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Introduction

Species that reproduce asexually (such as bacteria) or by parthenogenesis (fe-
male able to produce child without male and fertilization) produce clones at
each generation, sexual beings produce half males and half females. At the
specie scale, parthenogenesis is much more prolific and cost free (no sexual
disease, no time lost in partner selection) than the sexual reproduction, and,
at the individual scale this is the most selfish way to reproduce (female do not
have to share their genetic material) and so costless than the sexual reproduc-
tion. Nevertheless, at the specie scale, variability of the genome of a specie and
ability to find a solution when arise environmental changes (new diseases, new
predators, climate...) gives a long time advantage to sexual reproduction. The
dynamic balance between the long-time evolutive advantage of sexual function
and its reproductive cost in the short-time is an enigma of sexuality [4].
Aphids are unusual organisms (partially clonal) which can both repro-
duce sexually and by parthenogenesis, which is determined by environmental
conditions. In [1], authors consider a time evolution model (using ODE) of
Aphids population. A population u splits into asexual (i.e. born by partheno-
genesis) : x and sexual (i.e. born from females fertilized by males) y. There-
fore, there are y/2 males and x + y/2 females, and so, the excess of fe-
males per male is 1) := 2x/y. Then they introduce a fecundation function,
h : 1 — 14 gtanh(¢)/g) where g = the limit number of females fertilized

per male —1'. The dynamics of population = and y is driven by the following

L for aphids around 7
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system
#'(t) = =f(u)z + a(u)fz +y/2 — h()y/2]

y'(t) = =Bwy + a(u)[h(P)y/2]
where § is the death rate, « the birth rate and u(t) = z(¢) + y(t) is the total

(1)

population. No sexual activity means that h = 0 and so, we have,

Now, let ¢ = % € [0,1] and p = h —¢q € [0, 1], then we can rewrite the

system (1) as follows

8
<
—~
~
=

I

—B(uw)z + a(u)[(1 - g)z + (1 —p)y/2]
(2)

y'(t) = —B(uw)y + a(u)[gz + py/2]

Therefore, we see that ¢ is the probability for a parthenogenetic individual to
give birth to a sexual one and p is the probability for a sexual individual to give
birth to a sexual one. And so, the limit case p = ¢ = 0 corresponds to the case
where there is no sexual activity. In an environment with unlimited ressource,
we have the birth rate a and the death rate 8 which does not depend on the

size of the population and

!/

N =srran | |, (3)
) Yy
with
1-q(1-p)/2
M =
q p/2

Authors of [1], do not study the optimal growth rate and their optimisation

with respect to the fecundation function.
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What would be the optimal growth rate of the population with respect to the
probabilities p,q (chosen in [0,1]?)? Since p, q € [0, 1)2, solutions to the linear

system (3) are given by

x x
(1) = eC#rreane |5 o),
Yy Y

and the growth rate is given by the maximal eigenvalue of (=31 + aM) which

is aMmaz(p,q) — B where Apaz(p,q) is the the maximal eigenvalue of M :

Amaz (D, q) = 17q+p/2+\/(172q+p/2)272@7(]). Since we have

9 _ 1 (g —p/2)
ag"m = T2 V12— + (1 -p)

1
2y/(p/2—q)%*+(1-p)

and %)\maz = —%[%)\maz] — , the maximum of \,,q. is

reached on the boundary of [0, 1]2. We notice that
)\maz(la Q) = max(l -9, 1/2)7 max(/\maw(LQ)) = /\mam(la 0) =1,
q

)\maw(pa 0) = max(l,p/Q), max()\maw(pa 0)) = /\mam(p/a O) =1, VP/ € [O, 1]7
p

Amaz (P, 1) = max(1, (1 - p)/2), mp 9

and Mnaz(0,9) = Amaxz(0,0) = 1. Therefore, the maximum of the eigenvalue
(growth rate) is reached as ¢ = 0, i.e., parthenogenetic gives only partheno-

genetic whatever do the sexual population. Then we have
y(t) = y(0)el®?/2=Pt - and  x(t) = (x(0) + o(1))e @A,

and so, the growth of a population which reproduces only by parthenogenesis is
larger than every other choices of reproduction function. Moreover, we observe

that the parthenogenesis/sexual population survival depends on the value of
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a and S (see fig. 1). In particular we notice that the larger eigenvalue is given

when p = 0 and ¢ = 0 and so h = 0 which means that there is no more sex.

