N

N

Adaptive group LASSO selection in quantile models

Gabriela Ciuperca

» To cite this version:

Gabriela Ciuperca. Adaptive group LASSO selection in quantile models. Statistical Papers, 2019, 60
(1), pp.173-197. 10.1007/s00362-016-0832-1 . hal-02072135

HAL Id: hal-02072135
https://hal.science/hal-02072135
Submitted on 8 Feb 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02072135
https://hal.archives-ouvertes.fr

arXiv:1601.08065v2 [math.ST] 13 Jul 2016

Noname manuscript No.
(will be inserted by the editor)

Adaptive group LASSO selection in quantile models

GABRIELA CIUPERCA

Received: date / Accepted: date

Abstract The paper considers a linear model with grouped explanatory variables. If the model
errors are not with zero mean and bounded variance or if model contains outliers, then the least
squares framework is not appropriate. Thus, the quantile regression is an interesting alternative.
In order to automatically select the relevant variable groups, we propose and study here the adap-
tive group LASSO quantile estimator. We establish the sparsity and asymptotic normality of the
proposed estimator in two cases: fixed number and divergent number of variable groups. Numerical
study by Monte Carlo simulations confirms the theoretical results and illustrates the performance
of the proposed estimator.

Keywords group selection - quantile model - adaptive LASSO - selection consistency - oracle
properties.
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1 Introduction

Classically, for the regression model, the errors are assumed to be independent, of mean zero and
bounded variance. Then, the model is estimated by the least squares (LS) method, eventually with
a penalty of LASSO type when automatic detection of significant variables is performed. If the
assumptions on the first two moments of the model error are not satisfied, then the LS framework
breaks down. In this case, an alternative is to consider the quantile regression with a LASSO type
penalty. This is one of the interests of this paper. The quantile regression is robust and allows
relaxation of the two first moment conditions of the model error.

Often enough in practice, for example in the variance analysis case, are considered the regression
linear models with grouped variables. For models with grouped explanatory variables it is more
meaningful to identify relevant variable groups instead of individual variables. If the errors have
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Normal distribution, then for detecting the relevant variable groups, the F-statistic test is used. If
the errors are not Gaussian and if more the number of groups is large, then the F-statistic test is
inappropriate. From where, another interest of this paper: we consider the quantile process with
LASSO type penalty in order to automatically detect the irrelevant variable groups.

The automatic selection method of the grouped variables using the LASSO penalties was in-
troduced by [Yuan and Lin (2008) for gaussian errors, by proposing the LASSO group penalty for
the process of the error squares sum. Several recent papers have considered group selection using
LASSO type penalties. For fixed parameter space and mean zero, finite second moment i.i.d. model
errors, [Nardi and Rinaldd (2008) established the model selection consistency and asymptotic nor-
mality of nonzero group LASSO estimator. The same estimator is studied by Nardi and Rinaldo
(2008) when number of covariates is larger, for particular case of normal errors. For gaussian errors,
Xu and Ghosh (2015) realize a Bayesian variable selection by penalization of the error squares sum
with Bayesian group LASSO. For this estimation method, the posterior median estimator satisfies
the sparsity property. The adaptive group LASSO estimators, when the number p of groups is fixed,
was studied by [Wang and Leng (2008). For high-dimensional model, [Wei and Huang (2010) studied
the selection and estimation properties of the adaptive group LASSO, but under assumption that
the errors are gaussian. Still for the error squares sum penalized with adaptive LASSO penalty,
Zhang and Xiang (2015) consider the case of the number of groups p, converges to infinity when
n — oo, for i.i.d. errors e such that E[e] = 0 and Var[e] < oco. The consistency and asymptotic nor-
mality of the parameter estimator are established. A paper that doesn’t consider the LS penalized
process, but a process associated to a twice differentiable convex function, with LASSO penalty,
for the case p large and small n was considered by [Wang et all (2015). When the number of groups
can grow at a certain polynomial rate, the automatic selection property of variable groups for a
LS process with SCAD penalty has been proven in |Guo et all (2015). Automatic selection of the
relevant variable groups, when p converges to infinity, has also considered by |Zou and Zhang (2009)
penalizing the LS process with adaptive elastic-net penalty. For a review of group selection methods
and several applications of these methods the reader can see [Huang et all (2012).

In this paper we consider the model selection problem and the estimation in a linear model with
p groups of explanatory variables. We propose and study the asymptotic properties of the adaptive
group LASSO quantile estimator in two cases: p fixed and p — oo as n — oo. This estimator is the
minimizer of the quantile process penalized by an adaptive group LASSO penalty. The oracle prop-
erties, i.e. the automatic selection of significant variables groups and their asymptotic distribution,
are proved.

The remainder of the paper is organized as follows. In Section 2 we present the model and
introduce some notations used throughout in this paper. Oracle properties for the adaptive group
LASSO quantile estimator are proved for p fixed in Section 3 and for p — oo as n — oo in Sec-
tion 4. Section 5 reports some simulation results which illustrate the method interest. We compare
the adaptive group LASSO quantile estimation performance with the adaptive group LASSO least
squares estimations, proposed by [Zhang and Xiang (2015). All proofs are given in Section 6.

2 Model and notations

In this section, we present the statistical model and we also introduce some notations used through-
out in the paper.

We begin by introducing some general notations. All vectors and matrices are denoted by bold sym-
bols and all vectors are written as column vectors. For a vector v, we denote by v! its transposed
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and by ||v|| its Euclidean norm. Notations —» , — represent the convergence in distribution and
n—,oo n—oo

in probability, respectively, as n — oo. For a positive definite matrix M, we denote by Apin (M)
and Apax (M) its the smallest and largest eigenvalues, respectively.

We will also use the following notations: if V,, and U,, are random variable sequences, V,, = op(U,)
means that lim,, . P[|U,/V,| > €] = 0 for any e > 0, V;, = Op(U,) means that there exists
a finite C' > 0 such that IP[|U,/V,| > C] < e for any n and e. If V;, and U,, are deterministic
sequences, V,, = o(U,,) means that the sequence V,,/U,, — 0 for n — oo, V;, = O(U,,) means that
the sequence V,, /U, is bounded for sufficiently large n.

