N
N

N

HAL

open science

Empirical likelihood test for high-dimensional
two-sample model

Gabriela Ciuperca, Zahraa Salloum

» To cite this version:

Gabriela Ciuperca, Zahraa Salloum. Empirical likelihood test for high-dimensional two-sample model.
Journal of Statistical Planning and Inference, 2016, 178, pp.37-60. 10.1016/j.jspi.2016.05.002 . hal-

02072132

HAL Id: hal-02072132
https://hal.science/hal-02072132
Submitted on 8 Feb 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02072132
https://hal.archives-ouvertes.fr

arXiv:1504.05690v2 [math.ST] 19 Jun 2015

Noname manuscript No.
(will be inserted by the editor)

Empirical likelihood test for high-dimensional two-sample model

Gabriela Ciuperca - Zahraa Salloum

the date of receipt and acceptance should be inserted later

Abstract A non parametric method based on the empirical likelihood is proposed for detecting the change
in the coefficients of high-dimensional linear model where the number of model variables may increase as
the sample size increases. This amounts to testing the null hypothesis of no change against the alternative
of one change in the regression coefficients. Based on the theoretical asymptotic behaviour of the empirical
likelihood ratio statistic, we propose, for a fixed design, a simpler test statistic, easier to use in practice.
The asymptotic normality of the proposed test statistic under the null hypothesis is proved, a result which
is different from the X2 law for a model with a fixed variable number. Under alternative hypothesis, the test
statistic diverges. We can then find the asymptotic confidence region for the difference of parameters of the
two phases. Some Monte-Carlo simulations study the behaviour of the proposed test statistic.

Keywords Two-sample - high-dimension - linear model - empirical likelihood test.

1 Introduction

The technology development and fast numerical techniques make possible to consider and study statistical
models with a large number of variables. High-dimensional model refers to a model whose the number p of
explanatory variables increases to infinity as the number n of observations converges to infinity. When p
diverges, traditional statistical methods may not work with this kind of growth dimensionality.

Most of the literature works on high-dimensional model utilize the LASSO (Least Absolute Shrinkage and
Selection Operator) type methods, in order to automatically select the significant variables. The principle
of these methods, introduced bym (M), is to optimize a penalized process, more precisely, a pro-
cess with a Li-type penalty. If the model contains outliers, the parameter estimators by the least squares
method with LASSO penalty have a large error. An alternative method is then the penalized quantile
method. Thereby, Dicker et al! (2013) consider a quantile model with seamless-Lo penalty when the num-
ber p of explanatory variables is such that p — oo, p/n — 0 as n — oo. For a general quantile regression,
[Wu_and Liu (IZQ_QQ) propose the SCAD penalty, while, in [Zou and Yuan (IZQ_(E), a composite quantile regres-
sion is considered with an adaptive LASSO penalty. The case p — oo is also considered in m
M) for a non-concave penalized likelihood method, when p°®/n — co. Concerning the group selection
methods for high-dimensional models, the readers find in [Huang et al! (2012) a review of methods.

All these methods are based first on the principle of selecting (automatically) the significant variables.
Then, the dependent variable is modeled only as a function of the significant variables, in order to have
more accurate parameter estimators and a better adjustment for the dependent variable.
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If the goal is to have the most accurate prediction and also robust, in the case of a model with outliers, one
possibility is to consider the empirical likelihood (EL) method. But, for this type of method, in literature,
most papers are devoted to the case of fixed p. For a high-dimensional linear regression model, we can refer
first to the paper of [Guo et al (@), when the design is deterministic. High-dimensional data are also
studied by Liu et all ), where EL method is considered for a sequence of i.i.d. random vectors with
dimension p, when p — oo as n — oo.

In this paper, we are interested by a change-point model, that is, a model which changes at some mo-
ment. The number p of explanatory variables varies with the number n of observations and p can converge
to infinity if n — co.

Since statistical techniques in high-dimension are fairly recent, there are not many papers in literature

that address the change-point problem in a high-dimensional model. [Lung-Yut-Fong et al! (2013) propose

an approach for detection of a change-point in high-volume network traffic. The asymptotic distribution
of the test statistic proposed in Emng;ﬁ_]_t;ﬂmgm]_] (lZ_Q]j), under the null hypothesis that there is no
change-point, is the argsup of a Brownian Bridge. There are some papers where LASSO type methods
are used. (M) consider a possible change-point in a high-dimensional regression with Gaussian
errors. The main result of the article is to show that the sparsity property is maintained, even if there is
a change in the model. There is no hypothesis test to decide the presence or absence of change in model.
In m (@), LASSO-type and adaptive LASSO estimators are studied, while in m (@)
quantile model with SCAD penalty is considered. These last two papers consider models with p fixed. In
order to choose the change-point number, a model selection criterion is also proposed by M (M)

To the authors’ knowledge, the EL technique has not yet been addressed in a high-dimensional two-sample
model, that makes the interest of this work. We study the asymptotic behaviour of the empirical likelihood
ratio test statistic when the design is deterministic.

We consider a first linear model:
V;=X{B+e, i=1,-,n. (1.1)

Consider now a second linear model which changes at observation k. It is called two-phase model, or model
with one change-point:

(1.2)

v | XiBte, 1<i<h
CTXEBy + ey kE<i<n,

where X; is a p x 1 vector of p explanatory variables, 3 and 3, are p x 1 vectors of unknown parameters and
¢; designates the model error. The parameter 8 of the first phase of (I2)) coincides with that of (II]). For
models (ITI) and ([2), Y; is observation ¢ of the response variable. The errors €; are supposed independent
identically distributed (i.i.d), with mean zero and finite variance .

We assume that the number p of explanatory variables X; depends on the sample size n: p = p,, such
that pp, — oo as n — oo. The change-point k of (I.2) also depends on n. The change in model (I.2) takes
place far enough from the first observation and sufficiently previous to the last observation. So, we suppose
that limy,— e k/n € (0,1).

In this paper, for given k, we use the empirical likelihood method to construct the confidence region for
B — By, or equivalent to test the null hypothesis of no change in model (ILZ). Under null hypothesis, the
model has the form ([IJ]), that is

Hy: B, =B. (1.3)
The alternative hypothesis assumes that one change occurs in the regression parameters, that is
Hy: B, # B (1.4)

The paper is organized as follows. In Section2lwe first present the EL method for the two-sample model.
Some notations used throughout the paper are defined and needed assumptions for the theoretical study
are also announced. In Section Bl we construct an empirical likelihood ratio test statistic and we study its
asymptotic behaviour. The asymptotic distribution under Hy of the test statistic is obtained, while, under
H,, this statistic diverges. Next, in Section 4] we analyse the coverage accuracy and the empirical power by
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means of simulations, which confirm the performance of proposed test. A new critical value is also proposed
in order to improve the coverage rate. The proofs of the main results are given in Appendix (Section [
followed by some Lemmas and their proofs.

2 Preliminares

In this section, we introduce the EL method for the two-sample model. Notations and assumptions are
also given.

Under null hypothesis Ho, that is model (), let 8° denote the true value of the parameter 3. Under
alternative hypothesis H1, that is model ([I2), the true values of 3, B,, respectively, are 3%, 35.
In order to define the profile empirical likelihood (under Hp and under Hp), we introduce the following
random p-vector, for all 3 € IR?P andi=1,--- ,n:

z:(8) = Xq(Vi — XiB).
Consider also the vector
0 _
z, = XIEI

We remark that, under the hypothesis Ho, we have z) = z;(3°), for alli = 1,--- ,n and [E[z{] = 0,. On
the other hand, for fixed design (X;)i<i<n, the random variables z{ are independent but not identically
distributed.

On the change-point, we consider the notation 6, = k/n. Thus, in view of the remark made in Introduction,
we assume that 0, — 0° € (0,1) as n — oo.

For the dependent variable Y; of model ([L2)), let us consider the probability to observe the value y;
(respectively y;) : ¢; = IP[Y; = y;], fori = 1,...,k and ¢; = IP[Y; = y;], for j = k+1,--- ,n. Obviously, these
probabilities satisfy the relations Zle ¢i = 1 and Z?:k-u ¢; = 1. Corresponding to these probabilities, we
define the probability vectors (g1, ,qx) and (qr+1,-** ,qn).

Under hypothesis Ho given by (L3)), the profile empirical likelihood for 3 is

n

Rnk(B) = sup qu H %:Zqz—l Z q =1, Zqzzz B) = Z ‘szj(ﬁ)zop}v

(QIv"vqk)(qk+la"aQ7L i=1 j=k+1 i=1 j=k+41 j=k+1

with 0, the p-vector with all components zero.
Similarly, under hypothesis Hy given by ([I.4), the profile empirical likelihood is

Rnk(B,B2) =  sup sup {HQZ H %72%*1 Z g =1, Zqzzz(/@)*opa Z 4;Z; ﬁQ)*OP}

(g1, 5ax) (Qr+1,,an) i=1 j=k+1 i=1 j=k+1 j=k+1

Then, using an idea similar to the maximum likelihood test for testing Ho against Hi, we consider the
profile empirical likelihood ratio R,x(8)/Rnk (83, Bs)-
Since Rk (B, 85) = k% (n — k)~ ("% we have that the corresponding empirical log-likelihood ratio is

—2  sup sup {Zlog kqi)+ Z log((n—k)gq;); Z Z g =1 quzz(,@) Z qjz;(8) = 0, }.

