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GLOBAL JACQUET-LANGLANDS CORRESPONDENCE
FOR DIVISION ALGEBRAS IN CHARACTERISTIC p

A.ILBADULESCU AND PH.ROCHE

Abstract: We prove a full global Jacquet-Langlands correspondence between
GL(n) and division algebras over global fields of non zero characteristic. If D is a
central division algebra of dimension n? over a global field F' of non zero charac-
teristic, we prove that there exists an injective map from the set of automorphic
representations of D> to the set of automorphic square integrable representations
of GL,(F), compatible at all places with the local Jacquet-Langlands correspon-
dence for unitary representations. We characterize the image of the map. As a
consequence we get multiplicity one and strong multiplicity one theorems for D*.
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1. INTRODUCTION

We prove the global Jacquet-Langlands correspondence between GL, over a
global field F' of characteristic p and D* where D is a central division algebra of
dimension n? over F. A corollary is the multiplicity one and strong multiplicity
one theorem for D*. We then answer two questions asked by Laumon, Rapoport
and Stuhler. The first case of full global Jacquet-Langlands correspondence was
proved by Jacquet and Langlands [22], for n = 2. This is a monumental work
which served as an example for all the other proofs so far. By "full” we mean
that there is no condition on the representations to transfer. Notice that ”partial”
correspondences, say, for automorphic representations which are cuspidal at two
places or so, are very useful, but never imply as a corollary the multiplicity one
theorem for inner forms.

For n = 3 and F of zero characteristic a full global correspondence was proved by
Flath in [I7]. Then in zero characteristic for D satisfying the additional condition
that D is a division algebra at every place where it does not split by Vignéras ([39],
never published) and later by Harris and Taylor ([20], Chap. VI). The correspon-
dence for every n and without condition on D is proved in zero characteristic in [9]
and [12] (the first paper assumes that D splits at all infinite places, and in the sec-
ond this condition is dropped). Only some partial cases of the Jacquet-Langlands
correspondences were proved in non zero characteristic, mainly for practical pur-
poses (need to construct a representation doing this or that), for instance in [21],
Appendix 2, and [27].

As far as we know, our result is the first case of full correspondence in non
zero characteristic since [22]. The main ingredients not available in the past were
the local transfer of all unitary representations and a trace formula in non zero
characteristic. Laumon and Lafforgue developed the trace formula in [26] and [23].
The formula is not invariant like the one in [5] so it is more difficult to use. This
explains why we had to confine ourselves here only to the case when the inner
form is a division algebra.

In the second section we recall the local tools we will use. We are very care-
ful to give reference or full arguments for results which are ”well known” in zero
characteristic, but less well known in non zero characteristic. For instance we
work only with functions with support in the regular set (which excludes for ex-
ample elements whose characteristic polynomial is irreducible but not separable).
The submersion theorem of Harish-Chandra allows one to easily transfer these
functions in any characteristic.

In the third section we define the automorphic representations we want to trans-
fer (the discrete series). We use the positive characteristic setting (as in [26] and
[23]) which is slightly different from the one in zero characteristic but we explain
how to switch from one to another. Then we give the precise claim of our main
result.

The fourth section is devoted to the proof. The main ingredient is clearly here
the trace formula of Lafforgue. Without this non trivial result nothing would
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be possible. We show that the geometric side and the spectral side of the trace
formula for GL,, take simple form when applied to functions coming from D*.

In the fifth section we give (positive) answer to some questions asked by Laumon,
Rapoport and Stuhler in [27].

The correspondence proved here completes also the proofs of Lubotzky, Samuels
and Vishne in [30] (see their Remark 1.6).

The first named author was partially supported by the ANR 08-BLAN-0259.

2. LocaAL

2.1. Basic facts. Let F be a local field and fix an algebraic closure F of F. Let
D be a central division algebra of dimension d? over F. Let Op be the ring of
integers of D.

