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Abstract

We define interacting particle systems on configurations of the integer lattice
(with values in some finite alphabet) by the superimposition of two dynamics: a
substitution process with finite range rates, and a circular permutation mechanism
(called “cut-and-paste”) with possibly unbounded range. The model is motivated
by the dynamics of DNA sequences: we consider an ergodic model for substitutions,
the RN+YpR model ([BGPO08]), with three particular cases, the models JC+cpg,
T92+cpg, and RNc+YpR. We investigate whether they remain ergodic with the
additional cut-and-paste mechanism, which models insertions and deletions of
nucleotides. Using either duality or attractiveness techniques, we provide various
sets of sufficient conditions, concerning only the substitution rates, for ergodicity
of the superimposed process, or alternatively for stochastic bounds of its invariant
measures. They imply ergodicity of the models JC+cpg, T92+cpg as well as the
attractive RNc+YpR, all with an additional cut-and-paste mechanism.

1 Introduction

Motivated by biological models for the evolution of DNA sequences, this paper con-
tributes to the classical topic of ergodicity of interacting particle systems (see e.g.
[Lig05]). Let us first give the biological context, then explain the interacting particle
system it induces, and how we tackle its ergodicity. This last point corresponds to the
intriguing question of the ergodicity for a superimposition of an ergodic particle system
(here a generalized spin system) and of a non ergodic one (here cyclic permutations
which generalize exclusion processes). The spin values belong to a finite alphabet of size
larger than two, which adds a difficulty.



The biological set-up. The study of evolutionary relationships among living organisms
has entered the genomic age in the past decades. To model the evolution of DNA
sequences remains an important and difficult part of phylogenetic analysis. Generally,
every method of phylogenetic reconstruction at the molecular level is based on a
probabilistic model, for codons or for nucleotides. Jukes & Cantor, in [JC69], were
the first to introduce a probabilistic model, the (JC) model, to study the changes in
DNA sequences. In the (JC) model, DNA sequences are encoded as elements of &7,
where the positive integer N stands for the number of nucleotides in one strand of
the DNA molecule, and 7 for the nucleotide alphabet {a,t,c, g}, where the letters
represent adenine, thymine, cytosine and guanine respectively. The (JC) model deals
with the product of N independent identically distributed continuous-time Markov
chains modelling single site nucleotide substitutions.

The substitution-rate matrix in the (JC) model is the simplest possible because all
substitutions occur at the same rate. Since then, other nucleotide substitution processes
have been introduced to refine this matrix (see for instance [Kim80, Fel81, HKY85,
Tam92, TN93, Yan94]) until the generalized time reversible (GTR) model introduced
in [Tav86] which is such that the Markov process is reversible, and with no more
restriction on the structure of the matrix. In all these processes, the independence
assumption on sites was kept. As a consequence, there exists a unique stationary
probability measure for the process, which is product. This means for instance that
in a long DNA sequence at equilibrium the frequency of a dinucleotide xpy should be
the product of the x and y frequencies (where, for subsets X and Z of &/, XpZ is the
collection of dinucleotides in X x Z, and we write xpy instead of {z}p{y}).

But this is actually not the case in some biological contexts. Indeed, since the studies
of [JKK61] and [STK62], it is well known that the dinucleotide cpg is less frequently
present in many mammals DNA than it would be expected from base composition.
Support for the cpg deficiency to be related to DNA methylation was provided in
[Bir80]: the substitution rate of cytosine by thymine is higher in methylated cpg than
in other dinucleotides. Therefore, more realistic substitution models incorporating such
neighboring effects have been introduced by [DG00] with their Tamura+cpg model.
To evade the dependency between neighbors, in [DGO00] there is an approximation for
frequencies of trinucleotides to capture some features of the true model. Bérard et al.
in [BGPO§] extended the latter model to the RN+YpR model and assessed rigorously
the effect of neighbor-dependent substitutions. There, DNA sequences are encoded as
(doubly infinite) elements of .&% and their dynamics are studied through the techniques
of interacting particle systems. The properties of the RN+YpR model have been used
to infer phylogenetic distances in [Fall0] or cpg hypermutability rates in [BG12].

But substitutions are not the only way to alter DNA sequences. For example, one
may add several extra nucleotides to a DNA sequence by insertions, or remove them
by deletions. In the model of [TKF91], single sites are inserted or deleted with rates
independent of their positions, and this is superimposed to independent substitutions.
There, DNA sequences have a variable (but finite) length along time and are encoded as



elements of |, &/ N We would like to do for neighbor-dependent substitution processes
on DNA sequences what was done in [TKF91] for independent substitutions. The DNA
sequences are viewed, as above, as elements of «7%. To avoid mathematical difficulties
due to the insertion-deletion mechanisms (an insertion of a single nucleotide induces
a shift of the whole sequence and leads to infinite range interactions), we require that
an insertion and a deletion occur at the same time. To that purpose, we introduce a
mechanism that we call “cut-and-paste”, whose name is inspired from the classification
proposed by [Fin89] for transposable elements. The latter, discovered by [McC53], are a
type of DNA that can move around within the genome and can be distinguished in two
classes : class I is commonly called “copy-and-paste”, and class II, “cut-and-paste”. In
our settings, we consider the simplest cut-and-paste mechanism, that is, the transfer of
one nucleotide into the sequence as shown on Figure 1. There, the transfer of nucleotide
t can be seen as its deletion and reinsertion three nucleotides further.

2] ¢} B ¢} (e} (t]
Figure 1: One example of the cut-and-paste of a nucleotide into the sequence

The modelling by a particle system, and the question of its ergodicity. We
consider configurations that can take values in some finite alphabet on each site of
the integer lattice, as detailed above; thus the alphabet will consist of the nucleotides
a,c,g and t, but the questions we ask are not relying on this specific choice. On
this configuration space, we superimpose two dynamics. The first one is given by
a substitution process, and the second one by a cut-and-paste mechanism with a
rate p > 0. The substitution process is quite general and includes for instance the
stochastic Ising model with finite rate of dependence. The cut-and-paste process can
have unbounded range and permutes the values of a certain interval of sites; it can be
seen as a generalization of an exclusion process.

In this superimposition, the first dynamics is ergodic but not the second one. Note
that ergodicity of our process would follow from the “Positive Rates Conjecture” which
however is not true in full generality, see [Gra0Ol]; it has been proved for attractive
spin systems in [Gra82], but our model does not fit into this frame, since the cut-and-
paste mechanism changes several sites at the same time (moreover we work with an
alphabet of more than two values). There is a general sufficient condition for ergodicity,
the so-called Dobrushin’s “M < ¢” condition (see [Dob71], or chapter 1 in [Lig05]).
However, this condition is far from being necessary: For instance, it gives ergodicity
of the one-dimensional nearest neighbor stochastic Ising model only for high values of
the temperature. Note that if a process does fit the “M < &” condition, adding a small
amount of “stirring” will not alter the validity of the latter, hence the superimposition
with a stirring mechanism is ergodic for p small enough.



To derive ergodicity conditions for our superimposition of two dynamics, we use two
powerful techniques: the first one is based on duality, and the second one on attractive-
ness, couplings and stochastic ordering. Our results involve only the parameters of the
substitution process, thus they are valid for any value of p. First we use duality through
a generalization of a coupling technique with branching processes due to [Fer90] to show
that, in a certain range of parameters of the substitution process, the superimposition
is ergodic. We then apply this general result to our generic example, the RN+YpR
substitution model with an additional cut-and-paste mechanism. Second, in the spirit of
[GS10, Borl11], we derive sufficient conditions on the substitution rates for attractiveness
of the superimposition; assuming them, we obtain by different approaches sufficient
conditions on theses rates for ergodicity. While our first results are general, the following
ones concern the RN4+YpR model with cut-and-paste mechanism. They imply that
its particular cases, the models JC+cpg, T92+cpg, as well as the RNc+YpR model
in case it is attractive, are ergodic when they are superimposed with a cut-and-paste
mechanism. We finally give stochastic bounds for the invariant probability measures
of the RN+YpR model with cut-and-paste mechanism, thanks to sufficient conditions
under which two RN+YpR models are stochastically ordered.

The paper is organized as follows. In Section 2 we define the model and the examples,
for which we state ergodicity results (Theorems 2.3 and 2.4). In Section 3, we give the
set-up for generalized duality, then state general ergodicity results (Theorems 3.1 and
3.4), proved in Section 5; we then prove Theorem 2.3. In Section 4, we give the set-up
for attractiveness, then state various results (some general, some for our examples) for
ergodicity and comparisons through stochastic ordering, proved in Section 6, and we
prove Theorem 2.4.

2 Definitions and examples

In Section 2.1, we introduce our set-up: two types of interacting particle systems on
X = &/%, namely a substitution and a cut-and-paste processes, that we superimpose.
We then define in Section 2.2 the examples that will illustrate our analysis along the
paper. In Section 2.3, we state for them the ergodicity results that follow from our
analysis of the superimposed process, done in the rest of the paper.

2.1 The particle system

For an analytic study of the construction and basic properties of these systems, we refer
to the seminal book [Lig05]; we rely on the latter for sufficient existence conditions of
our dynamics. We will give in Section 5 a graphical construction of the latter, which
will be the first step to prove ergodicity results through duality.



2.1.1 Substitution process

In such a process, only one coordinate changes in each transition. The transition
mechanism is specified by a non-negative function ¢(-) defined on Z x &/ x X. For
neX,re€Zandac o, clx,a,n) represents the rate at which the coordinate n(x)
flips to @ when the system is in state 7, that is the rate at which n changes to n? defined

by
vy J nz) i z#w,
n“(z)_{a if z2=ux.
We assume that the rates c(z, a,-) are translation invariant, i.e. c¢(z,a,n) = ¢(0, a, 7,1)
where 7, denotes the shift by z on X (given by 7.7(y) = n(x + y), for all y € Z). From
now on, we write c(a,n) for ¢(0,a,n). We further assume that, for any target a, the
function ¢(a,-) depends on 7 € X only through a finite set S(a) C Z depending on a.

The pregenerator ) of the substitution process is defined on a cylinder function f on
X (that is, a function depending on a finite number of coordinates) by

Lifm) =YY" cla,mn) [f(nl) — f(n)]. (2.1)

TE€EZ acd
Let
m = inf{c(a,n) : a € &, n € X}, (2.2)
K =sup{c(a,n) : a € o/ ,ne X}, (2.3)
s =sup{|S(a)| : a € &}, (2.4)

where |S| denotes the cardinality of the set S. Because the alphabet 7 is finite, we
have that
s <400, K <+4o0. (2.5)

This is a sufficient condition for the existence of a Markov process with pregenerator .Z}
(see Theorem 1.3.9 in [Lig05]). For Theorem 3.1 and for our examples, we will assume

m > 0, (2.6)

which is a standard assumption for ergodicity results (see e.g. [Gra0l1], [Gra82]).