(qu,5qi) (Qkt1,,qn) i=1 j=k+1 i=1 j=k+1 j=k+1
Applying the Lagrange multiplier method, the optimal probabilities ¢; and ¢; are
1 o 1
k+toxz(8) T n—k—nxz(8)’

where A1, A2 € IRP are the Lagrange multipliers. Consequently, the corresponding empirical log-likelihood
function can be written as

(2.1)

qi =

n

k
QZlog (1 + %Xizz(,@)) +2 Z log (1 — ﬁ)\gzj(,@)) (2.2)

j=k+1



4 Gabriela Ciuperca, Zahraa Salloum

Taking into account relation (Z]), the derivative with respect to 3 of Z2) is >.F_, ¢;X; X1 — A 3 X;X5A =
0,. We can apply Lemma 4 of [Guo et al (2013) on each phase of model, that implies that [|[A;]| =
Op(p/2k~1/2) and ||Az2|| = Op(p*/?(n — k)~1/?). Then, the probabilities ¢; and ¢; of [ZI)) are approxi-
matively k=1 and (n— k:)fl, respectively. Thus, we can restrict A1 and A2 such that

k n
EDY XXM = -k ) XX . (2.3)
i=1 j=k+1
If the symmetric matrices k= 3°F | X; X! and (n — k)~* k1 X,; X% converge, as n — 00, to two

strictly positive definite matrices, then the relation (Z3) can be written Ay = (k™" Zle XiX§)71((n —

k)t Z_;L:k+1 X]'X;)AQ. Noting by X2 = (k:—l Zf:l xixg)*l((n — k)t Z?:k+1 XJ'X;)AQ’ we have the

new Lagrange multipliers such that A\; = X2. For the sake of readability, we denote Az by Aa.

With this remark, we will restrict the study to a particular case, when A1 = A2 = A. Considering this
constraint, instead of statistic (Z2) we consider the following particular empirical likelihood ratio (ELR)
statistic

k n
EL,x(B) = ZZlog (1+ %)\tzi(ﬁ)) + 2 Z log (1 — ﬁAth(ﬁ)), (2.4)
i=1 j=k+1
where the Lagrange multiplier A € IRP satisfies
~_ =(p) S 2(8)
Lt NaB) 2 T - N () 2.5)

2.1 Notations
We provide a brief summary of notations used in the paper.

For exposition convenience, we define some general notation. All vectors are column and v' denotes
the transposed of v. All vectors and matrices are in bold. For a vector v, by ||v|| we denote its Eu-
clidean norm and by ||v||1 its Li-norm. For a symmetric p-square matrix A = (a4;), let us denote by
Y1(A) > v2(A) > ... > vp(A) the eigenvalues and tr(A) as the trace operator of the matrix A. Consider
also the following notation MX(A) = maxi<; j<p |aij|. We denote by ||A|1 = maxj—1,... p(3°7_; |ai|), the
subordinate norm to the vector norm ||.||1.

All throughout the paper, C denotes a generic constant which may be different from line to line and even
from formula to formula and whose value is not of interest.
Moreover, 0, denote the p—vector with all components zero.

At the beginning of this section, the notation 6,, = k/n was introduced. To simplify notations, we will
use the notation 6 instead 0,,;.

For 3°, the true value of the parameter 3 on the phase 1,--- ,k, and the test value under Hg, we define
the following p-square matrix

_ 1 a0\, (20 1 N0\t a0
Sn(B8°) = 2 ;Zz(ﬁ )z:(87) + mj:;rl z;(8)z;(8") (2.6)
and the following p-vector
1 o 1 u
¥ (8°) = — > 2(B7) — ——— D 7 (6). (2.7)
nh ; n(l—0) j;_l J
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Under null hypothesis, for the true value 8° of 3, the mean of the random matrix S, (3°) is the following

p-square matrix
92 Z Z Vi (2:8)

j=k+1
where, fori=1,...,n
Vi = Var (z7) = 0°X;X}. (2.9)
For i =1,--- ,n, let us also consider the following random vector
w) = (V)" 1%2;,(8°).
Corresponding to the components of w) = (w?yl,...,w?’p), we consider for ¢ = 1,...,n, for r € N*,
ti, - ,tr € {1,---,p}, the following scalar
1 n
tyt _ 0 0 .0 0
att = né“” ZIE Wi, Wy t2 : wi,m.] =+ m Z E[wj,tle,m "'wj,tT] (2.10)
j=k+1
and the following random variable
T
whitetr = o Zw?,tlw?,t2 "'w?,t,, Z w ] ty " w?,tT — atth---tr’ (2.11)
1=1 Jj=k+1
where w?t is the r-th component of w{. In particular, for all t1,t2 € {1,---,p}, a’* =0, a'1?2 = §1%2 is

the Kronecker delta, that is 1" =1 if t; = t2, and 0 otherwise.

2.2 Assumptions

We now state the assumptions on the design, on the errors, on the number p of the explanatory variables
and on the change-point location. These assumptions are needed in order to keep the properties obtained
for EL statistic in a high-dimensional model, without change-point.

For assumptions (A3)-(A6) the constant g is such that ¢ > 4.

(A1) There exist positive constants Co, C1 > 0, such that 0 < Co < inf,, v1(V5) < sup,, 71(V9) < C1 < 0.
(A2) E(c}) < Co for some Co > 0 and for all n.
(A3) p~' 3P X 4?9 < C3,1 <i<m, for some C5 >0, and g > 4;
(A4) FE|e1]*? < Cy, for some Cy > 0.
(A5) p k2~9/CD 0 and p (n— k)P~D/CD 50, as n — co.
(A6) p>T/9 k=t - 0 and p* 1 (n— k)" -0, as n — .
(A7) 3%, ™ = O(p?).
(A8) Zr i asta S = O( 5/2) and er 1 a8 o Sun O(p5/2)
(A9) Foralli =1,--- ,n, forl € N* | ji,-- ,]l € {1 -,p} , and whenever 22:1 d; < 6, there exists a
positive absolute constant Cs < oo, then IE( ; ]1 g Jl) < (5.

Assumptions (A3) and (A6) guarantee that the eigenvalues of SY are close to those of V) (see Lemma
2). Assumption (A1) implies that V2 is uniformly nonsingular and bounded7 for large n. Then, for n large
enough, with probability close to one, S2 is nonsingular and 0 < Cp < ’yp(S ) <m(SY) < C1 < co. Assump-
tion (A3) is also assumed by |Guo et al (2013), [Hjort et all (2009), Liu et all (2013) for high- dimensional
model without change-point. Assumption (A4) together with (A3) and (A6) imply sup, «;«,, |A\'2z"| = 0p(1),
which leads to Taylor expansions of ([2.4) and ([Z7) (see Lemma[B]). Assumptions (A1), (A2), (A4) are also
used by m’ ) for hnear models without change-point with random design. Same assumption
(A1) is requested in ) for a two-sample model with fixed p. Assumptions (A5)-(A9) are also
assumed by [Guo et al (2013), |Ll11_ej_aij (2013), in order to have for the asymptotic normality of the ELR

statistic.
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3 Main Results

In this section, we present the main results of this paper. The asymptotic distribution of ELR test statistic
under hypothesis Ho will allow to build the asymptotic confidence region for the difference of the parameters
of the two phases of model. We can also test if the models changes after observation k. In comparison to the
obtained results for fixed p (see [Liu et all (2008), [Zi et al! (2012) for linear model, [Ciuperca and Salloun
(M) for nonlinear model) where the asymptotic law is the X2 distribution with p degrees of freedom, in
the case presented here, the test statistic is different and it has a standard normal asymptotic distribution.
In order to find this asymptotic distribution, we first need some intermediate results for studying the asymp-
totic behaviour of the ELR statistic.

We emphasize that the presence of the break point & complicates the study and leads to a different approach
in respect to a model without change-point.

Note that under the hypothesis Ho, we have: z;(8°) = 29 = X;&;, while under Hi, the vector z;(3°),
fori=k+1,---,n becomes

2:(8%) = XiX{ (85 — B°) — z;. (3.1)
When Hy is true, we denote by S% the matrix S,,(3°):
S? = L izozot + _ i 2020 (3.2)
"7 ne? — T n(1-0)2 Pt 7 )

and by ¥? the vector 9, (3°):

1 1
ngEZz?—le z;. (3.3)

The Lagrange multiplier A is a key element in any empirical likelihood formulation. The first result
concerns the convergence rate to zero of A defined in (ZH). When p is fixed, Zi et al (@) showed that
IAll = Op(n~'/?). When p is growing along with n, the above rate for ||| is no longer valid as shown by
the following proposition. In the proof we use Lemma 2] Lemma Bl and Lemma [4]

Proposition 1 Suppose that assumptions (A1), (A3)-(A6) are satisfied. Then, under hypothesis Ho, the
L. . _ 1/2, —1/2
Lagrange multiplier X satisfies |A|| = Op(p™/“n ).

