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Decay of solutions to a water wave model with a nonlocal viscous term

S. Dumont!', O. Goubet?, I. Manoubi3

Abstract
We update here the results on the decay of solutions to a nonlocal water wave equation that
reads

u; +u +Li/t u(s) ds +uuy =u
t X ﬁal‘ = X XX

1 0 ' u(s) . . .. .
where — ds is the Riemann-Liouville half-order derivative.
0
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1 Introduction
1.1 The modeling

This article addresses some issues related to the decay rate of solutions to a one-direction
asymptotical water wave model with a nonlocal viscous term.

Without viscosity, it is now standard to derive asymptotical models as the Korteweg-de
Vries equation or the Boussinesq system from the Euler equations [2]. Taking into account
the viscosity is challenging. In the last decades, many studies partakes of this modeling: the
first model is due to T. Kakutani and K. Matsuuchi in their article [16], more recently, Liu
and Orfila [20], and Dutykh and Dias [8] have independently derived viscous asymptotic
models for transient long-wave propagation on viscous shallow water.
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In this article we focus on a single equation for a one-way wave equation that was inves-
tigated in [22], where fractional term is described by the Riemann-Liouville half derivative.
This equation reads

bt 8/t ) s+ (1.1)
u u _— S Uu, = Uu . .
R T fy s e = e

Here, for the sake of convenience, the physical constants are set equal to 1. The nonlocal
term provides both diffusion and dispersion to the equation [5,22].

On the other hand, diffusion equations with non local operators are of great interest for
mathematicians and also for other scientific communities (see [7,12,13,15,23-25] and the
references therein).

The initial value problem for (1.1) was previously addressed in [11,22]; we know
that for initial data ug in L*(R), there exists a unique solution 1 € C(R.; L)zc R)) N
cl/z2 Ry; HX_Z(R)). Besides, for more regular initial data ug € S(R) in the Schwartz class,
the solution belongs to C'/2(R.; S(R)). The solution map ¢ > wu(r) is C' butat r = 0.
In this article we are interested in the decay rate of solutions towards 0. We prove that any
solution converges towards O with the expected decay rate; this is an improvement over [22]
where a smallness assumption on the initial data was required.

On the other hand, the numerical investigation of this decay rate has also received interest also
in the last decade. Many authors have provided different numerical methods to approximate
the nonlocal fractional operator [5,9,10,17,22]. Some have proposed the so-called diffusive
realization of fractional operators. This alternative provides a local representation of the
fractional operator as a system of linear differential equation. Several applications of this
approach canbe foundin[1,13,23,26]. We use here this diffusive approach to prove theoretical
results. Due to uniqueness, we will use in the sequel that a solution of the original equation
with ug in LQ(]R) is solution to the diffusive representation and vice-versa.

This article is organized as follows. We introduce a suitable diffusive representation for the
equation, we state the main theoretical result and we proceed to the proof. We complete this
article by numerical computations that illustrate our theoretical results.

1.2 Statement of the result

The aim of this article is to answer a question left open in [22]. Concerning the decay rate
of solutions, the third author proved that if [luo|| ;1) is small enough, then the solution u
satisfies the decay estimate
3

max (L, /) (. )| 2 gy +max @2, Dllut, )gm® < C.
However, this result is proved assuming a smallness condition on the initial data. We relax
here this assumption first for non negative initial data ug > 0, and then conclude by a
comparison result. Our main result states as follows

Theorem 1.1 Assume uq in L' (R) N L2(R). Then there exists C(ug) such that for any t > 0,

3/4

max(1, 2/ lu(t, ) 2wy + max(e'/?, 0llu, )z < Cluo). (1.2)

We provide here a complete proof that relies on an ad hoc representation of the solution.



1.3 A diffusive representation of the solution

Introducing a new variable o > 0, for a given function u(¢, x) that depends on ¢ and on x
(the variable x will be omitted in the remaining of this section) we introduce

!
o(t,o0) = / u(s) exp(—az(t —s))ds. (1.3)
0

Then the half-integral of a function u reads

+00
Tu(r) = \/_/ 7d =T(p@) = E/o @(t,o)do. (1.4)

Hence equation (1.1) reads also

ur +uy + (@) +utty = tyy,

: (1.5)
Yr+07p =u,

supplemented with initial data (uq, 0).
We emphasize (see [22]) that there is no uniqueness for the diffusive representation. The
representation above is convenient for our purpose.

