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Abstract

In this work, we study discrete-time Markov decision processes (MDPs) under constraints
with Borel state and action spaces and where all the performance functions have the same
form of the expected total reward (ETR) criterion over the infinite time horizon. One of our
objective is to propose a convex programming formulation for this type of MDPs. It will be
shown that the values of the constrained control problem and the associated convex program
coincide and that if there exists an optimal solution to the convex program then there exists a
stationary randomized policy which is optimal for the MDP. It will be also shown that in the
framework of constrained control problems, the supremum of the expected total rewards over
the set of randomized policies is equal to the supremum of the expected total rewards over the
set of stationary randomized policies. We consider standard hypotheses such as the so-called
continuity-compactness conditions and a Slater-type condition. Our assumptions are quite weak
to deal with cases that have not yet been addressed in the literature. An example is presented
to illustrate our results with respect to those of the literature.

Keywords: Markov decision process, expected total reward criterion, occupation measure, constraints,
convex program.
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1 Introduction

We consider a discrete-time Markov decision process with constraints when all the objectives have
the same form of the expected total reward over the infinite time horizon. Markov decision processes
are a general family of controlled stochastic processes, which are suitable for the modeling of
sequential decision-making problems under uncertainty. They arise in many applications, such as
engineering, medicine, biology, operations research, management science, economics, among others.
Markov decision processes (MDPs) under the expected total reward (ETR) criterion have been
extensively studied by using mainly different approaches, see e.g. [9] for a complete and exhaustive
survey on that subject and also [15, Chapter 2| for an analysis of that topic through examples.
When dealing with constraints, the linear /convex programming approach (also called the convex
analytic method, see, e.g. [4, 5]) has proved to be a very powerful technique for solving MDPs. It



has been extensively studied in the literature and we refer the interested reader to the following
works [2, 4, 5, 10, 14] and the references therein to get an overview of this technique. The convex
programming approach can be applied to a large class of control problems including for example,
the finite-horizon and the infinite-horizon discounted-reward problems; see, e.g., [5] for further
examples of performance functions. For such criteria, the key idea is to reformulate the original
dynamic control problem as an infinite dimensional static optimization problem over a space of
finite measures given by the occupation measures of the controlled process. However, it must be
emphasized that the expected total reward criterion is an exception where the convex programming
formulation may not be suitable except for very specific models. As mentioned in [5, p. 357-358]
and [12, p. 92-93], the ETR criterion is very demanding from a technical point of view and yields
some important technical difficulties which are basically of two types:

a) The first issue is directly related to the question of how to properly formulate a convex
program associated with an MDP under the ETR criterion. Indeed, as described in [5],
the classical and natural approach to formulate a convex program associated to a MDP is
to consider as underlying vector space the set of signed finite measures and as variables
the occupation measures of the process. However, in the context of the ETR criterion, this
approach fails since the occupation measures are not necessarily finite and may take the value
infinity. Therefore, the space of finite signed measures is not the appropriate vector space to
define the convex program.

b) An important issue is related to the so-called characteristic equation satisfied by the occupa-
tion measures of the process which is of the form:

px () =v()+ Q(|z, a)u(dz, da)
XxA
where X and A are respectively the state and action spaces; () is the transition probability
function of the MDP and px is the marginal of the measure p on X. Indeed, a solution
to this equation may not correspond to any occupation measures of the controlled process.
This difficulty makes the analysis of the ETR criterion very involved by using the convex
programming approach.

The objective of the current paper is to propose a suitable convex program for MDPs under
the ETR criterion. Our purpose is also to show that the value of the constrained control problem
corresponds to the value of an associated convex program and that if there exists an optimal
solution to the associated convex program then there exists a stationary randomized policy which
is optimal for the MDP. We consider standard assumptions, the so-called continuity-compactness
conditions introduced by Schél in [16, 17]. These assumptions are of two types, namely conditions
(S) and (W). Roughly speaking condition (S) requires the transition kernel to be strongly continuous
whereas condition (W) refers to the case where the transition kernel is weakly continuous, see, e.g.,
[17, p. 367-368] for a precise statement of these assumptions. We also suppose the existence of
a policy in the interior of the set of admissible policies. This is the so-called Slater condition.
Conditions (W) and (S) do not play the same role in the sense that when working with condition
(W) instead of condition (S) we have to consider an additional hypothesis requiring the transition
kernel of the model to be absolutely continuous with respect to a Markov kernel uniformly in
the action variables. Our approach differs from that classically considered in the literature in the
sense that the variables of the convex program are not given by the occupation measures of the
controlled process but defined on the positive cone of the vector space given by the pair of finite
signed stochastic kernels on the action space given the state space.



When compared to the literature, our results appear complementary and our assumptions are
rather weak. The references dealing with the ETR criterion by using the convex programming
formulation are very scarce in the literature. As for our work, the results in [6, 8] are concerned
with general Borel state and action spaces. However, it is important to observe that the approach
proposed in [6, 8] does not correspond to a linear/convex programming formulation of an MDP
under the ETR criterion. Indeed, the underlying variables of the optimization problem under
consideration are given by measures that may take the value infinity and therefore, this set does
not enjoy the structure of a standard vector space. This technical issue aside, the results of the
current paper differ significantly from those obtained in [6, 8]. The approach developed in [6] deals
with models satisfying condition (W) and strongly relies on the positiveness of the cost functions.
It must be emphasized that the general framework of signed cost functions cannot be addressed
with the technique presented in [6]. In [8], the model under consideration satisfies condition (S)
and it was assumed that the transition kernel is absolutely continuous with respect to a reference
probability measure uniformly in the state and action variables. In the present work, we show that
this assumption is not needed under condition (S). It must be also observed that the approach
developed in [8] for signed cost function cannot be applied under condition (W). In [2, Chapter 8],
the model is transient or absorbing and is restricted to discrete state and action spaces. Here, we
do not impose the MDP to be transient or absorbing. Another advantage of our approach is to
propose a convex programming formulation for constrained MDPs under the ETR criterion with
signed reward functions and satisfying condition (W). In this context, such formulation has not
been so far investigated in the literature. It should be also mentioned that in our work we imposed
the so-called Slater condition which is not required in [2, 6, 8]. However, this condition is rather
weak and it is a standard assumption in convex optimization problems with constraints, see e.g.
[3].

The rest of the paper is organized as follows. In Section 2, we present the control problem
that will be considered throughout this work. The assumptions and the convex programming
formulation of a constrained discrete-time MDP under the ETR criterion is introduced in Section
3. Important properties of the convex program as well as the constrained control problem are
established in Section 4. Our main results are presented in Section 5 showing that the original
control problem is equivalent to the convex program. Section 6 is dedicated to the presentation of
an example illustrating our results. Finally, a technical result used in Section 4 is derived in an
appendix.

