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In this paper, k is a field, V is a k-vector space of finite dimension n with n ≥ 2. For any p ≥ 1, the k-linear map Ant p : V ⊗p → V ⊗p is defined by

Ant p (z) = σ∈Σp sgn(σ) σ • z,
where Σ p is the group of permutations of {1, . . . , p} and sgn is the signature. The left action σ • z of σ on z ∈ V ⊗p is defined by σ • (x 1 . . . x p ) = x σ -1 (1) . . . x σ -1 (p) , for any x 1 , . . . , x p in V . We omit the symbols ⊗ in the tensor products. We set Ant 0 = Id k .

It is well-known that for any p ≥ 2, we have

Ant p (V ⊗p ) = i+2+j=p V ⊗i ⊗ Ant 2 (V ⊗2 ) ⊗ V ⊗j . (1.1)
Introducing the space E generated by the elements x ⊗ x of V ⊗2 with x in V , we have

ker(Ant p ) = i+2+j=p V ⊗i ⊗ E ⊗ V ⊗j . (1.2)
Therefore, the map Ant p induces a k-linear isomorphism

p V → Ant p (V ⊗p ) (1.3) e i1 ∧ . . . ∧ e ip → Ant p (e i1 . . . e ip ),
where 1 ≤ i 1 < • • • < i p ≤ n and (e 1 , . . . , e n ) is a basis of the space V . One has Ant p (V ⊗p ) = 0 whenever p > n.

Throughout the paper, N is an integer such that 2 ≤ N ≤ n. We take R = Ant N (V ⊗N ) as space of relations in the tensor algebra T (V ) of V . The corresponding N -homogeneous algebra

A = T (V )/(R)
is called the N -symmetric algebra of V and is denoted by A = S(V, N ). For N = 2, we recover the symmetric algebra S(V, 2) = S(V ) of V .

Using the notation of [START_REF] Berger | Koszul calculus for N -homogeneous algebras[END_REF], we define the subspace

W p = i+N +j=p V ⊗i ⊗ R ⊗ V ⊗j
of V ⊗p for any p ≥ 0. According to (1.1), we have

R = i+2+j=N V ⊗i ⊗ Ant 2 (V ⊗2 ) ⊗ V ⊗j ,
and consequently

W p = V ⊗p if 0 ≤ p ≤ N -1 W p = Ant p (V ⊗p ) if N ≤ p ≤ n (1.4) W p = 0 if p > n.
Let us recall the following result [START_REF] Berger | Koszulity for nonquadratic algebras[END_REF][START_REF] Berger | Koszul and Gorenstein properties for homogeneous algebras[END_REF]. We do not know if the assumption on the characteristic of k is necessary. Proposition 1.1 Assume that char(k) = 0. The N -homogeneous algebra A = T (V )/(R) is Koszul, of finite global dimension d, where

1. d = 2m if n = N m, 2. d = 2m + 1 if n = N m + r, 0 < r < N . If N = 2, one has d = n and A is n-Calabi-Yau. If N > 2, A is AS-Gorenstein if and only if n ≡ 1 (N ). If N > 2, A is d-Calabi-Yau if and only if n ≡ 1 (N ) and n is odd.
Let us note that if N > 2, A contains a free algebra in two generators, so that the Gelfand-Kirillov dimension of A is infinite and A is not left (or right) noetherian.

We will also need the map ν : N → N defined by

ν(p) = N p ′ if p even, p = 2p ′ , ν(p) = N p ′ + 1 if p odd, p = 2p ′ + 1.
Formulas (1.4) are particularized in

W ν(p) = Ant ν(p) (V ⊗ν(p) ) if 0 ≤ p ≤ d (1.5) W ν(p) = 0 if p > d.
Note that

ν(d) = n if d even, ν(d) = N m + 1 ≤ n if d odd, d = 2m + 1.

The Koszul cup product

Let P and Q be A-bimodules where A is an N -homogeneous algebra. For Koszul cochains f : W ν(p) → P and g : W ν(q) → Q, we have defined in [START_REF] Berger | Koszul calculus for N -homogeneous algebras[END_REF] the Koszul (p + q)-cochain f ⌣

K g : W ν(p+q) → P ⊗ A Q by 1.
if p and q are not both odd, so that ν(p + q) = ν(p) + ν(q), one has

(f ⌣ K g)(x 1 . . . x ν(p+q) ) = f (x 1 . . . x ν(p) ) ⊗ A g(x ν(p)+1 . . . x ν(p)+ν(q) ),
2. if p and q are both odd, so that ν(p

+ q) = ν(p) + ν(q) + N -2, one has (f ⌣ K g)(x 1 . . . x ν(p+q) ) = - 0≤i+j≤N -2 x 1 . . . x i f (x i+1 . . . x i+ν(p) )x i+ν(p)+1 . . . x ν(p)+N -j-2 ⊗ A g(x ν(p)+N -j-1 . . . x ν(p)+ν(q)+N -j-2 )x ν(p)+ν(q)+N -j-1 . . . x ν(p)+ν(q)+N -2 .
Let us rewrite these formulas for our example A = S(V, N ) in terms of wedge product. Suppose firstly that ν(p + q) = ν(p) + ν(q). Then the natural inclusion W ν(p+q) ⊆ W ν(p) ⊗ W ν(q) can be expressed by the standard equalities