No one survive

Only
£ b g parthenogenesis
a survive

Fig. 1 Left : Survival of species depending on the birth rate o and the death rate 3. Right

(P, @) & Amaz(p, @)-

The same question, in the case where a, 3, p, ¢ are T—periodic functions?,

since max Sp((—=B(t)I + a(t)M)) = —5(t) + a(t) for all ¢, gives a same answer

: the best way to reproduce is given by ¢ = 0, i.e.,
y(t) = y(0)elo @P/2=BOUT  gnd  w(t) = (2(0) + o(1))els @=BAT

and so we have again figure 1 with fOT ads/T (resp. fOT Bds/T) instead of «
(resp. f3). To include specificities of both species in the model, we have to deals
with the difference of birth and death rate of both sub-population. We add
an age-structure in the model (McKendrick-VonFoerster model [5,6,2,3,7,8])
for both population, at time ¢ and age x, the density of asexual subpopulation

na(t,x) and the density of the sexual population ng(t,z) have their time

2 geasonal variations
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evolution driven by the systems of transport equation (with loss due to death

term) :

Lnalt,z) + Znat,z) +dt)na(t,z) =0, @

%ns(t, x) + a%ng(t7 x) + d(t)Xp>zons(t,x) =0,

where d(t) is the death rate (due to environment and time periodic due to
seasonal variation). The only difference for death for both subpopulations is
during the first stage development and we consider that, for age x less than x(
a sexual individual is an egg which have a null death rate and the same death
rate for individuals (not in an egg). Newborns appear at age 0 and leads to

the following boundary condition.
na(t,z=0)= / ps—a(t)Bs(z')ng(t,z") da’
z’'>0
—|—/ pasa(t)Ba(x )na(t, 2z’ da’,
z’'>0

ns(t,z =0) = / ps—s(t)Bs(x )ns(t,z") dz’
x>0

+/ pA%kg(t)BA(l‘/)nA(t“'L‘/) dz’.
x'>0
with

PA—A(t) +Pass(t) =ps—alt) +ps—s(t) =1, Vi

Parthenogenetic female can give birth, with a birth rate depending on the age
x of the female : Ba(x) to parthenogenetic female, with probability pa_ a(t)
at time ¢, and to sexual female with probability p4— s(t). Respectively, sexual
female can give birth, with a rate Bg(x) (which is < Ba(z)) depending on
the age x (in particular for eggs Bg(z) = 0 for = € [0, z]), with probability
ps—A(t) at time ¢ to a parthenogenetic female and with probability ps_,s(t)

to sexual female (5).
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Since parthenogenesis is much more prolific and cost free than the sexual

reproduction we assume that
Ba(a') > Bs(a'). (6)

We set that for T > 0 (here T' = 365 days)

t—d(t),e L°(R) T — periodic, (7)

x+— Ba(x), (resp Bg(x)) € L®(R) and vanishing for x large enough,

(8)

Remark 0.1 We consider an environment with unlimited ressource. This means
that we assume that the death rate and the birth rate do not depend on the
population itself (only on time fr death rate : season and more precisely for
Aphids : temperature and only on age for birth rates). Therefore, we expect

that the population has an exponential growth or decay [9,6].

We are expecting that the best way (to give an optimal growth rate) is
to switch from sexual to asexual when it is profitable to do so (and so a
Bang-Bang principle). Proving that the optimal growth rate with respect to
Ps—sA,PAsA € [0,1]%+ is reached for ps_4,pa—a € {0,1}*+ now much more
complex than in the example above (2) where solutions are explicit and the
eigenvalue in computable.

In section 1, we give first results on the dynamics of (n4,ng) solution to

(4)-(5) and we show that the dynamic is time-exponential and is driven by an

eigenvalue/eigenfunction. Then, in section 2, we study the optimization of this
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eigenvalue (to improve the growth of population) with respect to the switching
probabilities (which could be a measure the ability of a population to invade
(or replace) a less fitted population, i.e., with a smaller Malthusian growth
rate, see [10,7,8,2,3,11-14]. Finally, in section 4, we discuss and conclude this

work.