2 Description of the control problem

The main goal of this section is to introduce the notation, the parameters defining the model, and
to present the construction of the controlled process.

2.1 Notation and terminology

The following basic notation will be used in the forthcoming.

The set of integers is denoted by Z and N corresponds to the non-negative integers, that is,
N =1{0,1,2,...}. The set of real numbers is given by R. For any subset D of R, D* denotes D\ {0}
and Dy = {d € D:d > 0}. We write N,, for {1,...,p} with p € N*, R is the set of extended real
numbers, that is, R U {—o0,+00} and Ry = R, U {+oc}. Given z and y in the Euclidean space
R™, let (z,%) be the usual inner product of z and y. By |z| = (z, z)/?
x € R™. Let 0, be the element of R"™ with all components equal to zero. If 1 and 65 are in R", we

we will denote the norm of



shall write 61 > 65 when all the components of 8, are greater than or equal to the corresponding
components of 5.

Let X be a metric space and denote by 28(X) its associated Borel o-algebra. We use the
symbol f* (respectively f~) to denote the positive part (respectively, negative part) of a function
f: X — R. The function T, is the function whose values are constant and equal to +oo. If X is a
metric space, M (X ) denotes the set of real-valued measurable functions defined on X. Furthermore,
C(X) is the space of real-valued bounded continuous functions defined on X. The term measure
will always refer to a countably additive, R -valued set function. The set of measures defined on
(X,2(X)) is denoted by M(X) and the set of probability measures on (X,8(X)) by P(X). For
1 € M(X) and a positive function h in M(X), pu(h) = [y h(z)u(dz) and for g € M(X), u(g) is
defined by p(g*) — p(g~) where by convention (+00) — (+00) = —oo. Consider two metric spaces
X and Y. If u is a measure on X X Y then pux denotes the marginal of the measure p on X. A
kernel K on X given Y is a R -valued mapping defined on 2(X) x Y such that for any y € Y,
K(-ly) € M(X) and for any A € B(X), K(A|-) is a measurable function defined on Y. A kernel
K on X given Y is said to be finite if K(X|y) € R4 for any y € Y. The set of finite kernels on
X given Y is denoted IC(X|Y). A stochastic (or Markov) kernel K on X given Y is a kernel in
K(X|Y) satisfying K(X|y) =1 for any y € Y. The set of stochastic kernels on X given Y will be
denoted by P(X|Y). Let Q be a stochastic kernel on X given Y, then, for a function v : X — R,

we define Qv : Y — R as

Quly) == /X o (£)Q(dzly) - /X o (@)Q(drly).

provided that v is quasi-integrable with respect to the probability measure Q(-|y) for any y € Y.
For a measure 1 on Y, we denote by u@ the measure / Q(-|ly)u(dy) on X.
Y

2.2 The control model.
Let us consider the stationary model

(X,A, {A(z) : 2z € X},Q, 1, ¢, 0., 1/) (1)
consisting of:

(a) A Borel space X (that is, a Borel subset of a complete and separable metric space), which is
the state space.

(b) A Borel space A, representing the control or action set.

(c) A family {A(z) : + € X} of non-empty measurable subsets of A, where A(z) is the set of
feasible controls or actions when the system is in state z € X. We suppose that

K:={(r,a) e XxA:a€A(x)}

is a measurable subset of X x A. There exists a measurable map ¥ : X — A with J(z) € A(x).
For notational convenience, we introduce recursively the set H; of histories up to time ¢t € N*
by defining H; = X and H; = K*~! x X for ¢t > 2.

(d) A stochastic kernel @ on X given K, which stands for the transition probability function.

(e) The one-step reward function is given by a measurable function r : K — R.

4



(f) For i € N, the measurable mappings ¢; : K — R are the one-step constraint functions.

(g) The constraint limits are real numbers given by 6* = {01* }z Ny’

(h) Finally, the initial distribution is v € P(X).

A control policy (a policy, for short) is a sequence ™ = {7 }sen+ of stochastic kernels 7, on A given
H; such that (A (z)|h) = 1 for any hy = (x1,a1,...,2;) € Hy. Let II be the set of all policies.
A policy m = {m}ten+ € II is called a stationary randomized policy if there exists a stochastic
kernel ¢ on A given X satisfying ¢(A(z)|z) = 1 for any z € X and m(-|hi) = (-|z;) for any
hy = (z1,a1,...,2;) € Hy and t € N*. In such as case, we will write ¢ instead of 7 to emphasize
that the corresponding stationary randomized policy 7 is generated by . Let Il be the set of all
stationary randomized policies.

To state the optimal control problem we are concerned with, we introduce the canonical space
(Q, F) consisting of the set of sample paths Q2 = (X x A)> and the associated product o-algebra
F. The projection from €2 to the state space and the action space at time ¢t are denoted by X; and
A;. That is, for

w=(y1,b1,.-,Y,bt...) €Q we have X;(w)=1y; and Ay (w) =10

for t € N*. Consequently, { X;}ien+ is the state process and {A; }en+ is the control process. It is a
well known result that for every policy m € Il and any initial probability measure v on (X, 28 (X))
there exists a unique probability measure P7 on (€2, F) such that P7(K*) =1 and

PT(X: € B)=v(B), for B e B(X),
PZ(Xt-Fl € C’O’{Xl, Ce 7Xt7At}> = Q(C‘Xt,At) for C € %(X),
PS(A,: € D‘O’{Xl, R ,Xt_l,At_l,Xt}) = Wt(D’Xl, .. -;Xt—hAt—l;Xt) for D € %(A),

P? — a.s., for any t € N*.
The expectation with respect to P7, is denoted by E7. The so-called occupation measure gener-
ated by a policy w € II, denoted by ™, is defined by

pr(IT) = Bp((Xi, Ar) €T)

for any I' € B(X x A). Denote by O (respectively, O;) the set of occupation measures generated
by randomized (respectively, stationary) policies.

Statement of the control problem.
For h € M(K) and 7 € II, define J, (h, ) by

Jv(h,m) = ZEZI [P (X4, Ar)] — ZELT (A (X4, Ar)]
=1

t=1

where by convention (+00) — (4+00) = —oo. In fact, assumptions will be introduced in the next
section to avoid dealing with such cases. Observe that 7, (h, 7) can be written equivalently in terms
of the occupation measure generated by the policy m € II as follows

Ju(h,m) = " (h).

In this paper, we will repeatedly use this equality without mentioning it.



Definition 2.1 A policy m € 11 is said to be admissible if J,(c;,m) > 67 for i € N,. The set of
admassible policies will be denoted by Ilg«. The optimal control problem we consider consists in
mazximizing the expected reward J,(r,m) over the set of admissible policies m € Ilg«. The value
associated to this constrained control problem is given by sup {Jy(r,ﬁ) T E Hg*}. A policy 7w € 11
is optimal if ## € Hp+ and J,(r,#) = sup { T (r,7) : w € Ip~ }.

