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Abstract—The paper focuses on the accurate estimation of
the powered two wheelers vehicle states, including both the
longitudinal and lateral dynamics. The examination of road
crashes statistic reveals that loses of control is responsible for the
most motorcycle accidents. Motivated by the need of observers
to acquire certain states used in safety and control systems to
prevent possible dangerous situation, this work investigates the
design of an interconnected observers. First, the linear parameter
varying (LPV) of the two-sub models of the PTWv motion are
transformed into a Takagi-Sugeno (TS) form. Secondly, the ob-
server convergence study is based on Lyapunov theory associated
with the Input to State Practical Stability (ISpS) to guaranty
boundedness of the state estimation errors. Further, sufficient
conditions are given in terms of linear matrix inequalities (LMIs).
Finally, observer performances are tested and compared to the
motorcycle model states and several simulation cases are provided
to highlight the effectiveness of the suggested method using
motorcycle Simulator Software BikeSim©.

Index Terms—Interconnected Observer, Motorcycle Safety,
longitudinal and lateral dynamics.

I. INTRODUCTION

The integration of Advanced Rider Assistance Systems
(ARAS) and Intelligent Transportation Systems (ITS) for
powered two wheeled vehicles (PTWv) is one of the forward
objective in automakers and suppliers to help make partially
automated riding and serve as safety system to support/alert
the rider of potentially hazardous situations [1], [2]. In the
last decade, electronic driving aids are becoming more and
more a research focus to ensure optimal riding behaviour [3],
[4]. A thorough improvement of this systems requires accurate
motorcycle states informations. However, the measurement by
sensors of all dynamic states and inputs with conventional
sensors is inconceivable for economic or technical reasons (the
price or the feasibility of some sensors). Indeed, virtual sensor
is one of the key research fields using model-based estimators
to overcome previous shortcomings in order to provide es-
timates of unmeasured states and relevant parameters of the
PTWv’s dynamics. Several methods were proposed to estimate
motorcycle dynamics states, extensive research efforts have
been given to the development of state observer for lateral
dynamics to enhance handling and stability of PTWv, one can
cite [5]–[8].
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The study of rectilinear motion highlights certain dynamic
aspects that are also important for safety, such as the mo-
torcycle’s behavior during braking with possible forward
overturning, and in acceleration, with possible wheeling [9].
Hard acceleration or braking is an unsafe riding, is often a
cause of craches for motorcycles. In this context, estimate the
longitudinal motion for PTWv is essential to develop braking
and traction active safety and control systems. Several research
have been proposed to wheel slip control [10], [11]. However,
vary few works deal with states estimation in-plane dynamic
states [12], [13], based on the estimation of the lateral dynam-
ics, the author used an algebraic reformulation of the unknown
variables and numerical differentiators to reconstruct the lon-
gitudinal tire-road forces. In almost references, the estimation
of the PTWv dynamics is done by considering restrictive
assumptions with respect to riding practice: decoupling motion
or independent behaviour and/or a constant longitudinal speed.
The coupling motion of the lateral and longitudinal dynamics
of two wheeled vehicle have not received much attention in
the literature.

This paper presents a method for synthesizing an inter-
connected LPV observer for simultaneous estimation of the
lateral and longitudinal dynamics of the two wheelers. This
method is based on the decomposition of motorcycle model
into two LPV subsystems, then each LPV subsystems model
of the vehicle is transformed into Takagi-Sugeno (TS), the
result is formalized using Lyapunov theory and the Input to
State Practical Stability (ISpS) formulated as an optimization
problem under Linear Matrix Inequalities (LMI) aiming to
minimize the error estimation bound.

II. TWO-WHEELED DYNAMICS DESCRIPTION

The performance study of PTWv focuses on: the longitudi-
nal dynamics which refers to the vehicle’s ability to accelerate,
brake and to develop traction in order to overcome obstacles.
Therefore, the lateral dynamic study quantifies the vehicle’s
ability to support lateral accelerations, it can be characterized
also by its ability to develop lateral forces to follow a steer-
ing rider input. In most situation, the motorcycle develop a
combined scenarios and applied simultaneously longitudinal
forces (braking or acceleration) and lateral forces.



