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Abstract

This paper presents the analysis of multiphysics coupling between periodic gear mesh excitation and
upstream/downstream fluctuating loads using an iterative spectral methodology. This one is based
on the resolution of the parametric equations of motion in the spectral domain. Its efficiency makes
possible to treat both low and high frequency excitations for systems having a large number of
degrees-of-freedom. The different excitation sources, the dynamic coupled equations of motion, the
spectral methodology and the iterative resolution principle are described. The dynamic responses of
a roots vacuum pump for which the spur gear high mesh frequency parametric excitation is coupled
with a low fluidic drag torque frequency. The coupling between excitations generates a frequency
enrichment of the dynamic response which is reflected on waterfall plots by emergence of numerous

sidebands around harmonics of the mesh frequency.

Keywords: Vibrations, Gear Dynamics, Spectral Iterative Method, Parametric System, Power

Transmission, Numerical Methods.
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Nomenclature

B Modal basis composed of eigenvectors Vi,

C(t) Torques on the shafts (Cy(t) + Ca(t)

Ci(t)  Torque on each lobe of shaft 1

C2(t)  Torque on each lobe of shaft 2

C Viscous damping matrix

e(0) Vector describing the initial gap between the teeth at the angular position 6
E(w)  Dynamic Transmission Error (DTE)

E*(w) Fourrier Transform of A®(t)

E(™(w) Dynamic Transmission Error (DTE) at step n

f Nodal coordinate vector of the only external force considered
fs Static mesh force vector in the finite element model

fnr Non-linear mesh force depending on x and 6

f; Nodal coordinate vector of the external force j

f Rotation frequency of the gear

fp(t)  Dynamic mesh force in the time domain

fm Mesh frequency
INL Scalar non-linear force acting in the plane of action
F Static mesh load transmitted by the gear

Fp(w) Dynamic mesh force in the spectral domain

g(t) Centered fluctuation of the mesh stiffness

G(w)  Fourrier Transform of g(¢)

Hi(w) Frequency Response Function of the k& mode

k Average mesh stiffness

k(t) Fluctuating mesh stiffness

kgin Sinusoidal mesh stiffness

ksq Square mesh stiffness

K(w)  Fourrier Transform of k(t)

Kav Global time-averaged stiffness matrix (considering the coupling between wheels)

Krg Global stiffness matrix of the finite element model (except the coupling between wheels)



Mrpg
ng

nap

dk

Qr(w)

Wk

Number of external forces

Global mass matrix of the finite element model

Harmonic of the external excitation (multiple of wp)

Harmonic of the internal (meshing) excitation (multiple of wp)

Number of modes

Vector of the distributed loads along the contact line at the angular position 8
Load at the discretized contact point ¢

Modal coordinate vector

Component of the modal coordinate vector q for the k£ mode

Fourrier Transform of ¢ of the k mode

Geometrical vector projected in the modal basis

Component of the geometrical vector projected in the modal basis q for the k mode
Geometrical vector associated with the gear design

Compliance matrix of the teeth in contact at the angular position 6

Weighted spectrum representing the STE in the spectral domain

Scalar function representing the spatial and resonance sensibility to the mesh modes
Eigenvectors of the k mode

Weighted spectrum representing the external forces in the spectral domain
N-degrees-of-freedom column vector

Static equilibrium position

Response of the degree-of-freedom j in the spectral domain

Number of teeth pf the gear

Static Transmission Error (STE) at the angular position

Stop criterion

Scalar temporal function representing the time-evolution of the only external force con-

sidered in the calculation

Scalar temporal function representing the time-evolution of the external force f;
Projection of the nodal coordinate vector of the external force onto the modal basis
Steady-state operating rotation speed

Eigenfrequencies of the eigenvectors Vi



wo
Wext
Wint

Wrep

o

Pk

Ck

Fundamental frequency
External excitations frequency
Internal excitations frequency
Response frequency

Component of the nodal coordinate vector of the external force ¢ projected onto the modal
basis the for the k£ mode

Energy contribution of the k mode
Angular position of the driving wheel
Modal damping of £ mode

Convolution product



1. Introduction and background

Gear power transmissions are responsible for upsetting vibroacoustic phenomena [1]. One of the
main excitation sources of gearboxes is generated by the meshing process. It is usually assumed that
static transmission error (STE) and gear mesh stiffness fluctuations are responsible of the noise ra-
diated by the gearbox [2]. STE is defined as the difference between the actual position of the output
toothed wheel and the position it would occupy if the gear drive were perfect |3]. Its characteristics
depend on the instantaneous situations of the meshing tooth pairs resulting from tooth deflections

and micro-level geometry (voluntary tooth profile modifications and manufacturing errors).

The calculation of STE of a gear transmission under the static mesh load F' is well mastered
|4, 15]. It is based on linear elasticity and the solving of the static contact equation between geared
wheels (only considering the in-plane effects).

