘ 20+ 1
7 19077 (0,m)] < (| = (190(P? (cos( |+2Z \am (cos(6)))])-

m=—/

For £ > 1, for m € {1,...,¢} and for all x €] — 1, 1], we have |1, 18]
1

i )

((e +m)(l—m+1) P (z) — pgnﬂ(x)).

0P () = 0, Py(x) = —

b

2v1 — 22

It follows that, for ¢ > 1, for m € {1,...,¢} and for all § € [0, 7], we have
p(PY(cos(6))) = P} (cos(0))

(PP (cos(0))) = = (Pgn“(cos(e)) —(+m)(l—m+1) P;l*l(cos(e))).
Using relations (116), it follows that

2
¢ ¢
S ool < 2 S VT mes T m)

m=—/{ m=—~
1

%8_; ! Z (04 1)2 —m2.

0. P (x) =

By comparison to the quadrature rectangle rule, we have

¢ ¢
o VT mi= (1) 2> VT m?
m=1

m=—/
{+1

<(+1)+2 VIl+1)2 =22 dz
<(€+1)+§(€+1) :
We conclude the proof using 20 + 1 < 3¢ and (£ + 1) + 5(£ + 1) < 2(1 + m)¢2. O

Proposition 13. For { € N, the family of spherical harmonics (Y;™)_s<m<e satisfies:
¢

1 3\/5 5
V(8,7) € [0, 7] x [0, 27] 8,0, < 1%
" 3 [mmrrren]< 2
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Proof. Using the definition of the Spherical Harmonics, we express the sum in the LHS of
(118) using the associated Legendre polynomials:

11 . 2041 < [(E—m)!
mg: m&ﬂ/g (0’71)‘: 4w m;g (£+ m)!

-/

Si:z gy P (cos(0))]. (119)

For £ > 1, for m € {1,...,¢} and for all x €] — 1, 1], we have [1, 18]:

m m m m—
It follows that, for £ > 1, for m € {1,...,¢} and for all 6 € [0, 7], we have
m m m—
75m(0) P (cos(0)) = —Pg_Tl(cos(O)) —(l+m)(l+m-—1) Pg_ll(cos(e)).
Following the same steps as in the proof of Proposition 12, we conclude that
¢
\/25 +1
——0,Y," (0 L—m)({—m—1
ng 51n(9) L ( )1 )’ Z \/ m m )
3
V20+1 Z (0 —m) (2£+1)2 \f ey
2427 2421 2v/2
O
APPENDIX E. LP-NORM OF THE NORMAL DERIVATIVE OF GREEN’S KERNEL
Proposition 14. For all x € R?, we have
100G (2 ) g 5oy < As (120)
where As = ||0,G((1,0,0), ')HL%(SQ) ~ 0.3439.
Proof. We proceed in two steps. First, we will compute the expression of ||0,G(x*, -)HL% s?)

for all * € S?. Then we will show that for all € R3, denoting by z* € S? the projection
of x onto S?, we have

vy e SP\{z"}  |0uG(x,y)| < [0nG (2", y)]. (121)
For all z* € S and 1 < p < 2, let us consider the quantity

n- (@ -y
Arr|o* — y|3

A= dy

SQ

where n denotes the outward unit normal to S? at y € S2. In order to compute A, let us
consider a frame centered on the point #* and the following parametrization of the sphere S:

S
(s,t) € B(0,1) C R? — t €52
14+V1—s2—t2

where the sign 4 is introduced to describe the two hemispheres. In this frame, the normal
unit vector n to the sphere S? is given by

S

t
+v/1 — 52 —t2
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Since |y|? = 2n -y, we have A = A, + A_ where

N 1 T

(8P //52+t2<1 2+2V1 -2 P23 Vi-s- 12
! ' 1 VItr?

DY /0 Qtvi_ Vi o

Using the change of variable v = 1 4+ v/1 — r2, we deduce that

1 21+ 2u — 2
A= — / 5 du
2% ~lmp—1 Jo uz

For p = %, by evaluating A by quadrature, we found A ~ 0.24093027. Finally,

Ay ds dt

10.G(2*, ) — A% <0.35. (122)

||Lg(sg)
In order to prove (120), we consider z € R? and we denote by z* its projection onto S2.
Considering the frame previously introduced and centered on z*, the coordinate of x reads
(0,0, —d) where d = dist(x,S%) > 0. For any point y € S?, we deduce from the relation
ly|?2 = 2n -y that

71(»"6—1/)‘ _ L
|z —y|3 2yl

Similarly, one can show that

n-(l‘—y)‘_ 1 d? +2d
|z —yl3 20z —yl 2z —yl3

Since d > 0 and |z — y| > |z* — y| we directly deduce that

n-(x—y)’ n-(z* —y)
jz —yf? | —yf?
This last inequality implies that [|0,G(x, ')”L%(si’) < ||onG (x*, -)|]L%(s2). We conclude the
proof of Proposition 14 using (122). O

APPENDIX F. CONSTANTS INTRODUCED IN THIS STUDY

Name | Defined in... Exact value Approximate value
Ay | Proposition 8 Var 3.545
A | Proposition 9 2/(3% /1) 0.7474
Az | Proposition 14 10,G((1,0,0), .)HL%(S% 0.3439
Ay | Proposition 6 2/6(85 + 87 + 472) 59.93

3 2
B, |Lemma 1 “max (8485 — 662 + 61 () 8.385
4 5>0 )
2 2
By | Lemma 1 *fl max (8 — 66— 6%+ 851In (7)) 6.611
3ri 0>0 1)
Bs | Proposition 10 124 +3In2 144.1

TABLE 2. Values of the constants introduced in the study.
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