Gr
G f

vx

vyFy f Fyr

δ , τ

φ
ψ

ax

vxFx f Fxr

ωr,T
Br

ω f

B f
ε

ε

Fig. 1: Kinematic representation of PTWv.

A. Longitudinal dynamics of PTWv

The model of the longitudinal dynamics under the influence
of a coupled motions, describing the tires and braking systems
are given by the following equations :⎧⎨

⎩
M(v̇x − vyψ̇) = Fx f +Fxr −Cdv2

x −Frr
i f yω̇ f = −R f Fx f +B f
iryω̇r = −RrFxr +T +Br

(1)

∙ Fa =Cdv2
x is the aerodynamic force, Cd : the drag coeffi-

cient.
∙ Frr = fω Fz is the rolling resistance force with fω is the

rolling resistance coefficient [4], pr is the tire pressure:

fω =

⎧⎨
⎩ 0.0085+ 0.018

pr
+

1.59.10−6.v2
x

pr
if vx ≺ 165 km/h

0.018
pr

+
2.91.10−6.v2

x
pr

if vx ≻ 165 km/h
(2)

∙ B f and Br are the braking torques applied to the front and
rear tires, T is the engine torque applied on rear wheel.

∙ ω f ,r is the wheel rotational speed, i( f ,r)y the moment of
inertia of the wheels, R f ,r are the wheel radius.

The longitudinal forces dynamics are given by:

σi

vx
Ḟxi =−Fxi +Ciλi, i = ( f ,r) (3)

where, λi = (Riωi − vx).ρi and ρi =
1

max(Riωi,vx)
. λi are the

longitudinal slip angles, Ci are the tire longitudinal stiffness,
σi are tire relaxation lengths.

B. Lateral dynamics of PTWv

The lateral dynamics of the PTWv is represented as a set
of two bodies allowing the simulation of 4 DoF: yaw, roll,
steering and lateral motion figure 1. The lateral dynamics can
be expressed by the following equations [14]:⎧⎨
⎩

∑Fy = e33v̇y + e34ψ̈ + e35φ̈ + e36δ̈ −a34ψ̇
∑Mz = e34v̇y + e44ψ̈ + e45φ̈ + e46δ̈ −a44ψ̇ −a45φ̇ −a46δ̇
∑Mx = e35v̇y + e45ψ̈ + e55φ̈ + e56δ̈ −a54ψ̇ −a56δ̇
∑Ms = e36v̇y + e46ψ̈ + e56φ̈ + e66δ̈ −a64ψ̇ −a65φ̇ −a66δ̇

Ḟy f = a71φ +a72δ +a73vy +a74ψ̇ +a76δ̇ +a77Fy f
Ḟyr = a81φ +a83vy +a84ψ̇ +a88Fyr

(4)
where: ⎧⎨

⎩
∑Fy = Fy f +Fyr = May
∑Mz = a47Fy f +a48Fyr
∑Mx = a51 sin(φ)+a52 sin(δ )
∑Ms = a61 sin(φ)+a62 sin(δ )+a67Fy f + τ

Where (φ , δ , ψ , φ̇ , δ̇ , ψ̇) denote the roll, steering, yaw angles
and respectively their time derivatives, whereas vy is the lateral
velocity, Fy f and Fyr are the the cornering front and rear forces
respectively, and τ is the rider torque applied to the handle bar.
The pneumatic forces Fy f and Fyr, are generated when there is
simultaneously side slip angles α f and αr and camber angles
γ f and γr, expressed by:

σi

vx
Ḟyi =−Fyi −Ci1αi +Ci2γi, i = ( f ,r) (5)

where α f =

(
vy+l f ψ̇−ηδ̇

vx

)
− δ cos(ε), αr =

(
vy−lrψ̇

vx

)
, γ f =

φ + δ sin(ε) and γr = φ . Ci1 and Ci2 refer to the tire forces
coefficients (stiffness and camber coefficients), ε refers to the
caster angle, η is the mechanical trail, l f (resp. lr) is distance
between the center of mass and the front and rear axis.