Throughout this paper, C' will denote generic constant; not depending on size n which may take
different values in different formula or even in different parts of the same formula. The value of C'
is not of interest. We will also use the notation 0j for the zero k-vector.

We consider the following linear model with p groups of explanatory variables:
P
j=1

with Y;,e; random variables. For each group j = 1,---,p, the vector of the parameters is 8; =
(Bj1,- -+ ,ﬁjdj) € R% and the design for observation i is X.j, a column vector of size d;. The vector
with all coefficients is 8 = (84,---,8,) and for observation i, the vector with all explanatory

variables is X; = (X1, -+, X;p). Denote by ﬁg =B, -, ?dj) the true value (unknown) of the
parameter 3;. For observation i, we denote by Xj; ; the kth variable of the jth group.

We emphasize that for the ith sample, we observe (Y;,X;),i=1,--- ,n.

The relevant groups of explanatory variables correspond to the nonzero vectors. Without loss of

generality, on suppose that the first pg (po < p) groups of explanatory variables are relevant:
1B #0, forallj<py and 8% =0, forallj> po,

where ||| is the Euclidean norm. Let 7 be the total number of explanatory variables, sor = 3°_, d;.

We denote by 0 = Z?“Zl dj. So, po is the number of nonzero true parameter vectors and r is the

total number of parameters in these nonzero true vectors.
The multi-factor ANOVA model is an example of this model.

We introduce now the quantile framework. For a fixed quantile index 7 € (0,1), the check
function p,(.) : R — Ry is defined by p(u) = u(r — Ly<o).
The quantile estimator of 3, is the minimizer of the quantile process associated to model (II):

B, =argmin » _ p,(¥; — X{B). (2)

BER™ T3

For the particular case 7 = 1/2 we obtain the median regression and (2)) becomes the least absolute
deviations estimator. A great advantage of the quantile framework is that, compared to classical
estimation methods that are sensitive to outliers, the quantile method provides more robust esti-
mators. Moreover, the required assumptions to the error moments are relaxed.

The estimator 3,, = (8,,.1, 8,2, * » Bnp) has as dj-subvector 3, ; for each group j =1,--- ,p.
The quantile estimation method doesn’t perform automatic variable selection. For finding the zero
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vectors, i.e. the irrelevant groups of variables, hypothesis tests are required. However when model
(@ has a large group number p, it is useful to estimate simultaneously the parameter groups and
to eliminate the irrelevant groups without crossing every time by a hypothesis test. The adaptive
LASSO penalties have the advantage of automatic selection and of parameter estimation (see for
example [Zhang and Xiang (2015), Wei and Huang (2010), Wang and Leng (2008)).

In order to introduce and study the adaptive LASSO estimator, we consider the following index
set

A= {518l # 0} = {1, ,po}

and A° = {J; ||ﬁ9|| =0} ={po+1,---,p} its complementary set. The set .4 contains the index set
corresponding to groups with nonzero true parameters.

For 3 a r-vector of parameters, we denote by B4 the r’-subvector of B which contains B;, for
j=1,--+,po. Similarly, the (r — r%)-vector B 4. contains Bj for j=po+1,---,p.

In practice, the set A is unknown. Then, we must find the set A and estimate the corresponding
parameters.

In Sections 3 and 4 we will introduce an estimator, denoted ,@Z, which minimizes the quantile
process penalized with an adaptive group LASSO penalty, for two cases: p fixed and p — oo as
n — oco. We generalize the adaptive LASSO quantile estimator proposed by [Ciuperca (2016) for
individual variable selection to the case of group selection. We call this estimator, adaptive group
LASSO quantile (ag-LASSO_Q) estimator.

We say that ,@Z satisfies the oracle properties if:
(i) asymptotic normality: \/ﬁ(ﬁz — B") 4 converges in law to a centred Normal distribution.
.. . . . o
(i1) sparsity property: lim, oo P[A = {j = 1,--- ,p;[|B,, Il # 0a,}] = 1.

3 Fixed p case

In this section we propose and study the asymptotic properties of the ag-LASSO_Q estimator for
the parameter 3 of model ({l) when the group number p is fixed.
We define the ag_LASSO_Q estimator by:

~%

B, = argmin Q(8),

BER™

where Q(8) is the penalized quantile process with the adaptive group LASSO penalty:

n p p
QB = ZPT(Yi _szjﬁj)'i'ﬂn Z@n;j”ﬁjua (3)
i=1 j=1 j=1
with the weight &,.; = HBn;jH*’Y, v > 0. The estimator BZ is written as BZ = (32;17 S ,ﬁ;p) and
BZ;;‘ is a subvector of size d;, for j =1,--- ,p.
For a particular case of a quantile model with non-grouped variables, d; =1 for all j =1,---,p,

we obtain the adaptive LASSO quantile estimator proposed and studied by |[Ciuperca (2016).
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Before presenting the main results for BZ in the fixed p case, we give the required assumptions.
The tuning parameter u,, and the constant v are such that, for n — oo,

o, —> 00, Koo, 0, nO=Y2,, - . (4)

Vn

For the design (X;)1<ign we consider the following assumption:
(A1) n 7 maxi<;<, XIX; — Oand n= ! Y7 | X;X! — Y, with X a r x r positive definite matrix.

- = n—oo n—oo
For the errors €; we suppose that:
(A2) (g;)1<ign are independent, identically distributed, with F' : B — [0, 1] the distribution func-
tion and a continuous positive density f in a neighborhood of 0. The 7th quantile of ¢; is zero:
T = F(0). Moreover, for every e € int(B), 1, € R” we have

i Y /O " VAL + o/ V) - Py = S f(e1irL,, (5)

n—oo

where 1, is the r-vector with all components 1. The set B is a real set, with 0 € .