1 First mathematical results

We have the following results on the dynamic (and more precisely on the long
time behavior) of this system of Partial Differential Equation. The proposition
1.1 cares about the long time behavior of the solution and we prove that it is
characterized by a time exponential growth rate (positive : growth, negative :
decay) which corresponds to the larger (in real part) eigenvalue. Whereas the
proposition 1.2 deals with the variation of the eigenvalue with respect to the

probability transition ¢t — (pa—a(t), ps—s(t)).

Proposition 1.1 Under assumptions (7)-(8) and for all n4(0,.), ns(0,.) €
LY(Ry,R,), there exists an unique (na,ng) € L>=([0,T], (LY (R4, R4))?) so-
lution to (4)-(5). Moreover, we have (na(t,x),ns(t,x)) behaves as
Cst eM(Na(t,x), Ns(t, 7)), (as ~¢00) where Cst >0, A € R and

(Na(t,z), Ns(t,z)) are T— periodic L>([0,T], (L*(Ry, R, ))?) solutions to the
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following eigenproblem

Gt d(#) 0 | Natta) | (Nate) |
0 dt)Xess, | \ Ne(t,2) Ni(t, z)
Na(t,0) :// Pasa(t)Ba(z') ps—a(t)Bs(x) ©
Ns(t,O) 2’20 pAaS(t)BA(x/) pSHS(t)BS(x/)
Na(t, )
da’.
Ng(t,z")

Proof This is direct [6-8]. This a generalization of Floquet [15] results on linear
periodic Ordinary Differential Equation, using the General relative Entropy.

O

The next result allow us to differentiate the eigenvalue A (of the proposition
1.1) with respect to parameters of the model. We follow the same proof as in

[2,3].

Proposition 1.2 There exists a positive solution <@A(t,$) @S(t,x)>

€ L>([0,T],(L>®(Ry,Ry))?) and T— periodic to the dual eigenproblem (of

(9)) :
L (@A(t,x) @s(t,x)) =A (@A(t,x) qﬁs(t,x)) : (10)

which satisfies for allt > 0

/(@A(t,x)qss(t,x)> Z:((:;) dw =1, (11)
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where

L (@A(t,x) @S(t,x)) > % (@A(t,x) qﬁs(t,x)>
+ (% (@x(tx) ¢S(t,$)> - (¢A(t7$) st(tax))

pa—a(t)Ba(x) ps—a(t)Bs(w)
+ (@A(t,o) ®5(t,0) - (12)
pa—s(t)Ba(z) ps—s(t)Bs(z)

Moreover, if we assume that pa—a(t) =3, pixr, (1), ps—s(t) = > p3xi, (),
where (I); is a partition of [0,T] and (p;); is a sequence of real number (in

[0,1])

0
@/\ = /A+X[O’T](¢A(t,0) — D5(t,0))Ba(x)Na(t, z)x1, (t)dzdt/T, (13)

and

0
@A == //R+X[07T] (Da(t,0) — Ps(t,0))Bs(z)Ns(t, x)xp, (t)dudt/T. (14)

Proof Existence of a solution is given in [6,9]. Now, following the same proof

as [2,3], we have

/c* (qu(t,x) 'i5s(t,a:)) = A/ (@A(t,x) @S(t,x)) z:(f;) dz = A,
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and so, by differentiating with respect to any parameter u we find that

%,\:/%[ﬁ* (@A(t,m) @s(t»$)> (NA(LI)) }dm

Ns(t,:);‘)
o Nal(t,x)
:/{(%E ) <¢A(t’m) ¢S(t7x)> (N:(t,x)) ]dl’
+/ {E*(,% (@A(tx) 455(72@)) (zA((:x))) ]dm
s(t,x
r* . " 2 Na(t@) dx.
+/[ (dj“‘(t’ ) P, )>8“ (Ns(t,x) |

Since we have

/[ﬁ*a% <¢A(t,m) @s(t,x)> (NA(t’ﬁ)) Jda

Ns(t2)
~ [ [ (att0) 2s(0.0) ) £ (ZS:) Jas
[ 55 (2att0) 2s(0.0)) (Z:Z:) Ja
and
[ (eat0) #stt0) ) 5 Z:((Z:) |¢=

:)\/ :<Q5A(t,aj) dis(t,x)) a% (NA(t,x)) J
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we obtain that