2.1.2 Cut-and-paste process

In this process, not only one coordinate changes in each transition (as it can be seen on
Figure 1 where the transfer of nucleotide t induces a change of four coordinates because
of the shift to the left for the segment cgc). The transition mechanisms are circular
permutations o,, (for x # y € Z) of finitely many sites of Z and are specified by a



transition probability matrix p on Z x Z.
For n € X and a pair of sites z # y, let 0,,(n) be the configuration defined by

0uy(M)(2) = n[og,(2)], Vz€L,
where o, is defined for any < y as

z if z¢{x,z+1,...,y},
Ouy(2) =4 ¥ if z=nux,
z—1 if x<z<y,

and for any x > y as

z it z¢{y,y+1,... 2},
Ouy(2) =4 ¥ if z=u,
z4+1 if y<z<u.

The case x < y corresponds to a shift to the left of the coordinates from site x + 1 to
site y as it can be seen on the top of Figure 2, whereas x > y corresponds to a shift to
the right of the coordinates from y to x — 1 as it can be seen on the bottom of Figure 2.

The rate at which n changes to o,,(n) is p(z,y). We assume that p is translation

=[x -1 F—{n t{/n(xﬂ)%————{n(y—l)}k—/jn(y)}—{n(y+1)}——

——-[ny-D @ F—ne+D}---- {nc-D}—n@ e+ D} --
S~ ~—_

Figure 2: Transfer of the coordinate n(x) from site = to site y when x < y (top panel)
or when x > y (bottom panel)

invariant on Z, that is, p(z,y) = p(0,y — x) for all x,y € Z. We do not assume that p is
symmetric, hence the “rate of transfer” p(z,y) at which the coordinate 7(z) is transfered
to site y might depend not only on the distance |y — x| but also on the direction of the
transfer.

The pregenerator %, of a cut-and-paste process is defined on a cylinder function f on
X by

Lof(n) =Y plz.y)[f(ony(m) = f(n)]. (2.7)

T, YEZ

A sufficient condition for the existence of the cut-and-paste process, that we assume
from now on, is (see [Lig05], [AFS04])

Z |z|p(0, ) < oo. (2.8)
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Remark 2.1. (i) We mentioned that p is not necessarily symmetric because [Kov05]
studies invariant measures of particle systems that interact via finite range permutations,
which s a more general system than a cut-and-paste process, but with the restriction
that the permutation o has the same rate of occurrence than o=, which is equivalent in
our case to the symmetry of p.

Ergodicity of cellular automata that are superimpositions of Glauber dynamics and
permutations is studied in [Fer91].

(11) We stick here to circular permutations, but as it will become clear from the proofs, we
could also consider more general permutations of n(x),n(x +1),...,n(y) or n(y),n(y +
1),...n(x), respectively.

(111) The cut-and-paste process generalizes a stirring process, which is such that p(.,.) is
symmetric and nearest neighbor, so that only two coordinates change in a transition.

2.1.3 The superimposition

Fix a constant p > 0 and define the pregenerator .Z on a cylinder function f on X as
L= Af+pDof. (2.9)

We are interested in the ergodic properties of the interacting particle system with
pregenerator .Z, that is, the superimposition of a substitution and a cut-and-paste
process. This superimposition is well defined by assumptions (2.5) and (2.8). We denote
by Z(X) the set of probability measures on X, by . the set of translation invariant
probability measures on X. For the superimposition we denote by .# the set of invariant
probability measures.

Recall that (Definition 1.1.9 in [Lig05]) ergodicity of a Markov process with values in
X = &/% means that there is exactly one invariant probability measure, and for each
starting point, the law of the process converges to this invariant probability measure.

The simplest ergodic substitution processes are the independent ones. As expected, the
superimposition of a cut-and-paste mechanism does not affect the ergodic properties
and the invariant probability measure of such processes. In this case, we do not need
assumption (2.6), and moreover s = 1 (see (2.4)).

Lemma 2.2. Assume that the rate function c(-) can be written as

c(z,a,n) = q(n(z),a), (2.10)

where Q = (q(a,b))apess is the infinitesimal generator of an irreducible continuous-time
Markov chain on </ with unique invariant probability measure w. Then the process
(M) =0 with generator £ given by (2.9) is ergodic and its unique invariant probability
measure is the product measure 7®%.

We omit the simple proof of this lemma. The examples of substitution processes we will
work with from now on are not independent ones, they will satisfy s > 1.
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2.2 Examples of substitution models

In this section we first define our generic example, the RN+YpR model, that was
introduced and studied in [BGPO08], to which we refer for biological motivation. According
to the values of its parameters, this mathematical model contains many known biological
situations: We define more and more particular cases of it, the models RNc+YpR,
T92+cpg, and JC+cpg.

2.2.1 The RN+YpR model

First, RN stands for Rzhetsky-Nei [RN95] and means that the 4 x4 matrix of substitution
rates which characterize the independent evolution of the sites must satisfy 4 equalities,
summarized as follows: for every pair of neighboring nucleotides a and b # a, the
substitution rate from a to b may depend on a but only through the fact that a is
a purine (a or g, symbol R) or a pyrimidine (c or t, symbol V). For instance, the
substitution rates from c to a and from t to a must coincide, as well as from a and from
g to ¢, from c and from t to g, and finally from a and from g to t. The 4 remaining
rates, corresponding to purine-purine and to pyrimidine-pyrimidine substitutions, are
free. The matrix of substitution rates is given by

a t ¢ g

a Uy Ve W
t] v . w () .

@ © 81 with 0<v,<w, forall ae€.«.
c|l va wy - U
g wa vt Uc

Second, the influence mechanism is called YpR, which stands for the fact that one allows
any specific substitution rate between any two YpR dinucleotides (cg, ca, tg and ta)
for a total of 8 independent parameters. Hence, every dinucleotide cg moves to ca at
rate ¢ and to tg at rate r§; every dinucleotide ta moves to ca at rate r2 and to tg
at rate 7‘;; every dinucleotide ca moves to cg at rate r; and to ta at rate rg; every
dinucleotide tg moves to cg at rate & and to ta at rate ;. We have

VUa if n(0) € {c,t} =Y,
S(a)={-1,0} and c(a,n) =< w, if n(0) = g and n(—1) ¢ {c,t},

Wy +r¢ ifn(0) =gand n(—1) =a € {c,t},
Vg if n(0) € {a,g} = R,

S(t) ={0,1} and c(t,n) =< w if n(0) = c and n(1) ¢ {a, g},
wy +1¢ if n(0) =cand n(1) =a € {a, g},
Ve if n(0) € {a,g} = R,

S(c) ={0,1} and c(c,n) =< w. if n(0) =t and n(1) ¢ {a,g},
we +re if n(0) =t and n(1) = a € {a, g},



Vg if n(0) € {c,t} =Y,

(0
S(g) ={-1,0} and c(g,n) = | we if 7(0) = a and n(-1) ¢ {c,t},
wg +rg if n(0) =aand n(-1) =a € {c,t}.

K =max {w, + 1wy + 71 : a €Y,b € R}, m:migr{wa, and s=2. (2.11)
ac

We assume from now on that (2.0) is satisfied, that is min,e . v, > 0.

2.2.2 The RNc+YpR model

In this model, see [BGPO08] page 79, the substitution rates respect the “strand comple-
mentarity of nucleotides”, so that the rates of YpR substitutions from cg to ca and to
tg coincide, from ta to ca and to tg coincide, from ca and from tg to cg coincide, from
ca and from tg to ta coincide. Therefore

Wa = Wy Va = Vy ; T =Ty Ts =Ty (2.12)
Wy = Wy Uy = Vy 5 To =1y e =1y (2.13)
We = Ws; Ve = Vs 5 T2 =Ts; =1y (2.14)
Wg = Ws; Vg = Vs 5 Ty =Ts; Tg =Ty (2.15)

2.2.3 The T92+cpg model

This model adds neighboring effects to the classical T92 model developed by Tamura in
[Tam92], which consisted in an independent evolution of the sites. The values of the
above rates (2.12)—(2.15) for the T924+cpg model are, for some 6 € [0, 1],

Wa=1-0)w;v,=(1=0)v ; ri=0;ri=r (2.16)
we=1-0w;ve=(1—-0)v ; r2=0;r8=r (2.17)
we =0w; ve=0v ; ro=r8=0 (2.18)
wg = 0w; vg =0v 5 r; =1 =0 (2.19)

2.2.4 The JCHcpg model

Again this model adds neighboring effects to the JC model (see Section 1). The values
of the above rates for the JC+cpg model correspond to the doubled values of the ones
of the T92+4cpg model for § = 1/2:

Wa=va=0v ; re=0;1ri=r (2.20)
wy=v,=0v ; re=0;rf=r (2.21)
We=0vc=0v ; 12=18=0 (2.22)
Wy =vg=v ; 15="g=0 (2.23)



2.3 Ergodicity results for these substitution models with ad-
ditional cut-and-paste mechanism

Assuming that min,e ., v, > 0 (that is, (2.6)), [BGP0S8] proved that the RN+YpR model,
and as a consequence the RNc+YpR, T92+cpg and JC+cpg models are ergodic for
all substitution rates. As pointed out in [BGPO08, Theorem 6], considering only the
evolution of Y and R instead of the one of the four elements of o/ gives that the (only)
invariant probability measure is a product measure.

Our main results for these examples are the following.

Theorem 2.3. For any p > 0, the RN+ YpR model with cut-and-paste mechanism s
exponentially ergodic if

min v, > 0 and max (¥ UZ) < g{va. (2.24)
where

W = {r2vrt—r2Ar€ A i acY} (2.25)

X = {riNri—riArp,rg Arp o b€ R} (2.26)

If the second inequality in (2.24) is an equality, then the RN+ YpR model with cut-and-
paste mechanism is ergodic.

We will prove Theorem 2.3 in Section 3.3, using the duality technique introduced and
developed in Subsections 3.1 and 3.2 for general substitution processes with cut-and-paste
mechanism.

Theorem 2.4. For any p > 0, we have that

(i) The T92+cpg model, and as a consequence the JC+cpg model, both with cut-and-
paste mechanism, are ergodic for all substitution rates.

(i) Assume that the rates of the RNc+YpR model (defined in (2.12)—(2.15)) satisfy

either  the attractiveness conditions 1y < rw; s =1y =0 (2.27)
or max (T’U Vrw —TuNTw, To ATw, Ts V Ty — Tg ATy, Tg A TV) < 2(vs + vw)
(2.28)

then, the RNc+YpR model with cut-and-paste mechanism is ergodic.

We will prove Theorem 2.4 (except the second part of (ii), for which (2.28) is a direct
application of (2.24) in Theorem 2.3) in Section 4.2, using attractiveness and coupling
techniques introduced and developed in Subsection 4.1 for general substitution processes
with cut-and-paste mechanism, and specialized in Subsection 4.2 to the RN+YpR model.
More precisely, we derive various sets of conditions for the substitution rates of the
processes which imply ergodicity (Propositions 4.1, 4.9, 4.12), and we apply them to
derive Theorem 2.4. We also give bounds (valid for all rates) for the elements of . 0.,
using stochastic ordering (Proposition 4.15).
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3 Ergodicity through generalized duality

The starting point of this approach is a graphical construction of the dynamics, using a
Harris representation [Har72], done in Section 5.1. To state our results in Section 3.2,
we have to introduce the necessary notation in Section 3.1.