3 Assumptions and the convex programming formulation

The objective of this section is both to list the assumptions we will use in this work and to introduce
the convex program associated with the control problem we presented in the previous section. In
this work, we deal with MDPs satisfying the so-called Conditions (W) or (S) which are standard
hypotheses of the literature, see for example [16].

Condition (W)

(W1) For any = € X, the action set A(z) is compact and the multifunction from X to A defined
by z — A(x) is upper-semicontinuous.

(W2) For any f € C(X), Qf is continuous on K.

(W3) The reward r and the constraint ¢; for ¢ € N, are upper-semicontinuous on K.
Condition (S)

(S1) For any x € X, A(z) is compact.

(S2) For any x € X and A € B(X), Q(Alz, ) is continuous on A(x).

(S3) For any = € X, the reward r(z, -) and the constraint ¢;(z, -) for i € N, are upper-semicontinuous
on A(x).

In order to introduce the convex program associated to an MDP under the ETR criterion, we
need to make some hypotheses. First, it is assumed that the transition kernel @) of the MDP under
consideration is absolutely continuous with respect to a Markov kernel P (see Assumption A). This
hypothesis is rather weak and is satisfied in a large number of practical cases as discussed in the
remark below.

Assumption A. There exists P € P(X|X) satisfying Q(-|z,a) < P(:|x) for any (z,a) € K.
Associated to the kernel P, p will denote the probability measure on X defined by

p(dz) = Z 2k—1+11/P’“(d1‘). (2)
keN

Remark 3.1 1. In Lemma 3.2 below, it is shown that under Conditions (S1) and (S2), As-
sumption A is satisfied.

2. If the sets of feasible actions are countable, that is A(x) = {ar(x)}ken+ where for any k € N*
ag 18 a measurable function from X to A then Assumption A is satisfied for P defined by

Pldyl) = 3 5 QUgl, ax(x)),

keN*

for any x € X.



3. If Q(-|z,a) < q(-) for any (z,a) € K then clearly Assumption A is satisfied. This condition
corresponds to the main hypothesis used in [8]. It is of course less general than Assump-
tion A but it is naturally satisfied for a large class of practical systems. Indeed, in many
applications, the evolution of an MDP is specified by a discrete-time equation of the form
xpy1 = F(ay,ap) + & where F is an R™-valued measurable mapping defined on R™ x A and
(&)ten is an independent and identically distributed sequence of random variables with den-
sity o with respect to the Lebesque measure on B(R™). By using the change of variable

formula, we obtain that Q(Alz,a) = / a(y — F(z,a))dy showing that Q(-|z,a) < q(-) for
A

any (z,a) € K is satisfied for q defined for example by the standard normal distribution on

B(R").

Observe also that when X is finite or countable, Q(-|x,a) < q(+) for any (z,a) € K is satisfied

when q is given for example by a geometric distribution.

Lemma 3.2 Conditions (S1) and (S2) imply Assumption A, that is, Q < P with P € P(X|X)
given by

Pldyl) = 3 - QUyla, &(x) 3)
keN*

where {&k }ren+ 18 a sequence of measurable selectors from the multifunction defined from X to A
by x — A(z) and satisfying A(z) = {&n(z) : n € N*} for any x € X.

Proof: The multifunction 2 from X to A defined by x — A(x) is by assumption Borel measurable
and so, weakly measurable. From (S1), Corollary 18.15 in [1] gives the existence of a sequence
{&n}nen- of measurable selectors from the multifunction A satisfying A (z) = {&,(x) : n € N*} for
any x € X. Now by using (S2), we obtain that Q(dy|z,a) < P(dy|z) for any (z,a) € K for the
Markov kernel P defined by (3). O

Remark 3.3 The previous proof is an extension of an argument used in the proof of Theorem 1
in [13, p. 183].

In the next definition, we introduce the set of feasible variables. It will be shown below that it
is a convex subset of the vector space of finite signed kernels on A given X.

Definition 3.4 Suppose Assumption A holds and let p be the measure introduced in (2).
o For ® = (o>, ¢*) € K(A|X)?, n® will denote the measure in M(X x A) given by
0 (dz, da) = Ioo(2) 9™ (dalz)p(dz) + ¢* (dalz)p(dz), (4)
recalling that Too is constant function equal to infinity.
e Consider IC, as the set of ® = (p™, ¢*) € IKC(A|X)? satisfying
p (Alr) + " (Alz) > 0,
e (A(x)z) + ¢ (A(z)%|z) = 0,
and
nx =v+n"Q.

Any ® € IC), induces a measure n® that will be called the ICp-measure generated by ®. IC, is
called the set of feasible variables.



Remark 3.5 Observe first that a®; + (1 — a)®2 € K, and in particular,
TP = an® 4 (1 - a)n™, (5)

for any o € [0,1] and (1, P2) € ICIQJ. Therefore, ICp, is a convex subset of the vector space of signed
finite kernel on A given X.

Definition 3.6 Let ® = (>, ¢*) € IC,,. Introduce the kernel pp on A given X defined by
o™ (dalz) ©* (dalz)

po(dalz) = Igg (w)m £4(7) (A7) (6)

where
Ep ={reX:p*(Alr) =0}. (7)

Observe that ¢g is a stochastic kernel satisfying o (A(z)|z) = 1 for any x € X. The stationary
randomized policy pe will be called the policy induced by ®.

We will also need the following technical hypothesis:

Assumption B.

(B.1) sup {nq’(rJr) :® € KCp} and sup {nq’(c:r) :® € K} < 4oo for any i € Ny.
(B.2) pu(r™) < 400 and p(c; ) < +oo for any p € O, i € N,,.

This hypothesis is comparable to Assumption (A2) introduced in [8, p. 847]. Assumption (B.1)
essentially imposes that the values of the unconstrained convex programs associated to a reward
function given by either r or ¢; for i € N, are different from +o0o while Assumption (B.2) ensure
that the performance criteria associated to the reward r and the constraints ¢; for i € N, are not
equal —oco. In particular, Assumption (B.1) will be used to introduce the linear program.

Definition 3.7 Suppose Assumptions A and (B.1) hold. The convex program, denoted by ICPp,
consists in mazimizing n®(r) over ® € IC,, subject to n®(c;) > 0 for any i € N,. The value of the
convex program s given by

sup {77(1)(1”) 1 ® € IC, and n*(c;) > 0F fori € Ng}. (8)
A variable ® € ICp, is said to be an optimal solution to the convex program ICP), if
n(i)(r) = sup {n(p(r) 1 ® € IC, and n*(c;) > 0F fori € Ng}
and n‘i’(ci) > 0F for any i € Ng.