Accordingly to this Proposition, by assumption (A6), we have that ||)\||£>0, as n — oo. More precisely,
the Lagrange multiplier XA has the following approximate form given by Proposition 2l The proof, given in
Appendix, is obtained by combining Lemma] Lemma [ and LemmalZl The p-square matrix VO is defined

by (&) and the p-vector ¥° by [B3).

Proposition 2 If assumptions (A1), (A3)-(A6) are satisfied, then, under the null hypothesis Ho, we have
A= (V) (1 +or(1)).

We prove now the following two propositions, all satisfied under hypothesis Ho. They give two ap-
proximations for the ELR statistic EL,(3°), defined by (Z4)), approximations which will allow to find its

asymptotic distribution.
In the proof of the following Proposition are used Lemma [l Lemma [6] Proposition 2] and Lemma [7}

Proposition 3 Suppose that assumptions (A1)-(A8) are satisfied. Then, under the null hypothesis Ho, we
have

FLok (%) = npy (S0) ™ 4 + op (0'7).
For the proof of Proposition[d] given in Appendix, we use Lemmall Lemmal[8, Proposition2land Proposition

Proposition 4 Suppose that assumptions (A1), (A3), (A4), (A6) and (A7) are fulfilled. If the hypothesis
Hy is true, then we have

EL,.(8%) = nyp2 (V) ' + op (p'/?).
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The following theorem establishes the asymptotic normality of the ELR test statistic, when dimension p
of the explanatory variables increases to infinity as n — oo. Its proof, given in Appendix, is very technical and
moreover the change-point presence in the model occurs in an essential way. Proposition 3l and Proposition
M are used in the proof. We note that the variance of standardization A2 depends localisation of the change
in the interval [1 : n].

Theorem 1 Under null hypothesis Ho, if assumptions (A1)-(A9) are satisfied and p = o(n'/?), then
(1)
n (Vi) "4 — p
An/n

= N(0,1), (3.4)

. EL.k(B% —-p ¢
(1) 2(7/71 v N(0,1),
where A7 = Y1 o7, with o7 = 07 ((X{ (V) ' X1)? Elef] — [tr((Vg)flvg)l))]Q) and:
-fori=2,--- k+1,

i—1 t 0\ —1x \2 7 4 0y—1y/0 12
2 4 0y—1x70 (x/0y—1y/0 (Xi(Vn)™ X)) Elei] — [tr(Va) ™ V()]
0P =1 tr((Vn) ™ Vi (Vn) " V() + 7 ;
1=1
~fori=k+2,---,n,
4 k 4 i—1
1=1 I=k+1

| KUV XL — (V) V)
1-0)"

The following result is an immediate corollary of Theorem [l

Corollary 1 Testing the null hypothesis Ho : B = By = B° against the alternative hypothesis H1 : B =
B°, By, # B9, is equivalent to constructing the confidence regions for v = B° — ,88, or to testing the null
hypothesis Hy : v = 0,. Then, based to Theorem[d, in order to test Ho against Hy, we consider the following
asymptotic test statistic

-1
n, (8% (VR) ,(8%) —p

2(8%) = AnTn

(3.5)

Note that 4, (3°) through z;(3°), given by relation B)), for i = k+1,--- ,n, depends of v = 3° — 39.

The asymptotic behaviour under hypothesis H; of the test statistic Z(8°) is given by the following
theorem. We show that Z(3°) diverges under alternative hypothesis.
Theorem 2 Under alternative hypothesis Hy, if assumptions (A1)-(A9) are satisfied and p = o(n'/?), then
P
12(8%)] — oo.
n— 00

Theorem[and Theorem Pl allow to build the asymptotic confidence region for the parameter v = 3°—83,.

Corollary 2 The a-level asymptotic confidence region for v is

lea/QZ{’y: |Z(/80)| <01,a/2}, (36)
where ¢1_q 2 is the quantile of the standard normal distribution.

For simulations, in order to calculate R_ /2, the matrix V0 is firstly calculated by relation Z8). Once
the model has been generated, we calculate z and then z;(3°) by relation (&I)). Finally, we calculate
,,(8°%) by @), A, by Theorem [0 and the test statistic Z(8°) by [@H). For M Monte Carlo replications
of the model, the coverage rate (CR), is the number of times when |Z(8°)| is less than ¢;_ /2, divided by
M.
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For applications on real data, we will test model (L) against model (I2). For these models, we know n
values for the response variable Y and for the p — 1 explanatory variables X2, -, X,. The point k, where
we want to test if there is a change, is known, while the values of 3° on the first phase can be unknown.
If 3% is unknown, then it is estimated by a convergent estimator on the observations i = 1,--- ,k, for
example by LS method or quantile method depending on the distribution of Y. Once we dlspose of an
estimator ,Bk for ﬁ the variance o2 of ¢ is estimated afterwards by a convergent estimator, for instance
6 = (k—p)~* Zi:1(Yz — X!B,)%. We calculate thereby V(i) = 63X, X!, for any i = 1,--- ,n and then
VO by [ZR). For any i = 1,--- ,n we calculate z;(3,) = Xi(Y; — X!3,), which will allow us to calculate
the vector ¥, (3,,) of relation (7). With all of these elements in place, we can calculate the value of the
statistic Z(3,,) = (m[;fl(Bk)(Vg)flwn(Bk) —p) (An/n)~", using for A, the relation given in Theorem [l
For a given size a € (0,1), if the value of |Z(,@k)| is less than c;_, /2, then hypothesis Ho is accepted, that
is to say that the model does not change after observation k, otherwise hypothesis H; is accepted.

If 3° is known, we can consider as an estimator for o%: 67 = (k—p) ™' S.F_, (Vi—X!B8°)%. Foranyi =1,--- ,n
we calculate z;(8°) = X;(Y; — X!3°) and afterwards v,,(8°) by relation ([Z7). Finally, the absolute value
of Z(8°) will be compared with ¢1_q /2.

Remark 1 Compared to Liu et all (M), where, for fized p, a test statistic is proposed for testing the
presence of the change-point, by maximizing ELR in respect to B3 and X\, in the present work we ?m the
parameter on the first phase and we test whether the parameter of the second phase is the same. In

), the system of equations in X and (3 of the score functions must be solved, which can be numerically
quite tedious. In this paper, apart from the fact that we consider p — oo, using theoretical properties for the
Lagrange multiplier X, we propose a simpler form for ELR statz'stz'c, easier to use in practice. Parameter
B°, if it is unknown, can be estimated on the observations 1,--- ,k by a simpler computational method, in
order to obtain B, a convergent estimator, i.e. ||3, — B°| = OP(l)

4 Simulation study

We now conduct simulation studies to evaluate, in terms of coverage accuracy and empirical power, the
test statistic specified by Theorem [(ii), with FL,x(3°) approximated by Proposition[d ie Z(3°) given by
relation ([B.3]). For these studies, we use Monte Carlo simulations. Throughout, we consider the size o = 0.05.

The p explanatory variables are generated as follows: X1 = 1 and (Xo, -+, Xp) ~ Np—1(0p_1, E%, with
the covariance matrix X = (¢p1), Shi = 2_|h_l|, 1 < h,l <p—1, the same matrix considered by
(@), for a model without change-point. In order to be in a fixed design, we consider the same realization
for (Xi)1<i<n for each Monte Carlo replication.

Concerning the coefficients 8% of the model, under Ho, we take 3° = (6%, 69, - - ,,6'2) =(1,2,---,p).

For model (Z), under hypothesis Ho : 8 = B, = B°, we first calculate the coverage rate (CR) based on
Corollary 2 for a given change-point k.

We consider different values for n and k and two different distributions for the errors (g;): standard normal
distribution A(0,1) and € ~ Exp(1) — 1, where Exp(1) is the exponential distribution with mean 1.

4.1 Importance of assumptions (A5), (A6)

In this subsection we realise throughout 2000 Monte Carlo replications for studying the behaviour of the
test statistic behaviour, under null hypothesis and afterwards, when model has a change-point. Coverage
rate and empirical power are investigated. Values of n and k are n € {20, 100,200,400, 600,1000}, k €
{5,25,75,280,350}.

Analyse of coverage rate. The results are summarized in Table [l where we give CR = 1 - empirical size,
based on Corollary 2] relation ([3.5). For n and k fixed, the CRs decrease when p increases, this decreasing
trend being more pronounced in the exponential error case. We observe that whether for exponential errors
or for gaussian errors, if assumptions (A5), (A6) are not satisfied, then the CRs are well below 0.95. These
results are in accordance with those obtained by (IE), for models without change-point, with
fixed design.