3.1 Set-up

In the pregenerator .| defined by (2.1), for each a € &7, write the substitution rate
c¢(a,n) depending on the finite set S(a) C Z as

Z A (@)L nen; (@) (3.1)

je€J(a

where A\j11(a) > A;j(a) and A;(a) are cylinder sets of X depending on S;(a) C S(a) such
that the family {A;(a)} e is a partition of X. Thus,

Z e,y = L. (3.2)

j€J(a)

By convention, the first label in the set J(a) C N is 0. The number of elements of J(a)
is uniformly bounded by s’I, where s was defined by (2.4). Indeed, since the rate c(a,n)
depends at most on s sites, there are at most s/ different cylinder sets A;(a). We set
Ni(a) = Xj(a)—Xj_1(a) for j € J(a) \ {0}, and  Ag(a) = Ao(a), (3.3)

AMa) = max{);(a) : j € J(a)} — Ao(a) = A@)-1 — Mola), (3.4)

and

Xo=_ Xofa). (3.5)

acs

We first assume (2.6); then the latter quantity is positive since Ao(a) > m. Finally, set

X = Aj(a). 3.6
2 s M) o0

3.2 Results
Theorem 3.1. Assume (2.6) and that
(s — 1A < Xo. (3.7)

Then, for any p > 0, the process (n;)i=0 with generator £ given by (2.9) is exponentially
ergodic. If (s — 1)\ = X\ then the process is ergodic.

11



Remark 3.2. (i) A stronger condition for exponential ergodicity than (3.7) is that
m, K, s (given by (2.2)—~(2.4)) satisfy

m>0 and (s—1)(K —m)<|d|m. (3.8)

This last inequality is the natural extension of the one in [Fer90, Theorem 2.1/, done for
a two-letter alphabet.
(i1) Condition (3.7) is a priori non trivial if s > 1 and |J(a)| > 1 for some a € <.

Refinement of Theorem 3.1. Assume that .2} can be decomposed as a sum of several
generators

d

L=>2" with LOfm) =33 Da,mn) [f(2) — f()]. (3.9)

i=1 TEZ acd

For any i in {1,...,d}, define m®, K@ s asin (2.2)-(2.4), replacing c(-,-) by (-, ),
defined through J@ (a), )\y)( ), Ag )(a) as in (3.1). In particular we have

Y. Lpeatay =1 (3.10)
je€J@(a)

Remark 3.3. Such a decomposition of the generator might be useful if, for some i in
{1,...,d}, the rate c(-,-) depends on less sites than the original rate c(-,-) that is,
sW < s, orif s = 1. See Theorem 3./ below.

As in (3.3), we set, for ¢ in {1,...,d},

@) = M) =AY (@) for j e JP()\ {0}, and X' (a) = A (a). (3.11)
A(a) = max {A{(a) : j € ()} = A (@) = Ay — Mo (@), (3.12)
We replace assumption (2.6) by
d
> m >, (3.13)
=1

which can be true whereas for some i, m® = 0. According to (3.5), we would now define

Xéi) =D wew X(()i) (a), but this quantity could be zero for some ¢ in {1,...,d}. Therefore,
the right quantities to consider are

Noa(@) =Y XN(a) and Xea= > Noala), (3.14)
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Finally, we set

2 Zmax  max X;i)(a). (3.15)
a€ss je O (a)\{0}

Then we have

Theorem 3.4. Assume (3.13) and that

d o
3 69— DAY < N (3.16)

=1

Then, for any p > 0, the process (n;)i=0 with generator £ given by (2.9) is exponentially
ergodic. If Zle(s(i) — 1)X(Z) = o then the process is ergodic.

Remark 3.5. (i) A stronger condition for exponential ergodicity than (3.16) is that
(K@, s m@)d_ satisfy

d d

d
Zm(i) >0 and Z(S(i) — (K9 —m®) < || Zm(i)- (3.17)
i=1 =1

=1

As in Remark 3.2, this last inequality is a natural extension of the one in [Fer90, Theorem
(1) It is shown in [Fer90] in the case of a two-letter alphabet that (3.16) improves, even
without stirring, the usual “M < e”-condition for ergodicity.

3.3 Application to the RN+YpR model with cut-and-paste
mechanism

Proof. (of Theorem 2.3). This is an application of Theorem 3.4. The required notation
for the RN+YpR model are contained in Table 1 (which refers to Section 2.2.1). We
thus have that condition (3.7) is equivalent to (recall (2.25), (2.26))

gréi;{wa>0 and max({wa—va :aE%}U@U,@) <C%;Ua’ (3.18)

while condition (3.8) is equivalent to

minv, >0 and max {wa —|—r2,wb +ry raeY,be R} — minv, < 4minv,.
acd 34 acd

One can write £ = .,2”1(1) + .,2”1(2) with the rates

re it n(0) =gand n(—1) =a € {c,t},
0(1)(a’n):{0 elsz() g n(=1) {c.t}

13



Table 1: Values of the quantities introduced in Section 2 for the RN4+YpR model

a| Sa) |jeJ(a)| Sila) Aj(a) Ajla) | Aj(a)
a|{-10}| 0 {0} {n : n(0) eY} Va Vs
1 {-1,0} {n : n(=1)n(0) = bg,b € R} Wa | Wa— g
2 {=1,0} | {n : n(=1)n(0) =dg,d € Y, =rg Ari} | wa+78 | 74
3 {=1,0} | {n : n(=1)n(0) = ege € Y,rg =rgVri} |wa+75 | 15— 78
t| {0,1} 0 {0} {n : n(0) € R} Vg Vg
1 {0,1} {n :n0)n(l) =cb,be Y} Wy Wy — Vg
2 {0,1} | {n : n(0On(1) =cd,d € R,ré=r2 ArE} | wy + 1l rd
3 {0,1} | {n : n(0O)n(1) = ce,e € Ryré =2V ré} |we +7¢ | ré —rd
c| {0,1} 0 {0} {n : n(0) € R} Ve Ve
1 {0,1} {n :n0)n(l) =tb,be Y} We We — Ve
2 {0,1} | {n : n(0O)n(1) =td,d € R,rd =12 A78} |w.+rd| rd
3 {0,1} | {n : n(0)n(1) =te,e € R,r¢ =r2V e} | w, +7¢| r¢ —rd
g|{-10} 0 {0} {n : n(0) eY} Vg Vg
1 {-1,0} {n : n(—=1)n(0) = ba,b € R} Wg W — Vg
2 {-=1,0} [ {n : n(—=1)n(0) =da,d € Y,rg:rg/\rg} wg—l—rg rg
3 {=1,0} | {n : n(=1)n(0) = ea,e € Y,rg =rg Vry} | wg + 75 rg—rg
5=2, X:max({wa—va:aed}U@/U%’), and onza@yva
D)= { 7 0 = 20) =0 € 8
r® if n(0) =t and n(1) =a € {a, g},
D= {7 LA =t o) =2 (59
(W (g, ) = { gg ;fls7é(70) =aand n(—1)=a € {c,t}.
and .
(g = { 1 O = () o {090 = ()
v, else.
(see the next two tables). As a consequence, we have
KW =max{r’ r! :ac RbecY}, mWM=0 sV=2 (3.19
K% = maxw,, m® =minv,, 5% =1. (3.20)
acgdf aca

14



As claimed in Remark 3.3, we are in an interesting case because s =1 < s = 2.
a| SV(a) | j eIV (a) AV (a) A(a) | X ()
a|{-1,0} 0 {n: (=1 77( ) &Y x {g}} 0 0
1 {n:n(=1)n0)=dg, deY,ré=rinri}| rs re
2 {n:n(=Dn0) =eg, ecVrg=riVri} | 15 |re—rs
t| {0,1} 0 {n = (n(0), ( )) ¢ {c} x R} 0 0
1 {n :n0)n(1) =cd, d € R,rd =r2 Ar} rd rd
2 {n : n(0)n(1) =ce, e € Rrg =13 Vri} rg g =1y
c| {0,1} 0 {n = (n(0),n ())¢{t}><R} 0 0
1 {n:nO)mQ1) =td, de Rré=r2nrg} | r? re
2 {n : n0)n(1) =te, e € R,r¢ =r2Vré} re ré —r
g| {-1,0} 0 {n: (n(=1),n(0)) €Y x {a}} 0 0
1 {n : n(=1)n(0) :da dEYr =g /\rt} Tg rg
2 {n : n(=1)n(0) = ea eeYr =g \/r} re rg—rg
s =2 N max(% UZ%), and )\0 =0
a| 5P| J2@]| AP [P A
a| {0} 0 |{n:n0)#g}| va Va
1 {77 : 77(0) = g} Wa Wy — Vs
t| {0} 0 {n : n(0) # c} Vg Vg
1 {n:n0)=c}| w Wy — Vg
c| {0} 0 | {n:n0)#}| v Ve
L [ {n:n0)=t}| w We — Ve
g| {0} 0 |[{n:n0)#a}l| v Vg
1 {n : n(0) = a} Weg Wg — Ug
s = L, X(Z) = Zae@/(wa —,), and )‘(2) Zae;z/ Va

Condition (3.16) becomes (2.24). Note that since s©) = 1, w, is not present in condi-
tion (2.24), which is thus weaker than condition (3.18), while condition (3.17) becomes
(recall (3.19)—(3.20))

(3.21)

minv, >0 and max{r’,

g a€ RbEY} <4minw,.
acd aco/

]

4 FErgodicity through attractiveness and stochastic
ordering

In this section we present an alternative approach to ergodicity, based on the attractive-
ness of the process when the latter is present, or on stochastic ordering. For the sake
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of simplicity, we restrict ourselves to the finite alphabet &7 = {a,c,g,t}. While our
first result (in Section 4.1) is general, the next ones (in Sections 4.2 to 4.4) depend on
the specific dynamics of our generic example, the RN+YpR model with cut-and-paste
mechanism. The results stated in this section are proved in Section 6.

4.1 Set-up and first result

We first recall the general set-up for attractiveness, relying on [Lig05]. It requires a total
order < on .o/ which induces a partial order on X. Let us assume that such an order
has been defined for the 4 elements of &7, that we write 1 < 2 < 3 < 4 for the moment.

Let n and £ be two configurations of X. We say that n < ¢ if for any x € Z, we have
n(z) < &(z). We define .# as the class of bounded monotone functions f on X, that is,
for all configurations n and £ such that n < &, we have f(n) < f(£). The partial order
on X induces a stochastic order on Z(X). For two elements p and v of 2 (X), we say
that u < v if, for any f € .4, we have u(f) < v(f).

According to Theorem I1.2.2 in [Lig05], for any Feller process on X with semigroup
{S(t) : t = 0}, the following two statements are equivalent.

(i) If f e A, then S(t)f € A, for any t > 0.
(i) If p < v, then pS(t) < vS(t), for any t > 0.