For each input angular position 8 of the driving wheel, a kinematic analysis of the meshing process
is used to determine the theoretical contact line over the teeth (potential position of the contact
on the teeth in the plane of action). These lines are discretized, in order to introduce a compliance
matrix S(#) built from a modeling of toothed wheels in a prior calculation, taking into account all
physical phenomena that contribute to the deflections. The thiner the wheel body, the higher its
influence and the interaction between the teeth in contact [4, 5]. The Hertz deformation is also
taken into account in the matrix S(#). The tooth corrections and the manufacturing errors [6] are
introduced through a vector e(f) that describes the initial gap between the teeth. This vector e(0)
also takes into account the parallelism errors that come from the elasto-static deformation of the
whole gearbox. For each position 6, the resolution of the contact equations allows the evaluation
of the STE quoted A®(¢), and to the vector of the distributed loads p(#) describing the load

distribution along the contact lines. The corresponding system of equations is:

{ S(6).p(0) = A%(0).1 — e(6)

17.pd) =F @)

under the constraints:

{ S(6).p(0) + A%(6).1 > e(0) (2)

pi <0
For a constant speed, STE is a #-periodic function and its main spectral components are associated
with harmonics of the mesh frequency (f,, = Z.f, with { the rotation frequency of the gear and Z
the number of teeth).
STE is also responsible of fluctuation of the mesh stiffness k(¢) which generates a periodic parametric

internal excitation. For each position 6, it corresponds to the derivate of the force with respect to

the STE, as follows:
oF
k(0) = ——= 3
)= 55757 3)
Practically, it is estimated by numerical derivation rule. The excitations are described in figure [Il
Under steady-state operating conditions, STE and mesh stiffness fluctuations are periodic and
generate dynamic mesh forces which are transmitted to the housing through wheel bodies, shafts and

bearings. Housing vibratory state is directly related to the whining noise radiated from the gearbox.

The sensitivity of the STE to the micro-level geometry has been widely studied [6, [7, I8, |9, |10,
11, 112, [13, [14, |15, [16], as well as the influence of the wheel body deflection and the coupling be-
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6 : Instantaneous position of the driving wheel
STE (6) : Static Transmission Error (displacement excitation)
k (6) : Mesh stiffness (parametric excitation)
R,; : Base radius of the wheel i
a,: Pressure angle

Figure 1: Excitation sources generated by the meshing process Q]

tween the different teeth in the meshing process M, B] Many authors have proposed methodologies
to define a set of micro-level teeth corrections leading to minimizing the STE fluctuation and the
corresponding emitted whining noise da, B, IEL IE] The influence of micro-level corrections on the
load distribution, the gear stress and the gear wear has also been studied M, IE]

The mesh stiffness is usually deduced from STE estimation M, B, , ] Welbourn has suggested

an average value of 13.9 N.um ™! per tooth width millimeter for standard spur gears [2].

Many different models have been proposed to study the dynamic behavior of gear systems @]
They may be distinguished according to the mesh coupling definition:

e Linear models with constant parameters have been implemented , ] In these cases, an
average value of mesh stiffness is introduced and STE corresponds to a displacement-type

excitation. A large review is available in the literature [20].

e Linear models with fluctuating parameters have also been implemented , , ] In these

cases, a time fluctuation of the mesh stiffness is taken into account.
e Non-linear models with time-invariant average stiffness have been studied @, , , ]

e Non-linear models including backlash with fluctuating mesh stiffness have also been widely
studied. Some models only focus on the effect of internal excitations @ Ia, , 133]. In
the case of external ﬂuctuati forces, both case of rattle noise M, , @, Iﬁ, @, ] and

a3,

hammering noise @, , , ] were studied in the literature.

e The parametric excitation associated with its fluctuation may lead to instabilities and para-

metric resonances dﬂ, IE] of the dynamic response.

In some specific cases, an analytical or semi-analytical solution may be obtained for the linear para-
metric modeling of the equation of motion ] Nevertheless, this analytical approach is possible
only for very simple gear systems. For real geared systems whose discretized model presents a large

number of degrees-of-freedom, computing time may also become a problem. The excitation sources



are characterized by various frequency components, so that the time discretization methods gener-
ally fail to solve the system of parametric equations of motion, since a short time step is needed,
as well as a simulation during a long time range. Consequently, an alternative method has been
proposed [25, 48, 119]. This iterative spectral method is based on the solving of the linear paramet-
ric equations of motion in the spectral domain and leads to reduce the computation time. It has
been used to predict and analyze the dynamic response and whining noise for mono [18; 49, 48, [19]
and multi-gear systems |50]. The variability of the dynamic response generated by the micro-level
manufacturing errors has also been studied |51, [52], as well as the dynamic response induced by an

external random excitation with gyroscopic terms |53, 154].