III. INTERCONNECTED MOTORCYCLE MODEL &
COUPLING ANALYSIS

The models established in the previous section allow to take
into account the most important variable which are obviously
necessary in order to simulate the correct riding behavior.

A. State Space Representation

In this work, the first sub-system of the rectilinear motion
describing the rotations of the tires will be consider varying.
From equations 1 and 3, one have a LPV model with ζ1(t)
refers to [vx,ω f ,ω f ,Fx f ,Fxr]

T and uB = [B f , Br +T ]T . Thus,
the motorcycle longitudinal dynamics will be modelled by the
following sub-state space model:

ζ̇1(t) = Ā(ζ1)ζ1(t)+ B̄uB(t)+ D̄(ζ2)ζ2(t) (6)

In this model, longitudinal velocity vx, longitudinal front and
rear stiffness ρ f ,r may be seen as external varying parameters.
The state model of the lateral motion is also a LPV
model. From equations (4), one have a model with ζ2(t) =
[φ ,δ ,vy, ψ̇, φ̇ , δ̇ ,Fy f ,Fyr]

T and uτ = τ(t), the motorcycle lateral
dynamics will be modelled by the following system:

ζ̇2(t) = Ă(ζ1)ζ2(t)+ B̆uτ(t)+ D̆ζ1(t) (7)

For the PTWv, the output vector is yx = [ω f ,ωr,ax], yy =
[δ , ψ̇, φ̇ ,ay]. Thus, the motorcycle interconnected dynamics
will be modelled by the following state space model:⎧⎨

⎩
ζ̇1(t) = Ā(ζ1)ζ1(t)+ B̄uB(t)+ D̄ζ2(t)
ζ̇2(t) = Ă(ζ1)ζ2(t)+ B̆uτ (t)+ D̆ζ1(t)

yx(t) = C̄ζ1(t)
yy(t) = C̆ζ2(t)

(8)

where : ξ (t) = [ζ1(t) ζ2(t)]T and C = [C̄ C̆]T . where
ζ1(t) ∈ℝ

5 and ζ2(t) ∈ℝ
8 are the state vector, and yx(t) ∈ℝ

3

and yy(t) ∈ ℝ
5 the output vector; F̄(⋅) and F̆(⋅) are nonlinear

functions.



B. Exact T-S model of a motorcycle nonlinear model

From the well-known sector nonlinearity approach [15], the
LPV interconnected model can be written in an exact TS
representation with 8 sub-models for the longitudinal model
and 2 sub-model for lateral model. Indeed, the scheduling
variables in TS systems, are:

1) Longitudinal model, the number 8 of sub-models comes
from the fact that 3 nonlinearities, the membership
functions of the fuzzy sets are defined as

z1 = vx, z2 = ρ f , z3 = ρr (9)

zmin
1 ≤ z1 ≤ zmax

1 zmin
2 ≤ z2 ≤ zmax

2 zmin
3 ≤ z3 ≤ zmax

3

∑
ζ1

⎧⎨
⎩

h11 =
z1max−z1

z1max−z1min
, h12 =

z1−z1min
z1max−z1min

h21 =
z2max−z2

z2max−z2min
, h22 =

z2−z2min
z2max−z2min

h31 =
z3max−z3

z3max−z3min
, h32 =

z3−z3min
z3max−z3min

(10)

The variables μi(ρ) are computed as follows:⎧⎨
⎩

μ1 = h11.h21.h31 , μ2 = h12.h21.h31
μ3 = h11.h22.h31 , μ4 = h12.h22.h31
μ5 = h11.h21.h32 , μ6 = h12.h21.h32
μ7 = h11.h22.h32 , μ8 = h12.h22.h32

(11)

2) Lateral model: 2 of sub-models comes from 1 nonlin-
earity, the motorcycle, is stable only for a range of
longitudinal velocities vx, the bounds of the premise
variables are given by:

∑
ζ2

{
ϑ1 =

vxmax−vx
vxmax−vxmin

ϑ2 =
vx−vxmin

vxmax−vxmin

(12)

