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CNRS, CPT, UMR 7332, 13288 Marseille, France and
2 Institut fiir Theoretische Physik IV, Heinrich Heine Universitit, D-40225 Diisseldorf, Germany
(Dated: July 25, 2018)

We present a unified description of a junction between s-wave (BCS) superconductors and a
junction between p-wave superconductors in a topologically nontrivial phase, which relies on a
scattering state expansion. We compute Josephson current and thermal noise in the two kinds of
junction and exhibit some characteristic features for a junction of two topological superconductors

hosting Majorana zero-energy modes.

I. INTRODUCTION

The idea for the possible existence of Majorana
fermions, particles which are their own antiparticlest,
originates in particle physics. Despite some candidates,
they have not been confirmed as elementary particles
yet?. Nevertheless, it has been realized that they can
occur as collective excitations in many-body electronic
systems®. The lattice toy model of a spinless chain with
p-wave pairing proposed by Kitaev? exhibits two topo-
logically distinct phases, one of which supporting zero-
energy end states with Majorana properties. The pro-
posals for practical realizations of topologically nontriv-
ial phases hosting Majorana fermions are numerous and
followed the original proposal by Fu and Kane® whose
idea was to circumvent the problem of knowing whether
the elusive p-wave superconductivity does exist or not in
Nature by instead using proximity effect with an s-wave
superconductor. At the view of the growing interest ris-
ing in the condensed matter community, some dedicated
reviews have been published® 8.

In the context of condensed matter physics, the moti-
vation for the search of Majorana fermions goes beyond
the intriguing new fundamental physics that these ex-
otic particles will inevitably provide if they are identified.
The exchange of Majorana fermions bound to topological
defects in a 2D system results in non-Abelian statistics®*
so that Majorana qubits can be used as a fault-tolerant
building block for a universal quantum computer®
Indeed, the nonlocal storage of the quantum information
in such qubits adresses in an alternative way the issue of
decoherence that practical implementations face.

Among all solid-state settings for the synthesis of
Majorana fermions as emergent quasiparticle excita-
tions, semiconductor-superconductor hybrid systemg 213
and especially proposals based on 1D semiconducting
wirest#12 the so-called Majorana wires, have received a
lot of attention. Indeed, spinless p-wave superconductiv-
ity can be mimicked with materials which are commonly
used in nanofabrication. Strong Rashba spin-orbit cou-
pling together with a Zeeman splitting for time-reversal
symmetry breaking are the key ingredients to create an
isolated spin band inside which superconductivity can be

proximity-induced using a conventional s-wave supercon-
ductor. Moreover, braiding of non-Abelian anyons can be

achieved in an effective 2D network of Majorana wired8,

Considering the relative ease to design Majorana wires
and their versatility for future quantum computation
schemes, several experiments have implemented these
proposals and have quite rapidly reported a zero-bias
conductance peak ™2l compatible with the presence of
Majorana zero-energy modes. Fractional 47 periodic
Josephson current®2"22 has also been observed?? but does
not give decisive evidence for Majorana fermions neither.
Potential non-topological origins for such signatures have
to be ruled out. In particular, discriminating features
in conductance measurements have motivated a lot of
works. For example, recent theoretical predictiong?#25
have followed the experimental study in Ref. 26l which
has reported exponential suppression of energy splitting
with wire length compatible with the hybridization of
Majorana end states in a Coulomb blockaded nanowire.
At the cutting edge of experimental progress in the search
for Majorana fermions, a proper quantization of zero-bias
conductance has recently been reported#™48,

Non-Abelian exchange statistics would be the ulti-
mate compelling proof for the observation of Majorana
fermions. Before the implementation of T-junctions!®
for braiding experiments, quantum transport in systems
supporting Majorana states can be investigated in the
aim to propose other kinds of signature for the presence
of Majorana fermions. The study of a junction between
two p-wave superconductors in a topologically nontriv-
ial phase (T'S-T'S junction) is motivated by the inherent
presence of Majorana fermions at the interface.

Short BCS superconducting constrictions (junctions in
which the contact length is much shorter than the super-
conducting coherence length) have extensively been stud-
ied in the litterature, including computations of Joseph-
son current??1 and thermal noisé??. Quasiclassical heli-
cal mode expansion and Dirac potential modelization for
backscattering at the contact point between wires33 are
well suited to describe a junction between two BCS su-
perconductors (S-S junction). This framework has been
adopted to adress decoherence issues of the so-called An-
dreev level qubit®®, including interactions with acoustic



phonons®® and quasiparticle poisoning238 The com-

plete description in terms of scattering eigenstates has
been provided in the form of bispinors®3* (which col-
lect right or left movers with spin up or down). A very
close description for a (chiral) TS-TS junction using (con-
strained) bispinors is possible.