The present work aims to extend the spectral iterative method in order to take into account the
couplings between the mesh stiffness fluctuations and the other excitation sources of the mechanical
system. Indeed, this last is often submitted to torque variations of upstream and/or downstream
devices in addition to the internal excitation generated by the meshing process. Depending on the
object studied, this coupling may associate both high and low frequencies. The first part (sections
and[3)) describes the parametric equations of motion in the physical and modal basis, taking account
of excitation sources generated by upstream/downstream devices, and the resolution method. The
second part (sections @] and [B)) presents the advantage of the method in term of computational
time and the physical phenomena at stake in the coupling. The third part (section [B) presents
to the analysis of the dynamic responses for a root vacuum pump designed with a 1:1 gear ratio
and submitted to a fluid narrow band excitation. The corresponding mesh stiffness fluctuation is
characterized by high frequency components (f,, = Z.f, with f the rotation frequency of the gear
and Z the number of teeth: Z = 76) and the pumping excitation is characterized by low frequency
components (f, = 4.f, due to the figure-eight lobes mounted on the counter-rotating shafts of the

pump).

2. Parametric equation of motion of the discretized model

The dynamic response of a gear transmission system, in the case of the whining noise, may be
described in the frequency modal domain. Most of the modeling are based on a finite element
model. In this context, it is necessary to introduce coupling elements which represent the meshing

action between the toothed wheel.

2.1. Linearization of the mesh force and matrix equation in the physical

basis

Consider a gear system discretized with a N-degrees-of-freedom finite element model, the static
equilibrium is written as follows:
Krpx +fnrp(x,0) = fs (4)

with x the N-degrees-of-freedom column vector, Kpp the global stiffness matrix (except for the
coupling between wheels), fg representing the static mesh force vector corresponding to the trans-
mitted force F (see equation[I]), fy 1 (x,6) the non-linear mesh force that depends on x and 6 the
rotational angle of the input wheel. This meshing force is responsible for the STE and the mesh
stiffness time fluctuation.

The interaction between teeth depends on the rigid body displacement of the wheels. It can be



related to x via a geometrical vector R associated with the gear design. This N-coordinates vector
has 12 non-null values which couples the 6 degrees-of-freedom of the pinion center to the 6 degrees-
of-freedom of the driving wheel center. In fact, the STE A®(¢) can be written as the following scalar
product:

A% (t) = R x4(t) (5)
with x,(¢) the static equilibrium position. We may generalize this notion by introducing the Dy-
namic Transmission Error (DTE) A(t):

A(t) = RTx(t) (6)

The N-coordinates non-linear mesh force vector fy is related to the scalar transmitted force fyr,

acting in the plan of action through the same geometrical vector:
fvr(x,0) = Rfvp(RTx,0) = Rfni(A, ) (7)

The meshing force is linearized in order to be easily introduced in the finite element model with

the following rule:

Ofnr
fxr(x,0) ~ i (xs,0) +( - )xs(x—xs) (8)
From equation Bl [ and [7, one obtains:
. 0
fxi(x,0) ~ Rfvr(A%,60) + RRT( gZL>AS(X ~ x) 9)

By condensing the transmitted force vector fg to the line of action, and with a judicious choice of

coordinate x;, the static force problem can be replace by:
fs = Rfnp(A%,0) (10)

with
KFEXs =0 (11)

In equation[d, the derivative represents the mesh stiffness introduced in section [I]):

0= (53 12

At first order, 6 can be replaced by a time-dependent function. For steady-state operating conditions

w and a periodic rotation, # can be simply expressed as follows:
0 = wt (13)

By considering equations [}, @ [I0, 12| and [3] the standard dynamic matrix equation of motion for

whining noise can now be written as follows:
Mpgx + Cx + Krpx + k()RR x = k() RRTx,(t) (14)

with Mpg the mass matrix of the finite element model, C a viscous damping matrix defined a
posteriori through equivalent modal damping coeflicients.

k(t) is periodic (see section[Il) and can be written as follows:
k(t) =k + g(t) (15)

with k& the average mesh stiffness and g(t) the centered fluctuation of the mesh stiffness. Kay

matrix is introduced. It corresponds to the global time-averaged stiffness matrix:
Kav = Kpg + ERRY (16)
The matrix equation can be summarized in the following form:

Mrppx + Cx + Kavx + g()RRx = k() RA®(2) (17)



2.2. Introduction of the additional input/output torques

As mentioned in the introduction, the aim of this paper is to study the case of a gear transmission

submitted to input and output external forces. Equation [I7 then becomes:
L
Mpgk + Ck + Kavx + g()RR"x = k(RA®(t) + > 7;(1)f; (18)
j=1

with ~;(¢) a scalar temporal function and f; the nodal coordinate vector of the external force j.
The system being linear, we consider in the rest of the paper, without loss of generality, a single
force v(t)f.