The variables μi and ϑ j are called the weighing functions and
they must satisfy the following convex sum property:⎧⎨

⎩
0 ≤ μi(z1,z2,z3) ≤ 1

0 ≤ ϑ j(vx) ≤ 1
∑8

i=1 μi(z1,z2,z3) = 1
∑2

j=1 ϑ j(vx) = 1

(13)

Applying the sector nonlinearity, the system (6) is rewritten:⎧⎨
⎩

ζ̇1(t) = ∑p1
i=1 μi(ζ1(t))(Āiζ1(t)+ D̄iζ2(t)+ B̄iuT (t)))

yx(t) = C̄ζ1(t), p1 = 8
ζ̇2(t) = ∑p2

j=1 ϑ j(ζ1(t))(Ă jζ2(t)+ D̆ jζ1(t)+ B̆ juτ (t))

yy(t) = C̆ζ2(t), p2 = 2

(14)

IV. OBSERVER DESIGN

A. Preliminary

Assumption 1: Throughout the paper, the following nonre-
strictive assumptions are considered:

∙ Assume that, for the design of each observer, the states
of other subsystems are available.

∙ The state vector (ζ1) and (ζ2) of the two models are
considered bounded,

∙ The pair (Ă(ζ1),C̆) and (Ā(ζ2),C̄) are observable.

Lemma 1: [16] Consider ϒ and Ξ matrices with appropriate
dimensions. For every matrix Λ > 0, the property holds:

ϒT Ξ+ΞT ϒ ≤ ϒT Λϒ+ΞT Λ−1Ξ (15)

Lemma 2 (The Schur’s lemma): [16] Given the following
matrices ϒ, Ξ and ℵ, with appropriate dimensions, where ϒ =
ϒT and ℵ = ℵT , thus:[

ϒ Ξ
ΞT ℵ

]
< 0 ⇔

{
ℵ < 0

ϒ−Ξℵ−1ΞT < 0
(16)

Definition 1: [17] The state estimation error dynamics veri-
fies the Input To State Practical Stability (ISpS) if there exists
a K L function β : ℝn×ℝ−→ℝ, a K function α : ℝ−→ℝ

such that for each input Δ(t) satisfying ∥Δ(t)∥∞ < ∞ and each
initial conditions e(0), the trajectory of the errors associated
to e(0) and Δ(t) satisfies

∥e(t)∥2 ≤ β (∥e(0)∥ , t)+α (∥Δ(t)∥∞) (17)

An overall scheme of the system/observer structure is given
in figure 2.
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Fig. 2: General diagram of the interconnected estimation.

B. State estimation
The following observer is proposed. This observer is based

on the interconnection between the two subsystems (14):⎧⎨
⎩

˙̂ζ1 = ∑p1
i=1 μi(ζ1(t))(Āiζ̂1(t)+ D̄iζ̂2(t)+ B̄iuB(t)−Li(yx − ŷx))

˙̂ζ2 = ∑p2
j=1 ϑ j(ζ1(t))(Ă j ζ̂2(t)+ D̆ j ζ̂1(t)+ B̆ juτ (t)− L̆ j(yy − ŷy))

ŷζ1
(t) = C̄ζ̂1(t)

ŷζ2
(t) = C̆ζ̂2(t)

(18)

Using equations (14) and (18), the state estimation error obeys
the following differential equation:{

ėζ1
= ∑p1

i=1 μi(ζ1(t))(Φ̄ieζ1
+ D̄ieζ2

)+Δζ1
(t)

ėζ2
= ∑p2

j=1 ϑ j(ζ1(t))(Φ̆ jeζ2
+ D̆ jeζ1

)+Δζ2
(t)

(19)

where: Φ̄i = (Āi −LiC̄), Φ̆ j = (Ă j −L jC̆), Δζi
(t) =

ri
∑

i=1
(μi(ζ1)−μi(ζ̂1))Āiζ1(t) and

Δζ2
(t) =

ri
∑

i=1
(ϑ j(ζ1)−ϑ j(ζ̂2))Ă jζ2(t).