In this work, we investigate a unified treatment of both
one-dimensional short S-S and TS-TS junctions, and we
focus on the computation of the electronic current statis-
tics at equilibrium: the Josephson current and the ther-
mal noise. Our calculations are based on the matching of
the scattering states of the Bogoliubov - de Gennes equa-
tion. While Green’s function based theoretical frame-
works (e.g. Ref. B9) have been used to study TS-TS
junctions, our approach has the advantage that TS-TS
junctions and S-S junctions can be treated in parallel,
which offers a global picture of both type of junctions.

The paper is organized as follows. In Sec. [l we in-
troduce the Bogoliubov - de Gennes (BdG) Hamiltonian
which describes either a BCS or a topological supercon-
ducting wire as well as the junction backscattering mod-
elization leading to a matching condition for scattering
eigenstates which encodes the nature of the superconduc-
tors in contact. Sec. [l is devoted to the emergence of
zero-energy bound states in a TS-TS junction and their
Majorana properties. Then, we introduce in Sec. [[V] the
current operator and the statistics we want to investigate.
The Andreev sector is studied in Sec. [Vl Transitions in-
volving continuum states give rise to a non-resonant noise
that we calculate in Sec. [VI] Finally, we give some con-
cluding remarks in Sec. [VII]

We consider units in which Planck and Boltzmann con-
stants, together with the elementary charge are unity, i.e.
h=1,kg=1e=1.

II. UNIFIED DESCRIPTION OF S-S AND TS-TS
JUNCTIONS IN TERMS OF BDG SCATTERING
EIGENSTATES

We consider first a one-dimensional BCS superconduc-
tor with Fermi energy Er = k%/(2m), gap energy A
and position dependent superconducting phase ¢(x). In
the quasiclassical approximation®3, the fermionic annihi-
lation operator ¥, (x), for a particle with spin o =1,/ at
position z, is expanded around Fermi points (with mo-
menta +kg), introducing slowly varying (i.e varying on a
scale much larger than Ap = 27/kp) envelope operators
Yjo(z) (j = R, L), according to

Vo () = €M Phpo(2) + e Yo (2) . (1)

We define the following Nambu spinors which collect
these right and left movers (with Fermi velocity vp =

\/2EF/Ww

(i) () o

~

These spinors have given + helicity and are combined

into the bispinor
¥y
U = . 3
(4 g

We define the Pauli matrices 7; and o; (i = z,y, z) which
act respectively in Nambu and right/left-mover spaces.
Then, the Hamiltonian can be written as

Hpcs = /dx \I/T(J:) [—quax 0,7, + AT, eid’(z)”} U(z) .
(4)

If the phase is homogeneous accross the material, that
is ¢(x) = ¢, we can gauge it out with the substitution

U+ e'57=, so that we obtain

Hacs = [ do 1) Hoao ) ¥(a) . 6)

where the BAG Hamiltonian reads
Hpac (0r) = —wpdy 0.7, + AT, . (6)
Setting the chemical potential to zero in the Kitaev
chain model leads to a topologically nontrivial phase
which supports zero-energy Majorana end states. A
linearization around Fermi points yields the following

Hamiltonian for a topological superconducting wire (TS
wire)=?

Hrg = Z@II [vpqT, + Ae¥™r,] &, with &, = ( CTkFJrq

q Ckr—q

(7)
We introduce right and left movers ¢, (j = R, L) by the
following Fourier transforms (I is the wire length)

d$ —1 x
Grta = [ 7€ (et 4pp(a) |

dx

(8)

and collect them into the Nambu spinors

o=(UF) . F=ime= (1) ©

The * operation on a vector consists in the hermitian
conjugation of its components. Then, if we define the
bispinor

T

and gauge out the homogenous phase U < e/2™= W, we
can write the TS wire Hamiltonian as

Hos = / Az U (@) Hpac (0) T(x) . (11)



topological BCS

flp) cos £ isin £

g(0) cosh 0 sinh 6
EA(gp)A_l \/T|cosg| \/1—Tsin2§

5,4(30)A71 VT sign [cos %] sin & % i

,/17Tsin2§

VT|sing|

V1 —Tcos? %

Table I. Case-dependent functions f and g and expressions of
Andreev energy F4 and related quantities.

An important distinction with the BCS wire Hamilto-
nian (5)) resides in the reality constraint [C¥]* = ¥ with
C = oyT, that the bispinor ¥ describing a TS wire must
obey. In the aim to provide a unified description of BCS
and TS wires, we have artificially doubled the number of
degrees of freedom for a TS wire and this double count-
ing issue has to be carefully considered when calculating
expectation values.