/[ﬂ*a% <@A(tax) ¢S(t’x)> Ns(t,)

+/ [ﬁ* <Q5A(t, x) @s(t,m)) é% Nalt, z) ]da:

Na(t,x) ]dm

Ns(t,.%')
0 NA(tax)
=Ag. | | dalt,z) os(t,2) dz = 0.
i (watemosen) |

Therefore, we have

aZAA// (,)ZAE* <¢A(t,az) @S(t,x)> 1:((:: dzdt/T

1 0 Na(t,x)
= // (@A(t,O) @S(t,O)) Ba(z) . Nato X1, dxdt/T
-1 s(t,z

— [[@a(t.0) - 85(,0) Ba@Nat o), ()dodt/T. - (15)

and the same calculus holds for a%)" O

2 Optimization and survival analysis

In this part we focus on the optimization of the eigenvalue with respect to the

probability transitions t — (pa— (), ps—s(t)), i-e. to find

)\ma:v = sup )‘(pA—>A7pS—>S>7 (16)

pA—)Ava—>S€[011]]R+

and more generally to evaluate (pa—a,ps—s) — AMPasa,Ps—s). Indeed, the

eigenvalue gives the growth rate of the population, and so, that can be used
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as a fitness characterization of the population [10,7,8,2,3,11], the larger is A
the more invasive is a population and a negative A implies the extinction of

the population. Therefore, questions are :

1. Do switching, i.e. bang-bang [16], form asexual to sexual gives the best

exponential growth rate?

)\max = sup )‘(pAﬁAvaHS) = )‘(pi!ﬁtjhﬂpssqﬁ%?h)?

PA—APS—S

2. What happens to population if there is no more switch?
AL, D)7 A0,1)?7 A(1,0)7

Theorem 2.1 [Sex Bang-Bang optimization] The mazimum of the eigenvalue

is reached for (almost) a couple of probabilities satisfying
pa—a(t),ps—s(t) €{0,1}, Vvt e€[0,T].

More precisely, there exists (a;); and (b;); in [0,T] s.t.

Pasat) =Y Xayw (), psost) =1=> X, (1),
J J
with
@ (a;,0) = 2°(a;,0),  4(b;,0) = 2%(b;,0),
where (&4, %) is solution to the dual eigenproblem (10)-(11).
The proof is subdivided in two parts. Using the same argument as in propo-

sition 1.2 (more general [2,3]), we prove that we can construct a sequence that

increases the eigenvalue. Then, we prove that its limit is the ”"best one”.
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Increasing sequence Let, for all 7 > 0,

JT 1@ (£,0)—@F (£,0))]dr’

1+ o (@7 (£.0)~2F (£,0)))dr"

p;laA(t) =

o= JT U@ (8,0)~F (t,0)))dr’

T 14 e S @ o —eF ol

Pss(t)

with <¢,T4 (t,z) PL(L, x)) solution to the dual eigenproblem

o (@Q(t,x) ¢§<t,$>) =N (q}?&(t’ =) ég(t’””)> ’

P a(1)Ba(z) p5, 4 (H)Bs(a)
+ (@g(t,m @g(m))

Pas(t)Ba(z) ps_5(t)Bs(z)

Using the same argument as in proposition 1.2, we have

d T
N = [ 7 A0 = P AO)@(0.0) ~ B5(4.0))* Ba(o)Na(t )
4 [ [555 00 = % 5(0) @R(0.0) — 251,02 Ba(o)Ns 1, )t > 0,
Since (ph_, 4,055, 9%, P%) are uniformly bounded, using Banach Aologlu

theorem, we can extract a weak™® convergent subsequence as 7 — oco. Therefore,

at the limit, we have

0= / / D5 A (D)1 — P, A (D) (B (,0) — D (1,0))2 Ba(2) Na(t, z)ddt
4 / / P, s (D)1 — P, 5(0)(@F(,0) — B (t,0))2Bs (2) Ns (t, z)dadt.

Finally, we have
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— p% 4(resp. pT, o) belongs {0,1},
or

— [ Ba(x)Na(t,z) =0, (vesp. [ Bs(x)Ns(t,z) = 0),
or

— BX(L,0) = BX(t,0).