In order to confirm this supposition, in Table 2] the values of n and k are varied such that § = k/n = 1/2
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Table 1 Coverage rates (CR) for Exponential and Gaussian errors.

Exponential errors Gaussian errors
n k P CR CR
20 5 2 0.94 0.96
3 0.92 0.95
5 0.91 0.92
7 0.77 0.87
100 25 2 0.94 0.95
10 0.88 0.94
20 0.71 0.84
200 75 2 0.93 0.94
10 0.89 0.93
20 0.77 0.94
50 0.73 0.85
400 280 2 0.92 0.91
10 0.87 0.88
20 0.79 0.86
50 0.75 0.84
100 0.60 0.83
600 350 2 0.94 0.92
10 0.92 0.93
20 0.86 0.87
50 0.85 0.88
100 0.78 0.84
200 0.66 0.84
300 0.54 0.70
1000 350 2 0.95 0.94
50 0.86 0.92
100 0.84 0.89
200 0.78 0.80
300 0.52 0.77

and p satisfies (A5), (A6). We obtain then that the CRs are larger than 0.90.
Analyse of power. Under Hy, we consider 39 = 1 — 3°. In the all considered cases, for n, k, p and ¢ in
Tables [l and 2, we obtain that the empirical powers are equal to 1.

Table 2 Coverage rates (CR), by 2000 Monte Carlo replications, for Exponential and Gaussian errors, 6 = 1/2.

Exponential errors Gaussian errors

n k P CR CR
20 10 2 0.92 0.96
100 50 4 0.93 0.94
200 100 5 0.96 0.97
400 200 10 0.90 0.94
600 300 20 0.90 0.92
800 400 20 0.93 0.93
800 400 30 0.90 0.91
2000 1000 30 0.91 0.91

4.2 CR’s improvement

In order to obtain more precise false probabilities, for fixed size «, we will calculate, by 10000 Monte
Carlo replications, the (1 —«/2) and /2 quantiles, denoted é1, é2, respectively, for test statistic Z(8%). We
consider the new critical value é,_, /o = max(¢1, |é2]). These new critical values, for p = 50, for different
values of n and k, for A/(0,1) and Exp(1) — 1 distribution errors, are given in Table[Bl These values are not
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influenced by value of k, for fixed n. This is observed by calculating ¢;_/2 for k such that 6; = k/n=23/8

and afterwards we calculate the CRs, denoted CR, for another k such that 62 = k/n = 5/8. We observe
that the values of é;_, /o are larger than the quantile of the standard normal distribution and é,_, /> are
larger for exponential errors than those for normal errors. On the other hand, the values of é,_, /o decrease
when n (and k) increases and they approach to quantile of A(0,1).

In the same Table, are given empirical powers, denoted 7, calculated for ,68 = 1—3° under Hy, considering
C1—a/2 as critical value. We obtain that all & are equal to 1.

If under Hi, only two components of 8° change: 39 is such that 637]- = ,8? for all j € {1,---,p}\ {3,30},
ﬂ373 =B9+1, ﬂ%go = B9 + 1, we always get # = 1. Here we have denoted by 637]- the jth component of 39.
Hence, even if there is a small change in the coefficients, most coefficients remaining unchanged, the test
statistic detects this change.

Table 3 Empirical critical value ¢; /2 and corresponding coverage rates (6?%), empirical powers (#), for Exponential and
Gaussian errors, p = 50, ,38 =1-0°.

Exponential errors Gaussian errors

n k é_asp2 | CR 7 || &1-a | CR %
200 75 4.01 097 1 3.24 097 1
125 097 1 093 1

400 150 3.41 097 1 2.96 097 1
250 097 1 098 1

600 225 3.40 097 1 2.85 097 1
375 097 1 098 1

800 300 2.68 095 1 2.43 097 1
500 095 1 095 1

2000 750 2.48 097 1 2.30 097 1
1250 095 1 093 1

4.3 Conclusion of simulations

Proposed test statistic ([3.0), with A'(0,1) the asymptotic distribution under Ho, involves the construction
of a confidence region for the parameters of the second phase of the model (on observations k + 1,--- ,n).
If assumptions (A5), (A6) are satisfied, then the coverage rates are close to the nominal coverage level. Con-
trariwise, if the coefficients change on the second phase, the test always detects this change. For improving
the coverage rate in the case n — k % p? or k % p?, we proposed to calculate new critical values. With
these critical values, the rate of false changes is generally smaller than the size a. If there are changes in the
coefficients of the second phase of the model, the test statistic based on the new confidence region always
detects this change. For fixed p, if n and k increase, such that k/n=constant, then these new critical values
decrease and approach the (1 — «) quantile of A/(0,1) distribution.

5 Appendix

This section is divided into two subsections. In the first we give the proofs of the Propositions and of the
Theorems. In the second subsection, we present Lemmas ans their proofs.

We recall that under the hypothesis Ho, the vector z;(3°) is 29 = X;e;. Then, in the all proofs, if
hypothesis Hy is true, we will use z{ instead of z;(3°).
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5.1 Proposition and Theorem proofs

Proof of Proposition[Il Let us write A as A = ||A||u, where u is a p-vector with norm one. Using Lemma
Bl for 6 = k/n, we have, for any i = 1,..., k, with probability one

0<1+ ”;‘”u z) <1+ | \|T2, (5.1)

where Ty = max 1<i<k {(kz/n)71||z?||, (1- k:/n)71||z9||} For j = k+1,...,n we have, with probability
1 k+1<jsn

)

A
0<1— %utzg <14 |||, (5.2)
Using relations (51 and (52), then we get from (Z3]) that

n t,0
1

uz;
0= - = .
Za+>\t0 n__;ﬂlfef)\tzo,
- = Z ‘2 || ||Z Wz u ! Xn: 'z} LI i u'z)z]"u
o izlu 107 [Ntz (1= 6) j=k+1u YT -0y S 1 (=0 A Jutzg

By the last equality, using also notations given by [.2) and ([B3)), it follows that

Y

T ——— utSOu
LA = "

0< utzpon -
Then, we have with probability one, that u’e? (1 + ||A[|72) > ||A[|u’SSu. Therefore

t,1.0
Al < LA o (5.3)
utSfu — utey, T2

On the other hand, we have |u*4?| < [|4% . Then, using Lemma we obtain that [|%| = Op(n~1/?p'/?),
which gives

u'yy, = Op(n~'/2p/?), (5.4)
Using LemmaBland relation (5.4), we have that ut4° 79 = Op(n=2pY/?)op (nt/Ip'/?) = op (n(7972/24p),
Then, by assumption (A5), we obtain that u’9 T = op(1).
On the other hand, according to Lemma[ u’SSu > w,,(S%) > Cop > 0 holds with a probability tending to
1 as n — co. Then, for relation (53)), we obtain that

Al = Op([u'y2]/Co) = Op(l¥0 ) = Op(p*/*n /).

Proof of Proposition 2l By Lemmal[f we have that A = (S),) ™" (R, + 42 (1 + op(1)).
In the other hand, by Lemma[l we have that [|[4° | = Op(p*/?n~1/2). Using this fact and relation (5.64),
we obtain

IRAI 1a 1/2. —1/2.1/2y _
gl = ORI ) = op(pn

Therefore, by assumption (A5) we obtain that RS = ¥20p(1). Then X = (S5) "% (1 + opp(1)).
In the other hand, by Lemmal[l] we have that ((S5,)™" — (V) ™") 9% = (V) '400,(1). Then, (S9,) "0 =
(V)" 2pY (1 4 op(1)). Therefore, for A = (S9) " '4% (1 + op(1)), we obtain that

A= (V) 'l (1 +o0p(1)). (5.5)
|

(2-a)/2a)
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Proof of Proposition Bl By Lemma [B we have that

FL,.x(8%) = 2nA"0 — nA'SOIN + & + op(1), (5.6)
2,1 &
with 83 = g (9—3 Z(Z?tA)3 3 Z OtA)
i=1 j=k+1
Consider now, the following p—vector
k
R, = Z (A'z9)? - ST Z zj(A'z}) (5.7)
=1 j=k+1

By Lemma [ we have that A = (S9) "} (R2 + 4°)(1 + op(1)). Then, we have for (5.4) that
L,k (8°) = np,) (Sn) "9, — nRy/(Sn) ™' Ray + €5 + o (1), (5.8)
We now study £ and n(R%)*(S2)"'RY in parallel. By Proposition B, we have that A = (V9) 1% (1 +
op (1)), which implies
20 A =20'(VO) T2 (1 + op(1)). (5.9)

Then, £3 becomes

Qk(Ot 0y—1/2 071/2 o)
?Z z; (V) (Vn) Z n(@—l) Z zj)) (1+op(1))

=1 j=k+1

n

3
3 Z (z?t(vg)1/2(V91)1/2($;z?+ﬁ Z Z?)) (14 o0p(1)).