A Feller process on X with semigroup {S(¢) : t > 0} is said to be attractive if the
equivalent conditions above are satisfied.

An attractive process possesses two special extremal invariant probability measures,
the upper and the lower one, that is for us y; = lim;_,o 15(t) and p,, = limy_,o 045(),
where d; (resp. d4) denotes the Dirac measure on the configuration 7 such that n(z) =1
(resp. n(z) = 4) for all x € Z. Note that they are translation invariant, since the
dynamics is translation invariant. They satisfy p; < p,, and any invariant probability

measure j is such that p; < pu = p,. The process is ergodic if and only if 1, = .

To deal with our generic example, there are many possibilities to define an order on 7.
We have to choose one order that will induce attractiveness of the dynamics. We thus
define the strict order < on &7 as

c<t<a<g (4.1)
that we use from now on. Other possible choices will be detailed in Section 4.3.

Proposition 4.1. Assume that a Feller process on X 1is attractive with respect to the
order in (4.1) and has translation invariant rates. If any invariant and translation
wmwvariant probability measure p satisfies

p(n0)=2a) = p(n0)=t) (4.2)
p(n0)=c) = p(n0)=g) (4.3)
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then the process is ergodic, that is, j = fiy.-

Remark 4.2. (i) Conditions (4.2)—(4.3) imply that p(Y) = u(R) = 1/2.

(ii) Proposition /.1 can be extended to an alphabet of size 2n or 2n + 1 for an integer
n =1 as follows. Denoting of = {ay,as, - ,ar} with the order ay < ay < --- < ay and
k € {2n,2n + 1}, if we assume that any invariant and translation invariant probability
measure |1 satisfies

p(n(0) =a;) = pn0)=ar) (4.4)

for all 1 < i < n, then the process is ergodic.

4.2 The attractive RN+ YpR model with cut-and-paste mech-
anism

The next proposition will enable to concentrate on substitution models to check attrac-
tiveness.

Proposition 4.3. Assume that the RN+ YpR model is attractive. Then its superimpo-
sitton with a cut-and-paste process 1s attractive as well.

Proposition 4.4. Assume that <7 is endowed with the order (1.1). Under the conditions

0 = r8=r2 (4.5)
re < (4.6)
ri < g (4.7)
rg =1y = 0 (4.8)

the RN+YpR model is attractive.

Remark 4.5. (i) The rates r® have to satisfy inequalities (see (4.6)—(4.7)), except the
ones corresponding to a transition to the biggest or to the smallest element of <7 (with
respect to the order (41.1)), that have to be 0 (see (4.5) and (1.8)).

(11) When the transition probability p( 1s nearest neighbor, an application of Theorem

)
2.4 in [Borll] gives that conditions (1.5)—~(1.8) are also necessary for attractiveness.

The next lemma is an immediate application of Proposition 4.4.
Lemma 4.6. (1) The T92+cpg model, hence also the JC+cpg model, are attractive.

(ii) The RNc+YpR model is attractive if its rates satisfy (2.27) (i.e. (4.5)—(4.8)).

In view of our next results, we compute the first moments of any translation invariant and
invariant probability measure for the RN+YpR model with cut-and-paste mechanism.
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Proposition 4.7. Let p € & N.7. It satisfies

Ur
R) = 0) € {a, =
p(R) = un(0) € {a.g)) =
Uy
Y)= 0) € {c,t}) =
H(Y) = u(n0) € {e.t}) =
and
Va fi(Y) + wa pu(R) — 1
0 pu— pu—
p(n(0) = 2) e
Ve (R) + we p(Y) — 1y
0 pu— pu—
p(n(0) = en
Vg (YY) + wg u(R) + 1y
0) = = & &
u(n(0) = g) T
vy (R) +we p(Y) + 1y
0 pu— t pr—
p(n(0) = 1) T
where we abbreviated
Vy = Vg + Ve ; Ug = Ua + Vg
Wy = Wy + We ; W = Wa + Wy

and

—ry = —ry(p) = Y rep((n(0),n(1) = (t,a))

a€ER

= > i (((0),n(1)) = (¢, a))

acER

—re=—ralp) = Y rap((n(=1),1(0) = (a.g))

acY

= riu((n(=1),n(0)) =

acY

(a,2))

(4.9)

(4.10)

(4.11)
(4.12)
(4.13)

(4.14)

(4.17)

(4.18)

Remark 4.8. The values (4.9)—(4.14) were already computed in [BGP0S8, Proposition
14]: indeed since we consider first moments of a translation invariant probability measure
for a translation invariant dynamics, the cut-and-paste mechanism disappears from
our computations. However we cannot obtain two-points correlations as in [BGPOS,
Proposition 15, since there the cut-and-paste mechanism is present in computations.

We can now prove part (i) of Theorem 2.4; the first part of (ii) will be proved later on,

thanks to Proposition 4.12.

Proof. (of Theorem 2./, (i)). This is an application of Proposition 4.1: We have to
check that equalities (4.2)—(4.3) are satisfied for both examples. Since the JC+cpg
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model is a particular case of the T92+4cpg model, it is enough to consider the latter.
By Lemma 4.6 and Proposition 4.3, the T924cpg model with cut-and-paste mechanism
is attractive. Then we compute, using that u is translation invariant,

uY) = u(R) = 1/2

v = ru((0(0).1(1) = (e.8)) = —r = ra((n(~1).7(0)) = (c.8))
p0) =a) = S50+ T = un(0) = v
W) =) = 5+ =" = u(n(0) = )

Thus (4.2)—(4.3) are satisfied for the T92+cpg model with cut-and-paste mechanism. [

Thanks to Proposition 4.7, it is possible to relax the assumptions of Proposition 4.1 to
derive ergodicity:

Proposition 4.9. Assume that the RN+ YpR model with cut-and-paste mechanism is
attractive with respect to the order in (4.1). If u, and p, satisfy either (1.2) or (4.3),
then the process is ergodic.

Remark 4.10. Under the assumption of Proposition /.9, we may have pu(Y') # u(R),
where S = {u}.

Another way to look for ergodicity is to investigate the monotone coupling measure v of
two ordered probability measures p; and py. The probability measure v on X x X is a
monotone coupling measure of puy and e, if its marginals are p; and ps, and it satisfies

v((n,§) :m<§) =1 (4.19)
Such a coupling exists by Strassen’s Theorem since p; < o (see [Lig05, Theorem I11.2.4]).

Proposition 4.11. Assume that <7 is endowed with the order (4.1). Let v be a monotone
coupling measure of two translation invariant probability measures py and ps such that
p1 =< pa, and which both satisfy (4.9)—(4.10). Then we have

v((n(0),£(0)) € {(c,8), (t.8), (c,a), (t,a)}) = 0. (4.20)

This proposition applies to the coupling measure v of the lower and upper invariant
probability measures p; and p,,, when the dynamics is attractive. Thus, proving there
that v((n(0),£(0)) € {(a,g), (c,t)}) = 0 would imply ergodicity.

Proposition 4.12. Let v be a monotone coupling measure of j; and p, when the process
1s attractive. Assume that the rates satisfy one of the 3 following conditions,

() 15 =%
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(b) ré =r2;

(c) (@) (rF—r2)—=rs<0 or (B)0<(rf—1r2) =1 < v+ v+ wg+ wy
(v) (rg=rf) —rE <0 or (0)0< (rg—rk) —rf <wy+ we+ vy + va

a a

—~

where, if (B) and (§) are both satisfied, one of the inequalities has to be strict. Then we
have

v((7(0),£(0)) € {(a,8), (¢, t)}) =0, (4.21)

hence the RN+ YpR model with cut-and-paste mechanism is ergodic.

We can now prove the first part of (ii) of Theorem 2.4.

Proof. (of Theorem 2./, first part of (ii)). The rates of the attractive RNc+YpR model
with cut-and-paste mechanism (see Lemma 4.6) satisfy (o) and () in the set (c¢) of
conditions of Proposition 4.12. O

Remark 4.13. This proposition gives another proof of Theorem 2./, (i), since the
T92+cpg model, hence the JC+cpg model, both with cut-and-paste mechanism, satisfy
also («) and (vy) in the set (¢) of conditions of Proposition /.12.

4.3 Other order relations for the RN+ YpR model with cut-
and-paste mechanism

We chose the order (4.1) on &7, that gave relations on the rates r? for attractiveness, and
eventually ergodicity. In Theorem 2.4 we saw that those relations gave attractiveness and
ergodicity for the JC+cpg, T92+cpg, RNc+YpR models with cut-and-paste mechanism.
Are there other possible orders on o7 that would give attractiveness of the RN+YpR
model? There are a priori 24 possibilities.

In what follows, we refer to the proof of Proposition 4.4, done in Section 6. There,
we detail the coupling transitions starting from two ordered configurations, and forbid
transitions that would break this order between the configurations. Going to the coupling
tables in this proof, we see that we cannot take a relation that would ‘separate’ the
values in Y and R : Let us try for instance ¢ < a < t < g; then we cannot forbid the
transition from (c,a) to (t,a). This fact forbids 16 possibilities of order.

Then, once we do not separate the values in Y and R, we are left with the following 8
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possibilities,

(0O1) c<t<a<g
(02) g<a<t<c
(03) t<c<a<g
(04) t<c<g<a
(05) c<t<g<a
(06) a<g<c<t
(O7) a<g<t<c
(08) g<a<c<t

with the attractiveness conditions they induce, by proceeding as in Proposition 4.4 and
doing the ad-hoc permutations. Indeed, there we worked with the order (4.1), that we
now denote as order (O1); if we write it as 1 < 2 < 3 < 4, the attractiveness conditions
(4.5)—(4.8) are written

3 4

= rn=n
r% < 7“3
ré = 7“§
ri = Ti =0

If we take also into account the constraint that we want to keep the result for the JC+cpg
and T92+4cpg models with cut-and-paste mechanism, then, among the 7 possibilities
after (O1), only one is possible, which is (02), that is, g<a <t < c.

4.4 Stochastic ordering for the RN+ YpR model with cut-and-
paste mechanism

For this section we come back to the order (4.1) in <.

We consider two RN+YpR models with cut-and-paste mechanisms, (7;);>0 with rates
Vo, Wa, T2, p and (&)= with rates U, Wa, 72, p. We want conditions on the rates to have
Ny < & a.s. if initially ny < &.

Proposition 4.14. Assume that < is endowed with the order (4.1). Under the condi-
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tions

Ve = T, Vaeof (4.22)

wy < Wy (4.23)

wy+ 71y < Wy +TEATE (4.24)

we +15 < Wy + T8 (4.25)

We = We+TeVTE (4.26)
Wg+rgVry < W (4.27)
w, > i, (4.28)

Wa+ 75 = Wa+TL VT (4.29)
Wa+ 75 = Wa+TE (4.30)

we have ny < & a.s. if initially ny < &.

This proposition enables us to give stochastic bounds for the invariant probability
measures of an RN+YpR model with cut-and-paste mechanism. It thus gives more
information even when we cannot prove ergodicity through our previous results.