Notice that if the state estimation errors converge to zero,
the terms Δζ1

(t) and Δζ2
(t) converge also towards zero. In

addition, since the weighting functions are bounded and the
state vector ζ1(t) and ζ2(t) are also bounded (see assumption
1), the term Δζi

(t) are thus bounded.
By considering eζ = (eζ1

,eζ2
) = (ζ1 − ζ̂1,ζ2 − ζ̂2) the ob-

servers errors dynamics are given by:

ėζ =

[
∑p1

i=1 μi(ζ )Φ̄i μi(ζ )D̄i

∑p2
j=1 ϑ j(ζ )D̆ j ∑p2

j=1 ϑ j(ζ )Φ̆ j

]
× eζ +

[
Δζ1

(t)
Δζ2

(t)

]
(20)



1) Convergence analysis: To study the convergence of the
the interconnected observer, the Lyapunov function is used:

V (e(t)) = eζ1
(t)T Peζ1

(t)+ eζ2
(t)T Qeζ2

(t) (21)

The time-derivative of the Lyapunov function (21) is:

V̇ (e) = ∑p1
i=1 μi(ζ1)((Φ̄ieζ1

+ D̄ieζ2
)T Peζ1

+ eT
ζ1

P(Φ̄ieζ1
+ D̄ieζ2

))+

∑p2
j=1 ϑ j(ζ1)((Φ̆ jeζ2

+ D̆ jeζ2
)T Qeζ2

+ eT
ζ2

Q(Φ̆ jeζ2
+ D̆ jeζ1

))+

eT
ζ1

PΔζ2
+ΔT

ζ1
Peζ1

+ eT
ζ2

QΔζ2
+ΔT

ζ2
Qeζ2

(22)

Considering Γi = Φ̄T
i P+PΦ̄i and Γ̆ j = Φ̆T

j Q+QΦ̆ j, we have:

V̇ (e(t)) =
∑p1

i=1 μi(ζ1)(eT
ζ1

Γieζ1
+ eT

ζ1
PD̄ieζ2

+ eT
ζ2

D̄T
i Peζ1

+2eT
ζ1

PΔζ1
)+

∑p2
j=1 ϑ j(ζ1)(eT

ζ2
Γ̆ jeζ1

+ eT
ζ2

QD̆jeζ1
+ eT

ζ1
D̆T

j Peζ2
+2eT

ζ2
QΔζ2

)
(23)

By considering Lemma (1), inequality (23) yields:

V̇ (e(t))< ∑p1
i=1 μi(ζ1)(eT

ζ1
(Γi +PD̄iG1D̄T

i P+PF1P)eζ1
+ eT

ζ2
G −1

1 eζ2
+

ΔT
ζ1

F−1
1 Δζ1

)+∑p2
j=1 ϑ j(ζ1)(eT

ζ2
(Γ̆ j +QD̆jG2D̆T

j Q+QF2Q)eζ2
+ eT

ζ1
G −1

2 eζ1
+

ΔT
ζ2

F−1
2 Δζ2

)

(24)
where, G1 and G2 are positive definite matrices. Then, if

inequality V̇ (e(t))< 0 holds, one have

∑p1
i=1 μi(ζ1)(eT

ζ1
(Γi +PD̄iG1D̄T

i P+PF1P+G −1
2 )eζ1

+ΔT
ζ1

F−1
1 Δζ1

)+

∑p2
j=1 ϑ j(ζ1)(eT

ζ2
(Γ̆ j +QD̆jG2D̆T

j Q+QF2Q+G −1
1 )eζ2

+ΔT
ζ2

F−1
2 Δζ2

)< 0
(25)

Let us define{
Ξi = Γi +PD̄iG1D̄T

i P+PF1P+G−1
2

Ξ j = Γ̆ j +QD̆ jG2D̆T
j Q+QF2Q+G−1

1

thus

V̇ (e(t))< 0 ⇔ V̇ (e(t))< ∑p1
i=1 μi(ζ1)(eT

ζ1
Ξieζ1

+ΔT
ζ1

F−1
1 Δζ1

)+

∑p2
j=1 ϑ j(ζ1)(eT

ζ2
Ξ jeζ2

+ΔT
ζ2

F−1
2 Δζ2

)< 0
(26)