j=k+1 j=k+1

Using notations given by (210), (Z11]) and the strong law of large numbers (Markov’s Theorem), we obtain

k k n n k
2 ot 1 0 1 03 2 ot 1 0
=1 i=1 j=k+1 l=k+1 i=1 Jj=k+1
2 & wrwswu(izwo Wl L i w02, w? ) (1 + op (1)
3 n03' 1,7 Wi, s Wi u n(9—1)3_ 7,7 7,8 %0 P
r,5,u=1 i=1 Jj=k+1
2n L s S u rsu
= — www e (1+op(1)).
r,s,u=1

In the other hand, replacing A in relation (5.7) we obtain
1 o 1 <
182 142
R}, = (W > oz (2 ) (V) T) - n(l— 07 25 (255 (V) ™) )(1 +op(1)). (5.11)
i=1 j=
Consider now for n(R9)*(S5) 'RY the following decomposition

R (S)) 'Ry =Ry ((Sp) ™! — (Vo) HR), + RY(Vo) 'R). (5.12)

By Lemma [Il(ii), we have that ((S5)~' — (Vo) "R} = (V) 'Rop(1). Then, relation (512) becomes
RY(S2)7'R2 = RY(VY)"'RY(1 + op(1)). Using relations B3), (57), L) and the fact that w) =

)’ (14 o0p(1))

(5.10)
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(V?l)fl/Qz?, fori=1,---,n, we have that nR% (S%)'RY can be written
1< 1 <
0t/ q0\—190 _
nR(S5) Rnf{g Sl vt = gy 3 v
1=1 =1 j=k+1
k 1 n
0 0\t 072
1-0)3 Zwl Z n(l_g)vz w;) wi |
I=k+1 3 j=k+1
1 < 1 @
-(Wzm g o = gy 2w
=1 j=k+1
n k
s 3 WG T - s > W) b om)
I=k+1 i=1 j=k+1
Thus, using notations given by (2I0) and (ZII), we obtain
P
0t g0\ —1930 T 0
Tant(Sn) Rn =n Z w 7'L03 sz rwz sWiq, 1 — 3 Z w] rWj,sWj, l]
r,s,l,u,v=1 j=k+1
1 1 -
wuwv [W nguw?mwgl — m Z wguwnggl](l + OP(I))
i=1 j=k+1
P

=n Z "o w W W (14 op(1)).

In conclusion, for £ of (EI0) and for nRY (S2) ' RY, using assumptions (A6), (A7) and (A8), together with
the proof of Proposition 1 of [Guo et. al ), we obtain: £ = oP(pl/Q) and nRY(SY) 'R = oﬂ:(pl/Q).
Combining the last two relations together relation (B.8), we obtain that

FL .k (8%) = nyp (S%) '8 + op(p'/?).

Proof of Proposition [ We first prove

0 0y—1 —1 1/2

npo! (Vo) ™h = (S0) )9y = o ('?). (5.13)
For this, we introduce the following two p-square matrices
B = (V) #sn (Vi) Ki=1,-B;
and the following p-vector
= (Vo)™ ey,

With this notations, the left hand side of relation (B.13), can be written

e (Vi)™ = ()™ why = ny (T, = (Vi) 2(S0) ™1 (Vi) /%)y = mnly! (K5) ™oy
We consider the following decomposition for nn (K0 )71

g (K5) ™0, = (nnf Kmf, —nmey (K5 g, = - —(=1) g (K2) ") ) +(=1) "man (KD)" (5, —(BR) ™)

(5.14)
for any b € N*.
We will study the convergence of the expansion given by (5.14). By Lemma 6 of (Chen et al! (2009), we have
the inequality n°An® < ||n°||?(tr(A2))Y/2, for any symmetric matrix A. Then, for the first term of the

right-hand side of relation (5.I4) we have that, with probability one:

1/2

gy Koy, < n oy |1? (tr(K3)?) (5.15)
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Using assumption (A1) and Lemma 4 of Liu et all (2013), we obtain that, with probability one:
02 0t (xs0y—1,/,0 1 o2 o Ly 0)2
= Vo n S o 1Ynll” < =17
all™ =t (Vi)™ < g 19l Sl
By Lemma we have that ||42|| = Op(p'/?n~'/?) and thus
0 11* = O (pn ™). (5.16)
By Lemma[§, for 1 < r < p, we have
(Kp) < (tr(K0)*)? = 0p(pn™'/?). (5.17)

Using relations (5.10), (5.17) and condition p = o(n'/?) obtained by assumption (A6), we have for (EI5)
that
nn, Koy, =n Op(n”'p) Op(pn™ %) = Op(p*n™"?) = op (n'/?). (5.18)

On the other hand, using relations (510) and (5IT), we obtain
) S < [ mas (KD < 2 (K222 = Op (om0 (o1,

which gives
oK) = Op(ptin=F2/2), (5.19)

The last equation means that the series nzbzl( D% (K%)n0 is convergent for fixed n when p =
o(n'/?). Then, taking also into account relation (5I8), we can conclude that

W3 (1) ) ), = o (). (5.20)
b=1
The remaining task is to prove that the term nn% (K%)?(I, — (BS)™')n? in (5I4) is negligible as b — oco.
For the last term of (B.14), we have that
[ (K3)" (Tp = (Bo) ™ H)m | < oy (K3) mp | + [n(nf)" (K3) " (BR) ™' - (5.21)

For the first term of the right hand side of ([.21)), by relation (BI9), we have, with probability one, that
%t(K%)bn% = OP(pb+1n(_b_2)/2). Then

! (K)'my, = Op (0" n™"%). (5:22)
For the second term of the right hand side of (&.21]), we have, with probability one, that
Inm (K2)® (BR) ™' | < nlln 1P Mx((K3)*(Bp) ™). (5.23)

Furthermore, according to Lemma 4 of [Liu et al (IM), for any p X p symmetric matrix A = (a;;), we have
MX(A) < maxi<;<p |7i(A)|. Then, with probability one,

Mx((Kp)"(Bn) ™) < p- Mx(Kjp)" - Mx(By) ™ <p- [nax e (K3)° - [ax |y (B W)
By Lemmal8 we know that |, (K%)| < (tr(K%)?)1/? = O,p(pnfl/Q) and then, |, (K%)?| < (tr(K%)?)%/? =
Op(p°n~%2). On the other hand, by Proposition@lit is clear that 1 (B%) ™ = 41 ((S%)~1V9) < 41 (VY)/Co,
with probability tending to one. All these imply Mx((K%)?(B%)™1) < pOp (p’n~"/?). Then, we obtain
Mx((K2)*(BY) ™) = 0p(p*Tin~%?). (5.24)

Combining relations (.10), (£.23) and ([£.24), for the second term of the right hand side of (5.21]), we obtain
that
[l (K2)" (BR) ™| < npllnf PMx((K3)"(BR) 1) = O (0" *n~"/2). (5.25)
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By relations (B21), (£22), (525) and assumption (A6), it follows that
i (L = Vim, = Op(p" 'n™"%) + 0p(0" P ™"2) = Op ((0*H/'n™1)") = 0p (1), (5.26)

Combining the results obtained in relations (B.20) and (B.26), we obtain (B.13).
The Proposition follows combining relation (5I3]) and Proposition 3 ]

Proof of Theorem [l Since § = k/n — 6° € (0,1) and the point k, where the test is realised, is known,
we suppose that 0 is 0°, then it is fixed.

(i) We prove relation ([4), by constructing a martingale and applying the martingale central limit
theorem (see |Chow and Teicher (1997)). We will prove this relation in four steps. In Step 1 we construct a
martingale, in Steps 2 and 3 we propose two sufficient conditions for applying a central limit theorem and
finally, in Step 4 we prove relation ([3.4).

Step 1. In this step, we will construct a martingale.

For i =1,--- ,n, let us define the following random vector sequence:
1
= Z wy, if i <k,
G =
7] Z -7 0 Z w], if i > k,
Y =kt
and also the random variable HY = ||G?||? — ip.

Then, the left hand side of ([34) can be written
gy (Vi) ' —p _ Hn

An/n A
The relation between GY and GY_; is:
0 wy
Gi—l"’#y if i <k,
G =
wY ‘
Gzlfl 0, 1f1>k,
with GJ =
Consider now the following filtration F; = a(w?,--- ,w?) = ¢(GY,--- ,GY) for i = 1...,n the o-field
generated by wi,---,w? or by GY,...  GY. Firstly, we study if {H,Q,}'i}izl is a martingale. For this,
consider for example i such that ¢ > k. Then
0 E[|w?|*] 0
EIH|Fio1] = |G |* + —ip# Hi1.

(1-90)

Consequently, {H?, Fi}i>1is not a martingale. We will now construct a martingale based on G2 with respect
to the filtration {F;};>1. For this, we define the following random variable sequence U; = H0 HY |, for
i=1,---,n, with H) = 0. Then

200 o, Wil o
EGFlWi Tz P if 1<k,
Uy =
2 0
2 g0t o g Wil il if i> k.