Expanding the bispinor ¥(z) (or ¥(z)) as Y, xuv(x)c,
where ¢, is a fermionic annihilation operator for a quasi-
particle in the energy state F,, the diagonalization of
the Hamiltonian Hpcg (or Hrs) as Y., E,cle, is effec-
tive if the wavefunctions y, are eigenstates of the BAG
equation:

{HBdG(am) - Eu} XV(m) =0 )
[ oo @) = b

(12a)

(12b)

There are continuum plane wave states proportional to
eTkeT with dispersion relation E? = A2+ (vpkg)?. Such
a state can be written as a sum of incoming and outgo-
ing waves and four possibilities of scattering states can
be distinguished at a given energy E: the incoming wave
can be an electron-like or a hole-like excitation coming
from the left or from the right. A label s = 1..4 is used
and p stands for the couple (E,s). There also exist sub-
gap bound states proportional to e "E* kg > 0, with
dispersion relation E? = A? — (vpkg)?. The general
form for these wavefunctions are given in Appendix [A]

By introducing a potential barrier that allows
backscattering (right mover into a left mover or wice
versa) in the middle z = 0 of the 1D superconductor, we
modelize a junction between two superconducting wires
with identical parameters. While this process is assumed
to hold in a spin-preserving way in a S-S junction?335138,
spin flip is necessarily required in a TS-TS junction as a
consequence of spin-momentum locking (only one helic-
ity is present). If described by a Dirac delta function,
this barrier yields the following matching condition for
the BdG eigenstates entering the mode expansion

| L
6127'2

VT

XV(O_) = T*XV(0+) ) T* = (1 + m017*> y

(13)

E,

(Al

da

"

Figure 1. Andreev energy FEa4, its phase derivative §4 and
damping parameter k£ in TS-TS (full red) and S-S (dashed
green) junctions, and for several transparencies.

where 7, = 7, in a TS-TS junction and 7, = 1 in a S-S
junction. Because of this single difference between the
two cases of junction under study, a description using
a few case-dependent functions is possible. Indeed, all
results presented in this article only depend on the two
functions f and g which are given in Table [ Remark
that, in the limit of perfect transparency T — 1, the
matching equation is the same in the two cases so that
the BAG solutions must coincide. A first consequence
of the matching condition is the quantization of subgap
states according to F, = cE4 with 0 = £ and

Bale) = 8yfeot - (1-D)f20) . (19

In Table[l] we give the expressions of the Andreev energy
FE 4, of its phase derivative

OEy  TA%sing (15)

S 9(p/2)  2Ealp)

and of the damping parameter (§, = % is the supercon-
ducting coherence length)

dalp) =

Kp) =& fsn £+ (1-T))  (16)

the inverse of which, refered in the following as damping
length, gives the extension of the bound states (larger
than &y). These quantities are displayed in Fig. An-
dreev energy and damping length are smaller in the topo-
logical case than in the BCS one. Consequently, the An-
dreev levels in a TS-TS junction reside more deeply in-
side the gap and their associated spatial wavefunctions
are more strongly localized around the junction. In both
cases, ¢ = 0 is the maximum of the Andreev energy and,
consequently, a zero of the §4 quantity and a maximum
of the damping length (zero phase difference is a peculiar



o

T=0.1

0.8 - ] T=0.9 -
: T=0.999

-

0

AN 2

Figure 2. Majorana probability density at ¢ = 7 around the
junction position x = 0 for several transparencies.

point in a S-S junction: Andreev levels are ejected at the
boundary of the gap and the damping length diverges).
In the BCS case, the Andreev energy has a strictly posi-
tive minimum in ¢ = 7 (and consequenlty the §4 quan-
tity vanishes). In the topological case, the Andreev en-
ergy vanishes for ¢ = 7 (which goes with a discontinu-
ity of the d4 quantity). To provide a good decoupling
of the Andreev pair from continuum states, large trans-
parency T ~ 1 and bias operating point ¢ = 7 were envi-
sioned in a S-S junction®¥. In a TS-TS junction, a good
decoupling can always be achieved (whatever the trans-
parency) around the zero ¢ = 7 of the Andreev energy.
Remark that, within our convention, see Eq. (14), in a
TS-TS junction, the evolution with conserved fermion
parity leads to a change from one Andreev level branch
to the other (E, — E_,) through the crossing ¢ = , at
the origin of fractional (47 periodic) Josephson effect®.

The wavefunctions which respect the matching condi-

tion are given in Appendix

III. MAJORANA STATES IN A TS-TS
JUNCTION

The annihilation operator ¢, for the quasiparticle with
energy E, = 04 is obtained through the projection

ey = / do Xt (2) % () - (17)

Because we have [C'x,]" = —ix_, (cf. Appendix|Al), the
reality constraint [C¥]* = ¥ yields ¢ = ic_,. Majorana
wavefunctions are obtained as the following superposi-
tions of zero-energy Andreev wavefunctions

with ¥, = Xo “tX-0 (18)

po () = Xo (250 = 7) 5

4

They verify the reality constraint [Cuy]" = p, so that
the associated operators are Majorana fermions

v =2 [dopb@Waig =) = (7). (7 =1
(19)
These operators enter the definition of the Dirac fermion
cy4 according to

+ . —
vy
e =T (20)

The Majorana wavefunctions read

1
_l=l
e ‘o 1o sign(x) T T, o
po(z) = mmg(x)e en(@)3 o | (21)
-1

with

me(z) =\/1—oVT — o sign(z)\/1+oVT . (22)

The probability density MLM+ is displayed in Fig.
(MJLM, is symmetric with respect to the junction posi-
tion). In the limit 7" — 0, each Majorana wavefunction
localizes on a single side of the junction.