1.4 Outline of the proof and mathematical framework
The proof of Theorem 1.1 relies on two arguments. The first one is a comparison principle

between solutions. The second one is the proof of the main theorem for non negative solutions.
Throughout the article, the variable x is omitted for the functions « and ¢. We set

ul7, = / u* (x)dx,
R

for functions of one variable and

Imm—/ @*(0, x)dxdo,
Rx[0,400)

for functions of two variables. Here the third variable ¢ is omitted.

2 Proof of the main theorem

2.1 A comparison result

Our first milestone is to prove a comparison result between solutions.

Proposition 2.1 Consider uy < vy two ordered initial data that satisfy the assumptions of
Theorem 1.1, i.e. ug, v in LY(R) N L2(R). We have that u(t, x) < v(t, x) foranyt > 0 and
a.e.x € R.

Proof We prove the comparison result first for initial data in the Schwartz’s class S(R) and

then the final result for general initial data by a limiting argument. This limiting argument is
standard and then omitted for the sake of conciseness.



We now consider ug(x) < vo(x) two (strictly) ordered initial data in the Schwartz class.
Consider u, v the corresponding solutions and ¢, ¢ the associated diffusive representation
of solutions. Consider w = v — u and ¥ = ¢ — @". Introduce

T = inf [z > 0: inf w(t, x) < 0} . @2.1)
X

We prove that T = 400 arguing by contradiction. Assume that 7 < +o00. There exists x¢ in
R such that inf, w(7T, x) = w(T, x9) = 0 and then w, (T, x9) = 0, wy (T, x9) > 0. Since
the solution is smooth away from the boundary r = 0 we also have w; (T, xg) < 0.

On the other hand we infer from the first equation in (1.5) that

CWr)(T, x0) = —w (T, x0) + wyx (T, x0)

+ wy (T, xp) (1 + u(T, xo) -2F (T, xo))

uy (T, xo0) + vx(T,xo)> -0
5 > 0.

(2.2)

+ w(T,xO) <

Besides, since w(t,x) > 0 for r < T, then ¥ (T,x,0) > 0. Therefore the second
equation in (1.5) yields ¥, (T, x9,0) = —o 2y (T, x9,0) < 0 for any o > 0. Gathering
this inequality with (2.2) we have that I"(y;)(T, xo) = 0. Therefore F(azl//)(T, x0) = 0,
and then ¥ (T, xo,0) = 0O for any o. This yields w(¢, xo) = O for any + < T then the

contradiction. O
Choosing 0 < ug in Proposition 2.1 yields

Corollary 2.2 Assume ug in L'(R) N L2(R) and ug > 0 then u(t, x) > 0 for almost every
xeRandt > 0.

2.2 Decay of the L' norm

Proposition 2.3 Assume uq in L' (R) N L2(R). We have

lu(t)| ;1 < min (1, %) luol 1. 2.3)

Proof In fact we just have to prove the result for uy > 0 Since "O_T‘”OI < ug < %'““‘
then the corresponding solutions starting from these three initial data remain ordered, say
v < u < w. We prove the decay estimate for —v and w that are non negative, and conclude.
Assume then #p > 0. We now know that the solution remains non negative for all time.
Integrating in x (and in ¢) the Eq. (1.1) we have, setting m () = fR u(r, x)dx that is the L!

norm
m(t) + Im(t) = m(0). 2.4)

Appealing Proposition 1 in [22] we know that the solution of (2.4) reads

+00 el
m(t) = ( z fds) m(0).

This completes the proof of the Proposition. O



2.3 Revisiting the Schonbek’s splitting method
Consider a solution (u, ¢) to (1.5). Introduce the energy functional
2 2 2
E@) = u@®)];, + ;IIU(ﬂIILz- (2.5)

Multiplying the first equation in (1.5) by u and the second one by %(pl and summing the
resulting equations lead to the energy dissipation mechanism

d 2 4 2
EE(I)+2|ux(t)|Lz+;|I¢:|IL2 =0. (2.6)

This implies that # — |u(f)|;2 remains bounded by |ug|;2. We now state and prove a first
result

Lemma 2.4 There exists a numerical constant ¢ such that for any t > 0

t 4 %
tE(t) <c <|uo|2L1 + (/0 |u(s)|22ds> > : Q2.7)

Proof We begin with the identity
i(tE(t)):E(t)—2t|ux|22—ﬂ||(p,||22. (2.8)
dt L b4 L
Dropping the last term, we infer from this
d 2 2 2 2
o (CE®) = (lu@®l72 — 2t|uxl}>) + ;I|0¢||L2~ 2.9