1—6 i—1W (1 9)2 - b
We consider the following two random variable sequences:
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and ] )
K3 3
=> 7 =H -> E[U.
j=1 j=1
For all 4 such that i < k we have that the condition expectation of gp? given the o-field F;_1 is:

EIL|F; — g0 2 IE[HW?”Q] . - EU° = G 1 EU
[pi | Fi1] = [|Gi—l +T_”’_Z [U7] = 1G4 [* = (i = 1)p — Z =i
j=1

and for all 7 > k:

WO
BltIF = G0+ I ZE[UO Wi

Thus, {¢}};>1 is a martingale with respect to {F;};>1.

To apply the martingale central limit theorem of (Chow and Teicherl (1997) for {¢?, F;,i > 1}, it suffices
to show that

B[R] = o(A7) (5.27)

i=1
and N
Y E[E[()?|Fio1] - of[] = o(43), (5.28)
i=1
Step 2. In this step, we will prove relation (5.27).
In order to facilitate writing, for ¢ = 1,--- | n, we denote
0 0
N =g, — T ny 5.29
i 0 <k 1—_9 i>k ( )
Then, the random variable 70 can be written
) = 2G5 NG + [N |? — B[N (5.30)
By assumption (A9), for some positive absolute constant C7 < oo, for all i = 1,--- ;n and all ji,...,5 =
1,...,p, I € N, whenever Zé:l d; < 6, we have
B[N N)% < Cr, (5.31)
with N,OJ1 is the ji1-th components of the vector NY defined in (529). By the Holder inequality, for any
b < 3 we have
P P
BN < CB[(Y w})’l < cp” ' S Ewi)] < Cp'. (5.32)
= =
By the Cauchy Schwartz’s inequality, we have that
E[N{'G)_,]® < [EINY'GY_]°]"2. (5.33)
On the other hand, by Lemma 7 of (Guo et al (IM), we have
ENYGY_11° < Cp°(i® +i° +4). (5.34)

Then, by (.33) and (5.34), we obtain that E[N?tGg_l]S < [Cp8@i3 + 4% + z')]l/Q. This implies that
E[NYGY_,]° <Cp®®? +i+i/?). (5.35)
On the other hand, we have

B[IN?|* - BN?|*))° = B [IIN?II6 = 3|INZ| T EINT ("] + 3[IN?|* (B[N *)* — (IE[IIN?IIQ])‘Q’} :
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Using (£.32)), we obtain that
3
BN - BN < o (5.36)
Using relations (5:35) and (536), we can write E[|70]%] < Cp®(1 +i%/2 + i +4'/2). Then 37" | B[|70[%] <
Cnp®(1+n%/2 + n 4 n'/?), which gives

ZE“TZ-OF)] < Cp*(n°? +n* + 0% 4 ). (5.37)
i=1

On the other hand, using assumption (Al), by similar arguments as for relation (16) of [Guo et al M),
we have that A2 > Cn?p + Op(p*n). Then

A > on®p?/? 4 Op(p3n3/2). (5.38)
From relations (0.37) and (:38), we obtain

Z?:1 E[|Ti0|3] p3n5/2 3 1/2
T <O =0y ).

Since p = o(n'/?), relation (5.27) follows.

Step 3. Now, in this step we prove relation (5.28)).
By elementary calculations and using relation (532)), we obtain (70)? = 4GY \NINY GY_, +4GY | N?(||IN?||2—
E[|IN?||?]) + Op(p?). We observe also that o7 = ZE[(T,»O)Q]. Then

E[(7))?|Fi—1] = 4G E[NINYGY_, + 4GV E[NY(INV|1? — E[IN?|?])] + Or(»®) (5.39)

and
o} =AB[G{L ENINY'|GI_,] + BE[(IN?]? - B[IN?[*)*] + O(°).

By inequality (5:32) we have I [(|[N7||* — ZE[HN?HQ])Q] = O(p?). Then
of = AF[GY ENINYIGY_ 1] + O(p?). (5.40)
Using relations (.39) and (40), we obtain that, for any i = 1,--- ,n,

E[|E[r}|Fi—1] - o7|’] < 16(1E[G?i11E[N?N?t]G?_1 ~ E[GY )NINY'GY_ )

+IE [N (IN? |12 — B[N |]) | B [G-1 G | I [NY (|INT||* — E[|N?|1%))] + O<p4>)
=16(A+ B+ 0(")) (5.41)

For the term A of (41]), we have the decomposition

2

A= E[G), EININYGY_,]? — (BIGY  NINV'GY_1])? = A1 — Aq. (5.42)

Before analysing the terms A; and A2, we note that

L

BN = (V) ™2 [

1 _
W<k + mﬂ»dV%(V%) 1z, (5.43)
In order to facilitate writing, we consider the following matrix
o_ (1 1 0
M; = (Q—Qﬂigk + mﬂi>k Vi
Then, E[NYNY] can be expressed as:

ENINY] = (Vo) /2 M0 (v T2, (5.44)
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Hence, the term A; of (542), can be written

Ar = B[GIL (V)™M (Vi) TG

Taking into account that the random vectors w?

can decompose A; as

are independent, with mean zero, for all i = 1,...,n, we

A1 = A1+ Ao + A13, (545)
with
-if i —1<k:
Ay = 94 Z E[w)(VO)™2M? (V) Pwh ] E[w) (V) TP MY (VE) T 2w,
h#£l=1
A12 = 04 Z E 1/2M0 (VO) 1/2 Ot(VO)fl/QMO (VO)fl/Q ]
h#l=1
T,
Ass = g > BE[wi' (Vi) (Vi) T wil]”

h=1

-if i—1>k:

A = 04 Z IE (VO —1/2\p0 (Vg)*l/ng]E[w?(Vﬂ)fl/QM? (Vg)fl/QW?]

h#£l=1
1—1
1 _ _ _ _
a2 Bl (v T (V)T A B (Vi) AMY (Vi) T A wl ],
h'#l'=k+1
k
2 _ _ _ _
A= g0 > Ewh(Va) ™M (V) T Awlwi (V) T EME (Vi) T 2wl
h#l=1
1—1
2 _ _
T > Bk (V)M (V)T Al (Vi) TEME (Vi) T .
AV =k+1
k i—1
1 _ _ 2 1 _ _ 2
A1350—421E[w2t (Vo) PM (V) T2 wh] o ST E[wh (Vo) TVPMy (V)T wh]®
h=1 h!/=k+1

We study Ai11, Ai12, Aiz. For this, we consider the case i — 1 > k, the other is similar.
For Ai1, applying Cauchy-Schwarz inequality, we have

k 5 )
An < %(ZE[wit(Vﬂ)“”M? (Vo) Pwh]) ( Z E[wi (Vo) /ME (VD) TP whi])
— =k+1
04(ZE MO (VO) ])2 1_9)4( Z Eth MO (VO) Zh/])Q.
h'/=k+1

Then, since (€;)1<;<n are independent, we have:

k 2 i—1 2
(Z (V0 (V9) _1MO(VO)_1)) +ﬁ( S (Vi (Vo) IMY (Vg)—l)). (5.46)
p W=kt 1
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Similarly, we have for Ajo:

Az = B[ ST WV TYAMI(VE) T AW (V) T AME (V) A
h#l=1
1—1
+%041E > w%(Vg)_1/2M?(V91)_1/2w?/w?/t(vg)_I/QM?(V‘BL)_l/QwM
( - ) h'£lU=k+1
9 k
= SB[ Y WV T MV T 2B wiw ] (V) T AME (V) T
h#l=1
1—1
P _ _ _ _
+WIE ST wi (Vo) T AMY (V) TP E[whw | (V) T AM (V) T P w }
WAV =k+1
2
< PR (VI)Th sup (V) (Vi) - 9f(MD)
hie{l, k}
2 . 2 _
+ﬁp(1*1*k) Vo)t sup (V1 (V) 1 (Vi) - 73 (MY).
(1-0) WU €{htl, im1}

Taking into account assumption (A1), we obtain that
A1z < Opli —1)°. (5.47)
For the term Aq3 of (.45), we have

k P
An=gr >0 > ((VTMIV)TYE) ((VI)TMIVE) ) Bluf gl el el

04
h=1 j,l,s,t=1

LSS (v

07 —1/27 10 <70\ —1/2 0 0 o0 0
((Vn) MO (V) /) Elwp jwp jwhr swhy 4]
h’ k+1 j,l,s,t=1

gl st
Taking into account assumption (A9), we obtain that

Az < —Cp4k’Yl (Vo)1 (M) +

< o1 ———Cp (i — k)i (Vi) "1y (M),

(1 9)4

Using also assumption (A1), we obtain get

A1z < Cp*(i — 1). (5.48)
For the term Az of (5.42), by similar calculations, we obtain that
-if i—1<k:
1/ 0 0y =110 /xs0\—11) 2
A = @(Ztr(v(h)(vn) M?(V0) ))
h=1
-if 11>k
1 /v 0 0N—Ipng0/x/0\—11)2 1 fk 0 O 1m0 ar0 1y 2
Az = 52 (Y w(Vou (Vi) MV )+ T 79)4( S w(VEy (V) TIME (V)T (5.49)
h=1 h/=k+1