For r any positive integer, we denote G L, (D) the group of invertible elements
of M,(D). Let B be the subgroup of upper triangular matrices and let standard
parabolic subgroups be the parabolic subgroups containing B. Let A = {1,--- r—
1}, (for r = 1,A = ), to any subset I C A one associates an ordered partition
rr = (ry,- -+, 1) of r defined by the condition A\ I = {ry,r +ry,--- , 71 + 72 +
... + r,_1}. This map is a bijection between the set of subsets of A and the set
of ordered partitions of r. To any I C A one associates the subgroup M;(D)
of GL,.(D) which is the group of block diagonal invertible matrices with blocks
of size r1,79,...,7 (the components of the partition r;) with coefficients in D,
the unipotent sub-group N;(D) which is the group of corresponding upper block
triangular matrices with unit matrices on the diagonal and the associated parabolic
subgroup P;(D) = M;(D)N;(D). The groups M (D) will be called standard Levi
subgroups of GL,(D).

If P is associated to r; consisting of a k-tuple we denote |P| := k. There is a
bijection between the set P§ of standard parabolic subgroups of GL,(D), the set
of ordered partition R of r, and the subsets of A. If P = P; is a standard parabolic
subgroup of GL,(D) we will denote Mp := M the standard Levi component of
P and Np := Ny its unipotent radical. Two important parabolic subgroups are
the one corresponding to I = () and to [ = A. We have ry = (1,1,...,1), Py is
the standard minimal parabolic subgroup of GL,.(D) and My = Mj is the group
diag(D*,...,D*). We have ran = (r), P» = M = GL.(D).

Let K be the maximal compact subgroup GL,(Op) of GL.(D). We endow
GL,(D) with the Haar measure dg such that the volume of K is one, and the
center Z of GL,(D) with the Haar measure such that the volume of Z N K is one.

Set now G := GL,.(D), A := M,(D) and n := rd. The theory of central simple
algebras allows one to define the characteristic polynomial P, for elements g € A in
spite D is non commutative. P, is a monic polynomial of degree n with coefficients
in F. It is the main tool for transferring conjugacy classes between GL,,(F') and
its inner forms like G.

There are (at least) two ways of defining the characteristic polynomial P, as we
recall hereafter. For details and proofs see, for example, [34] chap. 16 and 17. It
is known by class field theory that the division algebra D contains an unramified
extension F of F' of degree d, with (cyclic) Galois group say Gal(E/F'), and that
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A®p E = M,(FE) (Corollary 13.3 and Proposition 17.10 [34]). This gives an
embedding of A into M, (E). If g is an element of A, the characteristic polynomial
P, of the image of g in M, (E) does not depend on the embedding (by Skolem-
Noether theorem). Also, P, turns out to be stable by all the elements of Gal(E/F),
hence P, € F[X] and this is the first definition of the characteristic polynomial.
An embedding of A in M,,(F) preserves the minimal polynomial, so we have that
the minimal polynomial of g divides the characteristic polynomial and the roots
of the characteristic polynomial in F' are also roots of the minimal polynomial.

The other way of defining P, is the following: left translation with ¢ in M, (D)
is an F' linear operator L(g) and it has a characteristic polynomial Pr ). It is a
monic polynomial of degree n?. One can prove that this polynomial is always the
power n of a monic polynomial which is, again, F,.

Let g € G, we say g is elliptic if P, is irreducible and has simple roots in F.
We say g is regular semisimple if P, has simple roots in F. Let G be the set
of regular semisimple elements of G, which we familiarly call the regular set. If
g € G, then P, is also the minimal polynomial of g over F. If g,h € G, then h
is conjugated to g if and only if P, = P, as showed in the following lemma. Let
Oc be the set of conjugacy classes in G, O the set of conjugacy classes of regular
semisimple elements and (58” the set of conjugacy classes of elliptic elements.

For k|n, let A}, C F[X] be the set of monic polynomials P of degree n with
distinct non zero roots in F and such that, if P = [[, P; is the decomposition of
P in irreducible factors k£ divides the degree of each P;.

Lemma 2.1. The map g — P, is a bijection from O¢ to Xy and from
O to X,,.

_ Proof. We prove only the bijection between O¢ and X;; the bijection between
Ol and X, being obvious.

