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Abstract. Two digraphs G = (V, E) and G’ = (V, E’) are isomorphic up to complementation
if G’ is isomorphic to G or to the complement G := (V,{(z,y) € V2 :x # y, (z,y) € E}) of G.
The boolean sum G+G’ is the symmetric digraph U = (V, E(U)) defined by {z,y} € E(U) if
and only if (z,y) € F and (z,y) ¢ E', or (z,y) ¢ FE and (z,y) € E’. Let k be a nonnegative
integer. The digraphs G and G’ are (< k)-hypomorphic up to complementation if for every
t-element subset X of V, with ¢ < k, the induced subdigraphs G;x and G’[X are isomorphic
up to complementation. The digraphs G and G’ are hereditarily isomorphic (resp. hereditarily
isomorphic up to complementation) if for each subset X of V, the induced subdigraphs Gx
and G/rX are isomorphic (resp. isomorphic up to complementation). Here, we give the form of
the pair {G,G’'} whenever G and G’ are two digraphs, (< 5)-hypomorphic up to complemen-
tation and such that the boolean sum U := G+G’ and the complement U are both connected,
and thus we deduce that G and G’ are hereditarily isomorphic up to complementation; we prove
also that the value 5 is optimal. The case U or U is not connected is studied in a forth come paper.

Keywords: Digraph, isomorphism, k-hypomorphy up to complementation, hereditary isomorphy
up to complementation, boolean sum, symmetric digraph, tournament, indecomposability
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1 Introduction

In this paper, we study the reconstruction of digraphs up to complementation (definitions
and notations are given in section 2). Ulam’s reconstruction conjecture on digraphs [22],
still unsolved for graphs, is well-known (see [2, 3]). Fraissé made a related conjecture
about relational structures. The case of binary relations was solved by Lopez [14, 15, 16],
he showed that all binary relations are (< 6)-reconstructible. The case of ternary relations
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was solved negatively by Pouzet [17]. On the other hand, Stockmeyer [20] showed that
the tournaments are not, in general, (—1)-reconstructible, invalidating so the conjecture
of Ulam for digraphs. In 1993, Hagendorf raised the (< k)-half-reconstruction problem for
digraphs and solved it with Lopez [12, 13], they showed that the finite digraphs are (< 12)-
half-reconstructible. In 1995, Boudabbous and Lopez [6] showed that the finite tourna-
ments are (< 7)-half-reconstructible. This motivated, in 2013, M.Alzohairi, M.Bouaziz and
Y.Boudabbous to introduce the concept of (< k)-hereditary reconstructibility of posets
[1]. In 2015, Y.Boudabbous proposed the problem of (< k)-hereditarily reconstruction of
digraphs. He solved this problem for tournaments with A.Boussairi, A. Chaichaa and N.
El Amri [5].

We say that a symmetric digraph G is connected if for any distinct vertices a and
b of G, there are vertices a = xp, 21, -,z = b of G, such that x;____z,;; for each
i € {0,---,m — 1}. Otherwise G is said disconnected. A component of G is a max-
imal connected subdigraph of G. Let G = (V,E) and G' = (V, E’) be two digraphs,
2-hypomorphic up to complementation. The boolean sum G+G' of G and G’ is the sym-
metric digraph U = (V, E(U)) defined by {x,y} € E(U) if and only if (z,y) € E and
(z,y) ¢ E', or (v,y) ¢ E and (z,y) € E'. Clearly U = G+G’. Denote Dg ¢ the binary
relation on V' such that: for z € V, * Dg ¢ z; and for x # y € V, 2 D y if there
exists a sequence r = g, X1,..., T, = y of elements of V satisfying (x;,z;11) € F if and
only if (z;,2;41) ¢ E’, for each i, 0 < ¢ < m — 1. The relation D¢ ¢ is an equivalence
relation called the difference relation, its classes are called difference classes, this relation
was introduced by Lopez [14]. Then clearly C' is a connected component of U := G+G’
if and only if C' is an equivalence class of D¢ ¢/, and thus D¢ ¢ and Dg ; have only one

class if and only if U and U are connected. In 2003, Dammak [8] proved the following
result.

Proposition 1.1 (/8]) Let T and T" be two finite tournaments, (< 5)-hypomorphic up to
complementation, and U = T+T'. If U and U are connected, then T and T' are total
orders.

In 1999, Ille raised the problem of the (< k)-reconstruction up to complementation
of digraphs. The case of symmetric digraphs was solved by Dammak, Lopez, Pouzet
and Si Kaddour [9, 10], they proved that, the symmetric digraphs on v vertices are t-
reconstructible up to complementation for every 4 <t < v—3. In fact, the case t = v—3 was
solved in [10] using the following result established by Pouzet, Si Kaddour and Trotignon
[18].

Theorem 1.2 [18] If G and G’ are two symmetric digraphs, 3-hypomorphic up to com-
plementation_and |V (G)| > 10, then the connected components of U := G+G', or of its
complement U, are cycles of even length or paths.

We define the symmetric digraph P, in the following manner, V(P,) = {0,1,--- ,n — 1},
and for ¢ # j € {0,1,...,n — 1}, {4,j} is an edge of P, when |i — j| = 1. Thus
P,:=0__1 . n—2__n—1. A path is a symmetric digraph isomorphic to P,. A
cycle is a symmetric digraph isomorphic to C,, := (V(B,), E(P,) U {{0,n — 1}}) for some
integer n > 3.
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Figure 1: C,

We define the digraph P, by, for i # j € {0,1,...,n — 1}, i —_ j when j = i + 1.

%
Thus P, =0 —1— .- — n—2 — n— 1. We call directed path or oriented path

%
a_éigraph isomor;il)ic to P,, and directed cycle or oriented cycle a digraph isomorphic to
Cn = (V(P,),E(P,)U{(n—1,0)}) for some integer n > 3.
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Figure 2: C,
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We define P/ (resp. CY) obtained from P, (resp. C,) by switching the void pairs by
— =<\i — —\ *
the full pairs. Thus P/ = (Pn> and CJ = (Cn> )
A total order is a tournament 7" such that for z,y,z € V(T),if v —_  yandy —, 2

then + —, 2. Given a total order O = (V, E), for z,y € V, x < y means z — y.
Thus, a total order on n vertices can be denoted by vy < vy < -+ < v,_1.