For i — 1 > k, by relations (5:46) and (5.49), we obtain that
Ay — Ay < 0. (5.50)

Inequality (&50) is also true for i — 1 < k.
Then, since the term A of (5-42) can be written A = (A11 + A12 + A13) — A2, combining relations (.47,

(BE48) and (B50), we obtain that
A< Cpli —1)> +Cp'(i — 1). (5.51)
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For the term B of (541, in the case i — 1 > k, taking into account the fact that IE(NY) = 0,, E(w}) = 0,

for all h =1,...,n and the fact w} is independent of w}, for h # h/, we have that
1 k i—1 k i—1
0 0 2 t 0 1ng0 2
B = BINYINYF)E((5 3 wh oY W) Z > W) BN NG
h=1 h'=k+1 h=1 h'=k+1
K
1
= Q—QJE [N N )17 Z [whw!'] E[N7'|[N7|?] + mE[N?tIIN?IIQ] > Elwhpw] E[N7|IN?|?]
h,l=1 Rl =k+1
_ 1 i i (i /2V0 1/2) IE[N»O (NQ )Q]ZE[NQ (NQ )2]
- 62 ~ = ws iU i,l i,8 i,r

u,s=11,r h=1

7—1

e 2 3 (3 (VT AVh (V) BNV BN (0],

lL,r=1 h'=k+1

where (Zh 1 _1/2V? )V_l/Q) is the (u,s)-th element of the matrix Zh 1 V_I/QV? yVn 1/2 . Using
Lemma 4 of [Liu et all (2013) and relation BE3T), we get

1 p
S—QZ

(ZV 12y, v 1/2) E[N{ (N E[N? (N7

PO
=)

P 1—1
Z e YD (V)TAVEN (V) T?) BINDL (N E[ND (VD))
r=1 h'=k+1 “s
C 4 2 71/2 0 C 4. 2 71/2 0
< 2P (kvi(Vo %) sup (m(Vin)) + T_02? (i—=1—=k) (V. '7) sup (1 (Viny))-
he{l,-- k) (1-0) he{k+1, - i-1}

Then, by assumption (A1), we obtain that
B<Cp(i—1). (5.52)

Similarly, we can prove that inequality (.52)) is also true for i — 1 < k.
In conclusion, combining relations (B41]), (B.21) and ([.52), we get that

E[|E[())*|Fi-1] - o} |"] < Op(i —1)* + Cp*(i — 1) + O(p").

Then, by Cauchy-Schwarz inequality, we have

2 212 1/2
S, BB F) - o?l] _ Sim (BIBIEP I - of])
a2 = a2
< Cn(n 2p? + p'/*n 4+ O(p?))

Cn2p+ Op(p3n)
n3/2p?

<C
=03,
and hence the relation (28] follows.

Step 4. In this step, on the basis of the central limit theorem for martingales, we will complete the proof
of relation ([B4)). On the basis of relations (B.27) and (B.28)) proved in Step 2 and Step 3, applying the

martingale central limit Theorem of |Chow and Teichei ) (Theorem 1, page 336), for {45, Fpn}n>1 we
get:
o«
Pn £, N(0,1). (5.53)
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Using notations given in Step 1, we have n (m,b?f(V?L)flw?L — p) = H? =0 + > E[U?]. In the other
hand, since H) = 0, we have 3.1 | E[U]] = E[H})] = E[||GY]|*] — np. But, taking into account relations
28) and [239), we get:

n

k
EIGYI") = g5 3 BIWIP) + g > EUWI)
i=1 j=k+1
. ; (VI TV TR + g J-:Xk;l (X5 (V)T (Vi) 7Ky
2 k 2 n
o U CABRSINORES) FEver=p SR CRREIRERES)
i=1 j=k+1
k n
= g%r((vg)—l/Q(giQ > OXXi+ ﬁ > XX5) (V)T
i=1 j=k+1

= ntr((Ve) " 2Vo (V)3
= np.
Thus IE[H}] = 0. Then, taking into account relation (5.53), we obtain claim (E3).

(i) The assertion results from (i) combined with Proposition 8] and Proposition [l |

Proof of Theorem [2. By elementary calculations, we have under hypothesis H1, with probability one:
1 n
0 0 t 0 0
= - XX — .
j=k+1
Also, under Hjy, since IE[z)] = 0,, using assumption (A1), we have

oL (N~ woxt)(g0_ @0 o
ba(8°) = n<19>(j§+lexﬂ)<ﬁ2 B°)(1+ op(1).
Then,
nap (8%) (V2) ™46, (8%) = (e (VE) " 4 ml(83 — 80— 3™ X XU?) (1 + op(1)).

n(l —0) Pt
The test statistic becomes

— n 2
mpf (V) 'l —p 1085~ B%)' iy B XX

Z(8°%) = (14 op(1)).
Since B9 # B°, using with Theorem [ together assumption (A1), we have that }Z(,@O)| — 00, in probability,
as m — oo. |

5.2 Lemmas

In order to prove Propositions[Il 2 Bl M and Theorems [l and Pl we need the following lemmas.
The first four lemmas establish equivalent results obtained by [Guo et _al (@) for a linear model without
change-point.
Let us consider the following p x p matrix L, = S% — V%. For 1 < u,v < p let us consider Ly;u, the (u,v)
element of the matrix L,. Let also consider the largest absolute element of L, : maxi<y w<p |Sg,(uyv) —

V,?7(u7v)|, with 527(u7v) and V,a(u’v) denote the (u,v) components of S5 and V9, respectively.
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Lemma 1 Under null hypothesis Ho, suppose that assumptions (A3) and (A4) are satisfied. For any e > 0,
there exists a positive constant Cy that depending only on g > 4, such that

2

0 0 '4
P[lglgi);pwn,(u,u) — Vo (uw)l = €] < Cqm-

Proof. The matrix L,, can be written

k n
_ 1 t, 2 2 1 t, 2 2

The (u,v)-th element of the matrix Ly, for 1 <wu,v < p, is

k n

_ 1 oy 2 2 1 oy 222y — (D) (2)

Ln,(u,v) - n92 ZIX’L,’U,X’L,’U(Ei -0 ) + n(l . 0)2 -;‘FIX],’U,X],’U(E]' — 0 ) = an(u’v) + Ln,(u,u)' (554)
1= Jj=

Since § = k/n — 6° € (0,1) as n — 0o, we can apply Lemma 1 of[Guo e, al M) for Lgbl)(u vy and L®

n,(u,v)’

Then, for fixed 6 € (0, 1), for all € > 0 there exists two positive constants C’él) and C’SQ) such that:

2
(1) 1)_P
P[ILY, )| > €] < Cf >nq/2€q. (5.55)
and
2
(2) 2)_P
PlILY, )| > ¢ <Cf >nq/26q. (5.56)

Then the Lemma follows from relations (0.54), (555) and (5.56), considering Cq = max (Cél), 32)). |

By the next lemma we prove first that all eigenvalues of S% converge to those of V¥ uniformly with
the rate Op(p maxi<qy,v<p |Sg,(uyu) — VT?,(u,v) |) and then that all eigenvalues of S, are bounded and strictly
positive for n enough large.

Lemma 2 Under assumptions (A1), (A3), (A4) and (AG), there exists two constants Co, C1 > 0 such that
the inequality v, (S%) > Co and v1(S2) < C1 hold with probability tending to one as n — oc.

Proof. Arguments based on the properties of the trace and of the eigenvalues of symmetric square matrices,
together with Lemma 2 of [Guo et al M) imply that

0 0 0 0
11%13%{1) |77"(V7’74) - ’V’I”(Sn)l <p lgn'ul.i)xgp |Sn,(u,v) - Vn,(u,v)l' (557)
Lemma follows by combining this last relation with Lemma [I] and assumption (Al). |

Let us consider the following random variable T = max 1<i<k {971 29|, (1 — 0)71||z?||}.
k+1<j<n

Lemma 3 Under the null hypothesis Hy, suppose that assumptions (A3) and (A4) are satisfied. Then, for
q >4, we have TS = op(p'/?n'/9).

Proof. Since § = k/n — 6° € (0,1) as n — oo, we have with probability 1, for enough large n:
Ty < Cmaxi<i<n ||29], with C > 0. By Lemma 3 of [Guo et al (2013), we have that: max;<;<p ||20] =
op(p*/?n'/?) and the lemma follows. |

By the following Lemma we give an asymptotic approximation for the Le-norm of the vector v, (3°),
given by (Z7), under hypothesis Hy.

Lemma 4 Under the null hypothesis Ho, if assumption (A1) holds, we have |¢°| = Op(p*/*n=1/?).
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Proof. Let XV is the p X k design matrix whose k columns are X;, for ¢ = 1,...,k and X3 is the
p X (n — k) design matrix whose (n — k) columns are X;, for j = k4 1,...,n. Since (&;) are independent,
we have that

[¢0t¢ | = (ng)Q > Z?tZ? (lig))zE[_ Z Z?tzg’]

(1) (~ (1)
((,x (XMt 4

Using assumption (A1), we obtain that

Blywn] <o) (“ (XD XDy + #X@)(X@))t)) = 0(pn ™).

n(l—6)
Then, [|[¢0| = Op(p*/*n=1/?). ]

The following Lemma gives a first approximation for the EL statistic, under hypothesis Ho.