The inequality (26) is equivalent to:

V̇ (e(t))< ∑p1
i=1 μi(ζ1)(eT

ζ1
Ξieζ1

+ΔT
ζ1

F−1
1 Δζ1

)

+α(eζ1
Peζ1

+ eζ2
Qeζ2

)−α(eζ1
Peζ1

+ eζ2
Qeζ2

)+

∑p2
j=1 ϑ j(ζ1)(eT

ζ2
Ξ jeζ2

+ΔT
ζ2

F−1
2 Δζ2

)< 0
(27)

Then, one obtain:

V̇ (e(t))< ∑p1
i=1 μi(ζ1)(eT

ζ1
(Ξi +αP)eζ1

+ΔT
ζ1

F−1
1 Δζ1

)

+∑p2
j=1 ϑ j(ζ1)(eT

ζ2
(Ξ j +αQ)eζ2

+ΔT
ζ2

F−1
2 Δζ2

)

−α(eζ1
Peζ1

+ eζ2
Qeζ2

)< 0
(28)

Considering eζ (t) = [eT
ζ1
(t) eT

ζ2
(t)]T . The inequality (28) is

equivalent to:

V̇ (t) ≤
p1

∑
i=1

μi(ζ1)e
T
ζ1
(Ξi +αP)eζ1

+
p2

∑
j=1

ϑ j(ζ1)(e
T
ζ2
(Ξ j +αQ)eζ2

−α(eζ1
Peζ1

+ eζ2
Qeζ2

)+ΔT
ζ1

F−1
1 Δζ1

+ΔT
ζ2

F−1
2 Δζ2

Considering

Ψ =

[
∑p1

i=1 μi(ζ1)Ξi +αP 0
0 ∑p2

j=1 ϑ j(ζ1)Ξ j +αQ

]
< 0 (29)

Then, the time derivative of the Lyapunov function (29) is
then bounded as follows

V̇ (e(t))< eT
ζ Ψeζ −αeT

ζ (t)Qeζ (t)+ΔT
ζ1

F−1
1 Δζ1

+ΔT
ζ2

F−1
2 Δζ2

< 0
(30)

where, Q= diag(P,Q). Now, if eT
ζ Ψeζ < 0 then the inequality

(30) can be bounded as follows

V̇ (t)≤−αeT
ζ (t)Qeζ (t)+ΔT

ζ1
F−1

1 Δζ1
+ΔT

ζ2
F−1

2 Δζ2

≤−α(eT
ζ1

Peζ1
+ eT

ζ2
Qeζ2

)+ΔT
ζ1

F−1
1 Δζ1

+ΔT
ζ2

F−1
2 Δζ2

(31)

which is equivalent to

V̇ (t)≤−αV (t)+ΔT
ζ1

F−1
1 Δζ1

+ΔT
ζ2

F−1
2 Δζ2

(32)

It follows

V (t)≤V (0)e−αt +F1

t∫
0

e−α(t−s)
∥∥∥Δζ1

(s)
∥∥∥2

2
ds+F2

t∫
0

e−α(t−s)
∥∥∥Δζ2

(s)
∥∥∥2

2
ds

≤V (0)e−αt +
F1
α

∥∥∥Δζ1
(s)
∥∥∥2

∞
+

F2
α

∥∥∥Δζ2
(s)
∥∥∥2

∞

one obtains the inequality
∥∥eζ (t)

∥∥2
2 ≤

λmax(Q)

λmin(Q)

(
e−αt +

F1

α

∥∥∥Δζ1
(s)
∥∥∥2

∞
+

F2

α

∥∥∥Δζ2
(s)
∥∥∥2

∞

)
(33)

By using the square root on (33), one obtains

∥∥eζ (t)
∥∥2

2 ≤
√

λmax(Q)

λmin(Q)