Remark 3.8 Let h be a function given by either r or ¢; for i € Ny. From Assumption (B.1), it
follows that an® (h) + (1—a)n®2(h) is well defined for any o € [0,1] and (®1, ) € IC?). Therefore,
we obtain from equation (5) that

na<1>1+(1fa)<1>2(h) = an® (h) + (1 — a)n®2(h)

for any a € [0,1] and (®1,®2) € K2. This implies that the mathematical program defined in (8)
is indeed a convex program. In [3, p. 153], a convex program is written in terms of an infimum.
The ICP,, program introduced in Definition 3.7 can be equivalently written in terms of an infimum
by changing the sign of the reward function. We prefer to keep this setting to deal with an MDP
under a reward optimization criterion.



Finally, we introduce an additional standard hypothesis:

The Slater condition

There exists p* € O such that 6 < p*(¢;) for any i € Ny.

4 Preliminary results

The main goal of this section is to establish several properties of the constrained control problem
as well as properties of the convex program.

4.1 Properties of the convex program

In this subsection, we will show in Lemma 4.2 that for any stationary randomized policy 7 € Il
there exists ® € KC, such that the KC,-measure generated by ® is equal to the occupation measure
generated by the stationary randomized policy w. An important result which is a cornerstone of
the paper is presented at the end of this subsection. It can be roughly stated as follows: for any
feasible variable ® € IC, of the convex program, the reward 7, (h, ¢) associated to the stationary
randomized policy g € I, is greater than n®(h) for specific functions h that will be discussed in
Theorem 4.3. To get these results, we first need to establish that the occupation measures of the
controlled process have a special structure, that is, the marginal on X of any occupation measure
is absolutely continuous with respect to the probability measure p introduced in Assumption A.

Lemma 4.1 Suppose Assumption A holds. Then for any u € O,
px (dz) < p(dz) (9)
where p € P(X) is defined in (2).

Proof: For any p € O, it can be easily shown from Lemma 9.4.3 in [11] the existence of an
increasing sequence of finite measures {p }xen+ on X and a sequence of stochastic kernels {g }ren=
on A given X satisfying ¢r(A(z)|x) = 1 and

dim i (A) = px (4) (10)
and
i (A) = v(A) + /X /A Q(AJ, a) o (dale) g (dr) (11)

for A € B(X), k € N* and p1 = v. Let us show by induction that up < p for any k € N*. We have
clearly pq < p. Assume that py < p. Observe that / Q(|z,a)pr(dalr) < P(-|x) for any x € X
implying that A

| ] @tz apdalatin) < [ Peiapin)

and so, combining (2) and (11) we have pg4+1 < p. We obtain the result by using (10). O

As a consequence, we can show that the set of the /C)-measures contains the occupation mesures
generated by the stationary randomized policies.



Lemma 4.2 Suppose Assumption A holds. For any m € 11, there exists ® € IC, such that
Be=n".

Proof: Let 7 € II,. Clearly, the increasing sequence {uf }1en+ of finite measures defined on X x A
by

WF(T) = SO PL((Xe, Ay) €T)
k=1

for any I' € B(X x A) converges to p”. From Lemma 4.1, there exists a sequence of increasing

t
measurable R -valued functions {D; };en+ defined on X such that z:IP’Z,r(X;g €N = / D (x)p(dx)
k=1 A
for A € B(X) and so, uf (dz,da) = Di(x)n(dalx)p(dx). Therefore,
p(dx,da) = D(x)m(dalz)p(dr)

where D(z) = lim;_,o Di(7). Consequently, ® = (¢>°, ¢*) defined by ¢*°(da|r) = I{p(z)=c)7(dalz)
and *(da|r) = D(z)[{p()<sc}T(daz) belongs to K, since % = v + p" Q. O

The following result is in a way a converse of the previous one. It is a key result in our work.
Roughly speaking, it states that for any feasible variable ® € IC, of the convex program, the reward
T, (h, pa) associated to the stationary randomized policy @g € II, is greater than n®(h) for specific
functions h described below.

Theorem 4.3 Suppose that Assumption A holds. For any ® € IC,, there exists oo € Il such that
j,,(h, @@) > né(h%
for any h € M(K) satisfying sup {ncb(iﬁ) KOS ICp} < +o00.

Proof: For h € M(K) satisfying sup {nq’(hJ’) ONS le} < +00, let us prove the result by showing
that

pfr(h) = n® (h) (12)

where g is the stationary randomized policy induced by ® (see (6)). There is no loss of generality
to assume that n®(h) > —oc and so we have n*(|h|) < co. We are going to proceed by contradiction
to get (12). More precisely, if u#®(h) < n®(h) then we will introduce a sequence {W}ren in ICp
satisfying klirgo 17‘11’“ (h) = +oo contradicting the hypothesis. The proof is divided into two steps.

We will first introduce {U}}ren and show that ¥y € IC,, for any k € N. In a second step, it will be
proven that klim n"¥*(h) = 400 showing the result.
—00

First step: construction of a sequence {Wj}ren in IC,.
Let p%® be the occupation measure induced by the stationary randomized policy pg. As in the
proof of Lemma 4.2, there exists a measurable R -valued function D, defined on X satisfying

e (de, da) = Dy (2)pa(dalz)p(dr). (13)
For k € N, consider ¥y, = (¢°°,¢}) where ¢>° € IC(A|X) is given by
$>(dalr) = Igg () e (dalz) (14)
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and ¢ is a signed kernel on A given X defined by

Vi(dalz) = Igy (@) " (Ale) + k[0 (Al2) = Dy ()] | 00 (dale) + (k + 1)Ieg ()¢" (dal2).  (15)

Observe that in the previous definition, ¢*(Alx) — Dy, (x) is well defined since ¢* € K(A|X).
To get the result, we will proceed in two steps. First we will show that ¢*(A|-) > D,,(-) on E¢
implying that ¢} € KC(A|X) and so, ¥y, € KC(A|X)? for any k € N. In a second step, we will prove
that ¥y, € ’Cp.

e Let us show that ¥y € IC(A|X)2.
From (4), n®(dz,da) = T (7)™ (da|z)p(dx) + ¢*(da|z)p(dx) and so, by using (7)

0®(de,da) = Ig, (2)p* (dalz)p(de) + Lgg (2) Lo ()™ (dala)p(dr) + Leg ()" (dalz)p(dz),

where by convention 0 x co = 0. Recalling the Definition of ¢ (see equation (6)), we easily obtain
Lgy (2)¢"(dalz) = gy (2)¢"(Alr)pa(dalr) and lgg (2)Loo(r)p™(dalz) = Igg ()Ioo(x)pa(dalz)
and so, we get

0® (de,da) =lIg, (2)¢" (Alr)pe(dalz)p(de) + L (x)Ioc (x) pn(dal)p(dz)
+ Leg (2)¢" (dalz)p(dz). (16)