Lemma 5 Under the same assumptions as in Proposition[3, if hypothesis Ho is true, we have:

k

2(1 1 =
FLnk(8%) = 2nA'9), —nA"SpA+ 5 (0—3 D (2N - TP > (zg-”,\)?') +op(1),

i=1 j=k+1
with 0 = k/n.

Proof. The limited development of the statistic FL,,(3°) specified by relation ([Z4), in the neighbourhood
of A = 0,, up to order 3 can be written

k n
0) 1 0_ot 1 0_ot
EL .k (8%) ( ZZZ - 9 Z ) (92 zizi + (1—0)2 > 77 A

j=k+1 i=1 j=k+1

k n P 4 0\/Y
2 Z(zmtﬁ > )4y Y ol 000000,

=1 j=k+1 w,v,r,s=1

=& —E+E3+ &, (5.58)

where for all 1 < wu,v,7r,s < p, \y is the u-th component of A and qus = QyorsA, With ayurs € [0,1].
We first study €4, which can be written

_ o l(125~ @N! 12 ¢ (29'A)*
oo 4!(04Z<1+0—1Xz9>4+<19>4 2 —<1—e>—1xz9>4)' (5.59)

i=1 j=k+1 (1

By Proposition 1 of [Ciuperca and Sallouni (2017), we have that, for all € > 0, there exists two positive

absolute constants M7 and M2 such that

k
20t (Z )\ 1 0t y\4
{M@‘*Z A <Z 0 TAz0) <M294Z(Zi )‘)}21_6'
=1

Then, for the first term of the right-hand side of (£.59), applying Cauchy-Schwartz’s inequality, we obtain
that

k

k
Z (' A)* ot 1 4 4y 4
Z; )‘ Xi i AllF.
(1+6- 1)\Z0)4 = 94 Z( Mo0% ;:1 (X[ "e7 [[ Al

i=1

Using assumptions (A1) (A2), together with the fact that ||A|| = Op(p'/?n~'/?) given by Proposition [I
and p = o(n'/?), we obtain that the first term of (5:59) is op(1). In the same way we can demonstrate that



24 Gabriela Ciuperca, Zahraa Salloum

each term of (B59) is op (1), which implies that €4 = op(1).

Using notations given by [(:2)) and ([B3)), we obtain that & = 2nA'Y and £ = nA'SI . Then, relation
(558) becomes FL,x (8°) = 2nA % — nA'SUX + & + op(1) and the lemma follows. |

The following Lemma gives, under hypothesis Hp, an approximation for the Lagrange multiplier A and
the asymptotic behaviour of sup; <, <, IA'20| = opp(1).
Lemma 6 Under the null hypothesis Ho, suppose that assumptions (A1), (A3)-(A6) are satisfied. Then for
q > 4 and fized 0 € (0,1), we have supy<;<,, IANfzd| = op(1) and
A= (S0 W2 4 op(n1 O 1P 2y, (5.60)

Proof. By Proposition[I} we have that || A|| = Op(n~/?p/2). Note that, by Cauchy-Schwartz’s inequality
and by Lemma [3] we have

o1 ﬂgk |)\tz(i)| < ||)\||T3 — OP(nil/Qpl/Q)OP(’I’Ll/qpl/Q) _ OP(n(qurz)/qu)

and
(1=0)7" sup_ A < INITY = Op(n= /%) op(n'/1p!/%) = op (n~ 172/ 2p),
k+1<j<n
with 0 = k/n. These two relations together assumption (A5) involve sup; <, <, X'z = op(1).
We prove now relation (B.60). The limited development of (Z3), in the neighbourhood of A = 0,, up to
order 3 can be written

0= (Gl -1 X %) (Flan’ + gogu 2 %))
i=1 j=k+1 i=1 j=k+1
1 k 1 n
+(9—3 ;z?(z?t)\f - Ty F;—H Z?(Z?t)\)Q) (5.61)
k 1 n
+ 0t>\ 3 _ 050t 2)3),
((9+)\z0) X_: ) (1797,\%9)4].;,6;1%(% ) )

where A = u, with u € (0,1).

Using Proposition 1 of |Ciuperca and Salloum (2015), similarly as for the term £, of Proposition B} we can

demonstrate easily that the last term of the right hand side of relation (561) is op(1). We recall that

k
Z (N'z))? — PR Z HeH! (5.62)

Jj=k+1

Then, using notations given by B2), (33) and (5.62) we obtain that relation (5.61)) becomes " — SO\ +
RY = 0,. Thus

A=(S0) MRy + ) (1 + op(1)). (5.63)
We recall that 7)) = max 1<ick {071||z?|| 1—6)"" ||zj ||} Then, we have for R):
k+1<j<n
0 0yt 0,0t 1 - ot 04tq0
[Ren | < Tx ( Zzz a2 zzj)AngA SOA.

j=k+1

Using Lemma 4 of [Liu et all (2013) and Lemma B we obtain that HR?IH < T2AIP71(S%) = O (T A|1?).
On the other hand, by Proposition [l we have that |A] = Op(n~/?p'/?) and by Lemma [ that 70 =
op(n'/9pt/?). Then for |RY]|, we obtain that

IR = op (n' 9/ 9p/2). (5.64)
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Relation (5.60) follows from (5.63) and (5.64). [ ]

The following result gives an asymptotic approximation for [(S%)_1 — (V%)_l]zp% and [(Son)_1 —
(Vi)™ Ry,
Lemma 7 Under the null hypothesis (Ho), if assumptions (A8), (A4) and (A6) hold, we have
(i) ((S2) ™! = (V)™ aby = ((VR) 79, o (1).
(i) ((Sn)™" = (Va)"HRa = ((V2) T 'Ra)or (D).
Proof. (i) By Lemma[Il we have that, under assumptions (A3) and (A4), for all € > 0 there exist Cy > 0,

for ¢ > 4, such that
p2+q
max |S () —V (uu)| >6] < Cq—F7>—

P[p 1<u,v< nQ/Qeq

Furthermore, under assumption (A6) we have

0 _
1<H1}231’})(<p |S J(u,v) T Vn,(u,v)' = OP(l) (565)

We recall that, for a matrix A, ||A[|1 is the subordinate norm to the vector norm ||.||:. Using Lemma 1(222) of

(2015), Lemma[ relations (5.57), (5:65) and the identity V9 ((S5) ™' — (V)" =
(V9SO ! —1,)9Y, we have

IVa (s ™ = (Vi) wnll = [1(Va = sa)(Sn) " wnll < [V = Sall, 8 7 [ [l
< max |y (Vi =Sn)l - 1 (8n) - Wi < Op | max IS0 ey = Vi - 1]
= ||lvn |lom (1),

which implies that ((S5,)™" — (V)" )92 = (VO) '9hop(1).

(ii) The proof of (ii) is similar to (i). [ |

The following lemma is needed for proving Propositiondl We recall that K2 = Ipf(V%)fl/QS% (V%)fl/Q.

Lemma 8 Under null hypothesis Ho, if assumption (A7) holds, then
tr(K9)? = Op(p°nt).
Proof. We show that E[tr(K} )% = O(p?>n~'). For this, we write the matrix K9 as

k n
1 1
0 2 : 0_ 0t 0_ 0t
1=1 j=k+1
Then

_ 2
Eltr(Ky)*] =n~" me1 E[(07 P wd s+ a- 9)2 2kt W) wjs)]
o S, (07X Bl ] (1 )Xy, Bl u, ) +p.
For the first term of the right-hand side of (5.66), using the independence of w? for all i = 1,--- ,n, we

have that
1
TL2 Z 02 sz 'r‘wzs + Z ’UJ] rw] s
r,s= j=k+1

n

1 & - 0 0 0 0 1 0 0 0 0
Tl Z 9% ZE[wi,rwi,rwi,swi,s]+7(1_0)4 Y. Blwjwj,wj )

i=1 j=k+1
1 p 1 k o 0 ,
+§ Z (0_2 ZE[wi,rwi,s] + — ( Z E[U}J rw] s])
r,s=1 =1 j=k+1
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_ 1 " TTrSS - rS\2 __ 2 —1
== > a4 3 (@) =0 ). (5.67)
r,s=1 r,s=1

The last equation is due to assumption (A7) and to the fact that o™ = 0, for r # s.
For the second term of the right-hand side of (5.60]), by the fact that " = 1, we have that

1 & 1 k 1 n P .
- (0—2 > B! wl,]+ a—op > E[wg{rwgro =Y o =p. (5.68)
r=1 i=1

j=k+1
Then, using relations (5.66), (5.67) and (5.68)), we obtain that
Eltr(K2)] = O(p°n~").

By Markov’s inequality, Lemma yields. |
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