Our main result is the following.

Theorem 1.3 Let G and G’ be two digraphs on the same set V' of n > 4 wvertices such
that G and G' are (< 5)-hypomorphic up to complementation. Let U := G+G'. If U and
U are connected, then G' and G are hereditarily isomorphic up to complementation; more
precisely one of the following holds:

1) G and G" are two total orders.

2) G~ P orG:C_*;, and G' = G*.

L os
|

3) G~ P, or G~C,, and G' = G*.
— —

4) G~Pl orG~C/, and G' = G*.
— — _

5) G~Pl orG~C/l and G' = G*.

In Proposition 3.5, we prove that the value 5 is optimal by giving two digraphs G, G’, on
the same vertex set V' with |V| > 5, which are (< 4)-hypomorphic up to complementation
and not (< 5)-hypomorphic up to complementation, U := G4G’ and U are connected but
GG and G’ are not isomorphic up to complementation, and thus not hereditarily isomorphic
up to complementation.

From Theorem 1.3, we deduce trivially the following result for digraphs which is similar
to Theorem 1.2.



Corollary 1.4 Let G and G’ be two digraphs on the same set V' of n > 4 wvertices such
that G and G’ are (< 5)-hypomorphic up to complementation and U := G+G'. If U and
U are connected and G is not a total order, then U or U is a cycle or a path.

2 Definitions and notations

A directed graph or simply digraph G consists of a finite and nonempty set V' of vertices
together with a prescribed collection E of ordered pairs of distinct vertices, called the
set of the edges of G. Such a digraph is denoted by (V(G), E(G)) or simply (V, E).
Given a digraph G = (V| F), to each nonempty subset X of V' associate the subdigraph
(X, EN(X x X)) of G induced by X denoted by G,x. Given a proper subset X of V,
Gv\x is also denoted by G — X, and by G — v whenever X = {v}. With each digraph
G = (V,E) associate its dual G* = (V, E*) and its complement G = (V,E) defined as
follows. Given o #y € V, (z,y) € E* if (y,z) € E, and (v,y) € E if (v,y) € E.

Let G = (V, E) be a digraph, for z #y € V, x —, y or y «—, « (or simply z — y
if there is no confusion) means (z,y) € E and (y,z) ¢ E; x—__y (or simply z___y) means
(x,y) € Fand (y,z) € E;x...,y (orx...yorz ¢y) means (zr,y) ¢ E and (y,z) ¢ E.
For X,) Y CV, X _Yand X....Y (or X YY) are defined in the same way. If X = {z}
or Y = {y}, we can replace X by z and Y by y.

Given a digraph G = (V, E), two distinct vertices x and y of G form a directed pair
or oriented pair if either v —_ y or x <—_ y. Otherwise, {z,y} is a neutral pair; it
is full it x____y, and void if z...,y. Two interesting types of digraphs are symmetric
digraphs and tournaments. A digraph G = (V, E) is a symmetric digraph or graph (resp.
tournament) whenever for x #y eV, z___yorx...,y (resp. t —,yory —, z). If
G = (V, E) is a graph, each edge (z,y) of G is identified with the pair {z,y} and is called
an edge of G. For instance, given a set V', (V,0) is the empty graph on V whereas (V, [V]?)
is the complete graph on V', where [V]? is the set of pairs {x,y} of distinct elements of V.

Given two digraphs G = (V, E) and G' = (V', E’), a bijection f from V onto V' is
an isomorphism from G onto G’ provided that for any z,y € V, (z,y) € E if and only if
(f(x), f(y)) € E'. The digraphs G and G’ are isomorphic, which is denoted by G ~ G’,
if there exists an isomorphism from one onto the other, otherwise G 2 G’. A digraph H
embeds into G, or H is embeddable in G, if H is isomorphic to an induced subdigraph of
G.

Given two digraphs G and G’ on the same vertex set V. They are equal up to comple-
mentation if G’ = G or G' = G. Let k be an integer with 0 < k < |V|, the digraphs G and
G’ are k-hypomorphic (resp. (—k)-hypomorphic) if for every k-element (resp. (|V| — k)-
element) subset X of V, the induced subdigraphs G|x and G’;x are isomorphic. The di-
graphs G and G’ are (< k)-hypomorphic if they are t-hypomorphic for each integer ¢ < k.
A digraph G is k-reconstructible (resp. (—k)-reconstructible) if any digraph k-hypomorphic
(resp. (—k)-hypomorphic) to G is isomorphic to G. A digraph G is (< k)-reconstructible
if any digraph (< k)-hypomorphic to G is isomorphic to G. The digraphs G and G’ are
isomorphic up to complementation (resp. hemimorphic) if G' is isomorphic to G or G
(resp. to G or G*). The digraphs G’ and G are hereditarily isomorphic [19] if for each
nonempty subset X of V, the digraphs G|x and G’;x are isomorphic. They are hered-



itarily isomorphic up to complementation [4] if they are hereditarily isomorphic, or G’
and G are hereditarily isomorphic. Let k be a positive integer, the digraphs G and G
are k-hypomorphic up to complementation (resp. k-hemimorphic) if for every k-element
subset X of V, the induced subdigraphs G;x and G’;x are isomorphic up to comple-
mentation (resp. hemimorphic). The digraphs G and G’ are (< k)-hypomorphic up to
complementation (resp. (< k)-hemimorphic) if they are t-hypomorphic up to complemen-
tation (resp. t-hemimorphic) for each integer t < k. A digraph G is k-reconstructible
up to complementation (resp. k-half-reconstructible) if any digraph k-hypomorphic up to
complementation (resp. k-hemimorphic) to G is isomorphic up to complementation (resp.
hemimorphic) to G. A digraph G is (< k)-reconstructible up to complementation (resp.
(< k)-half-reconstructible) if any digraph (< k)-hypomorphic up to complementation (resp.
(< k)-hemimorphic) to G is isomorphic up to complementation (resp. hemimorphic) to
G.
A 3-cycle is a tournament isomorphic to CT)'g, = ({0,1,2},{(0,1),(1,2),(2,0)}). A flag is
a digraph hemimorphic to ({0, 1,2},{(0,1),(1,2),(2,1)}). A peak is a digraph hemimor-
phic to ({0,1,2},{(0,1),(0,2),(1,2),(2,1)}) or to ({0,1,2},{(0,1),(0,2)}). Let G be a
digraph, the positive degree (vesp. negative degree) of a vertex z of G, denoted df(z) (resp.
d; (7)), is the number of y € V(G) such that x — y (resp. y —, ). Notice that,
here, df(z) (resp. dg(x)) is not the outdegree (resp. indegree) of the vertex x. The type
of G is (e,€') where e and €' are respectively the number of full pairs of G and G. Let
G = (V,E) and G' = (V, E') be two digraphs and a,b € V. We say that {a,b} have the
same character in G and G if and only if G{apy = Gy, -