The best. Now, using lemma 5.1, we have (2% (¢,0),P%(¢,0)) is continuous
and T- periodic, therefore, the set {t : ®¥(t,0) = &F(t,0)} = U;I] is an
denumerable union of intervals (and the same holds for {t : &%(¢,0) >
X (t,0)} U; I]‘-F and {t : & (t,0) < PF(t,0)} = U;1;7). We have

Paalt) = Z Xro ()P a(t) + Z X1t (Opaalt) + Z XI pa, a(t),
J J

and the same for p3, ¢(t). We notice that, for all constant by parts functions

px7, and p7,, defined as follows
pA—>A ZX[O p] +ZXI+ j+ZxI;(t)pj_,
J
pAﬂA ZXIO )4; +ZXI+ ‘++ZXIJ.—(t)qg
J

We have directly that [ﬁ*( )] = w[/\@], and so, we obtain that

0 0 0 0
— L + L* —(P )\ b+ @ A
Since we have
a .. - 0 -
(@E )(@) =0 and (ap?-)\) =0,

we find that E*(aiquﬁ) = (%A)@. Noticing that the first eigenvalue of £* has
J J

its eigenspace of dimension 1 (Perron Frobenius extension [6]), there exists a
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constant C' so that %@ = C¢. This implies that (®4(t,0) — &(t,0)) = 0 for
all p? € [0,1]. We, thus, can choose p(; € {0,1}.
Since, this results holds for all pfjA, we can approximate p%, 4 by a sequence

of (p574).s and p, 4(t) can be chosen in {0,1} for all .

End of proof. To prove that
QjA(ajaO):@S(ajvo)a @A(bﬁo):@S(bjaO)v

when
pasa(t) = ZX[aj,bj](t% ps—s(t) =1— ZX[aj,bj}(tL
J J
it is sufficient to derivate A with respect to a; (resp. b;). We find that

d
dai

A= (Da(a;,0) — Pg(a;,0)) /BA(m)NA(ai,x)dz.

Therefore, to be optimal, it needs to have (®4(a;,0) — Ps(a;,0)) = 0 or no
newborn at time a;. The same holds for b;. When there is no newborn for
asexual population, we can choose ps_, 4 = 1 without changing anything (and
the same for pg_, s when there is no newborn for sexual population). Therefore,
the only case where switches appear are given by (®4(a;,0) — Ps(a;,0)) = 0.

O

We show in sections 2.1 and 2.2 that assumption
/ Ba(z)e™ Jo" ds)/Tds (17)
x>0

implies that a only parthenogenetic female population has a negative Malthu-

sian growth rate, i.e., extinguish and assumption

/ Bs(x')e™ Jo" d(s)ds/ T2 gt o eli 70 dw)dw 1, (18)
x>z t
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implies the extinction of the only sexual female population. Therefore, under

assumptions (17)-(18)
A(1,1) = max(A(0,1), A(1,0)) < 0.

Nevertheless, it suffices that the condition®

T ’
- d|s>zods/Tx
/ Bs(x')e Jr— dx’
x>z

t+zq _T-=p
mtax eft dlw>zodw BA(x)e z [y dls>wo/Tds j,. ~ 1, (19)
x>0

is satisfied, for almost a x{, > g, to find a, mixing way of reproducing, survival
strategy, i.e., we have A;qp > 0. Therefore, we have A qp > A(p§inter switch puinter switchy >

0.

2.1 Only parthenogenetic female. No sex

Assuming that

pasa=1 psLs=0, (20)
is satisfied. Then, after a living time of the individuals of the sexual popu-
lation (since there is no newborn), the sexual population (able to reproduce)

vanishes. Therefore, we only have to look for n4 solution to the McKendrick

Von-Foerster equation

%nA(t,x) + 8%71,4(25,3:) +d(t)na(t,z) =0,

(21)

na(t,z=0)= / Ba(z")na(t,z") da’.
2/>0

3 for the survival (and more precisely the growth) of the asexual population during Spring

to Autumn
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Using proposition 1.2, to study the dynamics of n4 solution to (21), it is
sufficient (see lemma 2.1) to study the eigenproblem (9), which becomes under

the assumption (20)

%NA(t,J?) + %NA(t,l‘) +d(t)na(t,z) = —AaNal(t,z),

(22)
Na(t,z =0) = Ba(2")Na(t,z') da'.
/>0
and leads to a condition on A4 :
1= Ba (x)efdx(*AA*foT d(s)ds/T)dz (23)

z>0
We have then the following results on the survival of the parthenogenetic

population :