Assumption (A1) is standard for LASSO methods and (A2) is classic for quantile regression
(see |Ciuperca (2016), [Koenker (20085), [Zou and Yuan (2008), Wu and Liu/ (2009)). Assumption
(A1) requests that the design matrix has a reasonable good behaviour. For the tuning parameter
In, the same conditions on ({]) are required in |Ciuperca (2016) for adaptive LASSO quantile model
but with ungrouped explanatory variables.

We make the remark that for ANOVA model, since in the analysis of variance there is a con-
straint for each level of a factor, we consider as constraint that the effect of this level is zero. Then
this zero level is not considered in the model in order that assumption (Al) is satisfied.

In order to study the asymptotic properties of the estimator BZ, let us consider the index set
of the groups selected by the adaptive group LASSO quantile method:

A ={je{l,- ,phIBoyll # 0}

and g:‘f its complementary set.

The following Theorem shows that the ag-LASSO_-Q estimators with the index in the set A
are asymptotically Gaussian. Then, the estimators of the nonzero parameter vectors have the same
asymptotic distribution they would have if the zero parameter vectors were known.

Theorem 1 Under assumptions (A1), (A2) and condition (), we have \/ﬁ(,@:; - 8% £
n—oo
N (00, 7(1 — 7)f720)Y "), with X 4 the submatriz of X with the row and column indices in
{]‘5"';d15d1+17"';d1+d27"'5 ‘Z;Ozldj}
We give now the Karush-Kuhn-Tucker(KKT) optimality conditions, needed to prove the sparsity
property for Bn
For all j € A}, we have, with probability one, the following d; equalities

n n ~
Hnwn;j/B ol
Ty Xij— ) Xijly, iy = — = (6)
=1 i=1 H/Bn,gH
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For all j ¢ VZ:‘L, forall k =1,---,d; we have, with probability one, the following inequality

n n
T Z Xijok = Z Xijaly, oy | S Hnlnsj- (7)
i=1 i=1
The following theorem shows the sparsity property of the ag.LASSO_Q estimator. This result
states that the adaptive group LASSO quantile estimators of the nonzero parameter vectors are
exactly nonzero with a probability converging to one when n diverges to infinity.

Theorem 2 Under the assumptions of Theorem @ and under the condition nY/?>71\, — oo, as
n — 00, we have lim,,_,o P[AY = A] = 1.

Theorem[Iland Theorem Plestablish the asymptotic normality and the sparsity of the ag_LASSO_Q
estimator, which means that this estimator still share the oracle properties in the case of fixed p.

Remark 1 For the weight &y,,; associated to the jth group, we considered the quantile estimator
norm to the power —v. In view of the proofs of Theorem [l and Theorem [2] these two theorems
remain true also when 3,,.; is replaced by any estimator of 3;, with convergence rate n~1/2 under
assumptions (A1), (A2).

4 The case of p depending on n

Consider now same model (l) with grouped variables, but with the number p of groups depending
on n: p =p, and p, — oo as n — co. More precisely, we consider p,, = O(n¢), with the constant
¢ € (0,1). For readability, we keep the notation p instead of p,. Similarly, we have r = Zle dj,
with r depending on n. Always for simplicity of notation, for the design X;, for the parameter 3,
ever if their dimension depends on n, we do not put subscript n.

We will first find the convergence rate of the quantile estimator B; of B. Afterwards, we will
propose for 3 an adaptive group LASSO quantile estimator. Even though the number p diverges as
n — oo, this estimator keeps the oracle properties.

Since the design size depends on n, we need reconsider the assumptions on X;. Then, let us
consider the following assumptions for the errors (¢;), design (X;) and for the number p of groups:
(A3) (gi)1<i<n are ii.d. Let F' be the distribution function and f be the density function of (g;). The
density function f is continuously, strictly positive in a neighbourhood of zero and has a bounded
first derivative in the neighbourhood of 0. The 7th quantile of ¢; is zero: 7 = F(0).

(A4) There exist two constants 0 < mg < My < oo, such that mg < Amin(n~t> 1 X;XE) <
)‘maX(nil Z?:l XZXD < M.

(A5) (p/n)1/2 maxigi<n ||Xi|| = 0, as n — .

(A6) p is such that p = O(n®), with 0 < ¢ < 1.

Since p — oo, condition ({]) of assumption (A2) for the case p fixed is now replaced by f’ bounded
in the neighborhood of 0. This assumption also been considered for always high-dimensional quan-
tile model, with seamless Ly penalty by [Ciupercal (2015). In|Ciuperca (2015), assumptions (A4) and
(Ab) are also required. Assumption (A6) was considered by [Zhang and Xiang (2015) for an high-
dimensional linear model where the objective function is the error squares sum, penalized with
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an adaptive group LASSO penalty. Assumptions (A4), (A5), (A6) are also required for an high-
dimensional linear model by [Zou and Zhang (2009), which penalize the LS process with adaptive
elastic-net penalty. In respect to the case p fixed, assumptions (A4) and (A5) are the similar of (A1).

We will start by finding the convergence rate of quantile estimator (2)) in the case p — oo as
n — oo. For this, consider the quantile process:

Gn(B) =D p (Vi —X!P3).
=1

For the quantile estimator existence, we assume that the total number r of parameters is strictly
less than n.

We recall that in the case p fixed, the convergence rate of the quantile estimator Bn is of
order n™1/2 (see for example Koenker (2005)). We will show that, the quantile estimator has the
convergence of order (p/n)'/?, when the explanatory group variable number diverges with the
sample size. In view of the proof of Lemma [I the convergence rate of Bn depends only of p and
not of total number r of parameters, thanks to assumption (A5). One needs the convergence rate
of the quantile estimator is necessary for studying the asymptotic behaviour of the penalty which
intervenes in adaptive group LASSO quantile process.

Lemma 1 Under assumptions (A3)-(A6), we have ||Bn - B° = 0s (/).