Let G = (V, E) be a graph, the degree of a vertex x of G, denoted dg(z), is the number
of y € V(G) such that z____y.

3 The Gallai decomposition Theorem

Given a digraph G = (V, F), a subset I of V' is an interval of G if for every z € V' \ I
either v —_ [ or ©x «—_, I or x—__I or z..., . For instance, ), V and {z} (where
x € V) are intervals of G, called trivial intervals. A digraph is indecomposable if all its
intervals are trivial, otherwise it is decomposable.

The graph @, (see Figure 3) is defined in the following manner. For i # j €
{0,1,...,n — 1}, {i,7} is an edge of @, whenever either 7,5 € {0,1,...,n — 3} and
li—jl=1or {i,j} = {n— 2,0}, where £ € {0,1,...,n —4} U{n —1}.

0—1—2— .—n—-4—n-3
n—2—mn-—1
Figure 3: Q,.

Theorem 3.1 [7] Let S = (V, E) be an indecomposable graph with |V| > 4. Let W
denotes the set of v € V' such that there is a subset X of V' satisfying S)x is isomorphic



to Py and x € X. We have: |V \ W| < 1. Furthermore, if V\ W = {x}, then there are a
subset X of V' containing x and an isomorphism f from Six onto Qs such that f(x) = vy.

Theorem 3.2 [7] Let S = (V, E) be an indecomposable graph with |V| > 5. Fora # b €
V', there is a subset X of V' satisfying: a,b € X and there is an isomorphism f from S)x
or Six onto Py or Qg, where k > 5, such that f({a,b}) = {0,k — 1}.

We begin with a well-known property of the intervals. Given a digraph G = (V| F),
if X and Y are disjoint intervals of G, then X —_, Y, or X «+—_ Y, or X__ Y, or
X ..., Y. This property leads to consider interval partitions of GG, that is, partitions of V,
all the elements of which are intervals of G. The elements of such a partition P become the
vertices of the quotient G/P = (P, E/P) of G by P defined as follows: given X #Y € P,
(X,Y) e E/Pif (z,y) € Eforz e X and y € Y. Given a digraph G = (V, E), a subset
X of V is a strong interval [11] of G provided that X is an interval of G and for each
interval Y of G, we have: if X NY # (), then X CY or Y C X. For |V| > 2, the family
of the maximal strong intervals under inclusion which are distinct from V' is denoted by
P(G). The family P(G) constitues an interval partition of V. Now we state the Gallai
decomposition theorem.

Theorem 3.3 [11] Given a digraph G = (V,E), with | V |> 2. The corresponding
quotient G/P(G) is a complete digraph or an empty digraph or a total order or an inde-
composable digraph with at least 3 vertices.

The inverse operation of the quotient is the lezicographic sum defined as follows: let m
be an integer, m > 1, S = ({0,1,...,m—1}, E) be a digraph and for i < m, G; = (V;, E;)
be a digraph such that the V;’s are nonempty and pairwise disjoint. The lexicographic
sum over S of the G;’s or simply the S-sum of the G,’s, is the digraph denoted by
S(Go, Gy, ...,Gm_1) and defined on the union of the V;’s as follows: given x € V; and
y € V;, where i,j € {0,1,...,m — 1}, (z,y) is an edge of S(Go, G1,...,Gp—1) if either
i=jand (z,y) € E; ori # j and (i,j) € E: this digraph replaces each vertex i of S by
G,;. We say that the vertex i of S is dilated by G;.

From Theorem 3.3, we have immediately this result.

Corollary 3.4 Given a graph G = (V,E). If G and G are connected, if and only if
G = S(Go,G1,...,Gp1), where S is an indecomposable graph with at least 4 vertices and
G, is a graph for each i € {0,1,...,m — 1}.

The following result shows the optimality of the value 5 in Theorem 1.3.

Proposition 3.5 Let As = {{ao,bo,co} {(ao,bo) (bo, o), (co,a0)}}. Let G (resp. G')
be the digraph obtained from P <resp (i) > by dilating the verter 0 by As. Let

U :=G+G". Then G and G' are (< 4)-hypomorphic up to complementation, not (< 5)-
hypomorphic up to complementation, U and U are connected, but G and G' are not isomor-
phic up to complementation, and thus not hereditarily isomorphic up to complementation.



Proof. Note that As is an oriented cycle isomorphic to C3. The graph U is obtained
from P, by dilating the vertex 0 by the empty graph with vertex set {ag,bo,co}. By
Corollary 3.4, U and U are connected. Clearly G and G’ are (< 4)-hypomorphic up
to complementation. The subdigraphs G'iq40,c0,1,2) and G are not isomor-

[{ao,bo,c0,1,2}
phic because d, (1) = 3 but d (x) < 2 for all vertex x. The sub-
Mag,bgscg,1,2} M{ag,b0c0,1,2}

digraphs G|{ag,o.c0,1,2) and G'{aoborco,1,2) aT€ 1Ot isomorphic because there are full edges
in 5[{%,,)07607172} whereas there are none in G,({ao,bo,co,l,Q}‘ Thus G and G’ are not (< 5)-
hypomorphic up to complementation. As df,(1) = 3 and there is no vertex z in G of
degree 3, and there are full edges in G whereas there are none in G, then G and G’ are
not isomorphic up to complementation. Thus G and G’ are not hereditarily isomorphic
up to complementation. O

4 Preliminary results
Theorem 4.1 [21] Let G be a graph. If G and G are connected then G embeds a P,.

Remark 4.2 Let G and G’ be two digraphs on the same set V' such that G and G' are
(< 3)-hypomorphic up to complementation. Let U := G+G' and a,b,c € V. If Gifapey is
a peak or a flag, then Ujap.cy ts a complete or an empty graph.