Proposition 2.1 Assuming that

By(z)e @ o d)/Tds 1 (> 1), (24)
x>0

then Aa < 0 (resp. Aa > 0), i.e., parthenogenetic population disappears (resp.

survives) in long time with a Malthusian exponential growth rate : A4.
Lemma 2.1 Solution (Aa, Na) to the eigenproblem (22) is given by

Na(t,z) = e~ Jo (&)= J5 d(w)dw/T)ds o [§ (=Xa= [ d(s)ds/T)dx
where A4 satisfies (23).

Proof We search a solution of the form N4 (t, z) = f(t)g(z). Therefore we have

F@O/f) + g (2)/g(x) + (dt) — [ d(s)ds) = —ra — [} d(s)ds,

90 = [ Bale) s
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and so, we have

T
(1) = —F)d(r) / d(s)ds/T),

T
d'(@) = glz)(~Aa / d(s)ds/T).

Finally, the boundary condition implies that (23) is satisfied. O

2.2 Only sex. No parthenogenesis.

Assuming that
pi}OaA =0, pgcas =1, (25)

is satisfied. Then, after a living time of the individuals of the asexual popula-
tion (since there is no newborn), the asexual population vanishes. Therefore,
we only have to look for ng solution to the McKendrick Von-Foerster equation
%HS(ta I) + %nS(t7 l’) + d(t)X.’t>r0nS(t7 l‘) = 07
(26)
ns(t,z =0) = Bs(t, 2 )ns(t,z') dx’
/>0
Using proposition 1.2, to study the dynamics of ng solution to (26), it is
sufficient (see lemma 2.1) to study the eigenproblem (9), which becomes under
the assumption (25)
2 Ns(t,z) + 2 Ns(t,x) + d(t)Xe>0oNs(t, ) = —AsNs(t, z),

(27)
Ns(t, 2 = 0) = / Bs(t,#')Ng(t,2') da’
' >xo

where NS(T7 ) = Ns(o, )
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Proposition 2.2 Assuming that

/ Bg(z)e™ Jo" A(s)ds /T2 gt o eli 70 dw)dw 1,
x>z t
(resp / Bs(a')e™ Jo d()ds/Ta" gos min eli T dw)dw 1), (28)
x’' >z

then Ag < 0 (resp. As > 0), i.e., sexued population disapears in long time

(resp. survive) with a Malthusian growth rate : Ag.

Proof Here, the term d(t)Xy>4, leads to some difficulties. We write the prob-

lem on [0, z¢] and on [z, 00]. We define

N2(t,x), x € [0,z0],
Ns(ta)={ °

Ni(t,z), =z € [mg,00],

which satisfy

%Ng(um) + %Ng(t,x) = —AsNa(t,z), z<m
Z Nt z)+ ZNL(t,x) + d(t)Ni(t,z) = —AsNi(t,z), = >z

ot 'S

N§(t,zo) = N§(t, 7o)

NO(tz = 0) = / Bs(t, )Nt 2/) da'.
x' >mo
We let

M&(t,z) == N§(t, :c)efg(d(“’)ffoT d(s)ds/T)dw, (29)
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Then, we have

Mj(t, @) = / Bs(a')ML(t — z,2") daeJi"=° " (@dw)= [ d(s)ds/T)dw
' >x0

=J(t—x)

ekszoe(—As—foT d(s)ds/T)(z—xo)

Now, using the boundary condition and the equation (29) we find that J sat-
isfies J(t) = [, J(t — a")duxg (z")U(t), where U(t) = el dw)dw (jnde
pendent of A\g) and duy,(2') = Bs(x/)e(_’\s_foT d(s)ds/T)x" g Consequently,

assuming that (28) is satisfies, J # 0 and Ag > 0 (resp. Ag < 0), we find that
sup J(t) <supJ(t), (resp. irgf J(t) > irtlf J(t)),
t t

which is absurd, therefore, Ag < 0 (resp. Ag > 0). O

3 Environment change and numerical simulations

Since parthenogenesis is much more prolific and cost free (no sexual disease, no
time lost in partner selection) than the sexual reproduction, when the death
rate does not depend on time, we have a better Malthusian growth rate for the
asexual population than for the sexual population. For Aphids, eggs produced
(by sexual reproduction) have the ability to survive to winter [17-20]. There-
fore, for numerical simulations, we consider that the death rate depends on
time ¢t + d(t) is time periodic (annual) and d|winter > d|Summer,Spring, Autumn
moreover we consider that death rate for eggs (sexual population of age x €