Ant ν(p+q) (x 1 . . . x ν(p+q) ) = σ∈Sh(ν(p),ν(q)) sgn(σ) Ant ν(p) (x σ(1) . . . x σ(ν(p)) ) Ant ν(q) (x σ(ν(p)+1) . . . x σ(ν(p+q)) ), (2.1) 
where Sh(ν(p), ν(q)) denotes the subset of the (ν(p), ν(q))-shuffles in the group Σ n of permutations of {1, . . . , n}, and x 1 , . . . , x ν(p+q) are elements of the basis (e 1 , . . . , e n ) of V such that x 1 < . . . < x ν(p+q) .

Using the isomorphisms (1.3), we consider f : p V → P and g : q V → Q. We arrive to

(f ⌣ K g)(x 1 ∧ . . . ∧ x ν(p+q) ) = (-1) pq σ∈Sh(ν(p),ν(q)) sgn(σ) f (x σ(1) ∧ . . . ∧ x σ(ν(p)) ) ⊗ A g(x σ(ν(p)+1) ∧ . . . ∧ x σ(ν(p+q)) ). (2.2)
Suppose now that ν(p + q) = ν(p) + ν(q), meaning that N > 2 and p, q are both odd. For 0 ≤ i + j ≤ N -2, the natural inclusion

W ν(p+q) ⊆ V ⊗i ⊗ W ν(p) ⊗ V ⊗N -2-i-j ⊗ W ν(q) ⊗ V ⊗j
can be expressed by the (less?) standard equalities

Ant ν(p+q) (x 1 . . . x ν(p+q) ) = σ∈Sh(i,ν(p),ν(q),j) sgn(σ) x σ(1) . . . x σ(ν(i)) Ant ν(p) (x σ(i+1) . . . x σ(i+ν(p)) ) x σ(i+ν(p)+1) . . . x σ(ν(p)+N -j-2)
(2.3) Ant ν(q) (x σ(ν(p)+N -j-1) . . . x σ(ν(p)+ν(q)+N -j-2) ) x σ(ν(p)+ν(q)+N -j-1) . . . x σ(ν(p+q)) ,

where Sh(i, ν(p), ν(q), j) denotes the subset of Σ n formed of the (ν(p), ν(q))-shuffles acting on the index sets {i + 1, . . . , i + ν(p)} and {ν(p) + N -j -1, . . . , ν(p) + ν(q) + N -j -2}.

Using the isomorphisms (1.3), we arrive to

(f ⌣ K g)(x 1 ∧ . . . ∧ x ν(p+q) ) = - 0≤i+j≤N -2 σ∈Sh(i,ν(p),ν(q),j) sgn(σ) x σ(1) . . . x σ(ν(i)) f (x σ(i+1) ∧ . . . ∧ x σ(i+ν(p)) ) x σ(i+ν(p)+1) . . . x σ(ν(p)+N -j-2) (2.4) ⊗ A g(x σ(ν(p)+N -j-1) ∧ . . . ∧ x σ(ν(p)+ν(q)+N -j-2) ) x σ(ν(p)+ν(q)+N -j-1) . . . x σ(ν(p+q)) ,
where x 1 < . . . < x ν(p+q) in (e 1 , . . . , e n ).

If N = 2 and P = Q = A, the cup product f ⌣ K g coincides with the Cartan wedge product f ∧ g, so that it is associative and graded commutative in this case. It would be interesting to examine whether associativity holds if N > 2. The same for graded commutativity, but note that A is not commutative when N > 2.

Question 1. As in the quadratic case N = 2, is it possible to extend Formulas (2.2) and (2.4) to smooth functions -when k = R and specializing cochains on P and Q to sections of vector bundles -in such a way the extended formulas are compatible to chart changes? Shortly, is it possible to define an N -Koszul cup product on manifolds?

3 The Koszul cap products

Definition and first properties

Let A be an N -homogeneous algebra, M and P be A-bimodules. For any Koszul p-cochain f : W ν(p) → P and any Koszul q-chain z = m ⊗ x 1 . . . x ν(q) in M ⊗ W ν(q) , we have defined in [START_REF] Berger | Koszul calculus for N -homogeneous algebras[END_REF] the Koszul (q -p)-chains f ⌢ K z and z ⌢ K f with coefficients in P ⊗ A M and M ⊗ A P respectively, as follows. 1. If p and q -p are not both odd, so that ν(q -p) = ν(q) -ν(p), one has