Lemma 4.3 Let G and G’ be two digraphs on the same set V' such that G and G’ are
(< 3)-hypomorphic up to complementation. Let U := G+G’' and a,b,c € V.

1) If E(Uitapey) o E(Uigapey) is the set {{a,b},{b,c}}, then {a,b} is an oriented pair
in G if and only if {b,c} is an oriented pair in G.

2) If E(Ujgap,ey) or E(Upap,ey) is the set {{a,b}} and {a,b} is an oriented pair in G, then
{a,b} is an interval of Giapey and G’[{a7b7c}.

3) If E(Uapey) or E(Uiaper) is the set {{a,b}} and {a,b} is a neutral pair in G, then
{a,b} is not an interval of G(ape, and {b,c} is an oriented pair in G if and only if
{a,c} is an oriented pair in G. Moreover if ¢ —, a (resp. c—__a) then b —, ¢
(resp. c...,b).

Proof. 1) By contradiction. Without loss of generality (W.l.0.g.), we assume that « — b
and b___c, then a <—_, band b..._ c. If {a,c} is an oriented pair in G not reversed
in G', then G/({a,ac} % Gi{ap,er and G/({@b,c} o] EHW} because exactly one of Giq.) and
G {abc} 15 @ peak, which contradicts the 3-hypomorphy up to complementation. If {a,c}
is a neutral pair in G not reversed in G’, then G/r{a,b,c} % Giap,ey and G’[{G@C} o E[{a,b,c}
because exactly one of G4, and G/T {abe} 152 flag, which contradicts the 3-hypomorphy
up to complementation.

2) W.lo.g, we assume that E(Uyape) = {{a,b}} Then E(Uape) = {{a,c},{b,c}} and
U = G+G'. We can assume that a —, b, then a — b.

e Case 1. {b,c} is an oriented pair in G.



W.lo.g we assume b —, ¢, thus b —_ C Since a —, b, b —, c and {a, c} — b,
from the 3-hypomorphic up to complementation we have a —, ¢ and the conclusion
follows.

e Case 2. {b,c} is not an oriented pair in G.

W.lLo.g we can assume b___c, thus b---_ c. From 1) of this lemma, {a,c} is a neutral

pair in G. Since G and G’ are 3-hypomorphic up to complementation, a—.c and the
conclusion follows.

3) We have E(Ujap,ey) or E(Ufapey) = {{a,b}} and {a,b} is a neutral pair in G.
W.lo.g, we can assume that E(Ujape) = {{a,0}} and a__ b,s0a..._b.

e Case 1. {a,c} is an oriented pair in G not reversed in G'.

W.lo.g, we assume that a — ¢, so a —_, ¢. We have U4, is neither a complete
graph nor an empty graph, so from Remark 4.2, each of G{4p,c} and G} {abc} 18 Deither a
peak nor a flag, so b «— cand b +—_, c.

e Case 2. {a,c} is a neutral pair in G not reversed in G'.

W.lo.g, we assume that a___,c,soa___,c. Asa__ {b,c}anda___,canda..._ b, then
the 3-hypomorphy up to complementation applied to Gape) gives b....c,s0b..., c
In the two cases we have {a,b} is not an interval of G4 p,c}- =

Lemma 4.4 Let G and G’ be two digraphs on the same vertex set V' such that G and G’
are (< 3)-hypomorphic up to complementation, and U := G+G'. Let n > 3 be an integer,
X =A{vo,v1,...,0p 1} CVandx € V\ X.

We assume that Ujxufey = T— Vo— V1 ... VUp_1.

1) If Gix =vg —> vy — -+ — V1, then Gixufe) =T — Vg —> V] —> -+ — VU1
and Gix iy = Gixugay-
— R
2) If Gix = P/, then Gixufey 18 isomorphic to P7{+1 by an isomorphism f such that
f(vi) =i+1 for each i € {0,....,n =1} and f(z) =0, and G|y, = Glxupay-

Proof. 1) We have E(Uz.09,0}) = {{®, v}, {vo,v1}} and vg —, vy, then 1) of Lemma
4.3 gives {x,vp} is an oriented pair in G, reversed in G’, let j € {2,3...n — 1}, we
have E(Uzw0;3) = {{7,v0}}, then 2) of Lemma 4.3 applied to {z,vo,v;} gives that
{z,vp} is an interval of G (20,05} As vy...,v;, thus w...,v; and z..._, v;. We have
Ulgors}) = ... V1 Va, T ... V2 and v1 —, U, then 2) of Lemma 4.3 gives x ..., v
and z...,vi. Asvy__,v; and x..., vy then, from Remark 4.2, Gz 4y,) is n0t a peak,
thus v — vo and x <—_, vo. Then, Gixye) = —> vg —> v; —> +++ —> v,_1 and
Glixuay = Gixugay

2) The proof is similar to that of first assertion. O

Lemma 4.5 Let G and G’ be two digraphs on the same vertex set V' such that G and G’ are
(< 4)-hypomorphic up to complementation, and U := G+G'. Let X := {vg, v1,ve,v3} C V.
If Ux = vo—v1—vs_v3, we have :

1) If {vo,v1} is a neutral pair in G, then
{Gix,Gix} = {H,H} or{Gx,Gix}={H" H},

where H := vy — v3 — vg — vs.



2) If (vg —, v1 and vy — v2) or (Vg —, v1 and vy <—, V2), then
{GTXVG[X} = {P4, (P4> } or {GTX7G[X} == {P{, (PZ) } .