Consider now the following adaptive group LASSO quantile (ag-LASSO_Q) estimator:

A~

(1 o
B, = argmin EGn(ﬁ)'i‘)‘nzwn;j”ﬁj” )

BeR? e
where A, is a tuning parameter (positive) and the weights of the LASSO penalty are Wp,; =
Hﬁn;jH*’Y, with v > 0. The relation between the tuning parameter p, of relation (B]) for the case
p fixed and A, for the case p depending on n is A\, = p,/n. We prefer to consider these forms as
tuning parameter and as objective process, for having a similarity with the adaptive group LASSO
LS (ag-LASSO_LS) case considered by |Zhang and Xiang (2015).

In order to study the asymptotic normality of BZ we need to impose an additional condition on
the total number of nonzero parameters. More precisely, 7° it is assumed to be the same order as
po- This is for controlling the penalty, so that it is smaller than the quantile process.

Concerning the size of the nonzero parameter vectors, we take the following assumption:
(A7) 7% = O(po).
For the smallest nonzero vector norm and on constant ¢ of assumption (A6) we assume:
(A8) Let us denote hy = minigj<p, ||59|| There exists a constant M > 0 such that M < n™%hy
and a > (¢ —1)/2.

These two assumptions were also found in the paper|Zhang and Xiang (2015), for ag.LASSO_LS
method in high-dimensional linear model, but with a supplementary condition for r: r = O(p).
Here, we do not need this requirement, since assumption (A5) is imposed. On the other hand, in
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1/2

Zhang and Xiang (2015), instead of assumption (A5) the condition =2 maxi<icn [|X; 4]|> — 0,

as n — 00, is required.

The following theorem gives the convergence rate of the ag_LASSO_Q estimator when p — oo.
We obtain the same convergence rate that of quantile estimator when group number diverges. This
convergence rate is also obtained by [Zhang and Xiang (2015) for the ag-LASSO_LS estimator, but
for errors (£)1<i<n With mean zero and bounded variance.

Theorem 3 Under assumptions (A3)-(A6), (A8) and the tuning parameter (Ap)nen satisfying
Ayn(1+€)/2=a% 0 as n — 0o, we have ||BZ —B% =0p (\/B).

The following theorem shows the oracle properties for ag-LASSO_Q estimator when the number
p of groups diverges. We denote by X; 4 a r-vector which contains the sub-vectors X, ;, for j €

{1,--+,po}

Theorem 4 Suppose that assumptions (A3)-(A6), (A8) are satisfied and also that the tuning pa-
rameter satisfies A\yn1=OI+N/2 5 o0 X nletD/2=07 50 a5 n — co. Then:

(i)P[.ZZ:A} — 1, for n — oo.

i) If moreover assumption (A7) holds, then, for any vector u of size r° such that ||u|| = 1, with
Yy

notation X 4 = n~1 Y0 X aXE 4, we have /n(u' Y, u)~2ul(B, — 8°)4 néo N(0,7(1 -
7)f72(0)).

For the tuning parameter \,, the same conditions are required in|Zhang and Xiang (2015) such
that, the ag_LASSO_LS estimator in an high-dimensional linear model satisfies the oracle properties.

Remark 2 As for the case p fixed, we considered the weight @y,.; = ||an ||I=7, with Bn;j the quantile
estimator of the dj-vector 3;, for any j = 1,---,p. In view of the proof of Theorem [ the oracle

properties for ag_LASSO_Q estimator remain true also when ,Bn;j is replaced by any (p/n)'/?-
estimator of 3;, under assumptions (A3)-(A6).

Remark 3 If hg, defined in assumption (A8), doesn’t depend on n, then o = 0. In this case, the
conditions required on (A, )nen in Theorem Bl imply v > 2¢/(1 — ¢), and then ~ can take values in
the interval (0,00). The value of v increase with that of ¢ € (0,1). For example, if ¢ = 1/2 then
v > 2.

5 Simulations

In order to evaluate the performance of the proposed estimation method, Monte Carlo simula-
tions are realized in this section. To assess this performance we compare the ag-LASSO_@Q and
ag-LASSO_LS estimation methods.

The design X; is generated in the same way as in paper(Wei and Huang (2010): X = (X4, -+ ,X,),
with the group explanatory variables X; = (X5(_1)41, -+, Xs;), for all j = 1,---,p. We first
generate 7 = 5p independent random variables Rj,---, R, of standard normal distribution. We
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also generate the variables Z; of multivariate normal distribution with mean zero and covariance
Cov(Z;,, Z;,) = 0.9717721 Finally, the variables Xi,--- , X, are generated as:

Zj+ Rs(j—1)+k 1 <j<p

X5(j-1)+k = NG ) <j<p, 1<k<5.

Two model errors are considered: Normal N(0,3%) and Cauchy C(0,3%). For the parameters we
take: B8Y = (0.5,1,1.5,1,0.5), 85 = (1,1,1,1,1), 8% = (—1,0,1,2,1.5), B8] = (~1.5,1,0.5,0.5,0.5)
and all other parameters are zero vectors. The nonzero vectors were also considered in Example 2
of [Wei and Huang (2010) for errors N'(0,32%), p = 10, when the parameters were estimated by LS
method with adaptive group LASSO penalty.
The constant ¢ of assumption (A6) is ¢ = 0.43. Then, we will consider the following value cou-
ples for n and p: (30,5), (60,5), (60,10), (100,10), (200, 10), (400,15), (1000, 25) and (1000, 100).
On the other hand, p° will always be equal to 4. The response variable Y is generated as: ¥; =
:5:1 ijﬁ? 4+, fori=1,--- n.
We will compare the obtained results by the adaptive group LASSO quantile method, proposed in
this paper, with those obtained by the adaptive group LASSO LS method, proposed by Wei and Huang
(2010), [Zhang and Xiang (2015).
For simulations, we used the R language. After a scale transformation, we can use the group LASSO
methods instead of the adaptive LASSO group methods. Then, in order to calculate the adaptive
group LASSO LS estimations we have used the function grpreg of package grpreg, the tuning pa-
rameter being chosen on a value grid, using the AIC criterion. In order to calculate the adaptive
group LASSO quantile estimations, we have used the function group@QICD of package rqPen and
the tuning parameter varies on a value grid.
For each considered case, 1000 Monte Carlo replications was made.