Proposition 4.15. Assume that </ is endowed with the order (41.1). We consider 3
RN+YpR models with cut-and-paste mechanisms, the one we are interested in, namely
(M) =0 with rates v, wq, 12, p, then ((;)i=0 with rates Uy, We, T, p and (& )e=o with rates
Va, Wa, 72, p. Under the following values of their rates, we have that (¢;)i=0 and (&)io
are attractive and ergodic, and that, (; < ny < & a.s. if inatially (o = ny = &. Moreover,
any p € I N satisfies it < pu < 0 where @i (resp. 1) is the only invariant probability
measure for ((;)iso (resp. (&)i=o0). Moreover u, it and [ satisfy (4.9)—(4.10).

V,= v, =0, Vaéc. (4.31)

Wy =wy ; Wy=we+ (r2—r2ArH)* (4.32)
Te=Te=riANrf = o, TE=1f (4.33)
PorE= () =7 =78 (4.34)

We =we +12Vre 5 W, =w, (4.35)
Wy =wg 5 Wg=wg+7rg\Vrg (4.36)

mom= 0 —r=% (137)

Wa= wy, =W, (4.38)
Te=riVriTL=r. ; TL=Ti=riAT] (4.39)

5 Proofs through generalized duality

To prove Theorems 3.1 and 3.4 we proceed as follows: In Section 5.1, we provide a
graphical construction of the process, which yields a generalized dual of the latter. Then
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this dual is dominated by a branching process, for which we derive a condition for
extinction. This one implies exponential ergodicity of the process; see Section 5.2.

Although our proofs are quite similar in spirit to those of [Fer90], we chose to give
details for the sake of completeness, and to highlight the places were they are different.

5.1 Graphical constructions and dual process

We adapt to our context the graphical constructions of [Fer90]. We start in section 5.1.1
with the substitution process in our two different cases: either the minimal substitution
rate is positive, or the pregenerator % is decomposed in a sum of pregenerators. Then, in
Section 5.1.2 we provide the graphical construction of the cut-and-paste process. Finally,
in Section 5.1.3 we construct a (generalized) dual process (that is, a non-Markovian
dynamics) for the process with pregenerator .Z.

5.1.1 Graphical construction of the process with pregenerator %,

e Under Assumption (2.6): the minimal substitution rate is positive

Recall the decomposition (3.1) of the rate function ¢(-, -) introduced in Section 3.1 and
the notations there. For x € Z,a € &7, j € J(a), let

Aj(z,a) = T;lAj(a) (5.1)

ie. n € Aj(z,a) if and only if 7,n € Aj(a). First injecting (3.1) in (2.1), then using
(3.2) yields a rewriting of the pregenerator . as

Lifm) = Y > Y XD Lgeaway [FF) — f(0)]

z€Z acs jeJ(a)\{0} >3

) X(@) > Vnenway [F ) = F(0)]

z€Z acd =0

= $1b’1f(77) + fln’lf(n) (5.2)

where

LPm) = YD > X)) meaway SD) —f()]  (5.3)

z€Z aEQVjGJ(a)\{O} ]
L) = > N Z A [f(n;") — f(m)]. (5.4)
2cZ aca 0

For the branching process, .,iﬂlb’l will induce the births, while .,2”1"’1 corresponds to a
“noise” part that will induce the deaths. Note that, contrary to [Fer90], our rates for
this noise part are not uniform (this is why we will get a better r.h.s. in (3.7) than in
(3.8), as it will be explained in the proof of Remark 3.2).
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We now define, on the graphical representation, marks (j,a) and (6, a) (for a € o7, j €
J(a) \ {0}) that will induce respectively births and deaths in the branching process.
Let M = {(My(z,a),u >0) : © € Z,a € &/} be a family of independent Poisson point
processes (PPPs) such that the rate of (M, (z,a),u > 0) is A(a) defined in (3.4).

Let % = {(Uy(z,a),n > 0) : x € Z,a € &/} be a family of independent random
variables, all uniformly distributed on [0, 1]. The n-th occurrence of (M,(x,a),u > 0) is
marked (j,a) with 5 € J(a) \ {0} if

Aj-1(a) = Ao(a)

Ai(a) = Ao(a)
Aa) '

Aa)

< Up(z,a) <

Thus the (j, a) marks are distributed according to a PPP with rate \;(a).

Let M = {(MJ(z),u > 0) : € Z} be a family of independent PPPs such that the
rate of (M?(x),u > 0) is A defined by (3.5). Let % = {(U%(x),n > 0) : x € Z} be a
family of independent discrete random variables with values in &7 such that

_ )\0(&) '

P(U,(x) = a) N

(5.5)

The n-th occurrence of (M?2(x,a),u > 0) is marked (8, a) if U%(z) = a.

The evolution of the process (1;);>0 is now determined by this graphical representation
as follows. Let w € ) be a configuration of the marked PPPs. Fix a site z € Z and a
time ¢t > 0, and let 0 <717 < --- < Ty_q1 <t be the times of the successive marks present
at site x in the time interval [0,¢]. Set Ty = 0 and Ty = ¢t. Then we define n,(z) = nr,(z),
for s € [T;,T;+1),i < d, where nr,(x) is constructed with the following recipe.

Suppose that the configuration at time 7, is n,-. By definition of 7}, a mark of w is

present at site x at time 7;. There are two possill)ilities:

1(a). A (j,a)-mark with j € J(a) \ {0}. If the configuration n,- belongs to at least
one of the sets A;(x,a) with ¢ > j, then substitute the letter at x by a, so that
nr, = (np-)E. Otherwise, nothing happens.

1(b). A (6,a)-mark. Substitute the letter at x by a, so that nr, = (n,-)%. Note that

this substitution is independent of 1,.-, whence the term “noise” for 92”1"’1.

The fact that this recipe produces the desired substitution rates c(-,-) comes from the
rewriting (5.2) of (2.1), and the thinning property of Poisson processes. Moreover a
percolation argument (see e.g. [Dur93], Section 2) implies that only a finite (random)
number of sites influence the evolution of a fixed site, hence that the previous description
yields a well-defined dynamics.

e Under Assumptions (3.9) and (3.13): decomposition of the pregenerator as
a sum
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Recall the decomposition of the rate functions ¢ (-, -) introduced in Section 3.2 and the

notations there. Proceeding as for (5.2) gives a rewriting of the pregenerators fl(i) and
Z as

200 = 33 > Xi-“(a)Zl{neAma)}[f (1a) = £ (n)]

©€Z aes je (@) (a)\{0} £z
SN @ D 1 a0y L) = F)]
r€Z aco £>0
Ziftn) = LPfn)+ 2L f(n) (5.6)
where

d .

) = XD D N @D sy ) — f)] (57)
i=1 z€Z acd jeJ) (a)\{0} 0>5

A

A0 = Sy Odd)[f(nif)—f(n)]- (5.8)

cZ aco ’

and, as in (5.1), for ¥ € Z,a € 7,5 € JW(a), n € Ay)(x, a) if and only if 7,n € A;i)(a).

Let M = {(M) (a: a),u>0): x€Z,ac o} be a family of independent PPPs such
that the rate of (M (z, a), u = 0) is \(a) (see (3.12)). Let @ = {(US (2, a),n > 0) :
xr € Z,a € </} be a family of independent random variables, all with uniform law on [0, 1].
The n-th occurrence of (Ml(f) (z,a),u > 0) is marked (j,a,i) with j € J@(a)\ {0} if

A (@) — A (a)
A0)(a) "

A (@) = AP (a)
A0 (a)

Thus the (4, a, i) marks are distributed according to a PPP with rate X;i) (a).

Let M4 = {(M)*(z),u > 0) : = € Z} be a family of independent PPPs such that the
rate of (M%?(z),u > 0) is Ao 4 defined by (3.14). Let % = {(U%%(z),n > 0) : z € Z}
be a family of independent discrete random variables with values in &7 such that

ngd(a)
)\O,d

P(U,"(z) = a) = (5.9)
The n-th occurrence of (M%%(z,a),u > 0) is marked (d,a) if U%4(x) = a.

Let w € ©2 be a configuration of the marked PPPs. Fix a site x € Z and a time ¢t > 0,
and let 0 < T7 < -+ < Ty_1 <t be the times of the successive marks present at site x
in the time interval [0,¢]. Set Ty = 0 and T, = t. Then we define n,(z) = nr,(z), for
s € [T}, Ti41) where nr,(x) is constructed with the following recipe.

Suppose that the configuration at time 7 is 7,-. By definition of 7}, a mark of w is
present at site x at time 7;. There are two possibilities
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1(a). A (j,a,i)-mark with j € J@(a)\ {0}. If the configuration 7, belongs to at least

one of the sets Agi) (x,a) with ¢ > j, then substitute the letter at x by a, so that
nr, = (np-)E. Otherwise, nothing happens.

1(b). A (9, a)-mark. Substitute the letter at « by a, so that np, = (np-)Z.

5.1.2 Graphical construction of the process with pregenerator %

Once again, we use a Harris graphical construction based on a family of independent
PPP indexed by Z x Z; it is adapted from [AFS04] (which deals with an exclusion
process). A Borel-Cantelli argument shows that only a finite number of Poisson processes
are involved in the computation of the evolution of a site x until a fixed time t.

Let A = {(Ny(z,y),u > 0) : (z,y) € Z} be a family of independent PPPs such that
the rate of the process indexed by (x,y) is p(z,y). At each of its arrival times and each
site z such that z < 2z <y (or y < z < z if z > y), we put a mark (O, z,y).

Let w € © be a configuration of the marked PPP. Fix a site z € Z and a time ¢ > 0,
and let 0 < T7 < --- <Ty_1 <t be the times of the successive marks present at site z
in the time interval [0,¢]. Set T, = 0 and Ty = t. Then we define n,(z) = nr,(z), for
u € [T}, T;41) where nr,(x) is constructed with the following recipe.

Suppose that the configuration at time 7 is n,-. By definition of 7}, a mark (O, z,y)

g 3
of w is present at site z at time T;. There are two possibilities.

2(a). * < y. In this case, the contents of sites x, x + 1, ..., y are right circularly
permuted so that nr, = o, (n-).

2(b). = > y. In this case, the contents of sites y, y+1, ..., = are left circularly permuted
so that gy, = 0, (np-).
This recipe produces the desired cut-and-paste rates given by p.

On Figure 3, given a configuration w of marked PPP, one can see the evolution of sites
1 to 5.

5.1.3 Construction of the dual process

Thanks to the constructions provided in Sections 5.1.1 and 5.1.2, to have a graphical
representation of the process with pregenerator .Z; it suffices to multiply the rates of
A by p, and to assume that 9, M°, %, ° and .4, are mutually independent.

Now, we turn to the construction of the generalized dual process of .Z. It is a marked
branching structure constructed on the space Z x [0, +00).