3) If (vg —> V1, V1 $— Va) or (Vg <— v1 and v; —>, Vs), then
{GTX7G/[X} = {UO <V <1 <3, V1 <y <3< UQ}
or {Gx,G'x} = {va <wz <wg < vy, v3 < v <y <l

Proof. 1) As {vg,v1} is a neutral pair in G, w.l.o.g, we assume that vy ,v;. Then
Vo. ... v1. We have E(Uiuyw ) = {{vo,v1}, {v1,v2}} and vy vy, so 1) of Lemma
4.3 applied to {vg,v1,v2} gives {vy,v2} is a neutral pair in G reversed in G'. We have
E (U wawsy) = {{v1,v2}, {v2, v3}}, s0 1) of Lemma 4.3 applied to {vy, vo, v3} gives {vy, vs}
is a neutral pair in G reversed in G'. According to the nature of the pair {vy, v, }, we have
the following cases:

e Case 1. v vs.

Then vy ..., va. We have vg. .., vg, then the 3-hypomorphy up to complementation ap-
plied to {vg,v1,v2} gives {vg, vo} is an oriented pair in G not reversed in G'. We assume
that vo —, vz and vy —_, vz (vesp. vg ¢—, v2 and vy ¢—_, v2). AS Upfupms) =
Vg...vs—vs, then 3) of Lemma 4.3 gives vy <— v3 and vy ¢—_, vs (resp. vg — v3
and vo —_, v3). AS Upfug 0} = V3. .. V%o—v1, then 3) of Lemma 4.3 gives v; — v3
and vy —_, v3 (resp. v1 <—, v3 and v; ¢—_, v3). Since vi___ vy and vy ..., v3, from
Remark 4.2, G{y, 0,05} is not a flag, so v v3 and vy..._, v3. Then G| H

2,03} G Hvo,v1,02,03}
and Gf{vo,vl,vz,vs} = H~ (resp. Gf{vo,vl,vz,vs} = H and G/f{voml,vz,%} = H*)
e Case 2. vy..., V2.
Then vy, vs. Aswg..., vz and v1—_ vy then, from Remark 4.2, Gy 4, ,0,) 18 n0t a flag,
so {vg, v2} is a neutral pair in G not reversed in G’. W.l.o.g. we can assume that vo__ v,
50 Vo—, V2. Since E(Ufvyv0s}) = 1{v2,v3}} and {vy, v3} is a neutral pair in G, then 3) of
Lemma 4.3 gives vg ..., v3and vy . .., v3. We havevg. .., {v1,v3}, v9. .., v3 and vo_ vy,
so the 3-hypomorphy up to complementation applied to {vo,v1,vs} gives vy, vs, so
vi—,v3. We have v; G/{vg, vs}, U1 ..., v2 and vi__ w3, then the 3-hypomorphy up to
complementation applied to {vy,ve,v3} gives vs... o V3, 80 Vo vz, Then Gy v 00
and Gy, ., ) have respectively the types (4,2) and (3,3), 50 G111 s vt Z G lvo,wn,va,0s}
and G’F (V0010905 o amo’vhwm}, that contradict the 4-hypomorphy up to complementa-
tion.
2) e Case 1. vy —, vy and v; —, vs.
Then vy —_, vo and vy —_, vi. We have vg..., v, if {vg,v2} is an oriented pair
in G, then one of the subdigraphs Gy, ,0,) and G/r{vo,m,vz} is a 3-cycle and the other
is a total order of order 3, that contradict the 3-hypomorphy up to complementation,

%
so {vo,v2} is a neutral pair in G not reversed in G', thus Gy} = P3 or Pg , and
Gy

[{vo,v1,

oo ea)
or P/, and G/

= G*
[{vo,v1,v2,v3} M{wvo,v1,v2,v3}"

%
= G* AS Upfug 100,053 18 @ Py then, from Lemma 4.4, Gug01,00,05) = P4

[{vo,v1,v2}"
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e Case 2. vy +— v1 and v; <— va.
Then vg —_, v1 and v, —_>>d vy. From Case 1, by exchanging the roles of G and G’, we

have G/r{UOa'UlfUQJB} - F‘i or P‘{’ and GH”OM’”%W} - (G/)T{UOWLU%UB}.

3) e Case 1. vg —>, v and vy «—, vs.

Then vy <—_, vy and vy —>_, v2. As v, vy and Vg ..., vo then, from Remark 4.2,
G l{vo,01,00} 18 DOt a peak, so {vg,v2} is an oriented pair in G not reversed in G'. We as-
sume that vy —, vy and vy —_, vy (resp. vy ¢—, v2 and vy +—_, v2). We have
E(Uigor wawsy) = {{v1,v2}, {v2,v3}} and vy <— vy, then 1) of Lemma 4.3 gives {vy, v}
is an oriented pair in G reversed in G', we have E(Ujfyywvs3) = {{v2,v3}}, then 2) of
Lemma 4.3 applied to {vg, v, v3} gives {vo,v3} is an interval of Gfygvs0s}: SO Vo — s
and vg —_, vz (resp. v ¢—, v3 and vy <—, v3). We have E(Ufvgv1051) = {{V0,v1}}
and vg —» vy, then 2) of Lemma 4.3 applied to {vg,v1,v3} gives {vg,v1} is an interval
of G'{vyw1,0s}s 80 V1 —>, vz and vy —>_, U3 (resp. vy —, v3 and vy o v3). We
have v; «—, vz, v1 — v3 and v —_, {vy,v3} (resp. vi —>_, v, v1 ¢—, v3 and
vy — {v2,v3}), then the 3-hypomorphy up to complementation applied to {vy,ve,vs}
gives vy — Vs, SO Uy <—_, Uz (resp. vy &—, U3, SO Va3 —, v3), thus Gix = vy <
vy < vp < vz and Gy = v < vy < v3 < V (resp. Gix = v2 < v3 < vg < vy and
G/[X =03 <V <V < U()).

e Case 2. vy +— v; and v; —>, va.