Therefore,

1k (dr) = [Ie, (2)9" (Al2) + Ieg (2) [T (@) + 0" (Al)] | plda)

= [1e4 (2)¢" (Al2) + Ies, (2) oo ()| pld2). (17)

Since % = v + 1n®Q, we have by using (16)

B2 =v(A) + [ QP (Ale)e (Alx)p(da) + / Q® (Al2) oo (2)p(dr)
£ £

+ | Q¥ (Alx)p(dz), (18)
€s
and with (17) it follows
1x (A) = v(A) +nx Q¥ (A) + . Q¥ (Alz)p(dz).
L
However, u%* is the minimal solution to the equation 8 = v+ BQ¥® and so, u§* < n%. Combining
equations (13) and (17), we obtain [ng)(-)go*(A\-) +Ig%(-)Ioo(‘)} > Dyy(+) p— a.s.. Consequently,

Dy () < ¢*(Al)) p—a.s. on g and according to the definition of Dy, (-) (see equation (13)), there
is no loss of generality to claim

Dy (1) < ¢*(Al-) on Eg. (19)
Therefore, 1} € IC(A|X) and so, ¥), € K(A|X)? for any k € N.

e Let us show that ¥, € IC,.
Recalling the definition W), (see equations (14)-(15)), we have ¢*°(A(x)%|z) + ¢} (A(z)¢|z) = 0 and
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V(Alz) + Yp(Alz) > Igy (7)™ (Alz) + Igg (x) > 0 for any z € X. The only point which remains
to prove is that nVk(dz, da) = Too(2)y>®°(dalz)p(dz) + 1} (dalz)p(dzr) satisfies
Xt = v+n'Q. (20)

Combining the definition of W), (see equations (14)-(15)) and the expression of n® (see equation
(16)), we obtain

o= 0T+ ky (21)
where v € M(X x A) is given by
Y(dz,da) = I, (2)[¢"(Al2) — Dy, (z)] 0o (dalz)p(dz) + Ieg, (2)¢" (dalz)p(dw). (22)

To show that (20) holds, we will consider two cases.

a) Firstly, we will show that equation (20) is satisfied on B(Eg). For that, let us consider A €
B(Ep). From (21), we have n)\Ié’“(A) = 03 (A) + kyx(A). However, ng(A) = v(A) + n®Q(A)
showing that 77)\1;’“ (A) = v(A) +n®Q(A) + kyx (A). If we show that vx (A) = yQ(A) then 77)\1;" (A) =
v(A) + n¥*Q(A) implying that (20) holds on B(Es). To see that yx(A) = vyQ(A), observe from
(22) that

() = [ [ (Ak) = Dy )] pldo)

Assuming that n%(A) < oo and combining (13), (17) and the previous equation we have

x(A) = /A (9" (Al2) — Doy ()] p(dr) = 15 (A) — 5 (A). (23)
Now, we obtain by using (18) and the fact that n%(A) < oo

[ @A) (e)p(d) =0 (24)
implying also
[ @)Dy @)plae) = 0 (25)
;
Now, combining (18) and (24)
n(A) = v(A) + /g QA (Al)p(de) + [ Q7 (Afe)p(da).

Recalling that p3® = v + p$® Q¥®, we have with (13) and (25)

WEEN) = v(A)+ [ QP (Ala)Dy, (2)p(de).

Ep
The two previous equations gives
nx(A) =t (A) = i Q7" (Alz) [¢"(Alz) — Dyy ()] p(dz) + . Q7 (Alz)p(dz).  (26)
> o
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From (23) and (26)

1x(A) = ; Q?* (Alz) [¢" (A]z) — Dy, ()] p(da) + . Q¥ (Alx)p(dz)
3 3
Recalling the definition of v (see (22)) we get vx(A) = vQ(A) for A € B(Eg) with % (A) < oo.
However, equation (17) implies that n% is o-finite on £¢ and combining (16) and (22), we have
vx < n%. Therefore, it follows that yx(A) = yQ(A) for any A in B(€¢), and so (20) holds on
B(Eaq).

b) Secondly, we will show that equation (20) is satisfied on B(€g). For that, let A € B(EG). It is
important to observe from (17) that in this case n%(A) = 0 or +oo. Therefore, we obtain on one
hand 77;1;’“ (A) = n%(A) + kyx(A) = n5%(A) by recalling (21) and using the fact that yx < n% and
on the other hand n% (A) = % (A) + kyQ(A) since by (22)

YQA) = /g Q% (Aly) [¢" (Aly) — Dy, (v)] p(dy) + g Q¥ (Aly)p(dy) < n%(A)

where the last inequality comes from (18). Therefore, n)\lék (A) = n%(A) +EvQ(A) = vA) +nY+*Q(A)
showing that (20) holds on B(EG).

Finally, equation (20) is satisfied and as a consequence ¥, € IC,, for any k € N.

Second step: lim 7Yk (h) = +oc.
k—ro0

Recalling that n®(|h|) < oo, we get from (16)

/6% \h(2, a)|Zoo (z) e (dalz)p(dz) = 0
implying also

/c‘g) (2, a)| Dy (z) e (dalz)p(dz) = 0.

Therefore, combining (13), (16), (22) and the two previous equations we obtain easily that

n® (h) = p#* (h) = y(h).
If n®(h) > p¥®(h) then v(h) > 0 and klirgo n¥%(h) = n®(h) +klirilo kv(h) = 400 giving the result. O

4.2 Properties of the constrained control problem

The main objective of this subsection is to show that in the framework of constrained control
problems, the supremum of the expected total rewards over the set of randomized policies is equal
to the supremum of the expected total rewards over the set of stationary randomized policies. Our
results use Theorem A.l1 presented in the Appendix which is a slight modification of Theorem 1
in Schél [17] who has established a stronger version of this type of result but in the unconstrained
case. To use Schal’s results, we need to impose Conditions (W) or (S) and in addition, to deal with
the constrained case, we need to impose a Slater-type condition.

The next technical Lemma shows that, roughly speaking, under Assumption (B.1), the uncon-
strained control problems associated to a reward function given by either r or ¢; for ¢« € N, are
different from +ooc.
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Lemma 4.4 Suppose Assumptions A and (B.1) and either Conditions (W) or (S) hold. Then,
sup {pu(r*) : p € O} < 400 and sup {u(c]) : p € O} < +oo,
fori € Ny.

Proof: The idea is to apply Theorem A.l to the unconstrained models associated to the reward
functions given by one of the following mappings: r* and c;-'r for i € Ny. Clearly, the Conver-
gence Assumption and the Continuity and Compactness Assumptions in [17, p. 367] are satisfied.
Therefore, we have by using Theorem A.1

sup{u(h) : p € O} = sup{u(h) : p € O}

for any function h given by either 7+ or cf for ¢ € Ny. Now, from Assumption A we can apply
Lemma 4.2 to have

sup{p(h) : p € O} <sup{n®(h): ® € I, }.
Recalling Assumption (B.1) we obtain the result. O
The next result shows that if the Slater condition is satisfied for an arbitrary policy then there
exists a stationary randomized policy satisfying the same type of condition.