2.3. Modal equation

The solution is projected onto the modal basis determined from the average characteristic M pg
and K4y of the system. This modal basis is computed with the matrices Mpg and K 4v. It leads

to the L-vibrational eigenfrequencies wj and eigenvectors Vy:
B = [Vyi], wk (19)
normalized regarding the mass matrix:
BYUMppB =1 (20)
The modal coordinate vector q is defined as follows:
x = Bq (21)
The equation [I8 can then be written as follows:
B 'MrpBg+B !CBq+B 'KayBq+g(t)B'RR'Bq = k(t)BT'RA®(t) +y(t)B™'f (22)
The orthogonality properties of the eigenmodes lead to the following form:
diag[1]q + diag[2¢kw]q + diaglwila + g(t)rr’ a = k(t)rA* (1) + ()¢ (23)

with ¢; the modal damping of mode k, r = B™'R the geometrical vector projected in the modal
basis, and ¢ = B!f the projection of the nodal coordinate vector of the external force onto the
modal basis. Notice that this equation remain coupled by the parametric term of the mesh stiffness

leading to the N coupled modal equations:

N
ik + 2Gkwrdn + wige + 9Ok Y riq = k(E)rkA° () + ¢y (t), k=1.N (24)
=1

3. Projection onto the spectral domain and resolution

3.1. Equations in the spectral domain

The first principle of the spectral method is to solve the coupled equations 24] in the spectral
domain, keeping only the steady-state response or forced response of the system. The free response

is either a decreasing exponential (asymptotic stability) or an increasing exponential in the case



of parametric instabilities [48]. We assume the asymptotic stability of the system which can be
done by a sufficient damping level to prevent parametric instabilities. The Fourier transform of the

coupled equations [24] leads to:

(W) Qk(w) wWrE ® Z rQi(w (W) @ rpE%(w) + ¢rl'(w) (25)
Qk(w) + Hi(w)G(w)ry, @ Z rQi(w) = Hy(w)K(w) @ re B°(w) + Hy(w)¢rl'(w) (26
with:
1
Hy(w) = — (27)

Wi, — w? + 2i(pwrw
the Frequency Response Function of the k& mode, and Qi (w), G(w), K(w) and E*(w) respectively
the Fourier transform of qx(t), g(¢), k(t) and A®(¢), and finally ® the convolution product.

The second principle of the method is to condense the N coupled equations on the line of action

in order to explicit the Dynamic Transmission Error E(w). The coupled equations system 28 is

then turned into only one equation:

N N
Z e Qr(w) + Z riHp(w)G(w)re @ Z rQi(w) = Z riHp(w)K(w) @ re B (w)+
=1 k=1

Z?‘ka )T (w)

(28)

The dynamic transmission error is defined in the spectral domain as follows:
N
= nQuw) (29)
1=1
Equation 28 becomes:
+Z7”ka w)re ® B(w Zrka (w) ® r B (w +Z7”ka )oxl'(w)  (30)
For the sake of simplicity, the following scalar function is introduced:
N
= riHp(w) (31)
k=1

It represents the frequency sensibility of the system regarding the meshing actions.

We also introduce:

Z’I‘ka ¢kF ) (32)

= Y H(WK (@) © B (@) = T(@)K () ® B*(w) (33)
Finally the following scalar equation is obtained:

E(w)+T(w)[G® E](w) = S(w) + W(w) (34)

10



3.2. Principle of resolution
The third principle of the spectral iterative method is to iterate according to the following schema:
EM) (W) = S(w) + W(w) — T(w)[G ® E™](w) (35)
with the following initial condition:
EW(w) = S(w) + W (w) (36)

The stop criterion is based on the relative error between two iterations:

EntD) () — B0
__ EC(w) - EW(w)
E(nJrl)(w)

(37)

which is compared to a sufficiently small value previously imposed. It appeared that using this
criterion was always sufficient in the numerical simulations. Then, the iterative spectral method

allows to compute directly the DTE .

3.3. Dynamic mesh force and nodal responses

In the time-dependent domain, the dynamic mesh force (including the mean force) associated with
fp(t) is written as follows:
fo@) = kR x(t) (38)

In the spectral domain:
Fp(w) = [K ® E} (w)} (w) (39)

This data provides a good insight of the spectral content and the dynamic response amplitude.
They are chosen as the main data studied in the next part.
The Fourier transform Qy(w) of the modal coordinate vector gi(t) is deduced from equations
and

Qr(w) = Hy(w) [rk [K®E°—GQ®E](w)+ ¢kF((U):| (40)
Finally, the response of any degree of freedom X;(w) of the discretized system is simply obtained,

going back to the physical basis (see equation 2T]):

N
X5(w) = 3 Vi Hi(w) [ (K®E - GoE)w) + mrw)} (41)
k=1

4. Computational time

The spectral iterative method developed in the last sections[2] and [3lis based on few principles that

enable a fast computation:
e the dynamic response is projected onto the modal basis of the discretized system (section [Z3]),

e the N equations of the system are condensed into a single equation representing the dynamic

transmission error (section B1]),

e the parametric equations are solved in the spectral domain using an iterative schema (sections

3] and B.2)).
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These principles allow a substantial gain of computational time compared to a standard time inte-
gration, especially when a highly discretized mechanical system couples both low and high frequency

excitations.