In Table [l we give how the two estimation methods identify the parameter vectors (zero or
nonzero), for the part that contains the four nonzero parameter vectors ﬁg, j =1,---,4, and
for the part with p — 4 zero vectors. We present the minimum, three quartiles (Q1, median, Q3),
the mean and the maximum of the number of nonzero vectors (j = 1,---,4), respectively, zero
(j =5,--+,p), found by the two estimation methods.

For n large (equal to 100, 200, 400, 1000), we observe that for errors of N'(0,32) law, the two
estimation methods well identify the zero and nonzero parameter vectors. However, for Cauchy er-
rors, the ag_ LASSO_LS method poorly identifies nonzero vectors (the group of the four significant
variables). The zero vectors are very well identified by the two methods.

For n small (equal to 30 or 60), the two estimation methods well identify the four relevant vari-
able groups, that errors are Normal or Cauchy (except for ag-LASSO_Q, in the case n = 60,
p =75, e~ C(0,3%). However, the (p — 4) irrelevant variable groups are not well identified by the
ag_LASSO_LS method.

Conclusion

For gaussian errors, the ag.LASSO_LS method identifies well the two (relevant and irrelevant)
variable groups for n large. For n small, the irrelevant variable groups are not well identified. For
Cauchy errors, this method, either does not identify the relevant variable groups or irrelevant vari-
able groups, regardless of the value n. Then, for Cauchy errors, the ag.LASSO_LS estimations do
not have the sparsity property.
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The ag-LASSO_Q method, for the two types of errors, identifies the two variable groups (signif-
icant and irrelevant), the precision increasing with n. Then, the ag_ LASSO_Q estimations have the
sparsity property.

We conclude then that the simulations confirm the theoretical results for the ag-LASSO_Q es-
timators.

6 Proofs

In this section we provide the proofs of all results presented in Sections 3 and 4.

6.1 Proofs for results of Section 3

Proof of Theorem [l The proof is similar to that of Theorem 4.1 of [Zou and Yuan (2008).

We denote \/ﬁ(az — B") = 1,, and in general /n(8 — B°) = u = (uy,---,u,), with u; =
(wjp, -+ uja;), for j=1,--- p.

Since V; = X!3% + ¢;, then Y; — X!3 = s\g/g; + &;. Let us consider the following random variables

D; = (1 - T)]]‘81<0 - 7_]181207 (8)

n = \/_ZD“

and the random vector

ET;

Obviously, IE[D;] =0 et IE[z,] = 0,. By the CLT, using assumptions (Al) and (A2), we have
2, = N0, 7(1=1)Y), v, = N(0,7(1 = 7)), (9)

The vector 1, is the minimizer of the following random process:

n t
EZ Pr z—i{/—)_PTEz +anwn,]

=1 j=1

uj

t

~ 1831,

which can be written under the following form:

v (10)

Ln(u) = [z u + By ( +un2ww - HB?H]%-

We first study the last sum of the right hand side of (I0).
For all j < pg (thus | ,BJO-H # 0) we have, since the quantile estimators are consistent:

~ P _
Bng o 11837 #0 (1)
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Table 1 Model selection results by ag_.LASSO_Q and ag.LASSO_LS methods for p° = 4, ¢ = 0.43, errors N'(0, 3%)

or C(0,32).
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and by elementary calculus

tﬁo

= 87

Valll8] +n~ Puyll = 18311 — (12)

Then, using condition p,n~1/2

Slutsky’s Lemma, we have:

— 0, when n — oo, taking into account relations ([Il) and (I2), by

Po
~ _ P
fn Y G (187 + 072wy = 183] — 0. (13)
j=1
For j > po, we have 89 = 04,. Then: /n[[|8° +n~2u;|| — 82]]] = |[uy]|. Since Gy n%; o0, by

. _ _ ~ P
assumption n('~Y/2y,, — 0o, we have n= /21, @,.; — oc. Thus
n— o0

Vn 0, if u; =0y,
ann,_]\/—[H/BO +n- u]H - ”ﬁolﬂ n_)oo 0o, if H1]13|| 3:6 (14)

Then, taking into account relations (I3) and (I4]), we have the following result for the third term
of the right hand side of (I0):

p
Hn Z an;j [ ’
j=1

u;

G

— 1821 Vi P, zp:W 15
Gl i (15)
with
0, if ﬁgséodj
W( 2,u)z 0, if B6:0dj and u; = 0g;,
o, if ,Bj :Od]. and u; #Odj-

On the other hand, by the two results of (@), we have for the first two terms of the right hand side
of ([IQ), with z a random d-vector of law N (04, 7(1 — 7)X), that

zlu £, gz, B,(u) — —f( yu' Yu.

n—o00 n—oo 2

Taking into account these last two results and relation (&), then, L,(u) of relation (0} has an
asymptotic distribution:

L,(u) £y Zlu+ - f( )uTu—i—ZW , ).

n—oo

j=1
Let us denote u = (uy, uz) with u; of size r°, uy of size r — r% and 4,, = (U1, Uz2,), where Uy,
contains the first 322, d; = 7% elements of u. Since U, = argmin,cg. L,(u), we obtain that
~ P ~ c _ -
Uz2n, — 0,0 et Uiy, — N(0p0,7(1 —7)f72(0)Y ). [ ]
n— o0 n— o0
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Proof of Theorem [2] By Theorem[I] for all j € A we have that \/ﬁ(ﬁ:” — ﬁ?) N N(0g,,7(1—
7)f72(0)X 4,) as n — co. The square matrix Y 4, of size d; x d; is the submatrix of X with the
row and column indices in {d;—1 + 1,d;—1 +2,--- ,d;}, with dy = 0. Since 5]0‘ # 04, then

lim P[AC A%] = 1. (16)

n—oo

To finish the proof we show that for all j & A we have P[j € ﬁ;‘l] — 0 asn — oo. Since j ¢ A, then
BS— = 0g;. Considering the Eucildean norm for equalities (6) we have with probability one, since we

suppose j € A*, that:

1/2
n n n d;
pnGnsy < 20 ) Xl <2 X =2) X2
i=1 i=1 i=1 \ k=1
By the Cauchy-Schwarz inequality, we have that,
n oy [ 1/2 T 4, 1/2 T 1/2
S < (2 (S)) -(ATmr)
i=1 k=1 i=1 \ k=1 i=1

Then, taking into account assumption (A1), there exists a bounded constant C; > 0 such that

n 1/2
1 1
. nAn" 2 - Xz 2 <C . 17
oy Hntonsg < (n;” J”) <Ci <o (17)

On the other hand, left-hand side of inequality (IT), can be written:

S 2
HnWn;j _ Hn nV/

n n7/2||ﬁn;j||’y n

Since we have supposed that j € Vzl\;; and j € A, we have that for all ¢ > 0, there exists 7. > 0
such that ]P’[nfl/QHBn;jH*l > 1 > 1 — e. The last two relations, together with the supposition
nY/2=1 i, — oo, imply, for all constant A > 0,

lim P[M > A] = 1. (18)

n—00 n

Then, relations (I7]) and (I8)) are in contradiction. Thus

lim P[j € A°N A% = 0. (19)

n—00

The theorem follows from relations (I8) and (9. [



14 GABRIELA CIUPERCA

6.2 Proofs for results of Section 4

Proof of Lemma [Il We show that for all € > 0, there exists a constant B, > 0 (without loss of
generality, we consider B, > 0, otherwise we take | B¢|) large enough such that for n large enough:

P Li?fl G, (ﬁ" + Be\/gu> > Gn(ﬁo)] >1—e (20)

For this, we consider for some constant C' > 0, the expectation of the difference:

E {Gn <ﬁ° + O\/gu> - Gn(ﬁo)} = g;JE {pf <si — C@Xiu) - pf(ai)]

n C\/gxfu n C\/%Xfu
- Z; B [ /0 no<si<tdt] = Z; /O [F(t) — F(0)] dt. (21)

By assumption (A6) we have p/n — 0. Moreover, by assumption (A5), we have that \/ZX!u = o(1),
for ||u|| = 1. Thus, by mean value theorem and since the density f has a bounded first derivative
in the neighbourhood of 0, relation ([ZI)) becomes:

f(0) op - )2 P v t et
== C - ;(qu) +o - ;u (XiX)u | .
Then, taking into account assumption (A4),
e G, B°+O\/Eu - Gn(BY] = f—glzn:xt (1+ o(1)). (22)
n n 2 nn p

Let be the following random variable

Ri = pPr (Ei — O\/%Xill) — pT(EZ‘) — O\/%DZX);U

and the following random vector
_ p - ¢
W, =C,/= DX,

with the random variable D; defined by (8). The vector W,, is the similar of the vector z,, when p
was fixed. Then, the process G, can be written:

Gn <ﬁ° + C\/gu> ~-G.(B%) =F {Gn <ﬁ° + C\/gu> - Gn(ﬁo)} +W,u+ i[m — E[R;]].

(23)
First all, remark that

||u|\2/\min( X XY) Z u'X;Xlu < ||u|\2xmx( X;Xt). (24)
=1
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Since the errors (g;)1<i<n are independent, using also |R;| < C/Z [X!u] HIE"<C\/E|Xt , together

iu|
with assumption (A5), we obtain

p p
E [ﬂ\si|<c\/§|xgu|} < C\/;|Xz|| < C\/;gliagxn Xl = o(1),

which imply, since (g;)1<i<n are i.i.d.,

n

2 n

=1

/)

and by assumptions (A3), (A5) together with relation (24]), we have

P &
<L RPE (Lo g =0 (g ZutXiX‘éu> —op). (25)
=1

i=1

For the last relation we have used assumption (A4).

Let be the following random variable U,, = p~/23""" | [R; — IE[R;]]. Then, relation (25) implies
IE[U2] = o(1). This, together with IE[U,,] = 0, imply, by the Bienaymé-Tchebychev inequality, that
U, — 0. Thus S ' [Ri — [E[R;]] = op(p'/?). Then, relation (Z3) becomes

n—

Gn (ﬁo + C\/§u> ~G.(B%) =F {Gn (ﬁo + C\/§u> - Gn(ﬁo)} +W,u+op(pt/?)  (26)

which is equal to, using ([22)):

02f < ZutXXt >+O\/§<Zn: )

(14 op(1)) + op(p'/?).

Since IE[D;] = 0, Var[D;Xtu] = 7(1 — 7)u'X;X!lu and |jul| = 1, then, using 24), we have that
n=1/? Yo DiX!u converges in law to a centred Gaussian distribution. Taking into account as-
sumptions (A4) and (A6), for B large enough, we obtain

Gn (ﬁo—i—B\/gu) —Gn (8% = < ZutX Xt ) (14 op(1)) >0, (27)

for n large enough. Thus, relation [20)) follows taking into account assumptions (A3) and (A4). B

Proof of Theorem [Bl We have the following inequality, with probability 1, for the quantile
estimator 3, ;:

. 0 > 0 . >
min 1851 < max 18,.; — B;ll + min 18,:51l-

By Lemma [Il we have that maxjea HBnJ - ﬁ?H = Op((p/n)*/?)) = Op(nc=1/2). On the other
hand, we denoted in assumption (A8), hy = minjeq HBE’H Then, we have with probability one,
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hon™® < Op(n(e=D/279) 4+ n=%min;ec 4 HBn]H and taking into account assumption (A8): M <
op(1) +n~"minje4 |3, Hence:

(28)

M
hm P[mln|ﬁ o } =1

2

We consider the r-vector u such that ||u|| = 1. Similarly to Theorem 2.1 of|Zhang and Xiang (2015),
we have, for a constant B,