Proposition 4.5 Suppose Assumptions A, B and either Conditions (W) or (S) hold. If the Slater
condition is satisfied, then there exists p € Oy satisfying 07 < ji(c;) for any i € Ny.

Proof: The result is proved by induction. Applying Theorem A.1 for the unconstrained model
associated to the reward function c¢q, we have
suplp(er) : 1 € O} = suplule) s j € O,}.
Since p*(c1) > 67 (by recalling the Slater condition), we have sup{u(c1) : p € O} > 67 implying
the existence of 11 € Oy such that pi(c1) > 67. For n € Ny_1, let us assume the existence of
in € Oy such that p,(c;) > 65 for i € N,,. Therefore, we can combine Lemma 4.4 and Proposition
A.2 to obtain
sup {ft(cnt1) : p € O and p(c;) > 65 for i € N, }
= sup {p(cnt1) : p € Oy and p(c;) > 67 for i € N, }.
However,

sup {,u(an) cp € O and p(e) > 07 fori e Nn} > (cpgr) > 054
implying the existence of ji,+1 € O, such that p,41(c;) > 07 for i € Ny,4q. This gives the result. O
Below is the main result of this subsection that states roughly speaking that in the framework

of constrained control problems, the supremums of the expected total rewards over the set of
randomized policies and over the set of stationary randomized policies coincide.

Theorem 4.6 Suppose Assumptions A, B and either Conditions (W) or (S) hold. If the Slater
condition is satisfied, then

sup{p(r) : p € O and p(c;) > 65 fori € Ny}
=sup{p(r) : p € Oy and p(c;) > 65 fori e Ny}

Proof: Applying Proposition 4.5, there exists 1 € O, satisfying the Slater condition, that is,
fi(c;) > 07 for i € N;. Now, combining Lemma 4.4 and Proposition A.2, we obtain the result. O
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5 Main results

In this section, we present the main results of this paper showing that the original control problem
is equivalent to the convex program introduced in Definition 3.7 for a weakly or strongly continuous
transition kernel.

The case of Condition (W)

Theorem 5.1 Suppose Assumptions A, B and Condition (W) hold. If the Slater condition is
satisfied, then

sup { Ty (r,m) : m € g+ } = sup {n®(r) : @ € K,, and n®(c;) > 0F for i € Ny} (27)

where p € P(X) is defined in (2). Moreover, if ® is an optimal solution to the convex program
ICP,, then the stationary randomized policy g induced by ® is optimal for the constrained control
problem, that is,

Ju(r,¢4) = sup {Jl,(r,ﬂ) 1T E Hg*}. (28)
Proof: Theorem 4.6 states that
sup {J,(r,m) : 7 € Up+ } =sup {TJp(r,7) : 7 € Ly N1p- }.
However, from Lemma 4.2, we have
sup {J, (r,m) : m € Il N1lp+ } < sup {nqh(r) :® € IC, and n®(¢;) > 0] for i € Ng},

Now, consider ® € ICp. By using Theorem 4.3, 7, (h, ps) > n®(h) for h given either 7 or ¢; for
1 € Ny implying that ¢ € II; NIlp- and also the reverse inequality

sup { T (r,7) : m € My NTp+ } > sup {n®(r) : ® € K, and n®(c;) > 0] for i € N}

showing the first part of the result.

Now if & e IC,, is an optimal solution to the convex program ICP, then n‘i’(ci) > 07 for any
i € N, and ni’(r) = sup {n®(r) : ® € K, and n®(¢;) > 6} for i € Ny}. Therefore, the stationary
randomized policy pg € Ilp« satisfies J,,(r, p5) > n‘i’(r) by using Theorem 4.3. Now, by using
the first part of the result (see equation (27)) it follows that 7, (r, pg) > sup {J,(r,7) : m € -}
giving the last part of the result. O

Remark 5.2 As mentioned in the introduction, the previous result has the advantage of proposing
a convex programming formulation for constrained MDPs under the ETR criterion with signed
reward functions and satisfying condition (W) which has not been so far addressed in the literature.
In [6], the authors do not really analyse a convex program, but study a related optimization problem
where the MPDs under consideration satisfy condition (W) but the proposed approach strongly relies
on the positiveness of the cost functions and cannot be generalized to the framework of signed cost
functions.
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The case of condition (S)

Theorem 5.3 Suppose Assumptions B and Condition (S) hold. If the Slater condition is satisfied,
then

sup {Jy(r,m) : w € Ly« } = sup {77‘1)(7“) 1 ® € K, and n®(c;) > 07 fori € Ng}

where p is defined in (2) for P given by (3). Moreover, if & is an optimal solution to the convex
program then the stationary randomized policy g induced by ® is optimal for the constrained
control problem introduced in Definition 2.1.

Proof: Up to the definition of p whose existence is established in Lemma 3.2, the proof of this
result is identical to that of Theorem 5.1. O

Remark 5.4 In [8], the authors do not really analyse a convex program but study a related opti-
mization problem where the MPDs under consideration satisfy condition (S) by assuming that the
transition kernel is absolutely continuous with respect to a reference probability measure uniformly
in the state and action variables. In the previous result, we show that this assumption is not needed
under condition (S) if this hypothesis is replaced by a Slater-type condition.

6 Example

In this section, we provide an example with one constraint to illustrate our results and compare
them with reference [8]. The results obtained in [6] cannot be used for this model because the
contraint function takes positive and negative values. We will show that one of the conditions of
[8] is not satisfied while the approach developed in the present paper can be applied. This example
shows that there is a gap between the initial optimization problem and the mathematical program
associated to the measures satisfying the characteristic equation, that is,

sup {Jy(r,7) : 7 € L and J,(c1,m) > 07}
< sup {,u(r) s € M(X), ux =v+ pQ and p(er) > 9’1‘}

It means that the characteristic equation ux = v + u@ generates measures that do not correspond
to any occupation measures of the process. This type of measures has been called in [7] phantom
solutions of the characteristic equation. The interesting point is that at the same time, we may
have

sup {J,(r,7) : 7 € Il and J,(c1,7) > 6]} = sup {77(1)(7") :® € K, and 7% (cy) > 07}

This means that the set {n® : ® € KC,,} which is by the way a subset of { € M(X) : px = v+pQ}
may generate less of phantom solutions.