Then vy —_, v1 and v; <—_, vo. From Case 1, by exchanging the roles of G and G', we
have Gy = v9 < vy <y <wg and Gix =v; < vy < vz < vy or Gy = vy < vz <y <y
and G{szg < v < U2 < Vg. O

Proposition 4.6 Let G and G’ be two digraphs on the same vertex set V, (< 5)-
hypomorphic up to complementation. Let U := G4+G'. IfU and U are connected and G is

=
not a tournament, then there exists X C V, such that G,x ~ P, or P}, and Gix = Gix
or G/[X = @[X-

Proof. From Theorem 4.1, there exists X := {ug,us,us,us} C V such that
Ug—uy_us_ugz is an induced P, of U. The hypotheses of Lemma 4.5 are satisfied.
If we have 1) or 2) of Lemma 4.5, then we conclude.

Now we consider that only the situation 3) of Lemma 4.5 holds. (%)
That is if X := {ug, us, us,uz} C V such that up__u;__us s is an induced Py of U,
then {Gx, Gy} = {uo < up < up < uz,uyp < up < ugz < up} or {ug < uz < up < up,uz <
uy < ug < up}. From this, if w; —, w;11 then w4y <— w;qo for each i € {0, 1}.

We will show that the situation (x) is impossible, which completes our proof.
As G is not a tournament, there exist a,b € V(G) such that {a, b} is a neutral pair in G.
From Corollary 3.4, U = S(Uy, Uy, ...,Upn_1), where S is an indecomposable graph with
at least 4 vertices and the U;’s are graphs, for each i € {0,1,...,m — 1}.

Claim 4.7 {a,b} £ V(U;), for eachi € {0,1,...,m — 1}.

Proof. We assume by contradiction, that there exists ¢ € {0,1...,m — 1} such that
a,b € V(U;). Then from Theorem 3.1, there exist vy, v1,v2,v3 € V(U) such that one of
the following cases holds.
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e Case 1. In U, we have vg__v;__ vy {a,b}.

Let # € {a,b}. We have Ujfvyv,,00,2) = Vo—V1— Vo, 50 from (%), G {vg01,00,2} and
G’Hvovvww} are two total orders of order 4, w.l.o.g., we can assume that Gi{y.v; 0020} =
vy < Uy < v; < x and G/r{vo,vwz,x} =v; < vy < < v2. Then Gy ma) = Vo < V2 <
v1 < {a,b} and G’Hvo’vlm’a,b} = v < v < {a,b} < vy. Clearly, since G{y,qp} is a peak
and v {a,b}, from Remark 4.2, a___ b. Since G, o5 is a peak and vy ..., {a,b},
from Remark 4.2, a..., b. A contradiction.

e Case 2. In U, we have vg__{a,b}___ vy vs.

The proof is similar to that of Case 1.

e Case 3. In U, we have D — ] /JQ V3.
{a, b}

AS Ufo1,0a,05) = Vo—V1— V903, from (%), G{ug,01,00,05) and G’[{wazm} are two
total orders of order 4. W.lo.g., we assume that Gy et = Vo < V2 < v1 < U3
and G/HUMWMS} = v < v < vy < vy Let z € {a,b}. We have E(Ujzp,05)) =

{{z, v} {v2,v3}} (resp. E(Upzwowey) = {{vo, v}, {z, v1}}) and {vg, vs} (resp. {vo,v1})
is an oriented pair in G, then 1) of Lemma 4.3 applied to {z,ve,vs3} (resp. {z,vo,v1})
gives {x, vy} (resp. {x,v1}) is an oriented pair in G reversed in G'. Since E(Ufz,,,05)) =
{{z,v1}}, 2) of Lemma 4.3 applied to {z,vi,vs} gives {z,v1} is an interval of Gz v, 04}
we have v; — v3, so ¥ —, vz and x —_, v3. We have {z,v,} — v3, © —, vs,
v3 —+, Vg, then the 3-hypomorphy up to complementation applied to {x,vs, z3} gives
T —_, Vg, 80 T < va. We have Gy, qp) is @ peak and v, {a, b}, then a___;b. We
have Gy, ) is a peak and vg ..., {a,b}, then a... b. A contradiction. =

From Claim 4.7, there are i,j € {0,1...,m — 1}, i # j, such that a € V(U;) and
b e V(U;). For each X := {wg,v1,v9,v3} C V, if vg—_v1—_vy w3 is an induced Py of
U, then from(x), G{ue,o,05,05 a0d Gl o0y are total orders, so {a,b} is not a subset
of X and m > 5. From Theorem 3.2, there is a subset Y := {wvg,v1,..., 0,1} of V(S)
satisfying: a,b € Y and there is an isomorphism f from Uy or U}y onto P, or ), such
that f({a7 b}) = {2)077]771—1}‘
e Case 1. Upgwo,v1,0m_1} = P
W.lo.g, we can assume that a = vy, b = vy,—1 and Uy vy, 01} = Pm- We have for
each i € {0,1....,m — 4}, U, visrvii00s) = Pa then, from (%), Gy, 00105100050} a0d

/T{vimwm,vws} are total orders, thus {v;,vj41} is an oriented pair in G reversed in

G' for each j € {0,1,...,m —2}. Fori € {0,1...,m — 4}, we have Uy, vs 011} =
Um—1 - Vi— ;1 and {v;,v;11} is an oriented pair in G, so 2) of Lemma 4.3 applied to
{Vm—1,vi, vip1 } gives {v;, vi41} is an interval of Gy, 1 vy}, then {vo,vi,. .., vp_3} is
an interval of G (v, 1 w001, 0m-3}- AS Gi{om_svm-s,0m-20m_1} 15 & total order, {vm,_s, Vp—1}
is an oriented pair in G, then {vy, v,,,—1} = {a, b} is oriented in G. A contradiction.
o Case 2. Ut vo,01,0m-1} = Q.
W.l.o.g, we can assume that a = vy, b = vp—1 and Upgyg o1, 01} = @m-

Case 2.1. m = 5. vy vy X s
Then Upvy v vs,03,00) = @5 = ,a=wvyand b = vy.

Vo




12

As Upfuy,onws,01) = Vo V1 3wy, thus from (%), Gifu,,vs,0) and G/F{vwhvsm} are

total orders. We have E(Uj{vy,v,0.}) = {{vo,v1}, {v1,v2}} and {vy,v2} is an oriented pair
in G, so 1) of Lemma 4.3 applied to {vg,vy,v2} gives {vg,v1} is an oriented pair in G
reversed in G', we have E(Ujfvyv,,003) = {{v0,v1}}, thus 2) of Lemma 4.3 applied to
{vo,v1,v4} gives {wvg,v1} is an interval of Gy v, 03- As {v1, 04} is an oriented pair in G,
then {wvg,v4} = {a,b} is an oriented pair in G. A contradiction.
Case 2.2. m > 5.