f ⌢ K z = (f (x ν(q-p)+1 . . . x ν(q) ) ⊗ A m) ⊗ x 1 . . . x ν(q-p) , z ⌢ K f = (-1) pq (m ⊗ A f (x 1 . . . x ν(p) )) ⊗ x ν(p)+1 . . . x ν(q) .
2. If p is odd and q is even, so that ν(q -p) = ν(q) -ν(p) -N + 2, one has

f ⌢ K z = - 0≤i+j≤N -2 (x ν(q-p)+i+1 . . . x ν(q)-ν(p)-j f (x ν(q)-ν(p)-j+1 . . . x ν(q)-j ) ⊗ A x ν(q)-j+1 . . . x ν(q) mx 1 . . . x i ) ⊗ x i+1 . . . x ν(q-p)+i . z ⌢ K f = 0≤i+j≤N -2 (x ν(q)-j+1 . . . x ν(q) mx 1 . . . x i ⊗ A f (x i+1 . . . x i+ν(p) ) x i+ν(p)+1 . . . x ν(p)+N -j-2 ) ⊗ x ν(p)+N -j-1 . . . x ν(q)-j .
These formulas hold for q ≥ p. If q < p, one has f ⌢

K z = z ⌢ K f = 0.
For our example A = S(V, N ), we rewrite these formulas in terms of wedge product as in the previous section. Using the isomorphisms (1.3), we see that f : ν(p) V → P and z = m⊗x 1 ∧. . .∧x ν(q) in M ⊗ ν(q) V , where x 1 < . . . < x ν(q) belong to the basis (e 1 , . . . , e n ) of V .

If ν(q -p) = ν(q) -ν(p), we obtain

f ⌢ K z = (-1) (q-p)p σ∈Sh(ν(q-p),ν(p)) sgn(σ) (f (x σ(ν(q-p)+1) ∧ . . . ∧ x σ(ν(q)) ) ⊗ A m) ⊗ (x σ(1) ∧ . . . ∧ x σ(ν(q-p)) ). (3.1)
If ν(q -p) = ν(q) -ν(p), meaning that N > 2, p is odd and q is even, we obtain

f ⌢ K z = - 0≤i+j≤N -2 σ∈Sh(i,ν(q-p),ν(p),j)
sgn(σ) (x σ(ν(q-p)+i+1) . . . x σ(ν(q)-ν(p)-j) f (x σ(ν(q)-ν(p)-j+1) ∧ . . . ∧ x σ(ν(q)-j) ) (3.2)

⊗ A x σ(ν(q)-j+1) . . . x σ(ν(q)) mx σ(1) . . . x σ(i) ) ⊗ (x σ(i+1) ∧ . . . ∧ x σ(ν(q-p)+i) ),
where Sh(i, ν(q -p), ν(p), j) denotes the subset of Σ n formed of the (ν(q -p), ν(p))-shuffles acting on the index sets {i + 1, . . . , i + ν(q -p)} and {ν(q) -ν(p) -j + 1, . . . , ν(q) -j}.

Similarly, if ν(q -p) = ν(q) -ν(p), we obtain

z ⌢ K f = (-1) qp σ∈Sh(ν(p),ν(q-p)) sgn(σ) (m ⊗ A f (x σ(1) ∧ . . . ∧ x σ(ν(p)) )) ⊗ (x σ(ν(p)+1) ∧ . . . ∧ x σ(ν(q)) ), (3.3) while if ν(q -p) = ν(q) -ν(p), z ⌢ K f = 0≤i+j≤N -2 σ∈Sh(i,ν(p),ν(q-p),j) sgn(σ) (x σ(ν(q)-j+1) . . . x σ(ν(q)) mx σ(1) . . . x σ(i) ⊗ A f (x σ(i+1) ∧ . . . ∧ x σ(i+ν(p)) ) (3.4) x σ(i+ν(p)+1) . . . x σ(ν(p)+N -j-2) ) ⊗ (x σ(ν(p)+N -j-1) ∧ . . . ∧ x σ(ν(q)-j) ),
where Sh(i, ν(p), ν(q -p), j) denotes the subset of Σ n formed of the (ν(p), ν(q -p))-shuffles acting on the index sets {i + 1, . . . , i + ν(p)} and {ν(p) + N -j -1, . . . , ν(q) -j}. Question 2. The same as in the previous section, but now for the N -Koszul cap products. To resume both questions, is it possible to define an N -Cartan calculus on manifolds? If the answer is affirmative, the algebraic structure of the N -Koszul calculus [START_REF] Berger | Koszul calculus for N -homogeneous algebras[END_REF] would extend to the so-defined N -Cartan calculus on manifolds, and would provide a new prototype of noncommutative differential geometry, different from a Tamarkin-Tsygan calculus [START_REF] Tamarkin | The ring of differential operators on forms in noncommutative calculus[END_REF].

If N = 2

 2 and M = P = A, the maps f ⌢ K -and -⌢ K f are equal up to a sign to the contraction map (inner product) i f of the Cartan calculus. For the Cartan calculus, the reader may consult [1] Section 2.4, or for a more recent reference, [5] Chapter 3.