IV. CURRENT OPERATOR AND STATISTICS

Moving to the Heisenberg picture leads to the time
dependence for the operators ¢, — ¢, e~*F»t. The current
flowing through the junction is given by

1(t) = Y Touche, e ErBut (23)

v,
where the current matrix elements read
T = UFXI(0+)JzXV’ (0+) . (24)

The equilibrium Josephson current is given by

{ . _
I=" with (I)—;Iyyn(Ey), (25)

*

where n(E) = [1 + exp(BE)]~! is the Fermi-Dirac dis-
tribution at temperature 3~!. d, = 1 in a S-S junction
while d, = 2 in a TS-TS junction to avoid double count-
ing. The (unsymmetrized) noise is defined as

SI(1)0I(¢'))

S(t,t') = < y with 81(t) = I(t)—(I) . (26)

Its Fourier transform is given by

Sw) = fl% Z |IW’|2 n(Ey) [1 —n(Ey)] 0w — (Ev — E))] .

(27)
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Figure 3. Josephson current in TS-TS and S-S junctions for
several transparencies and two different temperatures.

1

0.8 | .
T =0.999

(A%

0.6 |

04 |

IZ4%ls g

02 |

2m

o
3

Figure 4. Phase dependence of the noise at w = £2F4 due
to transitions between Andreev levels in a S-S junction, for
several transparencies.

Zero frequency noise (obtained for E, = E,/ in the last
sum) has a part S4(w, ) due to Andreev bound states
that we will briefly discuss. Finite frequency noise can
be decomposed as the sum of contributions originated
from transitions between Andreev levels (AA), between
continuum states (CC) or between an Andreev level and
a continuum state (AC), as follows

S(w#0,¢0) = Saa(w, p)+Scc(w, p)+Sac(w,¢) . (28)

V. ANDREEYV SECTOR

At a given energy FE, electron-like and hole-like exci-
tations propagating in the same direction carry oppo-
site currents so that the continuum contribution to the
Josephson current vanishes

(Z I(E&)(E,s)) n(E)=0. (29)

Then, the Josephson current is entirely carried by
Andreev bound states, as expected in short constric-

tions2¥ 31 and reads

This result is displayed in Fig. [3] for two different tem-
peratures. For low temperatures, d,Z is given by the
function d4 (given in Fig. [1]) except around the vanish-
ing point of the Andreev energy in a TS-TS junction
(for ¢ = 7) where finite temperature effects are notice-
able. In the zero-temperature limit, the critical current
scales as the “universal limit” AB%31 Tt is multiplied by
VT/2 in a TS-TS junction (the 64 quantity is an increas-
ing function on the interval [0, 7] reaching its maximum
VT in 7) and by /=T cos ¢o in a S-S junction, where
o € [m/2,7] is the position of the inflexion point of the
BCS Andreev energy (maximum of the §4 quantity). Al-
though the current in a TS-TS junction is 47 periodic as
long as fermion parity is conserved (fractional Josephson
effect), the average (over all parity states) results in a 27
periodicit,

Restricting to the Andreev subspace, in the basis o =
(4, —), the current matrix is given by

topological BCS
Ta(9) -10 -1 —iv1 =T tan &
2@\ o 1) |\ivT=T tang 1
Table II.

The Josephson current originates in diagonal elements
of this matrix. Because current and Hamiltonian eigen-
states are different in the BCS case, the currents car-
ried by Andreev levels £d4(¢) do not coincide with
the current operator eigenvalues +7 A sin %. Conse-
quently, transitions between BCS Andreev levels give rise
to a noise consisting in Dirac delta peaks at frequency
w = iQEA

Saalw:9) = T 1T () { (1 = nlEA@)) 0w — 2Ea (o)

+(n[BA(@))*6 o+ 2Ba(0)] | -
(31)

The (non-vanishing) squared modulus of the out-of-
diagonal element reads

.4
_ T?(1-T)sin" %

A% (32)
3
1 —Tsin” 2

T, 2‘ -
T

This result has been obtained in Ref. and we display
the phase dependence in Fig. [ Remark that it vanishes
for ¢ = 0 as a consequence of the expulsion of Andreev
levels to the continuum and that it reaches a maximum
T2?A? in ¢ = 7. In the topological case, the current
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Figure 5. Constant ¢ cuts (the key is given in the first panel)
of the CC contribution to the noise in TS-TS (top) and S-S
(bottom) junctions, and for several transparencies. The insets
are enlargements just above the threshold 2A and the black
lines are the parabolic approximations . In a S-S junction
with ¢ = 0, the expected linear behaviors are given by
the black lines in the main panels.

matrix is diagonal in the basis of Andreev states so that
there is no contribution to the noise at w = +2F4:

Saa(w,¢)|rsrs =0 . (33)

This is closely related to the emergence of zero-
energy Majorana fermions. More precisely, the relation
[CXs]" x X_o crucial in the construction of Majorana
wavefunctions (cf. Sec. and the result Z, _ = 0 both
originate in a single relation between Andreev state co-
efficients (cf. Appendix . Physically, the absence of
direct transitions between Andreev levels in the topolog-
ical case is related to fermion-parity conservation2.