(
e−

α
2 t +

√
F1

α

∥∥∥Δζ1
(s)
∥∥∥

∞
+

√
F2

α

∥∥∥Δζ2
(s)
∥∥∥

∞

)
(34)

According to Lyapunov formulation of Input To State Practi-
cal Stability (ISpS), the states converge to a region which will
be minimized in order to achieve a more accurate estimation of
the states of the motorcycle longitudinal and lateral motions.
This ball is smaller as the attenuation level of the transfer from
Δζ1

(t), Δζ2
(t) to the state estimation errors are smaller. To

enhance the performances of the observer, a minimal values
of these quantities are obtained by the following reasoning:

Let us consider the quantity
√

λmax(Q)
λmin(Q)α ≤ √η where η =

diag(η1,η2), ηi is a positive scalar. It is then sufficient to
minimize the term η and assuming λmin(Q)≥ 1 (Q > I), one
obtains: √

λmax(P)
α

≤√
η1,

√
λmax(Q)

α
≤√

η2 (35)

which is transformed easily into:

(αη1)
2 I −PT P > 0, (αη2)

2 I −QT Q > 0 (36)

Using Shur’s complement lemma:(
αη1I P

P αη1I

)
> 0,

(
αη2I Q

Q αη2I

)
> 0P ≥ I Q ≥ I (37)

Always in the purpose of minimizing the two quantities, in
theorem 1, the chosen objective function is a linear combina-
tion between η1 and η2. Now, using the convex sum propriety
and the condition V̇ (e(t)) < 0 (Ψ < 0 holds). The condition
Ψ < 0 leads to the following optimization problem:[

Ξ1 +αP 0
0 Ξ2 +αQ

]
< 0 (38)

with ⎧⎨
⎩

Ξ1 = Γi +PD̄iG1D̄T
i P+PF1P+G −1

2
Ξ2 = Γ̆ j +QD̆jG2D̆T

j Q+QF2Q+G −1
1

Γi = Φ̄T
i P+PΦ̄i, Γ̆ j = Φ̆T

j Q+QΦ̆ j

Φ̄i = (Āi − L̄iC̄), Φ̆ j = (Ă j − L̆ jC̆)

Then, one have:[
Γi +PD̄iG1D̄T

i P+PF1P+G −1
2 +αP

]
< 0[

Γ̆ j +QD̆jG2D̆T
j Q+QF2Q+G −1

1 +αQ
]
< 0 (39)

The two matrix inequalities are connected by G1 and G2.
Using Schur Lemma (2), inequalities (39 yield to:[

Γi +G −1
2 +αP PD̄i +PF1

D̄T
i P+F T

1 P −G −1
1

]
< 0, i = 1, ..., p1 (40)

[
Γ j +G −1

1 +αQ QD̆j +QF2

D̆T
j Q+F T

2 Q −G −1
2

]
< 0, j = 1, ..., p2 (41)

By using the definitions of the matrices Γi and Γ̆ j and
change of variables Ki = PLi, K̆ j = QL̆ j and Ω1 = G−1

1



and Ω2 = G−1
2 , where Ω1 and Ω2 are diagonal and positive

definite matrices R1 = PF1 and R2 = QF2. Finally, the gains
of the interconnected observer are computed from the LMI
conditions given in the following theorem.

Theorem 1: The state estimation error between the system
and the interconnected observers converges asymptotically to
zero if there exists two symmetric and definite matrices P and
Q, two diagonal positive matrices Ω1 and Ω2, given a positive
scalars σ and α and a ∈ [0,1] and gains Ki, i = 1, ..., p1 and
K̆ j, j = 1, ..., p2 such that the LMI conditions:

min
P,Q,η1,η2

aη1 +(1−a)η2

s.t. [
ĀT

i P+PĀi −KiC̄−C̄T KT
i +Ω2 +αP PD̄i +R1

D̄T
i P+RT

1 −Ω1

]
< 0 (42)

[
ĂT

i P+PĂi − K̆iC̆−C̆T K̆T
i +Ω1 +αQ QD̆j +R2

D̆T
j Q+RT

2 −Ω2

]
< 0 (43)

The gains of the observer are obtained from the equations
Li = P−1Ki, i = 1, ..., p1 and L̆i = Q−1K̆i, i = 1, ..., p1.