Fix a finite set of sites D C Z and a time ¢. Suppose that for the time interval [0, t],
we have a realization w of the marked PPPs described above. We reverse the time
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(©,1,40 (0,1,40 (1,1,40 (O,1,40 ! (©,1,40 (0,1,40 (0,1,40 (O,1,40 !
1 L (0,5,3)0 (0,5,3)0 (0,5,3)0 | C(0,5,3)0 (0,530 (1,5,3)0
Time . . . . . Time
axis | | | | | axis
1 3 3 1 5 1 2 3 4 5
(©,1,40 (0,1,40 (,1,40 (1,40 ‘ (©,1,40 (©,1,49 (0,1,49 (1,49
(©,5,3)9 (0,5,3)0 (),5,3) (©,5,3)9 (0,5,3)0 (,5,3)
Time Time
axis axis
1 2 3 4 5 1 2 3 4 5

Figure 3: Evolution of the sites 1 to 5 under pregenerator .% given a realization of the
marked PPPs. It should be read by line from the left to the right. Blue stands for a,
for t, grey for ¢ and red for g.

direction calling # = ¢t — u and we construct a space-time branching structure contained
in Z x [0, ] with base (D,0) and top (Dj,t). We proceed by induction with the following
recipe.

Suppose that the spatial projection of the structure at time u is Dg. Let T be the first
Poisson mark after u involving some site of Dg. There are the following possibilities.

1(a). A (j,a)-mark involving site z € D= with j € J(a) \ {0}. In this case, the
point (z, f) is marked (7, a) and the set Dz will be Ds_ U (U@j Se(x, a)), where
Se(z,a) = 7,1S(a).

1(b). A (8, a)-mark involving site # € D4_. In this case, the point (z,7') is marked (5, a)
and the set D4 will be Ds_ \ {z}.

2(a). A (O,y, z)-mark involving # € D+ with y < z. In this case, all the points of
Dz Ny, 2] x {T} are marked with (O,y, z) and the set D will be o, }(Ds_) =
027y<DT\_)
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2(b). A (O,y, z)-mark involving x € D~_ with y > z. In this case, all the points of
Dz N [z,y] x {T} are marked with (O,y, z) and the set Dz will be 07} (Ds_) =
O’y’Z(DT\_).

According to this construction, for each finite set D and time ¢, we are defining a map
from the probability space (Q,.7,P) into the space of all possible marked branching
structures on Z x [0, 1],

ﬁgj : (w7t) = (N7 (%\kaxkayszkajkak)ak = ]-7 s 7N) ) (510)

[O’t

where

e N is the number of marks in the interval [0, 7],
e 1, is the time of the occurrence of the kth mark,
e 1} is one site involved with the kth mark,

e y;. and z; are the boundaries of the sites involved with the kth mark, if this mark
is a circle arrow mark (if not yx = 2z, = ),

e j is the type of the kth mark (6, (j,a), or ©),

e D, is the set of sites in the spatial projection of the structure between times th
and tgiq.

Note that there are no ambiguities if at least two sites x, 2’ € D+_ are involved in the
same circle arrow mark (O, y, z) with y < z. Indeed in both cases, the same set of points
are marked with (O, y, z) and the set D will be o, 1(D4_). It is similar with a circle
arrow mark (O,y, z) with y > 2.

One can check that if D and D’ are finite sets of sites such that D C D’, then the
marked branching structure
ﬁ[%)ﬂ(wvt) = (Na (%\kvxkvykazk7jk7Dk)7k = ]-7 e 7N>
is a subset of the marked branching structure
DR (w, 1) = (N, (G ¥ Yhr 20 G Di)s k= 1, N')
in the sense that N < N’, and for any k in {1,..., N}, there exists r(k) in {1,..., N’}
such that

t

(ks Thos Uks 205 Jk) = (s Trys Yr(iys 2oy Jrgry) - and Dy C Dy

The central idea of the construction is exactly the same as in [Fer90]: when we go back
in time and the generalized dual process meets a (0, a)-mark at site z, it is not necessary
to go further to know the value of n(z), because it is determined at that point by an
independent random variable.
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5.2 Proofs of Theorems 3.1 and 3.4, and of Remarks 3.2(%)
and 3.5 (%)

Proof. (of Theorem 5.1). The proof is adapted from [Fer90]. If the spatial projection
of the dual structure started at time ¢ = 0 is empty at time 0 = t, that is, tAD =,
then 7;(D) does not depend on 79 = 7. This implies that a sufficient condition for the
exponential ergodicity of the process is that, for all finite set D, there exists positive
constants «, as such that

P(DP =0) < oy|Dle™"*2. (5.11)

Hence, we are interested in the evolution of the cardinal of DX. Since the marks coming
from the cut-and-paste process do not change the cardinal of DY along time, they are
not involved in the following.

The process | D2 | can be dominated by a branching process ZIP! € N, that s, |DP| < zIP!
for all v with probability one. This branching process is defined as follows. At rate
X+ Ao (defined in (3.6) and (3.5)) each branch dies and is replaced by either s new
branches with probability A/(A + Ag) or 0 new branches with probability Ao/(X + o).

Indeed, in the generalized dual process presented in Section 5.1.3, a site x is removed from
DD at time T when a (6, a)-mark appears at (x,f) The (4, a)-marks are distributed
according to a PPP with rate A\g(a). Therefore, the total rate at which site x is removed
from D2 is ..., Xo(a) = Ao. Hence in the dominating branching process, a branch
dies at rate \o.

Now, we focus on the apparition of new branches. In the generalized dual process,
when a (j,a)-mark appears at (z,7), a maximum number of [{J,.; Sj(z,a)| = s;(a)
sites might be added to DP. This happens at rate Xj(a). Therefore for the dominating
branching process, we use the bounds \;(a) < A and s;(a) < s, so that a branch is
replaced by s branches at rate \.

The initial state of the branching process is Z(|)D‘ = |D|. A sufficient condition for (5.11)
is that the average number of branches created at each branching is less than 1. This
happens when

— < L (5.12)

]

Proof. (of Theorem 3./). The construction in this case of the generalized dual process
follows the line of construction in Section 5.1.3, except that one should replace 1(a) by

1(a). A (j,a,i)-mark involving site + € D with j € J@(x,a) \ {0}. In this case,

the point (z,7) is marked (j, a,i) and the set Dz will be Dz U S®(z,a), where
SO(x, a) = 7,189 (a).
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To prove (3.7) in Theorem 3.1, we said that a branch in the dominating branching
process dies and is either replaced by s or 0 branches. To prove here (3.16) we say that

a branch in the dominating branching process dies at rate © = Xo,d + 2?21 X(Z) (recall
(3.14) and (3.15)), and is either replaced by s, ... s(¥ or 0 branches at respective

rates X(l)/Q, ce X(d)/@ and \g4/©.

A sufficient condition for (5.11) is now

> 5 <L (5.13)

which is equivalent to (3.16). O

Proof. (of Remarks 3.2(i) and 5.5(i)). To recover analogous results to Theorems 2.1 and
2.2 in [Fer90] requires two main changes in the steps to prove Theorems 3.1 and 3.4: We
have to take a ‘uniform noise’ when rewriting the generator .7, then to take a different
bound to define the birth rates of the branching process. We define the quantities we
have to modify with an upper index F' (we keep the other ones unchanged), and consider
in parallel the two results.

We have to replace the definitions of \o(a) in (3.3), and of Xéi)(a) in (3.11), by
(2 ,F 7 3
(@) =Xo(a) —m, A (@) = AP (a) — m®, (5.14)

the one of A(a) in (3.4), and of A®)(a) in (3.12), by

M(a) = max{X;(a) : j€ J(a)} —m = A1 —m, (5.15)
AOF (q) = max{)\gl)(a) 1 jeJVa)} —ml) = )\‘(?m(a)'il —m®;  (5.16)

also take, instead of (3.5) and of (3.14),
F F d
N =l m,  Ngg=la|Y m®, (5.17)
i=1

and, instead of (3.6) and of (3.15),

—F o —F 3 - F o o
X' = max (/\0 @+ Y /\](a)> = max \"(a) = K —m, (5.18)
jeJ(@)\{0}
3T max (X(i)’F (a) + Z PN (a)) = max \VF(a) = KO —m®(5.19)
aces \" 0 J acs

7€J @ (a)\{0}
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Then, instead of (5.2) and of (5.6)), rewrite the pregenerator .2} as

Z Z Z A )Z Lineaswayy [F(72) — F(0)]

z€Z ac jeJ(a)\{0} >

+ 5N 20@) > peaswan [F02) — £()]
€L acd >0

3 0> W‘ — )] (5.20)
TEZ aca

and

Afm) = 333 Y N @Y1 sy L) — £

i=1 z€Z a€d jcJ®)(a)\{0} >
d
_(’L)»F x
Y z R (@) 31,y L 0) — £00)
i=1 z€Z acA >0
TEZ acdf

In the graphical construction, replace the definitions (5.5) and (5.9) by

P(U," (z) = a) = P(U, " (2) = a) = (5.22)

so that these discrete random variables become uniform. Finally, the conditions for
extinction (5.12) and (5.13) become

Y S s@X
== <L = =0,
A+ Mgt D A

< 1. (5.23)

]

6 Proofs through attractiveness or stochastic order-
ing

Proof. (of Proposition J.1). The upper and lower invariant probability measures are

= limy_,o0 0:.5(t) and p, = limy_o 65S(t), where 6. (resp. Jg) denotes the Dirac

measure on the configuration 1 such that n(z) = c (resp. n(z) = g) for all z € Z. They
are translation invariant. To prove ergodicity, we have to show that p; = .
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e Step 1: We derive consequences of attractiveness.

First, since both functions ¢(n) = 1 0)z¢ and ©(n) = lge)>cy belong to ., and
second since ¢ and g are respectively the smallest and largest elements of &7 with respect
to the order (4.1), so that ¢(n) = 1(,0)=g and ¢(n) = 1 — 1{;0=c}, we have that

wm(n(0) =g) < pu(n(0) =g) and  p,(n(0) = c) < pu(n(0) = c) (6.1)

Similarly, the function 1 (1) = 1p0)>+} belongs to .#, and, by the order (4.1), it satisfies
V(1) = Lio)=a) + Lino)=g} = 1 = Lin)=c} — Lin(o)=t}- We thus have that

u(n(0) =a) + u(n(0) =g) < pu(n(0) =2a)+ p.(n(0) = g) (6.2)
p(n(0) = ) + m(n(0) =t) = pu(n(0) = c) + pu(n(0) =t
e Step 2: We take into account the assumptions on the rates.
Combining (6.1) with (4.3) implies
u(n(0) = ¢) = pu(n(0) = c) = w(n(0) = g) = pu(n(0) = g) (6.4)
Then combining (6.4) first with (6.2), and second with (6.3) yields
mu(n(0) =a) < pu(n(0) =a (6.5)
m(n0) =t) = pu(n(0) =t) 6)

Finally, combining (6.5)—(6.6) with (4.2) implies

pu(n(0) = ) = pu(n(0) = t) = mu(n(0) = a) = pu(n(0) = a). (6.7)

e Step 3: We then proceed in the same spirit as in Corollary 11.2.8 in [Lig05]. Let v be
a monotone coupling measure of p; and p,. It thus has to satisfy

v((n,€) :1(0) # £(0)) = v((n,€) : (1(0),£(0)) € {(c,t), (c,a), (c,8), (t,2), (t,8), (a(76g)8}))
so that by (6.4), )

v((n,€) :n(0) =£0) =g) = un0)=g) = pn(&0) = g) (6.9)
v((n,€) :n(0) =£(0) =c) = pu(§(0) =c) = pm(n(0) =c) (6.10)