Let us conclude our study of the Andreev sector by
giving the zero frequency noise

Salw,p) = Anba(p)

AL nlE (@) (1= nlBa(@)]) 6(w) - (34
This result has also been obtained in Ref. [32] for a S-S
junction. In such a junction with transparency T < 1,
lowering temperature suppresses this noise resonance
since the occupation factor n(1 —n) vanishes. For TS-TS
junctions, due to fermion parity conservation, Eq.
predicts S4 = 0 for all ¢ except ¢ = mmod(2m). At
the points of Andreev level crossings the zero-frequency
noise may be present at any low temperature pro-
vided that the junction is in a mixed parity state, with
(temperature independent) n(0) = 1/2.

VI. TRANSITIONS INVOLVING CONTINUUM
STATES

In this section, we provide some analytical results in-
cluding some interesting limits. The sums over contin-

— T=01 T=05 T=09
<
" 0 T 0 0
; w=25A —
/{1 0.2 © = 100A 0.2 0.2
3 gy | w=500A |

™

@ @ @

Figure 6. Constant w cuts (the key is given in the first panel)
of the CC contribution to the noise in TS-TS (top) and S-S
(bottom) junctions, and for several transparencies. The noise
has been renormalized by the transparency and the linear
predominant term at large energies has been substracted:
the black lines give the high energy expectation according
to Eq. which is —vrk(p).

uum indexes can be decomposed as } = >35>, and

we use the dispersion relation to perform the substitu-
tion Y, — 35— [dEO(|E| —A)\/%. We also
give some numerical results obtained for a low temper-
ature 37! = 0.01A except when specified (during the
investigation of finite temperature effects at the end of
this section). Remark that, in all figures, noise quantities
are multiplied by d, /2 so that the physical quantities are
readily obtained for a TS-TS junction (while for a S-S
junction, data are to be doubled).

Calculating the current matrix elements between con-
tinuum states, we can write the contribution to the noise
due to both intraband and interband transitions as

Scow.¢) =7 = / AEn(E)[1 - n(w + E)]

x [E(w+ E) + p(p) EA(9)]
X R[E, Ea()| R[w+ E,Ea(¢)] - (35)
The p function is defined as

1-T A2— E?

(36)

where ¢ = 1 in a TS-TS junction and ¢ = —1 in a S-
junction (it appears in calculations as € = f(—)/f(p) =
g(—0)/g(0)). Notice that p is simply 1 in a TS-TS junc-
tion. In the integrand , the following function is in-
volved

/E2 — A2
R(Eq, Ep) = O (|E1| — A)sign(Ey) ﬁ - (37)
1 2



It immediately follows that in the zero-temperature limit,

as expected, this noise contribution has a 2A frequency
threshold and

Scc(w,v) e O(w — 2A)SEc(w, ) (38)

where

2 T w—A

2T dE [B(w — ) — p(¢) B3 (¢)]
* T JA

VIE? - A?[(w — E)? — A?]

SE’C(W’ QD) =

“ 2= EA(p)] [(w— B)? — E2(p)]

(39)

In Fig. 5] constant ¢ cuts are displayed with different en-
ergy evolutions depending on the phase difference. Nev-
ertheless, in a TS-TS junction, lowering transparency re-
duces Andreev energy variations (E4(¢) — 0) and the
noise is therefore essentially phase independent (constant
@ cuts collapse on a single curve). The 2A threshold is
clearly noticeable in Fig. |5} Near the threshold, we have
(generally) a parabolic behavior

d

. TA A% — p(p) E5(p)
= 8% e(w, ~ =
3 %D S T ot

(w—2A)% .

(40)
In the topological case, it can be further simplified into

TA

~ T (w—2A) . (41
w/A=2+ 4 [upr(p)]? ( ) (41)

Séc(wv ©) |TS—TS

This approximation is compared to the numerical results
in the insets of Fig. It is very accurate in a TS-TS
junction (except for parameters such that k — 0, i.e. for
T — 1 and ¢ — 0). In the BCS case, this is not valid
for ¢ = 0 whatever the transparency since the s function
vanishes. Instead, we have a linear behavior

T(w—2A) (42)

S* = O ~Y
Colw, e s w/ A2t

as also checked in Fig.[5| For a given phase ¢ # 0 in a S-
S junction, the parabolic approximation has a more
restricted domain of validity for small transparency since
the  function is proportional to v/T. Whatever the set
of parameters such that the approximation is valid,
this is responsible for a smooth cut-off (since there is zero
slope at threshold). For large energies, we obtain

%Séc(w,cp) ~ T [3 —Upfi(ap)] e (f) . (43)

w/A>>1 ™

In Fig. [6] we verify the validity of this expansion by sub-
stracting the expected linear term and checking that the
result is compatible for sufficiently high energies with the
k() profile (given in Fig. [I). We see that the conver-
gence is slower in a S-S junction with small transparency
as Kk takes lower values.
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Figure 7. Constant ¢ cuts (the key is given in the first panel)
of the AC contribution to the noise in TS-TS (top) and S-S
(bottom) junctions, and for several transparencies.
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Figure 8. Constant w cuts (the key is given in the first panel)
of the AC contribution to the noise in TS-TS (top) and S-S
(bottom) junctions, and for several transparencies. The noise
has been renormalized by the transparency. The black lines
give the high energy expectation according to Eq. which
is vrk(p).