[0, z0] [17]) is null and we chose for birth and death rate as in the figure 2.
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|—death rate,

birth rate
=
IS
death rate

0 10 20 30 40 50 60 70 80 0 0 50 100 150 200 250 300 350 400
Egg age WINTER time

Fig. 2 Rates. Right : death rate on a time period. Left : birth rates (asexual in blue, sexual
in red). From 0 to 50 days there is no birth (egg time) for sexual population. The birth
rate for asexual population is higher than for the sexual population after egg time. During
winter, the death rate is higher than the death rate during other seasons.

Consequently, the end of winter, i.e., the increase of temperature, means the
end of sex as soon as a mutant that reproduce exclusively by parthenogenesis
appears. It suffices to produce only parthenogenetic female between the end of
winter and to change before the next winter to sexual female that produce eggs
(which are not sensible to the death rate that eliminate the whole population).
We observe, in figure 3, annual growth rates (e*”") of two populations : the first
one obtained by the optimal mixing reproducing strategy finding in section 2
and the second only parthenogenetic, with respect to the death rate induced
by winter. We notice that, there exists a threshold death rate, under which

the parthenogenetic strategy is better.
Proposition 3.1 Assuming that *
o0 o0
/ Bs(y + xo)e”Vdy < / Ba(y)e~%Ydy, (30)
0 0

and

4 verified as Bg(. + o) < Ba(.)
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then
PA—sA = ]-7 Ps—s = 07

is the best choice to have the best growth rate.

Proof We notice that solution to the dual eigenproblem (10)-(11) aspa—4 = 1,

ps—s = 0 are satisfied is given by
Da(x) = / BA(y)ef(d”L)‘)(y*z)dx,

(@S(x)efdfow Xy>l.0 dyf)\:p) _ / Bs(y)eidfmy Xz>w0 dzf)\(yfzv)dy.
Using (30) we have directly that [ Bs(y + xo)e*¥dy < [~ Ba(y)e=?¥dy.
Therefore, we have

Pg(0) = / Bs(y)e s Xezaods=2u gy < ,4(0),
0

and so, using proposition 1.2, A is increasing with respect to p4_,4 and de-

creasing with respect to ps_s. O

Numerical simulations. For (in days) T = 365, we set

— Agemaz = 90,
- Agemaz reproduction — 307
— €9Ystate = 50,

- BA (x) = '8XGE[07Age'maz 7~ep7~oduction]’

BS = '125xa€[eggstatcaEQQStatc+Age7naw reproduction]’

- d(t) = 10xt<30 + '5X30St<365 and T periodic.
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2000 89
—Original Growth —Original Growth
—Pathenogenetic Growth 88 —
S 1500 S
© © 87
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< 1000 < 86
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o ©85
G 500 (O]
84
0 83
0 2 4 6 8 10 0 2 4 6 8 10
Winter death rate Winter death rate

Fig. 3 Computation of eT*, ie. the growth of a population after a year with re-

spect to Winter death rate. We simulate (5) for (in days) T = 365, Agemaz =
90, Agemaz reproduction — 30, eggstate = 950, BA(I) = 'SXaE[D,Agemaz reproduction)’
Bs = 125Xacleggsiatecagstate+Ageman reproduction)? d(t) = Winter death ratex;<so +

.5X30<t<365 and T periodic. Even if it seems to be constant (at the right), the growth

rate of the mixed reproducing strategy (in blue) is slowly decreasing (at the left).

We search for the best bang-bang strategy, i.e.,

max Apasa,ps—s)-
PA—A(F)=X[zq,2p], PS—s(t)=1-pa—a(t)

We observe in figure 4 that for x; to large, i.e., when the sexual population
appears to late before winter, the population disappears (zero multiplicative
growth). The same happens if the asexual population arise too late (x, too
large). Maximum is reached for xz, = 21 and x;, € [5,30] days. We see, on
figure 5, that the sexual population ng vanishes except before winter and
asexual population n4 increases exponentially between the end of winter to

the end of autumn and then disappears just before winter.
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80
701 W Growth factor
0 50 100 150 200 6d' ¢
X Xa

b

Fig. 4 Computation of (zq,xp) — €T, as pa_a = X[za,os]> PS—Ss=1—paa. At the

right, we show the decay as xp is near 0 (zoom of the highest part of left figure).