Two different values of the constraint limit 67 will be studied. For the first value of the constraint
limit, it will be shown that the approach proposed in the present paper can be applied implying
that the value of the original control problem coincides with the value of the convex program KP,,.
When changing the value of the constraint limit, the Slater condition will not be satisfied. However,
it is interesting to observe that in this latter case, the values of the original control problem and
its associated convex program ICP, still coincide although the Slater condition is not fulfilled.
It appears that the Slater condition is not a necessary condition to establish the correspondance
between the constrained control problem and its associated convex program ICP,,.
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We consider the control model
(X7 A7 Qa Ty C1, 9; V)

where X = ZU{A} and the action set is given by A = {a,b}. Forz # 1, A(z) = {a}; A(1) = {a,b}
and A(A) = {a}. The stochastic kernel @ is given by Q(x + 1|z,a) =1 for < 0 and Q(y|z,a) =
(1/2)I 13413 (y) + (1/2) {5101 (y), for z > 1 and finally, Q(A[1,0) = Q(A[A,a) = 1. The one-step
reward function is given by 7(z,a) = (1/2)1*! for x # 1; 7(1,a) = r(1,b) = 1/2 and 7(A,a) = 0.
The one-step constraint function is given by ci(z) = (—1/2)*! for = # 1; ¢;(1,a) = —1/18 and
c1(1,b) = 1. The initial distribution v satisfies v({1}) = v({A}) = 1/2. The constraint limit is
given by 67. Two cases are studied: 67 =1/4 and 67 = 1/2.

Let € M(X) satisfying the characteristic equation ux = v + p@ and so, u(A,a) = 4o0;
w(xz,a) = p(0,a) for x < 0; pu(1l,a) + u(l,b) = 1/2 4+ p(0,a) and finally, pu(2,a) = (1/2)u(1,a)
and p(z,a) = (1/2)u(x — 1,a) + (1/2)u(x — 2,a) for x > 3 showing that for z > 2, p(r,a) =
(1/6)[4 — (=1/2)* 2 u(1, a). Therefore,

sup {u(r) : p € M(X), px = v+ pQ} > sup {u(0,a) : p(0,a) € Ry } = +oo

since p(r) = 2(1/2)”‘”(30,&) + (1/2)[p(1, @) + p(1,0)]. This implies that Assumption (A2) in [§]
r#1
is not satisfied and therefore, the approach developed there cannot be applied.

The stochastic kernel P on X given X defined by P(z|y) = Q(x|y,a) for y € {A}UZ\ {1} and
P(2]1) = P(3|1) = P(A|l) = 1/3 satisfies Assumption A.

The probability p associated to P and given by (2) satisfies p(z) = 0 for z < 0. As a consequence,
n®(x,a) = 0 for any x < 0 and ® € IC,. Moreover, since n® satisfies the characteristic equation,
it follows that n®(1,a) +7%(1,b) = 1/2 and n®(x,a) = (1/6)[4 — (—1/2)*2n®(1,a) for x > 2 and
n®(A,a) = +oo. Thus,

*(

0®(r) = r(La)n® (L a) + r(Lb)n*(1,0) + Y r(z,a)n® (2, a)
x>2

= (1/2)[n®(1,a) + n®(1,0)] + > _(1/2)*(1/6)[4 — (=1/2)**|n® (1, a)
x>2
=1/4+(3/10) n®(1, a)

and similarly,

n®(e1) = (=1/18)n"(L,a) +n*(1,0) + Y _(=1/2)"(1/6)[4 — (=1/2)"*]n® (1, a)
r>2

=1/2—-1%1,a)

where %(1,a) € [0,1/2]. Clearly, we have n®(r*) < 400 and n®(cf) < +oo for any ® € K,
showing that Assumption (B.1) is satisfied.

Now, let 7, (respectively, m,) be the deterministic stationary policy given by 7, ({a}|x) = 1 for
x € ZU{A} (respectively, mp({a}|z) = 1 if x € ZU{A}\ {1} and m,({b}|1) = 1). It is easy to
see that the occupation measure p™ is given by p™(1,a) = 1/2; p™(1,b) = 0; p™ (A, a) = 4o0;
pre(z,a) = 0 for any z < 0 and p”(x,a) = (1/12)[4 — (=1/2)*72] for = > 2 and the occupation
measure p™ satisfies ™ (z,a) = 0 for any x € Z; p™(1,b) = 1/2 and p™(A,a) = +oo. It follows
easily p™(r) =3, 5(1/2)%(1/12)[4 — (—1/2)* 2] + 1/4 = 2/5 and p™(r) = r(1,b)u™(1,b) = 1/4.
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Observe also that p™(c1) = —1/18 + > <,(=1/2)%(1/6)[4 — (—1/2)*72] = 0 and p™(c;) = 1/2.
Clearly, the reward J,, (r, 7) takes values in the interval [7, (7, 7,), J, (7, 74 )] when the policy 7 ranges
over II and the constraint J,(c1, ) takes values in [7,(c1,7q4), Ju(c1,mp)]. Therefore, Assumption
(B.2) is satisfied.

Finally, Condition (W) is obviously satisfied for this model.

Remark that for any a € [0,1], the stationary randomized policy given by w({a}|l) = a,
m({b}1) =1 — o and w({a}|x) =1 for x € Z\ {1} yields J,(r,7) = (1 — @) T, (r, ) + T (1, 74a)
and J,(c1,m) = (1 — )Ty (c1,m) + ady(c1, ma).

The case where 07 = 1/4. From the previous discussion, we have

sup {7, (r,7) : m € L and J,(c1, ) > 07} = J,(r,7*) = 13/40

where 7* is the stationary randomized policy given by 7*({a}|1) = 7*({b}|1) = 1/2, 7*({a}|z) =1
for x € Z \ {1}. Moreover,

sup {17(1)(7‘) : ® € IC, and 7% (cy) > 01}
= sup{(3/10) n®(1,a) +1/4 : n*(1,a) € [0,1/2] and (1/2 —n®(1,a)) > 1/4}
= 13/40.

Therefore, the values of the original control problem and the convex program KCP), agree as claimed
by Theorem 5.1 since the Slater condition holds. A

Observe that the optimal value of the convex program }CP,, is achieved for n®(1,a) = 1/4 where
de ICp is an optimal solution to the convex program KP,. Since p(1) = 1/4, the stationary policy
@4 induced by @ is given by ¢z ({a}|1) = ¢4({b}1) = 1/2 and ¢4z ({a}|A) = ¢4({a}|z) = 1 for
x € Z \ {1}. This optimal policy corresponds to 7* as determined above.

The case where 07 = 1/2. We have for this value of the constraint limit,

sup {j,,(r, 7)€l and J,(c1,7) > 91‘} =T, (r,7*)=1/4

where 7* is the stationary randomized policy given by 7*({a}|1) = 0, #*({b}|1) = 1, 7*({a}|z) =1
forz € Z\ {1}.