The applications were made using Matlab and C++ on a classical laptop equipped with an Intel
Core i7-5500U processor (2.40 GHz) and a RAM memory of 16 Go. For example, in the case of
a projection on N = 650 modes, a high frequency mesh stiffness composed of 5 components and
a low frequency external excitation composed of 10 components, the computation of the dynamic
response under steady-state conditions for one single operating frequency takes around 0.2 second

instead of few tens of seconds with a time integration.

5. Physical phenomena

Before dealing with the application, we describe in the following section the main characteristics of

the response.

5.1. Frequency characteristics of the response

The multi frequency nature of the steady-state response induced by purely harmonic external ex-
citations is a dominant feature of the periodic parametric system. This behavior can be seen in
the iterative equation B3] through the convolution product between the mesh stiffness and the DTE
response at the previous step. Assuming the internal excitation frequency wj,: (related to the
mesh stiffness fluctuation) and the external excitation frequency wes+ (applied on the kinematic
chain), the spectral content of the response frequency wyp (generated by the external excitation)

is composed of frequency components equal to:
Wrep = [PWint +/- Wext| with p € N (42)

The fundamental frequency is often related to the shaft frequency, typically wy.

The fundamental frequency of the internal excitation is the mesh frequency, and can be written as:
Wint = Npr Wo (43)

with nps typically of the order of the number of teeth.

The fundamental frequency of the external excitation may be written as follows:
Wezt = ME Wo (44)
Depending on the input/output systems, we,+ may be of the same order, lower or higher than wj,;.

e Case 1: ng = 0, wrep = pnywo with p € N. In this case, there is no fluctuation of the
external excitation. The response components are the harmonics of the internal excitation

frequency (see figure 2h).

e Case 2: ng = nu, Wrep = PNywo With p € N. In this case, the internal and external
excitations have the same frequency. The response components are the harmonics of the

internal excitation frequency (see figure 2b).

12



o Case3: ng < nu, Wrep = [pnam +/- ng|wo with p € N. In this case, the internal excitation is
characterized by higher frequency than the external excitation. The response is characterized
by a low frequency component corresponding to the external excitation and high frequency
components corresponding to the coupling between the external excitation and the internal

mesh stiffness (see figure 2k).

o Cased: ny < ng, Wrep = [pnam +/- ng|wo with p € N. In this case, the internal excitation is
characterized by lower frequency than the external excitation. The response is characterized
by a high frequency component corresponding to the external excitation and high frequency
components corresponding to the coupling between the external excitation and the internal

mesh stiffness (see figure 2H).

Ny 2ny 3ny Nu=ng 2ny=2ng 3ny=3ng
) o
° °
2 2
3 3 SE 3
€ £
& ®
frequency frequency
(a) (b)
Ne

Ene Nu-Ne  Nu+ne 2ny-Ne 2ny+ne 3ny-ne 3ny+ne ] 3 Ne-Nu | ne+ny 3
] 3
2 2
g g Ne-2Ny Ng+2ny
5 ®

E E 3 ne-3ny ne+3ny E

L ] L ne-4ny . Ne4ny J

Nw
Nm frequency frequency
(c) (d)

Figure 2: Coupling phenomena between the external excitations (components ng ) and the internal
mesh stiffness fluctuations (components ny ) in the DTE spectrum response (indexes corresponding
to the harmonic multiple of the fundamental frequency wg). (a) Case 1: ng = 0. (b) Case 2:

ng =ny. (¢) Case 3: ng < np. (d) Case 4: nyr < ng.

This multi-frequency response is the result of the coupling phenomena. The amplitude of these
components depend on the modal properties of the gear transmission. They are described in the

following section.

5.2. Spatial and temporal filter

In the iterative scheme B, the scalar function T'(w) (see equation BI]) introduces the spatial and

frequency sensitivity. Observing equation BI] the frequency filter is associated to the modal fre-

13



quency response Hy(w) of each mode and the r, = BI;IR terms represent the spatial sensitivity

localized at the meshing.

The modal discrimination regarding this sensitivity can be obtained by comparing all the static
terms:
2 e
’I’ka(O) ) (45)
Wi
In fact, these terms represent the energy contribution of each mode k [53]. We normalize these

energy contributions of each mode k by introducing py as follows:

r2 1
Pk = w_% N (46)
Tk
kz=:1 wi

In such a way:
N
Zpk =1 (47)
k=1

The modes which have the highest energy rate p, are called the mesh modes and are the most

critical regarding the meshing process excitations.