We have Ujfug v 1,0m-20m-s.0m-1} = 100> Um—1}—Um—2— Upp—a—Un_3, Where {vg, U1}
is an interval of Uifvg,v,_1,0m—2,0m-30m_4}- A contradiction is obtained by making a proof
similar to that of Case 1 of the proof of Claim 4.7. O

5 Reconstruction up to complementation

Lemma 5.1 Let G and G’ be two digraphs on the same vertex set V' such that G and G’
are (< 5)-hypomorphic up to complementation. Let U := G+G', X := {vg,v1,v9,v3} CV

5 pf : .
and x € V\ X. If Gix = Py or P{, and G'x = G then,
]) T...Uu {Ul,’Ug}.
2) Up to isomorphism, Ujxyizy is one of the following graphs:

Vo—UV1—VUg____V3 X
Vo—UV1— Vg V3 T

Vo () 1)2/213 .

X

Proof. W.lo.g., we can assume that G;x = v9 — v1 — v2 — v3, S0 G}X = G’F =
vy —> vy — v — vy and U;x = v v vs_ws. It suffices to prove 1) because 2)
is a consequence of 1). By contradiction x___ vy or x___ vs.
eCasel. v viandx...,v9,0r 2 vy and x..., v1.
W.lo.g., we can assume that x___ v, and ..., v.

Case 1.1. x..., vs.
Since Uiz w05} = T— 01— Vo 03 and G fy, vy vy} = V1 — V2 — v3, by Lemma 4.4,
Glapvawey = ¢ —> 01 —> va —> vz and Gl 000 = Gl e,y Lhus in G we
have {vg,z} — v; — vy — v3, and in G’ we have {vg,x} +— v; +— vy — vs.
So G’[XU{Z} # Gixugzy- On the other hand, G’[Xu{m} and E{Xu{m} are not isomorphic
because their types are distinct. Then G’[ XU{z} and Gxu{,} are not 5-hypomorphic up to
complementation, a contradiction.

Case 1.2. x__ v3 and x ..., vp.
As E(U {ewowsy) = {{m,v0}, {vo,v3}} and vg...,vs, 1) of Lemma 4.3 gives {x,vo} is a
neutral pair in G. We have E(U\(zv9,0,}) = {{Z,v0}} and v —, v1, then 3) of Lemma
4.3 gives v; —, x and vy <—_, ¥. AS E(U}{z0051) = {{v1,v3}} and v;.. ., vs, 3) of
Lemma 4.3 gives x —, v3 and o +—_, v3. Since E(Uj(zp.053) = {{7,v3}}, thus 2) of
Lemma 4.3 applied to {vo, z,vs} gives {x,vs} is an interval for Gz uy,0,}, since Vo . . ., Vs,
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SOT...,v and x ..., vo.
In G we have vy — v — {2, v2} — v3 and in G’ we have vy «— vy — {z,v2} +— v,
SO G’(Xu{x} # Gixugz}- By types, G}Xu{x} # Gixugey- We get a contradiction with the
5-hypomorphy up to complementation.

Case 1.3. z_ {wo, v3}.

As E(U{zw003) = {{vo,va}, {ve, x}} and vg...; ve, 1) of Lemma 4.3 gives {z, vy} is a
neutral pair in G. Since E(U {z05,05)) = {{x,v2}} (resp. E(Uiz0,00)) = {{x,v2}} and
vy —, U2), 3) of Lemma 4.3 applied to {z,vs,va} (resp. {x,vi,v2}) gives z «—_ v3 and

r —_, v3 (resp. + —, vy and & <—_, v1). We have E(U(z5,05}) = {{v0,v3}}, thus 3)
of Lemma 4.3 applied to {z,vo,v3} gives x —, vg and z «—_, vo. As E(Ujzuom}) =
{{z,v0}}, 2) of Lemma 4.3 applied to {z, vy, va} gives {z,vo} is an interval of G{zv0,00}
then z...,vo and w..._, vo. The induced digraphs G|(v) v, ,v,.0) and G’r{yo’vl’vw} are not
isomorphic up to complementation, which gives a contradiction with the hypothesis G and
G’ are (< 5)-hypomorphic up to complementation.

o Case 2. x—__{v1,vq}.

Case 2.1. x..., {vo,v3}.

We have E(Uizuw) = {{z,vs} {vi,vs}} and vi... v (resp.  E(Upzww}) =
{{z, v}, {vo,v2}} and vg...,v2), then 1) of Lemma 4.3 gives {z,v3} (resp. {x,vo})
is a neutral pair in G. We have E(Uj(zuu)) = {{z,v3}} and vo —, wv3 (resp.
E(Uzp0my) = {{z,v0}, {z,v1}} and vy —, wv1), then 3) of Lemma 4.3 applied to
{x, v, v} (resp{vo,v1,7}) gives v ¢—, = and v, —_, = (resp. v; —>, = and
v1 +—, ). We have E(Uje,,05)) = {{z,v1}} (tesp. E(Upewony) = {{7,v2}}), then
2) of Lemma 4.3 applied to {x,v1,v3} (resp.{vg,ve,x}) gives {z,v1} (resp. {z,v2}) is an
interval of Gz, ) (tesp. Giugwe,e}) then ... vz and x..._, v3 (resp. z..., v and

T ., vo). By types, G’HUO’UWM} o~ af{vﬂﬂflﬂ)%x}‘ If o is an isomorphism from G'{v) 0 vz,2}

onto G’r{vwl’vz’x}, then o(v1) = vy because v; is the only vertex in {vg, v1,vq, 2}, whose

not adjacent to any neutral pair in Gi{yy v, me}; NOW since da{ }(vl) = 2 and
v(,V],V2,T

dg (v1) = 1, we deduce that Gp, . v % G0} A contradiction.

{vg,vy1,v2,x}
Case 2.2. v jvgand x...,vpor x—_ vp and x ..., vs.