Concerning the contribution to the noise due to tran-
sitions between an Andreev level and a continuum state,
we obtain

Sac(w, @)= 7 3" nloBa(e)] (1~ nlw+oBa(e)])

* o=+

X Qo lw+oEalp) el . (44)

The function @, is given by

Qo (w, p) = 2T vrpk(p) [w + op() Ealp)] R [w, EA(@()] '

45
where p and R functions have already been introduced
in Egs. and respectively. In a S-S junction with
zero phase difference, this noise contribution vanishes as



the Andreev levels are expelled to the continuum. In the
low temperature limit, there is a A+ E4(p) (€ [A,24])
frequency threshold and

O (w—[A+ Ea(p)]) Sic(w, ¢)
(46)

Sac(w, ~
aclw @)

where

Lortle) flo~ Ba(o)f - a2
W L+ p(9)] Baly)

w — 2EA((,D)

. 2
SAC(“a‘P) = d.

(47)

Notice that in the topological case, the last fraction is
simply 1. The constant ¢ cuts of Fig. [7] show sharp cut-
offs (the infinite slope at threshold is due to the square
root function in Eq. (7). On the constant w cuts of
Fig. [8] the influence of the threshold can be noticed for
the value wy = 1.5A € [A,2A]: the threshold could be
below (first panel) or above (fourth and fifth panels) wq
whatever ¢ or the threshold can be crossed for a given g
according to wg = A+ F (o) (other panels). These con-
stant w cuts provide another signature for a T'S-TS junc-
tion when looking at finite energies w = A and turning
the phase difference across ¢ = m: there is a cusp remi-
niscent of the Andreev energy singular vanishing (when
considering Ea(m + dp) = 4 such that e /A < 1
and Bey >> 1, the local slopes on both sides involve
the Andreev energy in a linear way). For a S-S junc-
tion with transparency T' < 1, the Andreev energy has a
non-vanishing minimum and we can do the approxima-
tion —@. In a TS-TS junction, the Andreev energy
vanishes for ¢ = 7w and we get

S UJ7 = ~
ac(w, ¢ 7T)|Ts.TsﬁA>>1

Ow—-A
A Ow-A) /o2 — A2
w
(48)
Around the value ¢ = 7, more precisely as long as the
Andreev energy E 4(¢) is not large compared to the tem-
perature 87!, we have to conserve the full expression for

the low temperature limit
S ~ Ow—-[A—-0oF
aclw,9) o~ ; (w—[A=cEa(p)])

xnloEa(p)] Sio(w,¢) . (49)

where S = S%c and S%F is obtained from S% by

substituting £4 — —F4. Remark that the threshold is
then lowered to A—E 4 (). For sufficiently large energies,
the ¢ cuts of Fig. [7] reach a finite limit which depends on
¢ according to

oy Sac(w, ) T (p)+ 0O —AZ (50)
g AC: P BAS>1 VERY w )
w/A>>1

The constant w cuts given in Fig. [§| confirm this expecta-
tion as they converge to the k() profile (given in Fig. (1)
if properly renormalized by the transparency.
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Figure 9. Non-resonant noise % Su(w, ¢) in TS-TS (top) and
S-S (bottom) junctions, and for several transparencies.
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Figure 11. Constant ¢ cuts (the key is given in the first panel)
of the non-resonant noise in TS-TS (top) and S-S (bottom)
junctions, and for several transparencies.



Now, we consider the sum of CC and AC contribu-
tions which constitutes the non-resonant part of the noise
Sur = Scc + Sac- In a TS-TS junction, this is the total
finite frequency noise since transitions inside the Andreev
sector are noiseless due to topological protection. In a
S-S junction, two Dirac delta peaks at w = fwa4, with
waa = 2F 4, emerge on top of that as a consequence of
transitions between Andreev states.