Considering the multi-frequency nature of the system response (see equation E2)), the operating

conditions that may lead to parametric resonances are characterized by:

|PpWint +/- Wet| = wi with p € N (48)

6. Application to a roots vacuum pump

This section presents the analysis of the dynamic response of a mechanical geared system taking
account the coupling between the internal fluctuating mesh stiffness and the external excitations.
It corresponds to a roots vacuum pump for which the spur gear mesh is associated with a high fre-

quency parametric excitation and the pumping process is associated with a low frequency excitation.

6.1. Roots vacuum pump

The kinematic chain of the roots vacuum pump is designed with an asynchronous electric motor
which drives two counter-rotative shafts using a reverse spur gear (Z; = Zs = 76). The character-
istics of the gear are presented in table[Il Each shaft is supported by two rolling element bearings.
Pumping is carried out using 6 figure-eight lobes mounted on each shaft and separated from each

other and from the stator by narrow gap.

6.2. Kinematic chain modeling

The kinematic chain is modeled using the finite element method (see figure [3). Shafts are modeled
using beam elements. Motor, gear wheels and lobes are modeled using concentrated mass elements
and rotary inertias. Elastic coupling between toothed wheels is modeled using a symmetrical 12x12
stiffness matrix which couples the 6 degrees-of-freedom of the driven wheel with the 6 degrees-of-

freedom of the driving wheel. Rolling element bearings are modeled using one axial and two radial

14



Wheel 1 & 2

Number of teeth 76
Module (mm) 0.5
Pressure angle (degrees) 20

Facewidth (mm)
Helix angle (degrees)

Center distance (mm) 38
Average mesh stiffness k& (N/um) 307
Engine Torque (N.m) 10

Table 1: Roots vacuum pump: characteristics of the spur gear (gear ratio 1:1)

stiffnesses. The elastic model of kinematic chain has 130 elements, 110 nodes and 650 degrees-of-
freedom.

bearing

lobe 2
lobe 3
lobe 4 bearing

lobe 5

lobe 6

o> bearing

motor
bearing

1:1 ratio
gearbox

Figure 3: Pump case: finite element model with components and lobe numbers

6.3. Excitations sources

The coupling is illustrated using two different mesh stiffness cases k(t) (see equation [IH]), in order
to illustrate the richness of the spectral content.
The first one kg;,, corresponds to a harmonic mesh stiffness fluctuation (with one spectral component
at the mesh frequency fy,).

ksin(t) = k[1+ 0.2 sin(2m fmt)] (49)

The second one kg, corresponds to a square mesh stiffness fluctuation (with a theoretically infinite

number of spectral components corresponding to odd harmonics of the mesh frequency).

kog(t) = & {1 +

2v/2 o= sin((20 + 1)27 fnt
51 Z : 21 )1 )

i=0 @+1 (50)
22

— 1 1 1
k [1 + Hr [sin(wmt) + gsin(?)wmt) + gsin(5wmt) + ?sin(7wmt) +...]
™
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Figure 4: Sinusoidal and square mesh stiffnesses time evolution and amplitude spectrum. (a) Si-

nusoidal mesh stiffness evolution kg, (t). (b) Sinusoidal mesh stiffness amplitude spectrum kg, (w).

(¢c) Square mesh stiffness evolution ksq(t). (d) Square mesh stiffness amplitude spectrum ksq(w).
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Both ke, and kg have a standard deviation corresponding to 14% of the mean value.

Besides the mesh stiffness fluctuations, two excitation sources are considered in addition to the
mesh stiffness fluctuation. The first one corresponds to the static transmission error STE (see
section 1) of the gear pair. It is a displacement type excitation which period is the meshing period.
Considering that the fundamental frequency hl is the motor frequency, its spectrum is composed
of harmonics multiple of Z = 76 (h0, h76, h152, h228, h304 and h380). Figures[Bh/b display the

time evolution and the spectral content of STE.
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Figure 5: Excitations applied on the root vacuum pump kinematic chain. (a) Static Transmission
Error time evolution STE(t). (b) Static Transmission Error spectral content STE(w). (c) Time
evolution of torques Cy(t) (sinus) and Cs(t) (cosinus) applied on shafts 1/2. (d) Spectral content
of torques C1(w) (sinus) and Co(w) (cosinus) applied on shafts 1/2.

The second excitation corresponds to fluidic drag torques applied to the shafts due to the
pumping process. A sinusoidal excitation with the same amplitude and fundamental frequency h4
is assumed for each lobe. The fluctuation corresponds to 20% of the drag torque mean value of
each lobe, the mean value of each lobe being equal to 1—12thh of the motor torque (10 N.m). A phase
shift equal to 7 is introduced between lobes mounted on shaft 1 and lobes mounted on shaft 2. The

figures [Bk/d display the time evolution and the spectral content of the applied torques. In the rest
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of the paper, torques C; and Cs will be refer as C.

6.4. Modal analysis

Table [ displays the eigenfrequencies of the roots vacuum pump kinematic chain. The modal

damping rate is set at 5% for each mode.