W.lo.g., we can assume that x___ vs and x ..., vp.
We do the same proof as Case 1.2. In G we have vy — v; — {x,v23} —> v3 and in G’
we have vy <— v1 «— {x,v3} <— v3, so G}XU{m} an Gxufz} are not 5-hypomorphic up to
complementation, a contradiction.

Case 2.3. z— {vo, v3}.
According to the nature of {z,vs} in G, we can distinguish the following subcases.

Case 2.3.1. © —, vy O T —, V.

W.lo.g. we can suppose ¥ —, vy. As 2___ vy then x +—_, v,. We have E(Ur{m,vwg}) =
{{vo,va}}, vo...,v2 and x —_, vy. So, 3) of Lemma 4.3 applied to {x,vp,v2} gives
T +—, vg and x —_, vo. We have E(UHWO,UB}) = {{wo,v3}} and vy ..., vs, then 3) of
Lemma 4.3 applied to {x, vy, v3} gives * —, v3 and & +—_, v3. We have E(Ur{r,vl,va}) =
{{v1,v3}} and vy ..., v3. So 3) of Lemma 4.3 applied to {z,v1,v3} gives x «—, v; and
r —_, v1. We have that x is the only vertex in {vg, vz, v3, 2}, which is not adjacent to
any neutral pair in G{ygvs,0,2}- AS dg (z) # df, (), then G ) 0o 2y

GH"’07”2’U3@} {vg,vg,v3,z}



14

G {vo,0,03,03- Moreover G,y % G {wov9,05,2} DeCAUSE their types are distinct. We get
a contradiction with the 4-hypomorphy up to complementation.
Case 2.3.2. x..., va.
As vy...o{z,v0}, vo. ..,
As vg...., {z,v3}, vo... o v3 and 2 v,
VL then T, V1,S0T. Slnce G {vo,00 vs,x} and G’
respectively the types (1,4) and (2,3), G}
to complementation, a contradiction.
Case 2.3.3. v vs.
We do the same proof as Case 2.3.2. O

thus xicvo, SO T ... Vo
SO . As vg....{z, 0},

{0,002} 1NAVE
and G'1{vy,vz,03,#) are not isomorphic up

[{vo,v2,v3,2}

From Lemma 5.1, we obtain the following result.

Corollary 5.2 Let G and G’ be two digraphs on the same vertex set V' such that G and G’
are (< 5)-hypomorphic up to compleﬂentation. LetU := G+G', X := {vg,v1, -+ ,vp_1} C

Vandz € V\X. If Gix = P or P!, and Gl = Giy then,

1) [IZ’...U{'Ul,"' ,kag}.

2) Up to isomorphism, Uixu(zy s one of the following graphs:

T V)—V1— oo Vg2 VL1

r___V9p—UV1— ... Vg9 Vi1

X

Proposition 5.3 Let G and G’ be two digraphs on the same set V of n > 4 wertices,
such that G and G' are (< 5)-hypomorphic up to complementation and U = G+G’ is
connected. Let X C V.

1) IfG[X:F; andG'[X:G*fX, then G ~ P, or G ~ C,, and G' = G*.
% N [E—

2) If Gix ~ Py and G?X:G*rx; then G ~ P, or G ~ C,, and G' = G*.
_>

3) If Gix ~ P{ and G'y = Gix, then G = P! or G~ C}, and G' = G*.
— — — — .

}) If Gix ~ P| and Gy = G*\x, then G ~ Pf or G~ C}, and ¢’ = G~

Proof It suffices to prove 1) because 2), 3) and 4) are consequences of 1). As Gx ~ P4,
let Pg be a largest induced oriented path in G reversed in G’. Clearly, ¢ > 4. W.l.o.g. we

CanassumePg—vo—>v1—> -—)velandG(ﬁ)—vo<—vl<— C— Uy,
é
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So U =V Ve Vpovy_q. If V(f’;) V, then G = ﬁ; and G’ = G*.

the rest of thls proof, we assume that V'\ V(Pg) # (. As U is connected, there exists
v € V\ V(Pg) such that U,
isomorphism, U v

WV (B)Uf 18 connected.  From 2) of Corollary 5.2, up to

is one of the following graphs:

(Ph)u{we}
Vo Vg——UV1— ... Up_9___ Uy 1
Vo —U1— —Ur—2—Ur—1
\ ’UK/
If Urv (B))ulor) is the graph vp___vo__ v ...__wv;_o___wvy_; then, from Lemma 4.4,
/ *

we have G VBt = Ve vo — vy — -+ —> vy and G VEUfve) G’ NV Pufve)
that contradict the fact that Pg is the largest induced oriented path in G reversed in G'.
Then U V(B U0} is the second graph.
If thereis z in V\ (V (?@)U{U@}), we have v,y v, w41 wvioforeachi € {1,...,0—2},
then from 1) of Lemma 5.1, z...pv; for each i € {1,...,¢ — 1}, also we have

Vp—1— Uy Vo1, SO frorgl) of Lemma 5.1, z.. .y {vo, v¢}. Thus x.. (V(Pg) U{ve}).
As U is connected, V = V(F;) U {v.}.

We have G[{Uo,vl,...,w_g} = v — v — -+ —> U3 and UT{ve,vo,vlw-,W—z}
Vg Vo— V... Vp_3—_vp_p, then from Lemma 4.4, G, 001,000 = Vo —
Vo —> U1 — -+ — U3 and G {ve,00,01 002} GT{W,vmvh.--,vzfz}'

We have UHW?Q,W?LW} = Vo Up...Vp_1, Vg —>, Vp—1 and vp_o..., vy, then 3)

Lemma 4.3 applied to {ve_2,ve—1,v¢} gives vo_y —>, v and vy <—_, v, Then
~ 1 *
G=Cyp1 and G' = G*.

Proof of Theorem 1.3. If G is a tournament then from Proposition 1.1, G and G’ are
total orders. If GG is not a tournameﬂ, then using Proposition 4.6, there exists a subset

% —_
X of V(G) such that, G;x ~ P, or P/, and Giy = GTyx or G*x; then we conclude using
Proposition 5.3.
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