Let us focus first on the low temperature limit. For
energies lower than woe = 2A only AC transitions con-
tribute to the non-resonant noise for energies above the
threshold wac = A + E4 (this threshold is lowered to
A — E 4 in the case where the condition SE4 << 1 is not
fulfilled, which occurs around the vanishing point ¢ = w
of the Andreev energy in a TS-TS junction). For suffi-
ciently high energies, the contribution due to CC tran-
sitions predominate and as the result of summing the

equivalents and , we find
dy

Tw A?
?Snr(wa@) ,BAA;>1 = +O(w) . (51)
w/A>>1

In Figs.[9]and[10} the non-resonant noise is given as a map
in the (p,w) plane. On a large scale of energies, as pro-
posed in Fig.[9] there seems to be little dependence on the
phase ¢, while the transparency seems to only affect the
magnitude, in agreement with Eq. . An enlargement
around the gap region is proposed in Fig. [I0] where we see
a stronger dependence on the ¢ parameter. The (sharp)
cut-off reproduces the Andreev energy profile (given in
Fig. . The transcient regime between AC dominated
regime (for A + E4(p) < w < 2A) and CC dominated
regime (for w >> 2A) is clearly noticeable on constant ¢
cuts of this map given in Fig. [TT] except in a S-S junction
with ¢ =0or 7" — 0 and in a T'S-T'S junction with ¢ =0
and T — 1 for which the Andreev states are expelled to
the continuum (closing the transcient interval). Remark
that in a S-S junction with ¢ = 0, the three frequencies
collapse waq = wac = woe = 24, both AA and AC
noise contributions vanish and rather than inheriting the
smooth parabolic cut-off generally obtained for CC tran-
sitions, a linear behavior is recovered above the threshold
2A. Let us emphasize on the increasing behavior of the
non-resonant noise as a function of the energy. It is not
evident in the BCS case because of the non-monotonic
behavior of the contribution due to AC transitions (cf.
Fig. @ Nevertheless, we have no evidence of parameters
leading to a decreasing behavior.

Let us briefly investigate finite temperature effects by
increasing temperature ' = 0.1A. The main change is
the appearance of noise for energies ranging between the
curves A—E4 () and A+FE 4(y), as illustrated in Fig.
More interestingly, let us also mention the noticeable dif-
ferences in a TS-TS junction just above the gap and
around ¢ = 7 (zero of the Andreev energy) where fi-
nite values of 5 cannot reproduce the zero-temperature
limit.

A final remark is worthy. In the expression of the non-
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Figure 12. Relative difference \Sﬁ? — S,(]%)VSI(,%) between the
two non-resonant noises Sﬁ? and S,(l? obtained at two differ-
ent temperatures, SV A = 100 and S A = 10 respectively,
in TS-TS (top) and S-S (bottom) junctions, and for several
transparencies.

Figure 13. Non-resonant noise Snr/7 in a TS-TS junction, as
a function of E4 and w. The first panel gives the map on a
large scale of energies while the second panel is an enlargement,
around the gap region.

resonant noise Sy, in a T'S-T'S junction, the transparency
appears as an overall factor and in the Andreev energy
expression so that dependences on ¢ and T for Sy, /T can
be recast in the Andreev energy dependence (contrary to
the case of a S-S junction where p(¢) given in Eq.
provides another dependence on T). In Fig. the map
in the (E4,w) plane is displayed. Remark that, for a
given transparency T, Andreev energies range in [0, v/7].

VII. CONCLUSION

More and more convincing signatures compatible with
the presence of Majorana fermions in 1D semiconducting
wires have been accumulated with recent observations of
quantized zero-bias conductanceé?™28. Despite the fact
that the confining potential has to be carefully settled in



order to avoid spurious non-topological subgap statest’,
2D layouts of 1D p-wave superconductorsi® are still seri-
ous candidates to provide the exchange statistics decisive
evidence for Majorana fermions. Before the implementa-
tion of these networks, quantum transport in 1D systems
supporting Majorana fermions, e.g. the junction between
1D topological superconducting wires investigated in this
article, deserves deeper study.

We have presented a unified description of S-S and
TS-TS junctions in terms of scattering eigenstates. We
have shown how Majorana fermions emerge in a TS-TS
junction with phase difference ¢ = 7 by explicitely writ-
ting the proper linear combinations of (degenerate) zero-
energy Andreev bound states. The Josephson current
carried by Andreev states can be written in a unified
way as the derivative of the Andreev energy (I) dd%.
Transitions inside the Andreev sector are noiseless in the
topological case since Andreev states are current eigen-
states (a result which is closely related to the emergence
of Majorana fermions) in contrast with the BCS case for
which a noise resonance at energy w = 2FE 4 is expected
for T < 1 (finite backscattering). While resonant zero
frequency noise is suppressed by lowering temperature in
a S-S junction, it is expected to persist in a T'S-T'S junc-
tion operating with ¢ = w. Transitions which involve
continuum states give rise to a non-resonant noise which
has been computed. For low temperatures, it exhibits a
A + E4 frequency threshold due to AC transitions. CC
transitions which occur for energies larger than 2A im-
pose an asymptotic linear behavior. A detailed compar-
ison between the two types of junction has been carried
out and characteristic features in a T'S-TS junction have
been highlighted, some of them related to the existence of
zero-energy modes in this topologically nontrivial junc-
tion.