By (6.8), (6.9) and (6.10), and because c and g are respectively the smallest and largest
elements of .7 with respect to the order (4.1),

v((n,€) : n(0) #8,£00) =g) = v((n(0),£(0)) € {(c,8),(t.8), (a,8)})

= 1u(§(0) = g) —v(n(0) = £(0) = g) =0 (6.11)
v((n,€) : n(0) = ¢,£(0) # c) = w((n(0),£(0)) € {(c,t),(c,a),(c,8)})

= m(n(0) = ¢) —v(n(0) = £(0) =c) =0 (6.12)



so that, using also again (6.8) with respectively (6.12) and (6.11), we obtain,

v((n,€) : n(0) #2,£(0) =a) = v((n(0),£(0)) € {(c,a), (¢,a)})

n .
v((n,€) :n(0) =2,£(0) #2a) = v((n(0),£(0)) = (a,g)) = 0. (6.14)
Since we also have
v((n,€) :n(0) #2,£(0) =a) = p(§(0) =2a)—v(n0)=¢£0)=2) (6.15)
v((n,€) :n(0) =2,£(0) #a) = wm(n(0) =a)—v(n(0)=E0

combining (6.13), (6.14) with (6.7) implies that

v(n(0) =t,£(0) =a) =0. (6.17)

Note that all the possible cases on the r.h.s. of (6.8) have probability 0: (c,g), (t,g), (a,g)
by (6.11), (c,t), (c,a) by (6.12), (t,a) by (6.17). We conclude that

v((n,€) - n(0) # £(0)) =0,

hence p; = pu,. O

e Monotonicity of the RN+ YpR model, and of the RN+YpR model with
cut-and-paste mechanism

Proof. (of Proposition /.3). We denote by .Z; the pregenerator of the monotone coupled
dynamics for the RN+YpR substitution process (which exists by our assumption). Let
similarly .%5 denote the pregenerator of the coupled cut-and-paste dynamics through
basic coupling, that is, the same transition takes place for both copies of the process: it
is defined by, for a cylinder function g on X x X,

Log(m,€) = > p(@,9)[9(02y (1), 024(€)) — g(n, )] (6.18)

T, YEZ

This coupled dynamics is monotone, since a transition does not change the way in which
the values of the two processes on each site are coupled. For the complete dynamics (that
is the RN+YpR model with cut-and-paste mechanism) we consider the combination of
both couplings, that is the pregenerator

Lg=L19+ pLayg. (6.19)

Being the sum of two pregenerators of attractive dynamics, it yields also an attractive

dynamics. We denote by (S(¢),t > 0) its semi-group. O
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Proof. (of Proposition /./). To derive attractiveness, we construct a coupled dynamics
(e, & )e=0 starting from ordered configurations 7y < &, through basic coupling. Then we
find conditions on the rates prohibiting the coupled transitions breaking the increasing
order between coupled configurations. We will denote by .Z; the induced coupled
generator (its existence was assumed in Proposition 4.3). Similarly with (2.1), this
generator is defined on a cylinder function f on X x X by

Zifm.&) =Y > ellab), ) [f&) — fn,6)]. (6.20)

z€Z (a,b)eds x o

We now define the coupled rates ¢((a, b), 7,,(n,§)) for the transitions (n,&) — (n2,&)).

By translation invariance of the dynamics, it is enough to look at site 0. Thus we write
the coupled transitions and their rates (according to basic coupling) in the following 3
tables. There, we indicate with the symbol () the coupled transitions to be forbidden
for attractiveness; we derive after each table the corresponding sufficient conditions that
these forbidden interactions induce.

We rely on the rates given in Table 1 for the RN+YpR model.

Transition ‘ Rate
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p
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g8 Ug
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Under basic coupling, both configurations undergo the same transition according to
the maximal possible rate, and then uncoupled transitions are added to fit the correct
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transitions for each marginal. We detail this construction in the first 5 lines of this
first table, the others are similar. There, we start from (7(0),£(0)) = (¢, c). The rate
for a transition from c to a or to g in Table 1 does not depend on the value of the
configuration on neighboring sites, therefore here we have transitions respectively to (a, a)
or (g, g) with the rates v, or vg, and these rates yield the correct rate for each marginal
transition. But the rate for a transition from c to t in Table 1 depends on the value of
the configuration on site 1. Therefore the maximal rate for a coupled transition from
(c,c) to (t,t) is min{c(t, n), c(t, &)}, and, to obtain the correct rate for each marginal
transition, it has to be supplemented by respective uncoupled transitions to (c,t) and
(t, c), with rates c(t, &) — min{c(t,n), c(t, &)} and c(t,n) — min{c(t, n), c(t, &)}

But a transition to (t, c) would break the increasing order between the coupled configu-
rations. To forbid it, that is, for its rate to be 0, we need to have

c(t,n) = min{c(t,n), c(t, &)} (6.21)

There are two possibilities, according to the value of the coupled configuration on 1, which
is such that n(1) < ¢(1). Either n(1) € Y = {c,t}, hence ¢(t,n) = w, < ¢(t,§), and
(6.21) is satisfied; or n(1) € R = {a, g}, hence c(t,n) = w, +r1 and c(t, &) = wy +rsW:
a necessary and sufficient condition for (6.21) to be satisfied is

re <t
Transition ‘ Rate
(t,t) — (a,a) Vs
— (c,¢) min{c(c,n),c(c, &)}
= (c,t) c(c,n) — min{c(c,n), c(c, &)}
— (t,c) (%) | c(c,§) —min{c(c,n), c(c,§)}
— (8,8) Vg
(t,a) — (a,2) Vs
— (t,t) Vg
— (c,¢) Ve
— (c,a) c(c,n) — ve
— (&:8) Ug
— (t,8) c(g: &) — vg
(tvg) - (a7a) Va
— (t,a) c(a, &) — v,
— (c,¢) Ve
— (c,g) c(c,n) — ve
— (t,t) Vg
— (8:8) Ug

In this second table, the transition from (t,t) to (t,c) has to be forbidden for attrac-
tiveness, which requires

¢(c.€) = min{e(c, n), e(c,€)} (6.22)
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We have that

c(e,n) = we + 1" Ve, (e, &) = we + W eayery,  with (1) < &(1).

Thus (6.22) is satisfied if and only if

Transition ‘ Rate
(a,a) — (t,t) Vg
— (c,c) Ve
- (g 8) min{c(g, 1), c(g, &)}
— (a,8) c(g, &) — min{c(g, n), c(g, &)}
— (g,a) (x) |c(g,n) —min{c(g,n), c(g, )}
(a,g) — (a,2) c(a,€)
— (g 8) c(g,n)
- (t,t) Uy
— (c,c) Ve
(g,8) — (a,3) min{c(a,n),c(a,§)}
- (a,8) c(a,n) —min{c(a,n),c(a, &)}
— (g,2) (%) |c(a,§) —min{c(a,n),c(a,§)}
— (t,t) Vg
— (c,¢) Ve

In this third table, the transitions from (a,a) and from (g,g) to (g,a) have to be
forbidden for attractiveness, which requires

c(g;n) = min{c(g,n),c(g )} (6.23)

c(a,§) = min{c(a,n),c(a, &)} (6.24)
We have that
c(g,m) = wg+ Tg(_l)l{n(,l)ey}, c(g, &) = wg + ré(_l)l{g(,l)ey}, with n(—=1) < &(-1)
cla,n) = wa+rI Vg 1eyy, ¢(@,€) = wa+ 18V g ppeyy, with p(—1) < &(-1)
Thus (6.23) and (6.24) are respectively satisfied if and only if

re=rg = 0
ri < rt

The proposition is proved. [

Proof. (of Proposition J.7). We first compute .Z f(n) for f(n) = 1{0)=a}, With a € 7.
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Recall that we write ¢(b,n) for ¢(0,b,n).

Lifn) = Y cbn)fg) = f(n)]

be
= — Y clb.n)fn) + cla,n) o)1 (6.25)
bed, b#a
Lf) = Y p(@,0)1pw= — Lao=al + Y @ y)Lpncn=a — Lpo=a)]
TEZ T, Y€, x<0<y
+ Z p(z, y)[l{n(l)za} - 1{77(0):(1}] (6.26)
z,YEL, y<0<zx
Because p is translation invariant, using (6.26), we have that [ % f(n)du(n) = 0.
Therefore, by the invariance of p1, we have 0 = [ 2 f(n)du(n) = [ £ f(n)du(n). Thus

we only need to compute %4 f(n), relying on the values for the rates given in Table 1,
and using (6.25).

Li(Lpo=ay) = —Lino)=a(Ve + Ve + wg) = > L{(n(=1)m(0)=(aa)}Ts
acY
+1in0)evyva + Lino)=g} Wa + Z Lin(-1)m(0)=(ag)Ta (6.27)
acY
Li(Lpo=e) = —Lin0)=g(Wa+ e +0e) = D L{n(1)m(0)=(ag)}"s
acY
1 0eryVe + Lino=a}We T > Ln(—1)m(©)=(@a)yTe  (6.28)
acYy
Li(Lg=c}) = —Lo=c}Va+ g+ we) = Y L)) =(ca)Ts
a€ER
+1m0)eryVe + Linoy=e)We + > L —wayre  (6.29)
a€ER
Li(Lpo=) = —L=eVa + we +0g) = Y L0)m(1)=(e.0)} 7o
a€ER
Hpo)ery v + L=y we + Y Lo (cants  (6.30)
a€ER

We write 0 = [ .2 f(n)du(n) starting from (6.27)—(6.30). This gives the following linear
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system, whose last line states that p is a probability measure.

—(vy + wg)p(n(0) = a) +wap(n(0) = g) + vapu(Y') = —1p
wep(n(0) = a) — (vy + wa)u(n(0) = g) + vgu(Y) =Ty
— (v + we)pu(n(0) = ¢) + wep(n(0) = t) + vepu(R) Ty
wepu(n(0) = c) — (v + we)pu(n(0) = t) + vepu(R) —7y (6.31)
1(n(0) = a) + u(n(0) = g) = pu(R)
1(n(0) = c) + pu(n(0) = t) = u(Y)
L1(n(0) =a) + pu(n(0) =g) + n(n(0) =c) + u(n0)=t) =1

Combining the addition of lines 1 and 2 (taking into account lines 5 and 6) with the
last line of (6.31) gives a system whose solution is (4.9)—(4.10). We then insert those
values into (6.31). Solving the system composed by its lines 1 and 5 (resp. its lines 3
and 6) yields (4.11), (4.13) (resp. (4.12), (4.14)). O

Proof. (of Proposition /.9). We assume that (4.3) is satisfied; the case where (4.2) is
satisfied is similar, and its proof is left to the reader.