We now bound by above the last term in the right hand side of (2.9). Due to Minkowski’s
inequality, equality (1.3), and Fubini-Tonelli theorem we have

1

t (o) 7
llowll2 < / ()2 (/ o2 exp(—20%(t —s))da) ds (2.10)

0 0
using that fooo x2 exp(—axQ)dx = L@, we deduce from (2.10)
4a2
t
llogll 2 < niz‘%/ ez @2.11)
0 (t—s)%

We now tackle the first term in the right hand side of (2.9). Proceeding as in the classi-
cal Schonbek’s argument we have, appealing Plancherel’s theorem and the inverse Fourier
transform

1
()72 = 2tluslfe = o [Ra — 2t[E[D) (e, )|k
0 (2.12)
it §)12dE < dxlu(n), /f dt.
0

E —_
21 Jargp<i
Combining this with the L! estimate (2.3) leads to

2\/57T|”0|21 1
2 2 L .
@~ 2lu s = =22 min <1, ;). 2.13)



It is worth to point out that the right hand side of (2.13) is integrable for ¢ € [0, +00).
Gathering these inequalities and integrating in time (2.9) yields

2
t T
tE(t)gS\/En|uo|il+n—%2—%/ (/ W(S)'Lids) dr. (2.14)
0 0 (r—s)4

Besides, we recall the Hardy—Littlewood—Sobolev inequality (see Sect. 4.3 in [19] or Theorem
9.13 in [27]) that reads: there exists a constant cy s (see [19] for the precise value of this
constant) such that

_3
||/ 18(s)lls — 1174 dsll2 < chpsllglPy - 2.15)
R L3

Applying this to the function that is g(s) = |u(s)|;2 if s € (0,¢), and g(s) = O elswhere

leads to
JECIEUAY rooe o\
/ / L ds ) de <y (/ |u(s)|22ds> . (2.16)
0 \Jo (r—s)3 0
This completes the proof of the Lemma. O

We now prove the next milestone

Corollary 2.5 Assume that ug in LI(R) N L%(R). There exists a numerical constant ¢ such
that

2
\/;E(t) S C|u0|leL2'

Proof Here and in the sequel |ug|;1q72 = |uolz1 + |uo|z2. We begin with an a priori estimate
on the L2 norm of the solution. Appealing Gagliardo—Nirenberg inequality (see [3])

2 1
lul g2 < lul} lusl . @.17)

Then using the Holder’s inequality

t 4 t 8 % t %
/|u<s>|zzdss(/ |u(s>|glds> (/ |ux|12ds) . 2.18)
0 0 0

. . . o luol, 2
Therefore, since the last term in the right hand side is bounded by C (ug) = (%)3 thanks

to (2.6), using (2.3)

roa 4 8 r 1 5
/0|u|22§2_9|u0|22|u0|21 </0 mm(l,—i)ds) . (2.19)
s7

since (f(; min(1, %)ds)% < (%)%t%, plugging this into Lemma 2.4 leads to
57

tE(t) < cluol? 2 (14 V1) (2.20)
Since we know by (2.6) that E(t) < |u0|i2, gathering this with (2.20) completes the proof
of the Corollary. O



2.4 Completing the proof of the theorem

We already know that ¢ — |u(¢) |i2 is bounded by |ug |i2. We know from Corollary 2.5 that

for large ¢ this function decays as 1~1. Before improving this decay rate, we prove a first
decay estimate for the L°° norm of the solution.

Using the results in [22] we know that there exists two functions K (¢)(x) and N (¢)(x)
such that, where * stands for the convolution in the x variable

t
u(t) = K(t) *xug+ / N(t —s) * uz(s)ds. (2.21)
0
We also have that there exists ¢ a numerical constant such that (see [22])

max(1, V0) (VAIK Ol + K01 ) + (VINOI +1INOls) s e 222)

Therefore

t
(@)l < |K (1) polugl 1 + / N3 1u(s) 22 ds
0 (2.23)
< cluol, 1 min(—=. 1) + c/t(t R ), ) s
= olpt «/;7 " 0 12 Loods.
Introducing the auxiliary function A(t) = +/f|u(t)| we then infer from (2.23) and from
the L? estimate in Corollary 2.5

4 ! Jtds 2
A(1) < cluglpr + cluol; )2 ————5 5 | (sup A(s))3. (2.24)

0 ([—s)_gs_i s<t

We easily infer from (2.24) that A(r) < c|uo|il AL2 that is the good decay estimate for small

. 1
t,ie. |uglpinp2t” 2.