In the linear response framework, one can adress the
issue of computing the current susceptibility which is
closely related to the noise S(w) studied in this article.
Indeed, the imaginary part of the current susceptibility,
which gives the linear absorption rate, is proportional to
the difference S(w) — S(—w). In a S-S junction our re-
sults coincide with those of Ref. [41. More interestingly,
the noise calculations can be straightforwardly used for
computing the current susceptibility in a T'S-TS junction.
The characteritic features detailed in the main text of this
article for the noise will be recovered for the imaginary
part of the susceptibility. Let us mention that dynamic
current susceptibility has recently been proposed as a
probing tool for the presence of Majorana bound states
in a superconduting ring geometry*4. One can also adress
the study of Andreev level qubit?¥ population dynamics.
In a conventional Andreev qubit, long-lived quasiparti-
cles can be trapped®¥, a phenomenon known as quasi-
particle poisoning. Within our framework, using the cal-
culations of current matrix elements, one can compare
the transition rates between quasiparticle states due to
the coupling of the junction to its environment (external
circuit, phonons) calculated in Ref. 36, with those calcu-
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lated in a topological Andreev qubit. When considered
as a function of Andreev energy, the latter are simply
given by the 7" — 1 limiting case given in Ref. [36] renor-
malized by an overall multiplication with 7/2. Indeed
since d, Sy, in both S-S and TS-TS junctions coincide in
the limit 7" = 1 and since (Sn:/T")|pg g considered as
function of F4 and w does not depend anymore on T', we
get
Sur(Ba,w)lrs.rs = T Sur(Ba,w)lrsrs

= g Shr(Ea,w) ggl : (52)
The same argument holds for the squared current ma-
trix elements involved in the transition rates of Ref [36l
Stationary occupation probabilities can be computed by
adapting the calculation of Ref. [37
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Appendix A: BdG scattering eigenstates

A continuum state can be written as a sum of incom-
ing and outgoing waves according to x, = X, + Xgut
If we define ng = sign(F), and the angle g such that

coshfp = |E|/A, sinhfg = /(E/A)? =1 = ngkeé,

the associated bispinors read

in eikEw 55 I[XG]E
Xpe (E,5) () =O(—2) —= (55;2[Xh]E)

(A2)

with the following spinors which describe electron-like or
hole-like excitations

[

eiTETZ 1
enle = V2 coshfg <77E) ’

and where [ >> £, is the wire length. Proceeding in the
same way for subgap states, we define o = sign(F),

(A3)



cosvp = |E|/A, sinyp = op\/1— (E/A)? = opkpé.
Subgap bound states can be written as

wolo) = S (o) (5210 e (g7 K?@]
with

) et [ A5
[Xe,h]E = T or) ( )
The matching condition written for continuum wave-
functions (A2) leads to symmetries between the coeffi-

cients of different scattering states s which are given in
the following table

s=1 s=2 s=3 s=4
a,s) (@) | Al0s, @) | B(—08,¢0) | -D(0s, —¢)| C(—08, —¢)
be,s) (@) | B(0r, ») | A(—08,0)| C(0p,—¢) |—D(—0r,—¢)
c(r,5)(9) |C08,9) | D(—08,¢) | —B(0r, —¢) | A(—08, —¢)
dg,s)(¢) | D(0E, ) |C(=08,¢)| Al0r,—¢) |—B(-08,—¢)
Table III.

One can easily prove that this table constitutes a uni-
tary matrix. In particular, because of the orthonor-
mality between the columns, the scattering states (E, s)
for s = 1..4 form a basis of a given energy E sub-
space. The four functions A, B,C,D are given by the
resolution of the linear system for s = 1. If we
define Q(0,¢) = ¢*(0) — Tf%*(p) and X = QX for
X =A,B,C,D, we have

N

(0,¢) = — [cosh 0 k*()&5 + isinh 6 Ea(p)da()A7?]

B(#,¢) =+/(1 —T)sinh6 g() ,

C(9, ) = VT sinh §sinh (9 - z%) ) (A6c

D(0,0) = /T(1—T)sinh6 f(y) . (A6d
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The matching condition written for subgap wave-
functions provides a homogeneous linear system for
ag,bg,cg,dg coefficients which leads to the quantiza-
tion of the energy: the so-called Andreev levels have op-
posite energies E, = ocF4 with ¢ = + and where the
Andreev energy F 4 is given in Eq. . The coeflicients
a5,bs, Co,ds (quantities which were labeled with E, ap-
pear now with an index o) can be conveniently expressed
thanks to the quantity R, = &gk—o A7 4, where x and
04 are defined in Egs. and respectively. They
are given in the table below

topological BCS
s() sign [cos £] sign [sin £]
ao(@)| s o2 | o s(p)y/ B2
b ()| =i s(ip)y B4 |0 () Bt
olp)| R NS
dolp)| —ioy/E2 | /Bt

Table IV.

Notice the important relation which holds for topological
Andreev states

ara_g+bib_o=chc_o+did_o=0, (A7)

at the origin of the construction of Majorana wavefunc-
tions (because it yields [Cx,]" o< X_o) and of the cancel-
lation of the noise due to Andreev transitions: S44 = 0.
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