We go through the 3 steps of the proof of Proposition 4.1: Step 1 is still valid, with
(6.2)—(6.3) which become

m(n0) =a)+wn0)=g) = p(n0)=a2a)+u(n0)=g) (6.32)
i (n(0) = c) + w(n0) =t) = pu(n(0) =c)+ pu(n0) =t

because of (4.9)—(4.10). Thus, in Step 2, (6.4) is still valid, as well as (6.5)—(6.6). But
combining them with (6.32)—(6.33) implies that

m(n(0) =t) = pu(n(0) =1t) and w(n(0) =a)= u.,(n(0) =a). (6.34)

Finally, Step 3 is valid, which ends the proof. n

Proof. (of Proposition /.11). Because v is a monotone coupling measure of p; and po,
it satisfies (4.19) and (6.8). Thus we have that

{Ml(ﬂ(O) = C) = V((U(O)a §<O)) < {(Cv C)v <C7t)v (C7 a): (C’ g)}) (6 35)
12(£(0) = c) = v((n(0),£(0)) = (c,c)), .
{m(n(o) 0 U)o
n2(£(0) =) =v((n(0),£(0)) € {(c,t), (t,t)}),
{m(n(O) —a) = u((n(0).€0) € {(2.3). (2.8)) -
M2(§(0 =a) = V((U(O)af(o ) € {(C’a)> (t’a)> (a’ a)})7
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{m(nw) =g) =v((n(0),£0) = (g.8)) (6.38)
NZ(&(O) = g) - V((U(O)a 5(0)) S {(C? g)? <t7 g)? <a7 g)7 (g7 g)}>

Hence

m(n(0) € {a,g}) = v((n(0),£(0)) € {(a,a),(a,8).(s.8)})

12(8(0) € fa,g}) = w((1(0),£(0)) € {(c,a), (¢,a), (a,2), (¢, g), (t,8), (2. 8), (&, 8)})

We then conclude thanks to (4.9)—(4.10) that yield

i (0(0) € {a,8)) = wa(€(0) € {a,8)) = -
Finally, (6.35)—(6.38) can be simplified in
pa(n(0) = c) = v((n(0),£(0)) € {(c,c), (¢, t)})
p2(§(0) =) = v((n(0),£(0)) = (c,¢))
pa(n(0) =) =v((n(0),£(0)) = (¢, 1))
ial€0) = £) = v{(1(0).£0)) € {(c,2). (£, 0)) 69)
pa(n(0) = g) = v((n(0),£(0)) = (g,8))
p2(£(0) =g) = v((n(0),£(0)) € {(a,8), (g, 8)}
pa(n(0) =a)  =wv((n(0),£(0)) € {(a a),(a,8)})
(12(£(0) = a) = w((n(0),£(0)) = (a,2))
[

Proof. (of Proposition /.12).

e We compute .Z; f(n, &) for the function f(n,€) = Ly 0)=ag()=t}, for a,b € 7. We
have (recall the notation (6.20))

ylf(ﬁa ’5) = Z E((a’, b/)v (777 5)) [f(ng’a fl?’) - f(77» E)]
(@' W)eod x o
= — Y V), 0.9)f(0.€) +el(a,b), (0.)[L — f(n.6)]
(a' ) #(ab)
= — > @), (0,6)f(n.€) +e((a,b), (1,€)) (6.40)
(a/ b)) et x o

where we used
F s €9) = 100, 0) =060, 0)=b) = L{a'=ati=b)
e We now apply (6.40) to (a,b) = (a, g).

To lighten the formulas, we use the notation, for x,y € Z, a1, as, by, by € &,

r oy
v (a1 a2> = v(n(z) = ar,n(y) = a2, {(z) = b1,{(y) = bs)
b1 b2
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as well as

T r Yy
vla | =vin@) = ane@) =b), vla x| =vin@) =a,&@) = bLéy) = b).
by b1 by

We use that by Proposition 4.11 we have

1 0 1 0 1 1 0 1 0 1
vic g|l=v|c g, v|c a|=v|x al|, v{it al]=v|t a
t g t c g c g t g ¥ g

We integrate (6.40) with respect to v, using also translation invariance of v, for (a,b) =
(2,8) to get

0 0 1 0 1
0:/§1f(77,f)d1/ = —[ptvetwgtwv|a|l —riv|c al—-riv|*x a
g t g c g
0 1 0 1
vt al+pi—riv|c g (6.41)
* g t *

e We then apply (6.40) to (a,b) = (c,t), also integrating with respect to v, and using
translation invariance of v.

0 1 0 1
Oz/ylf(n,f)du = —|wg+wc+vg+vav|c|—riv|c a|—-riv|c x
t t g t
0 1 0 1
—rfvlc g|+E—riv|x a (6.42)
t % c g
e Adding (6.41) and (6.42) gives:
0 0 1
0 = —[utvetwg+wv|a|+[(rE—ry)—rJv|* a
g c g
0 0 1
—(we +we+vg+vav | +[(rE—r)—rflv|c g
t t %
0 1 0 1 1
—[rt+rv|c a|l—riv|t a|-—-rv|c = (6.43)
t g * g t a

e We then consider each of the 3 assumptions on the rates.
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(a) Assuming that r$ = rZ, we have that the r.h.s. in (6.41) contains only negative terms:
it means that each of them is equal to 0, in particular the first one, for which we know
that vy + ve + wg + wa > 0. This implies that v((n(0),£(0)) = (a,g)) = 0, so that also

1 0 1 0 1
vic al=v|t a|l=v|*x a]=0 (6.44)
t g * 8 c 8

Taking into account (6.44) gives that the r.h.s. of (6.42) contains only negative terms:
thus each of them is equal to 0, in particular the first one, for which wy +wc +vg+v, > 0.
This implies that v((1(0),£(0)) = (c,t)) = 0, and we are done.

(b) Assuming that r§ = r2 induces a similar reasoning, to get first v((n(0),£(0))
(c,t)) = 0 by considering (6.42), then v((1(0),£(0)) = (a,g)) = 0 by considering (6.4
Note that from (a) and (b) we deduce that v((n(0),£(0)) = (c,t)) and v((n(0),£(0))
(a,g)) are either both equal to 0 or both different from 0.

)

(c) If we prove that the sum of the first two (resp. the next two) terms in the r.h.s.
of (6.43) is bounded by a negative quantity, we will have as upper bound of this
r.h.s. a sum of 5 negative terms; hence each of them will be equal to 0, so that
v((n(0),£(0)) € {(c,t),(a,8)}) = 0.

We have that if () (resp. (7)) is satisfied, then the sum of the first two (resp. the next
two) terms in the r.h.s. of (6.43) is negative. If (B) is satisfied, we bound the sum of
the first two terms by

0
(—[ve +ve +wg +wa] +[(rE — 1) =15 v | 2
g
Finally, if (§) is satisfied, we bound the sum of the next two terms by

0
(—[we + we +vg+va| +[(r$—rs) —75]) v | ¢
t

If both (B) and (6) are satisfied with two equalities, then we cannot conclude from
(6.43). This is why we need at least a strict inequality. O

e Stochastic ordering of different RN+ YpR models with cut-and-paste mech-
anisms

Proof. (of Proposition /.1/). We proceed as in Proposition 4.4. To compare the two
processes, we construct a coupled dynamics (1, & )¢>o starting from ordered configurations
Mo < &, through basic coupling. Then we find conditions on the rates prohibiting the
coupled transitions breaking the increasing order between coupled configurations. We will
denote by .2, the induced coupled generator (its existence was assumed in Proposition
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4.3). Similarly with (2.1), this generator is defined on a cylinder function f on X x X
by
Zifm )= > el(a.b), m ) f0E&) — f(n,9)].

z€Z (a,b)ed x o
We now define the coupled rates ¢((a, b), 7.(n, €)) for the transitions (n,£) — (97, &7).

By translation invariance of the dynamics, it is enough to look at site 0. The coupled
transitions and their rates (according to basic coupling) are given in 3 tables similar
to the ones written in the proof of Proposition 4.4. Let us detail first the alternative
first lines to the first and third tables. Now the symbol (%) corresponds to coupled
transitions to be forbidden for stochastic ordering instead of attractiveness.

Transition ‘ Rate
(c,c) — (a,a) Va A\ Uy
— (a,¢) (%) | Va—va ATq
— (c,a) Uy — Uy A\ Uy
— (gv g) Ug A 5%
— (gc) (%) |vg— VgAY
— (c,g) Ug — Vg A\ Ug
Transition ‘ Rate
(a,a) — (t,t) Vg A Uy
= (a,t) (%) | U — v ATy
- (t,a) Vg — Vg A Uy
— (c,0) Ve A U
— (a,¢) (%) | Ve —ve AT
= (c,a) Ve — Ve A Vg

Looking at the forbidden transitions in the above lines, we derive the conditions
Ua KU and vy <7 (6.45)

and
Ve = Ve and vy > Uy (6.46)

We have in mind (see Proposition 4.15) to compare invariant probability measures i
and g respectively for (1;);=0 and (&;)¢>0 that should put the same weights respectively
on Y and R, that is, we look for rates v,, v, such that vy(vy + vg) ™' = Uy (Vy + V)"
and vy (vy + vg) 7t = D (Vy + 0x) L. Because of (6.45)—(6.46), this imposes that v, = U,
for all a € &7, that we assume from now on.

Then the remaining lines of the three tables giving the coupling rates we look for are
the same than the ones written in the proof of Proposition 4.4. We now detail the
conditions that the forbidden transitions impose on the rates, table by table.
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In the first table, the forbidden transition (c,c) — (t, c) imposes that

c(t,n) = min{c(t, n), c(t, )}
that is,
we + VL ery < B + 75 Leery  with (1) < €(1).
This gives the minimal set of conditions (4.23)—(4.25).
In the second table, the forbidden transition from (t,t) to (t,c) imposes that

C(C7 5) = Hlil’l{C(C, 77)7 C(C7 5)}
that is,
we + IV wery = e + T8V gmyeny with  7(1) <&(1).

This gives the minimal set of conditions (4.26).
In the third table, the forbidden transitions from (a, a) and from (g, g) to (g, a) impose
respectively that

c(g,n) = min{c(g,n),c(g,§)}
c(a,§) = min{c(a,n),c(a,§)}

that is,

Wg + Tn(fl)l{n(_l)ey @g + 7:{(71)1{5(_1)6}3} with T](—l)
W, + ?f(_l)l{g(,l)eR} with 77(—1)

(1)
(~1).

This gives the respective minimal sets of conditions (4.27), and (4.28)—(4.30).
The proposition is proved. O

§
§

NN

Proof. (of Proposition /.15). Thanks to (4.31)—(4.39), we have that: (i) both processes
(¢t)i=0 and (&)¢>0 are attractive by Proposition 4.4; (ii) both processes are ergodic by
Proposition 4.12, respectively by its case (b) for ((;)i>0 and its case (a) for (& );>o; (iii)
if initially ¢p < no < &, then by Proposition 4.14 we have (; < n; < & a.s.; (iv) finally
w, @ and j satisfy (4.9)—(4.10). O
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