However, we cannot apply the results of the present paper because in this case the Slater
condition is not satisfied. Indeed, for any 7© € I, J,(c1,m) < 1/2. But, the values of the original
control problem and the convex program ICP,), still agree since

sup {né(r) : ® € IC, and % (c1) > 07}
= sup{(3/10) n®(1,a) + 1/4 : n*(1,a) € [0,1/2] and (1/2 — n*(1,a)) > 1/2}
=1/4.

A Appendix

In this appendix, let m be an integer in N*. Consider the functions h € M(K) and g; € M(K)
for © € N;,. We will first present a slightly different version of a result derived by M. Schal in
[17, Theorem 1]. The only difference is that, we consider here the expected total reward criterion
while in [17], Schél deals with the conditional version of that performance criterion. We will use
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it repeatedly in this paper. In this section we will also establish a technical result that is used
in section 4.2 to show that in the framework of control problems with constraints, the supremum
of the expected total rewards over the set of randomized policies is equal to the supremum of the
expected total rewards over the set of stationary randomized policies.

To use Theorem 1 in [17], we need to introduce the following two sets of conditions:

For any z € X, A(x) is compact.

For any = € X, h(x,-) is upper-semicontinuous on A (z).

)
82) For any z € X and A € B(X), Q(A|zx,-) is continuous on A(x).
)
) For any z € X, g;(z,-) for i € N, are upper-semicontinuous on A(x).

(W1) For any = € X, the action set A(x) is compact and the multifunction from X to A defined
by x — A(x) is upper-semicontinuous.

(W2) For any f € C(X), Qf is continuous on K.
(W3) The function h is upper-semicontinuous on K.

(W4) The functions g; for i € N,;,, are upper-semicontinuous on K.

Theorem A.1 Suppose u(h™) < +oo or u(h™) < +oo for any p € O and either conditions
(81)-(83) or (W1)-(W3) are satisfied. Then

sup {p(h): p € O} =sup{u(h): p e O,}. (29)

Proof: The proof of this result is essentially the same as Theorem 1 in [17]. The only difference
is that, we consider here the expected total reward criterion while in [17], Schél deals with the
conditional version of that performance criterion. By adapting the arguments developed in [17],
we obtain easily the result. O

Proposition A.2 Consider € R™. Assume sup {wh* +gf):peOUn®: ® € K} } < +oo;
pw(h™) < 400 and pu(g; ) < +oo for p € OU{N® : ® € K,}. Suppose also that Assumption A and
either conditions (S1)-(S4) or (W1)-(WA4) are satisfied. If there exists i € Oy satisfying 0; < 11(g;)
for any i € N, then
sup {u(h) : p € O and p(g;) > 0; forie Ny }

=sup {pu(h) : p € O, and p(g;) > 0; forie Ny, }. (30)
Proof: Let QR be either O or {n® : ® € IC,}. Clearly Bui + (1 — B)uz € M for any py, po in RN
and 8 € [0,1]. Let us define C = U%{H € RP: pu(gi) > 0; for i € N, }. C is clearly a non-empty

e
convex subset of RP. Define the function V on C by
V(0) :=sup{u(h) : p € M and u(g;) > 0; for i € N, }.

By hypothesis, V takes values in R for any 6§ € C. Observe that V is a proper concave on C. Indeed,

consider 0; = (61,1,...,01,m) and 02 = (621,...,62,,) in C and a € [0,1]. For any € > 0, there
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exist puj. € R for j = 1,2 satisfying p;(g:) > 0 and pjc(h) > V(0;) — €/2 for i € N,;,. Clearly,
we have (ﬁ,ul,e +(1- 5)#2,5)(92‘) > (61, + (1 — )b, for any i € N,,,. Therefore,

V(B0 + (1= B)02) = (Bpre + (1 = Bpz,e) (h) = BV(61) + (1 = B)V(02) — e,

showing that V is a proper concave function on C. Now, 6 is in the interior of C, and so V is

continuous at 6 by Proposition 2.17 in [3] and therefore, we can apply Proposition 2.36 in [3] to
claim the existence of A € R™ such that, for all § € C,

Remark that A < 0,, since V() > V(f) for all # < 6. Now, fix an arbitrary p € 98. Then

(1(g1)s -+ s 1u(gp)) € C and so, : o
V(0) > pu(h— (A g) + (X 0).

Therefore, o
)€+ (1.0, (31)

V() > sup{u(h — (X g
) > 6; for any i € N,,, such that uc(h) > V() —

For any € > 0, there exists pe € R with uc(g;
implying

sup{u(h — (X, 9)) : pp € R} + (X, 0) > pe(h) — (X, 9)) + (X, 0) > pe(h) > V(6) — e
since A < 0,,,. Together with (31), this shows
sup{p(h) : p € R and pu(g;) > 0; for i € Npy} = sup{p(h — (A, 9)) : p € R} +(X,0).  (32)
Now, we have for A < 0,,,

sup {u(h — (X, ) :uei’{}—k(/\,@
> sup {pu(h— (N, g)) : p € R and p(g;) > 0; for i € Ny} + (\0)
> sup {p(h) : p € R and p(g;) > 0; for i € Ny},

implying
1nf{sup{,u( /\g>):,u€,‘ﬁ}+<)\,9~>:)\§0m}
> sup {p(h) : p € M and p(g;) > 0; for i € N},
and so with (32) we obtain
mf{sup{,u( )\g>):,u€9i}+<)\,§>:)\§0m}
=sup {p(h): p € R and p(g;) > 0; for i € N }.
Therefore, with 93 = O

1nf{sup{,u( )\g>):u6(’)}+<)\,9~>:)\§0m}
=sup {pu(h) : p € O and p(g;) > 0; for i € Nn},  (33)
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and with R = {n? : ® € IC,}}

inf{sup {nq)(h —(A\g):PeK,}+ (A, 0): )< Om}

= sup {né(h) : ® € IC, and n®(g;) > 6; for i € Np}t.  (34)

Now, for A < 0,, we have sup {n‘b((h - <)\,g))+> KOS ICP} < +00 by hypothesis and we obtain
from Lemma 4.2 and Theorem 4.3 that

sup {n®(h — (X, g)) : @ € IC,} = sup{u(h — (\,g)) : p € O} (35)

and also,

sup {n@(h) : @ € K, and n®(g;) > 6; for i € Ny, }
=sup {pu(h) : p € Oy and p(g;) > 0; for i € Ny, }. (36)

Therefore, combining equations (34)-(36) we obtain that

inf{sup {u(h—(\g):pe O+ (A, 0): )< Om}
=sup {pu(h) : p € O, and p(g;) > 0; for i € Ny}, (37)

Moreover, Theorem A.1 can be applied to show that

sup{p(h — (X, 9)) : € O} = sup{u(h — (N, 9)) : p € O} (38)
Combining equations (33), (37) and (38), we obtain the result. O
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