Mode number  Frequency (Hz) Energy pr (%)

1 0 0.0
2 173 0.0
3 174 0.0
4 618 0.9
5 664 0.0
6 679 0.0
7 731 0.0
8 733 0.0
9 780 2.3
10 871 0.0
43 11946 3.4
48 15636 32.9
52 16404 3.9
54 17264 30.4

Table 2: Pump case: mesh modes energy

On the one hand, low frequency modes may be excited by the low frequency components gen-
erated by the fluidic drag torque fluctuation (h4).
Mesh modes (see section [, mainly the modes 48 and 54, may be excited by the mesh frequency
components (h76, h152, h228...), as well as the components generated by the coupling between the
drag torque fluctuation and the mesh stiffness fluctuation (h76 +/-h4, h152 +/-h4, h228 +/-h4...).
The higher pg is, the higher the d ynamic mesh force should be.

6.5. Amplitude spectrum of the dynamic mesh force

Figure [@ displays an example of the dynamic mesh force spectrum for the roots vacuum pump in
the case of a standard operating regime V' = 4200 rpm (70 Hz) and considering the square mesh

stiffness fluctuation k.

The dynamic mesh force is characterised by 4 different types of spectral components:

e The mean value h0Q corresponds to the static mesh force induced by both STE and pumping

drag torque mean values (see orange component in figure [)).

e The low frequency component h4 corresponds to the dynamic response to the pumping drag

torque (in this example 280 Hz, corresponding to green component in figure [Gl).

e The high frequency components h76, h152, h228 and h304 correspond to the dynamic response
to the STE fluctuations (in this example, respectively 4256 Hz, 8512 Hz, 12768 Hz and
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17024 Hz, corresponding to pink components in figure [B]). These high frequency components
may also results from the coupling between the mesh stiffness fluctuations and both STE and

pumping drag torque mean values.

o The lateral high frequency components h76 +/-h4, h152 +/-h4, h228 +/-h4 and h304 +/-h4
correspond to the dynamic coupling between the mesh stiffness fluctuations and the pumping
drag torques fluctuations (in this example, 4032/4480 Hz, 8288/8736 Hz, 12544/12992 Hz and
16800/17248 Hz, corresponding to blue components in figure [f]). This coupling results in a

spectral enrichment of the dynamic response of the roots vacuum pump kinematic chain.
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Figure 6: Dynamic mesh force spectrum for a square mesh stiffness fluctuation and an operating
frequency equal to 70 Hz (4200 rpm). Black components: mean value (h0). Green components:
dynamic response to fluidic drag torque fluctuation C(t) (h4). Red components: dynamic response
to STE(t) and coupling between k(t) and drag torque mean value (h76, h152, h228, etc...). Blue
components: dynamic response to coupling between k(t) and fluidic drag torque fluctuation C(t)
(h76 +/-h4, h152 +/-h4, h228 +/-h4, etc...)

6.6. Dynamic mesh force: waterfall diagram and evolution of fluctuation

RMS value versus operating rotation speed

Evolution of the dynamic mesh force versus operating regime is evaluated for the harmonic mesh
stiffness fluctuation ky;;, and the square mesh stiffness fluctuation k. In order to ensure readability,
simulations are carried out in 2 stages: first, STE fluctuation only is considered in addition to the
mesh stiffness fluctuation. Second, pumping drag torque only is considered in addition to the mesh
stiffness fluctuation.

Figure [Th,c,e,g display waterfall diagrams corresponding to the spectral content (in abscissa) and
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Figure 7: Waterfall plots of the dynamic mesh force amplitude (N, colormap) and frequency con-
tent (Hz, in abscissa) versus operating frequency (Hz, in ordinate) for different excitation sources:
(a) STE(t)+ksin(t), (c) STE(t)+ksq(t), (e) C(t)+ksin(t), (g8) C(t)+ksq(t).

Evolution of the dynamic mesh force fluctuations RMS value (N) versus operating frequency
(Hz) for different excitation sources: (b) STE(t)+ksin(t), (d) STE(t)+ksq(t), (f) C(t)+ksin(t),
(h) C(t)+ksq(t). 20



amplitude of the dynamic mesh force (color map) versus the roots vacuum pump operating rotation
speed (in ordinate). Figures[fb,d,f,h display the corresponding evolution of the dynamic mesh force

versus operating rotation speed.
e Figures[th,b correspond to the harmonic mesh stiffness fluctuation ks, and the STE(t) only.
o Figures[Tk,d correspond to the square mesh stiffness fluctuation ks, and the STE(t) only.

e Figures[lk,f correspond to the harmonic mesh stiffness fluctuation kg;, and the pumping drag

torque only.

o Figures[g,h correspond to the square mesh stiffness fluctuation ksq and the pumping drag

torque only.