We now proceed to the decay rate for large ¢ for the L? norm of the solution. Interpolating
the L' and the L> decay rate we have that

()72 < w1l < cluolt i7" (2.25)

we improve this new estimate. We infer from (2.21)—(2.22)

A

t
()2 < K@) 2luolp +/ |N(t)|L2|”(S)|izds
0 (2.26)

3

t
3
clug|pit™% —l—c/ (t — )" 3 u(s)|?,ds.
0

IA

The first term in the right hand side of this inequality has the good decay rate. We focus
on the second one. Due to Corollary 2.5 and using that |u(¢)|; 2 remains bounded

t t 1
/ (t — )" Hu(s)Pads < 5|u0|2m2/ (t — )% min (1, 7) ds. 2.27)
0 0 s
This last integral splits as (for # > 1)
1 t 1
d 1 d
/ (t—s)*%ds+/ -5 12 < 7z+t’%/ B (2.28)
0 i S T @-i Ls(1—s)i



Hence for t > 2 there exists a numerical constant ¢ such that

! 3 ! 3d 1 +logt
f (r—s)—3ds+/ (-5 18 < L8 (2.29)
0 1 s ta

We now get rid of the extra term logs. From the previous extimates we have improved
(2.25) as lu(t)|;2 < C(uo)t’% for instance. Using this in (2.27) and performing the same
computations as in (2.27)—(2.29) leads to the good decay estimate (without the extra log ¢
term).

It remains to prove the large ¢ estimate for the L norm of the solution. We set B(t) =
tlu(t)|Loo. We infer from (2.21)—(2.22)

1
Bt <c <|uo|L1 +r/ IN(t = )| |u(s)[72ds
0 (2.30)

t
—H./l |N(t —s)|Lz|u(s)|Lz|u(s)|Loods).

The second term in the right hand side of (2.30) is bounded by above by cﬁ |uo|i2 and
then bounded for large 7. The third term in the right hand side of (2.30) is bounded by above

by cluolilm2 flt %ds, using the L? estimate in Theorem 1.1 and the previous bound
(t—s)4s4

in C+=? for the L norm of u. This completes the proof of the theorem
3 Numerical results
3.1 The numerical scheme

Here we consider the generalized model

v o ! u(s
u,+ux+£—/ )
0 r—s

JT ot

where v, y and « are non-negative parameters. Using the diffusive realization of the half-order
derivative (1.5), the model (3.1) is rewritten as a PDE-ODE coupled system as follows

ds + yuu, = duyy, 3.1)

oru(t, x) + 0y (u + %uz) = —2\75 fooo(u(t, x) —o2p(t, x,0))do
Fauy(t,x), t >0,x eR (3.2)
orp(t,x,0) = —Uzgo(t,x, o)+u(t,x), t>0,xeR, 0 >0,

supplemented with the initial conditions

Vx eR, Vo >0, ¢0,x,0)=0,
Vx € R, u(0,x) =ug(x).

Following [6], we use the Gauss-Jacobi quadrature method with N, points to approximate
the generalized integral in (3.2). We note by w; the weights and by o; the nodes of the



Gauss-Jacobi quadrature method. We get

N

2
D]/zu(t,x) ~ Z w; <—u(t, x) — Uizfp(t,x, 0‘,’))
i=1 d

m

N, 2 ,
= E w; | —u(t, x) —oigi(t,x)|.
. T
i=1
We note by U = (u, ¢1, ..., <me)T the vector of (N,, + 1) unknowns, by

FU) = u+ guz, 0.....07,

and finally
1 _012 o ... 0
S= )
1 0 —o5 0
1 0 _Gl%lin

Thus, the problem (3.2) is written in the following form
U + 8, F(U) =SU) +G32U, (3.3)

where G is a diagonal matrix of order N, + 1. Following [6], we use a splitting method to
provide numerical results. Let Az > 0, for all n > 0, we recall that 1" = nAr and

U'(x) ~ U(nAt, x).
From equation (3.3), we consider the propagation equation
U + 8, F(U) = G192U, (3.4)

and the diffusive equation
U =S(U). (3.5)

We note by H,, (respectively, Hy) the discrete operator of the solution of (3.4) (respectively,
the solution of (3.5)). Then a Strang splitting method of order 2 (see for example [14,18])
between f, and 7,4 is used to solve respectively (3.4) and (3.5) as follows

v —m, (A1) yn
2 9
U® =H, (AnUD, (3.6)

At
Ut = H, (7) u®.