Po
ZHBMH 18+ 8y 2wy - 1901] 2 ZHBMH 18+ 8y Byl - 1801 2 2 S 18,1l
j=1

Since ||u|| = 1, taking into account relation (28]), applying the Cauchy-Schwarz inequality, we obtain

Po Po
P > - P ~ gy 1/2 D An+/PO D Anr/Po
B S Bl 2 = B (3 1B 7 Pl 2 — B2V R 2
\/; j=1 ! n j=1 ! n(mmJGAHBn;jH)’Y n(Mz )

and by assumption A\,n(1t¢)/2=%% 0, we obtain:
n—oo

= Op (3) . (29)

n

The Theorem is proved if we have the similar of inequality (20) for

1 S
—Gn(ﬁ%Bﬁu)—ﬁGn(ﬁ%;AnwW 18+ /L 1801 = @ (80 + By 2} -0u(8°).

We show that for all € > 0 there exists B, large enough, such that, for any n large enough

[n aiL, @n (ﬁo B \[ ) g Q"(ﬁo)} sloe (30)

By the definition of @,,, we have for all constant B > 0, that

p
@ (894 By/Lu)-0u(0%) = 26, (8°+ By [Lu) 2G84 D M 169 + 2wy ~ 18]

j=1

and using relations [27)) and (29)

> B2f( < Zutx X! ) (1+op(1)) — BOp (%)

Relation [B0) follows from the last relation, for n and B large enough and using assumption (A4). B

Proof of Theorem [ (i) By Theorem [B] we have that B* belongs, with a probability converging
to one, to the set: V,(8°) = {B; |8 — B°|| < B\/Z}, with B > 0 large enough as in relation (30).
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For p > po, we show that for all B = (8.4, 8.4.) € V,(8°) such that |84 — B%]| = O (\/Z) and for
all constant C € (0, B), we have

Qn(ﬁAv Op—po) = ”ﬂACIﬁléIé\/an(ﬁAvﬁAC)a (31)

with a probability tending to one, as sample size n — 0.
Let us consider the parameter set W, = {8 € V,(8°); 84| > 0}.
We show that ]P’[,@:; € W,] — 0, as n — oo. For this, we firstly consider two parameter vectors

B =(B4,84) €W, and Y = (8%, 8%)) € V,(8°), such that 8 = 84 and 84! = 04_4.
Let us take the difference of the objective random process for the two parameter vectors. We denote
this difference D, (8, 8"):

Dy(8.8Y) = Qu(B) — Qn(BY)

_1van ~ (32)
=n ! Zi:1 |:p‘l'(}/l - Xiﬁ) - pT(}/’L - Xiﬁ(l))} + Z§:P0+l )\nwnd| /BJ”
From [Knight | (1998), we have the following identity, for any z,y € R:
y
pr(@—y) — pr(x) =y(lo<o — 7) + / (Lo<r — Maco)dt.
0
Using this relation for the first sum of (82)), we obtain:
1 1 -
il (Y = XiB) — p (Y — Xt (Y] = Z(3 — gDyt X; (1 . _
n Z [P ( iB) — pr( B )} n(IB B) Z [ Y;—XtgM <o 7]
=1 =1 (33)

1 (B—BY)
+— Z/ []lYi—Xﬁﬁ(l)St — ]lm—xgml)go]dt =Ty, + Top.
0

i=1

For Ty,, since the density f is bounded in a neighbourhood of 0, we have, by assumption (A5),
that:

BT, = (B-8V) Zx F(&(B0-8")-F(0)] = (8-p0) L)

ZX X8~ BV)(1-+0(1)).
Then, |E[Ti,]| < |8 - BY| - ||n~" S0 XiXY| - [18° — BY£(0)(1 + o(1)). Since the matrix
n~1 YT X;X! is Hermitian, we have, taking into account assumption (A4), that n=1 ||>""" | X,;XY||
= Amax(n ™1 37 XiX1) < My. Hence, we have | IE[T1,)]| < Mo f(0)]|8—B8M||-]|8°—B"Y)||. Therefore
E[T1,] = 0(]|8 — BY||2). By calculations analogous to IE[T},], using independence of (£;)1<i<n,
we have that E[T2] = Cn~ |8 — BY|? = 0, for n — oco. Since Var[Ti,] < IE[TZ], using the
Bienaymé-Tchebychev inequality, we have:

Tin = C|1B = BII*(1 + 0p(1)). (34)

Consider now T5, of relation ([B3]), which can be written as:

n Xt(,@ ﬁ(l))
-1
T2n =n Z/O [ﬂsiﬁtfxﬁ(ﬂofﬁ(l)) o ﬂEiS*XE(L’Oiﬂ(U)]dt'
i=1



18 GABRIELA CIUPERCA

Taking into account that @ € V,(82), together with assumptions (A3), (A5), we get E[Ty,] =
_ n xt(B-BWY _ n xt(3—pM
n—L1 Zi:l fo (BB )[F(t—Xﬁ(BO—ﬁ(l)))—F(—Xﬁ(ﬁo—ﬁ(l)))]dt —pn! Zi:1 ; i(B—B )[tf(X;?(ﬁ(l)

—B°) + o(t)]dt.
By the proof of Lemma [ assumptions (A3), (A5), we obtain that f(X{(8") — 3°)) is bounded by
a constant C' > 0. Thus, as for Ty, using assumption (A4) and the fact that n=' > 1" | [|X;[* —

tr(n~" 1) XiXt) — 0, we have |E[Ty,]| < On~' 30 K32 [8-BW |18 =8 +o(n ' i,
n—oo

X4B - BM)) = C|8 — BY|%. We show similarly that E[T3,] = Cn~||8 — B ||*. Then, by the
Bienaymé-Tchebychev inequality, we get:

Ton = CJ|8 = BV *(1 + 0p(1)). (3)
Hence, by relations ([B4)), (35]), we obtain
Tin + Ton = €18 - BY2(1 + 05(1)). (36)
This last relation together with relations [B3]), [B6l), give for relation ([B2)):

p
D, (8,81) =ClIB =BV IPA+op(1) + Y MnlnyllB5ll

Jj=po+1

On the other hand, by Lemma [Il we have

~ 1 1 —v/2
Wnij = —= = — 7— =0p ((8) >
1817 18 — B n

and moreover for all j > po + 1, since 3 € Wy, € V,(8°) we have 0 < ||B,|| = O (/2). Then

» R P (1-v)/2
> Mgl = 3 x0e((2)7).