V. OBSERVER EVALUATION AND SIMULATION

The proposed observer is evaluated by co-simulation with
Bikesim© software [3]. A PTWv model is chosen from the
dataset Big Sport Baseline 8 bodies and default parameters.
The simulations are carried out in two maneuver:

Test 1 : Accelerate and brake in Alt 3 Road from FHWA
(Federal Highway Administration) with a high fric-
tion coefficient μ = 0.9.

Test 2 : An oncoming traffic with variable speed on han-
dling road course.

The motorcycle system, requires three inputs: the rider’s
steering torque applied on the handlebars and the two braking
torques applied on both front and rear wheels. In the following,
if the actual state vy,vx and Fy f ,Fyr and Fx f ,Fxr are unknown,
the state estimation can be validated from lateral and longitu-
dinal accelerations as follow:

Eq1 : ây =
(F̂y f +F̂yr)

M , Eq2 : ây = ˆ̇vy + vx ˆ̇ψ
Eq3 : âx =

(F̂x f +F̂xr)

M , Eq4 : âx = ˆ̇vx − vy ˆ̇ψ +Cd/M.v̂x
2

(44)

A. Accelerate and brake in longitudinal and lateral motion

The simulations are carried out from FHWA, this maneuver
demonstrates an acceleration and braking test includes three
phases. The acceleration phase (0 ≺ t ≺ 10(s)), where only
the drive torque T is applied on the rear wheel. In the phase
(10 ≺ t ≺ 20(s)), the main body is subject to lateral motion,
imposed by the applied τ . The braking phase (20 ≺ t ≺ 30(s)),
where braking torque (B f , Br) are applied to reduce the
forward speed from 38m/s to 15m/s. The inputs of the lateral
and longitudinal models are the braking torques, drive engine
and steering torque depicted in figure 3a. The measured state
used in the observer design are given in figures 3b. Also,
the lateral and forward acceleration (ax and ay) are used in
the observer design and used to validate the estimation of
the unmeasured states. Estimation results of this scenario are
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Fig. 3: Test 1: FHWA.
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Fig. 4: Test 1: FHWA.

depicted on figure 4a, which are the lateral and longitudinal
speeds, the front and rear longitudinal forces, the front and rear
cornering forces. From equation (44), the unmeasured state (vx,
vy, Fxi , Fyi) are validated and depicted in figure 4b.

B. An oncoming traffic in road course

In this test, the motorbike undergoes an oncoming traffic
in road course with variable speed, on a handling flat road.
The figure 5a shows the input signals in the longitudinal and



lateral models whereas figures 5b depict the measured states
along the track. The unmeasured state are estimated, depicted
in Fig. 6a, and validated in figure 6b. It can be appreciated
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(a) Actual states (in blue) compared to estimated states (dashed red).
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Fig. 6: Test 2: Road course.

that the proposed observer shows a good estimation accu-
racy and proves the reliability of the approach to estimate
simultaneously the longitudinal and lateral dynamics states of
the interconnected model. Figures illustrate that the observer

rapidly and accurately estimates the state of the model with
minimal error.

VI. CONCLUSION

This paper deals with an interconnected observer formula-
tion of motorcycle estimation problem is presented and eval-
uated throughout co-simulation with a high-end motorcycle
simulation. First of all, the two sub-models of longitudinal and
lateral motorcycle motion are transformed to interconnected
TS sub-systems using polytopic approach. After, the observer
has been designed subject to Lyapunov theory and the Input
to State Practical Stability (ISpS) to guaranty boundness of
the state estimation errors. Afterward, sufficient conditions for
the existence of estimator are given in terms of LMIs. The
observer allows the reconstruction of relevant non-measurable
states of the PTWv: the forward speed and the longitudinal
tire forces from the first sub-observer and lateral speed, roll
angle and the cornering forces from the second sub-observer.
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