= LI

200

Fig. 5 Computation of n 4 (left figure) and ng (right figure) with respect to age and time.

In particular, in dark blue, we have the extinction of the population.

4 Conclusion and perspectives

In this work, we have proposed a partial differential equation model to study
the time evolution of a population that uses both sexual and asexual way

of reproducing in an unlimited ressource environment. Then, we show that
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the bang-bang strategy (switch from parthenogenesis to sex and from sex to
parthenogenesis) is the best in order to optimize the growth rate of the popula-
tion. Moreover, even in the case of both type of subpopulation can extinguish
(if they do not cooperate), a mixing strategy (a cooperation), i.e. sexual can
produce asexual and asexual can produce sexual, may implies survival of the
population. Nevertheless, environment variations imply adaptation of species
to these variations. Consequently, if the death rate that penalize the asexual
population (which has a higher birth rate than the sexual one) decreases, at
some point, the asexual population becomes the best (in a growth rate) way
to reproduce. Thus, a mutant, that has lost sex, can invade the population. It
could be interesting to develop the research of an optimal strategy by taking
in account the growth rate and its variations due to random variations of the

environment.

5 Annex : Dual eigenproblem

In this part, we focus on the solution to the dual eigenproblem (10)-(11) and

show that the solution is regular.

Lemma 5.1 Let (@A @S> solution to the dual eigenproblem (10)-(11) then

P(t) = (@A(t,()) @s(t,0)> ) (31)

satisfies

B(t) = / Bt 4y (v), (32)
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with

dps(y) =
passalt +y)Baly)e I A= pg (¢ + ) Bs(y)e™ o (A0+2Xam0 2 d2

dy.
Pass(t +y)Ba(y)e Jo d0T2-2z ot 4 y) Bg(y)e Jo (A2 Xesmg +2)dz

(33)

And finally, we have & € C°(R,) and

L . DML
o(t) = lim ///n 11 ey ().

+ =1

Proof We have, for all t,

_d Bu(t + z,2) Ps(t + )
4 )

d(t+z)0
+ (@A(t—i—%x) @S(t—l—w,m))
0 At + 2)Xos

pasa(t+x)Ba(z) ps—a(t + x)Bgs(x)
- <¢A(t + z,0) Pg(t + x,0)
pAﬁs(t + .%‘)BA(JT> psﬁs(t + .%‘)Bs(x)

— ) (@A(Hx,x) 455(””5’“)) '
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Therefore, we find that

dit+y)— A0
_ [;L dy
d 0 At + 4) X500 — A
- ({ Dalt+2,2) Ds(t +2,2) )

)

pAHA(t + x)BA(:v) psﬁA(ﬁ + .’L‘)Bs(l’)
= [(@A(t—i—x,O) Ps(t+ x,0)
pass(t+x)Ba(z) ps—s(t+z)Bs(v)

dit+y)+A0
_fﬂm dy

0 d(t + y)Xy>z, + A

e ]:0

Thus, integrating with respect to x, we find that

<¢A(t+x,x) @S(t+x,x)> Z/;O (¢A(t+y,o) @S(t+y,0))

pasA(t +y)Ba(y) ps—alt+y)Bs(y)

pass(t+y)Ba(y) ps—s(t +y)Bs(y)

dit+z)+ A0
_ff dz
0 d(t + 2)Xysa + A
e )dy.
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Applying in z = 0 we finally obtain that

<@A(t70) QSS(tvO)) :/O (qu(t"_yaO) QSS(t"_y»O))
pasa(t +y)Ba(y) ps—a(t+y)Bs(y)

pass(t+y)Ba(y) ps—s(t+y)Bs(y)

dt+2)+X0
- g dz

0 d(t + 2)Xesz + A
e )dy,

and (32) holds for @ defined by equation (31) and duf defined by (33). Regu-

larity comes directly from the integral equation (convolution form) (32).
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