Jj=po+1 Jj=po+1

Thus

" P =/
Mﬁ(l)) >018-BY A +op)+ Y MOs ((8) i 2> '
188" I=potl "

We have that |3—8W| = O ((3)1/2). Since p/n = O(n°~'), under the assumption that A,n(1=0+7/2

n
00, as n — 00, and p > pg, we have

D, (1)

(67/6(1) ) Z )\nO[P’ (n’y(lfc)/Q) . (37>
18- 8"

To finish the proof of relation (3I)), consider now other two parameter vectors: 3° the true value

and BV a parameter such that 3" = (ﬁﬁ),ﬁ%), ﬁi{) = B4, g&g = B% = 04_40. We obtain as

for ([36) that:

n

DB BM) =n™1 Y7 |pr(Yi = X1B%) — pr(¥i = XEB™M) | = ClI(8° = BY) Al (1 + 0p(1)).

=1
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Then

Dl i~ o) =0 ((2)) <0 (1)

Since A,n(1=9(+7)/2 5 50 as n — oo, we have that (37) is much bigger than (B8), for n large
enough. Then, relation (BII) follows.
To finish the proof of (i), we will show that

lim ]P’{mln|ﬁ Sl > O} =1. (39)

n—roo

With probability 1, we have that: min e 4 ||BZ] || > minjea ||ﬁ9|| —max;jeA HBZ] —ﬁ]QH. By Theorem
Bland assumption (A8), we have,
M
> _] 1,

lim P|n~*min |3, > 0| =1
i P~ miy 5,11 > 0] =1,

n—r oo

from which relation (39)) follows. Relations [B9) and (31) imply ().
(#) Taking into account claim (i) and assumption (A7), the estimator BZ can be written with a
probability converging to 1 as BZ =3+ \/gé, with 8 = (6.4,0.4¢), 6 4c = 0,_,0, ||d4]| < C. Then

@ (8+/%5) -, Z[ (-0 + /L)) —puc0] +7. (a0

with P = 320% ) Xalnys (1851 = 1831]-
For all j € {1,--+ ,po} we have ’H,@Z]|

%
lim P|n™% mi y
i B[ iy 8]

which implies

— ||59||’ = C\/gé;,@?, with a probability converging to 1.

On the other hand, using assumption (A8) and Lemma [Tl we have for the quantile estimators

= 8%l + Op (\/§> > ho + Op ( (1- c>/2) =0(n%) + Op (n*ﬂfc)/z) — 0(n®).

Thus, we have &p,; < Op(n~*7), for all j € A. Then, for the the second term on the right hand
side of ([40), we have with a probability converging to one:

Po Po
B D —a p
Pl = Aalnsy | 187 + \/;5j| - <Cn~™ an\/;\ajﬁﬁ\
Jj=1 j=1
<ony B, Zna 11830 < 0y Tronunr = oot )

We study now the first term of the right hand side of (@0]), which can be written as:

’ zj; oo (vi-xt (004 /26)) — prte)]
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1 n 1 n \/§X§5
= ;@;xzamggo—ﬂm;/o (o<t — Ley<oldt = Ji + Jo.

Since IF[J;] = 0, using assumption (A5) and the Cauchy-Schwarz inequality, we have:

n
t52 < P 1_ AP 2 P )12
> 088" < Firt1=n) S IR APIOAl" < O o 15l 20
i =

M=

1
Varll] < E[J?] = ﬁgT(l—T)

Using assumption (A2), we have for the expectation of Jo:

(tf(0) + o(t?))dt = @Sét% zn: XiXE5(1 + o(1)). (42)

1 V2Xts
E[J] = ﬁ/o 5

Using assumption (A4) and relation (24)), we have that

f(o)pn_lH‘ng/\min(n_l lexf) < JE[J2] < f(O)p”_lH‘ng/\maX(n_l lexf)
i=1 i=1

Taking into account the fact that ||8]|3 = ||6.4]|3 < C, we have:

B[%] = Cf(0)2. (43)

Similarly we obtain Var[J:] = O (% (%)3/2) — 0, as n — oo.

But E[J;] = O(n°') and by assumption (A7), together with relation @), we have |P| <
Op (Anncn(c_l)/2_o‘7) = Op ()\nn(3°_1)/2_"”). Then % = Op (Ann(c“‘l)m_‘”) — 0 and thus
E[Js] > |P|.

Hence, minimizing ({@0) amounts to minimizing J; + Jo, with respect to \/gé. Using relation (@2),
we obtain:

'S z Vi 7(0) p
n T Y;_Xt 0 =4d))— (& )] = n Xt O 41, — —6t Tn d4(1 1)).
n;[P ( z(ﬁn"‘\/? )) P (5 )] n ; i, A A[ ;<0 T]+ 5 a A A( +OIP’( ))
The minimizer of the right hand side of the last equation is:

p 11 P

n A n f(()) n,.A( ; ,A( £;<0 T)) ( )

For studying (@), let us consider the following independent random variable sequence, for i =

1,...77’)/,

Wi = (F0) MY L Xia(le, <o = 7),
with u a vector of dimension r°, such that ||uf2 = 1. We have that IE[W;] = 0 and Y., Var[W;] =
nr(l — T)(f(O))’QutT;ilu. Then, by CLT for independent random variable sequences (W;)1<ig<n,
we have

t(a _ 30
WBA=Ba) £y pro1), (45)
\/7'(1 - T)(utT;)lAu) nmree
Claim (ii) results by taking into account of the fact that B - ﬁ& = \/gé A, together with relations

&), @E3).

Vnf(0)
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