Figures[7b,d show a large amplification of the dynamic mesh force due to the resonant excitation
of the main mesh modes (15636 Hz, 32.9%) and (17264 Hz, 30.4%) by the successive harmonics of

STE fluctuation. The most significant peaks are the following;:

e For the operating frequencies f = 85.5 Hz and f = 129 Hz, the mesh mode 48 (15636 Hz,
32.9%) is excited by h228 (fr228 = 15595Hz) and h152 (fr152 = 15686 Hz).

e For the operating frequencies f = 95.75 Hz and f = 142.5 Hz, the mesh mode 54 (17264 Hz,
30.4%) is excited by h228 (fr2es = 17465 Hz) and h152 (f,150 = 17328 Hz).

Figures [ff,h show a slight amplification of the dynamic mesh force for the operating frequency
f = 52 Hz, due to the resonant excitation of the low frequency modes 2 (173 Hz) and 3 (174 Hz)
by the component h4 associated with the drag torque fluctuation. Figures [f,h also show a slight
amplification of the dynamic mesh force due to the resonant excitation of the main mesh modes
(15636 Hz, 32.9%) and (17264 Hz, 30.4%) generated by the coupling between the mesh stiffness
fluctuation drag torque (mean value h0 and fluctuation h4). The corresponding peaks are the

following:

e For the operating frequencies f = 85.5 Hz and f = 129 Hz, the mesh mode 48 (15636 Hz,
32.9%) is excited by h228-h4/h228 /h228+h4 and h152-h4/h152/h152+4h4.

e For the operating frequencies f = 95.75 Hz and f = 142.5 Hz, the mesh mode 54 (17264 Hz,
30.4%) is excited by h228 h228-h4/h228/h228+h4 and h152-h4/h152/h152+h4. The resonant
excitation of the mesh modes by the lateral components provides an enlargement of the

amplification peaks of the dynamic response.

The waterfall diagrams[7k and [{g confirm that the coupling between the drag torque fluctuation
and the mesh stiffness fluctuation induces some spectral components of the dynamic mesh force
associated with harmonics of the mesh frequency and associated lateral components (h76, h76 +/-
h4, h152, h152 +/-h4, etc.). The amplitude of the higher harmonics of the meshing frequency is
not null, even if the stiffness fluctuation is purely sinusoidal. Nevertheless, the comparison of the
diagrams shows that the amplitude of these components is much higher for a square mesh stiffness
fluctuation, in particular for the odd harmonics (h76, h228, h380) associated with the spectral

components of the square stiffness fluctuation.

Figure Bh,b display amplitudes of the dynamic mesh force (color map) versus the roots vacuum

pump operating rotation speed (in ordinate) in the case of torque excitations, STE excitations, and
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both excitations in the same simulation for the two mesh stiffness ks;, and ks,. The comparison
shows that the dynamic response of the kinematic chain is mainly generated by the drag torque
fluctuation for operating regimes between 0 and 38 Hz. It is mainly generated by the STE fluctuation

for operating regimes between 38 and 150 Hz.
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Figure 8: Evolution of the dynamic mesh force fluctuation RMS value (N) versus operating
frequency (Hz) for different excitation sources: (a) C(t)+STE+ks;,(t), (b) C(t)+STE+ksq(t).

7. Conclusion

This article presents a methodology for simulating vibro-acoustic response of mechanical geared
systems. It corresponds to an extension of the previous spectral iterative method, with the intro-
duction of terms resulting from the coupling between the parametric periodic stiffness associated
with the gear mesh process and the external force fluctuation.

The procedure is based on the following principles:

e the dynamic response is projected onto the modal basis of the discretized system, computed

from the mean values of mass and stiffness matrices,

e the N equations of the system are condensed into a single equation representing the dynamic

transmission error,

e parametric equations of motion are solved in the spectral domain using an iterative schema,

in order to obtain the dynamic response under steady-state operating conditions,

e dynamic response can be directly and easily extended to every degree-of-freedom of the dis-

cretized system.

The features of the procedure allow a fast computation compared to a classical time integration. The
efficiency of the method is illustrated using a practical application corresponding to a roots vacuum
pump. A finite element model of the kinematic chain is built in order to compute the modal
basis. The mesh process generates high mesh frequency excitations corresponding to the static
transmission error and the parametric mesh stiffness fluctuation. The pumping process generates

a low frequency fluidic drag torque fluctuation. Both cases of sinusoidal and square mesh stiffness
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fluctuations are considered. The coupling between mesh stiffness and drag torque fluctuations leads
to a spectral enrichment of the dynamic response which is reflected on waterfall plots by emergence
of numerous sidebands around harmonics of the mesh frequency. They induced not only an increase
of the global fluctuation RMS value but they have also a significant impact on the nature of the
dynamic response and the vibro-acoustic quality associated with the noise emitted from the roots
vacuum pump. The richer the spectrum of the mesh stiffness is, the more significant the enrichment

of the dynamic response and the impact on the vibro-acoustic quality of the mechanical system.
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