Here, the constructed operators H, and H;, are stable and of order 2. Then, the scheme (3.6)
provides an approximation of order 2 in time to the problem (3.3). Now, let € [0, T],
x € [0, L]. We consider periodic boundary conditions i.e u|y=9 = u|y=r. Let At > Obea
fixed time step and 2 > 0 be a fixed space step. We set foralln =0, ..., N, t, =n At and
forall j =1,..., K, x; = jh. We use the following notations:

Vi=1,...,N, u"(x) ®u@mAt, x), ¥]'(x) = y@At, x, o).



Fig. 1 Error of the time 10 T T T T
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For the propagation Eq. (3.4), we use a Crank—Nicolson scheme for the linear part and Adams-
Bashforth scheme for the nonlinear part. For the space discretization, we use standard Fourier
methods. Hence, the scheme is given by

ﬁnJrl —_an ﬁl‘l“rl + an

= (—ag? —i§)
Al SR 3.7)
iy§ Bu")? — w"~1)?)
2 4 ’
Then, for the diffusion equation (3.5), the exact solution is given by
Hb 7 U = e 2 U, (38)

We note that the scheme (3.7) as well as the Strang splitting method are of order two. It
follows that (3.6) is of order 2.

3.2 Numerical results

In the sequel, we present the numerical results. To this end, we fix the parameters values to
v = landa = y = 0.5. This case is theoretically investigated here and in [22]. Let us notice
that in this article, contrarily to [6], the dispersive term Bu,, is not taken into account as in
the present theoretical study and we have shown in [6] that the magnitude of the constant 8
has a strong influence on the decay rate of the solution for large times.

Unfortunately, an exact solution of (3.1) is not known, but a numerical study of the
convergence of the scheme is provided in [22]. Then, in order to numerically investigate the
decay rate of the solutions for large times, we choose an initial data u( that can provide an
exact KdV soliton for well chosen parameters (see [4]). Moreover, we choose an interval,
both in time and in space, such that the solution remains small at the boundary in order to
have a numerical solution (on a finite domain) that correctly approximates the exact solution
that exists on the whole real line R. Actually, we have that the initial data ¢ is in the space
LY'(R) N L2(R).

We denote by xg the middle of the space interval. Then the initial data reads

up(x) = 0.32 % sech2(0.4 * (x — xp)). 3.9)

10



Fig.2 Error in terms of grid 10°
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We run the computations for the numerical scheme (3.7)—(3.8) on the space interval [0, L]
with L = 800. Moreover, we take the space step # = 0.1 and N,, = 20. In order to
numerically confirm the order of the convergence in time of the scheme (3.7)—(3.8), we take
T = 100, we denote by uy; the reference solution when At = 0.05 and by u" the numerical
solution for different time steps Az. We denote by E"(At) = |lug.s — u"[l2 the L?—error
due to the time discretization of the solution. We illustrate in Fig. 1 the error E” in terms
of At in the log-log scale. We observe that, as expected, the error E” decreases when At
decreases. Moreover, the measured values are close to a straight line with slope 2.24. This
test confirms that the numerical scheme (3.7)—(3.8) is of order 2 in time. In the sequel, we
provide our simulations with the time step At = 0.1.

In order to check the convergence of the scheme (3.7)—(3.8) in terms of the Gauss-Jacobi
quadrature points N, we denote by up., the reference solution when N,, = 20 and by u"
the numerical solution for different values of N,,. We denote by E"(Ny,) = llugs — u" |2
the L2 —error in terms of the quadrature points. We display the results in Fig. 2. As expected,
we see that the error decreases when the number of grid points N, increases. In addition, we
observe that the measured values are close to a straight line with slope —11. Moreover, we
observe that the error E” is less that 107° from N,, = 15. Other numerical simulations are

11
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Fig. 4 a L2—decay rate of the solution, b L°°-decay rate of the solution when v = I, « = y = 0.5 and
h=At=0.5

done and we made similar observations (see also [21,22]). Hence, we will use 15 grid points
in the remaining of this article.

In the sequel, we use the numerical scheme (3.7)—(3.8) with the previous parameters values
on a large time interval [0, T'] = [0, 1000]. Numerical results are displayed in Figs. 3 and 4.
It can be observed that the numerical solution remains non negative. This matches the results
of Corollary 2.2. Moreover, the decay rates of the numerical solution provided in Fig. 4 in
norm L2 and in norm L matches the theoretical results of Theorem 1.1 very precisely.
Indeed, one can observe that the relative error between the theoretical and the numerical L?
decay rate (diffusion) is less than 0.53% whereas it is less than 0.8% the the decay rate in
the L°°-norm (dispersion).
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