First we show that ¢ € G implies P, € &;. We do it by induction on r. Let
r = 1. Then, if g is regular semisimple, then P, is irreducible. Indeed, we know
that P, is also the minimal polynomial of g, and as D is an integral domain,
it has to be irreducible. Now assume r > 1. If P, is irreducible, the result is
clear. Assume P, = PP, with P, and P, non constant. As it is pointed out
n [25], XVII sect. 1, if D’ is the opposite algebra to D and we consider the
left- D'-vector space V := D" endowed with the canonical basis, then the usual
way of associating a matrix to a linear map in the commutative case yields here
a left- D-linear isomorphism M, (D) ~ Endp/ V. If g € M,(D) we denote f, the
associated D’-endomorphism. As P,(g) = 0, one has P,(f,) = 0. Now P, and P,
are mutually prime because P, has simple roots in . Write UP; + V P, = 1 with
U,V € F[X]. It is easy to see that, as in the commutative case, U(f,)Pi(f,) and
V(fy)P2(f,) are associated non zero projectors which both commute to f, (because
all the coefficients of the polynomials involved are in F'), and yield a non trivial
decomposition of V' =V} @ V5 of V into a direct sum of spaces stable by f,. Base
change implies then that ¢ is conjugated with an element of M,,(D)xM,,(D) C
M, (D), r1 +ry = 1, riro # 0. We then apply the induction assumption. This
proves P, € Xjy.
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We show now that the map g — F, is injective. As g € G, the subalgebra Flg]
of A generated by ¢ is isomorphic to F[X]/(P,) by sending g to the class of X. So,
if g and g’ are such that P, = P}, there is an isomorphism 7 : F'[g] — F[¢] sending
g to g’. Assume first that P, is irreducible. Then F([g] is a field and as A is a
simple algebra, the result follows by Skolem-Noether theorem which asserts that ¢
is conjugation with an element of A. The general case follows then by induction,
as before.

We show the surjectivity. Let first P be an irreducible monic non constant poly-
nomial over F of degree divisible by d. Assume P has simple roots in F. Consider
the extension E := F[X]|/(P) of F of degree equal to deg P. According to [34],
Corollary 13.3, there exists a subfield of M dex (D) isomorphic to E. So M dex P (D)

contains an element g, such that P, = P. Moreover g is (invertible and) regular
semisimple by definition. Now pick up any element P of X; and decompose it
P =TI, P, in irreducible factors. By definition, the degree of each P; is divisible
by d. For each i, let g; € Mﬁ(D) such that P,, = P,. Then let g € M, (D) be

the element in the Levi subgroup [[; GLaer, (D) whose blocks are the g;. Then
d
P, = P. This proves the surjectivity. O

If g€ A (resp. g € G), A, (resp. G,) will be the centralizer of g in A (resp. in
G). If g € G, then X — g is an embedding of F[X]/(P,) in A with image A,. G,
is a maximal torus of G, isomorphic to the group A; of invertible elements of A,.
The set ég of regular semisimple elements of G, is a dense subset of G,. In the

following we will use the lemma:

Lemma 2.2. Let g € G and fir a Haar measure on Ggy. Let i be a

continuous automorphism of G4 such that, for all h € é'g, i(h) has the
same characteristic polynomial as h. Then i is measure preserving.

Proof. If 7 is conjugation by an element of G this comes from the fact that the
Weyl group is finite, the Haar measure is unique up to a scalar in R and a finite
subgroup of R is trivial.

In the general case, as ¢ is regular semisimple, i(g) is conjugated to g. So
composing ¢ with the appropriate conjugation, which is measure preserving, one
may then assume that i(g) = g. Now there is an open neighborhood V' of ¢ in
G, such that all the elements of V' are regular semisimple, and not conjugated to
each other ([I8] for example). The map g — P, is so injective on V. Then i~ (V)
has the same property. If W := V N4 (V) then W is an open neighborhood
of g, and, as i preserves the characteristic polynomial we have to have i(h) = h
for all h € W. So the restriction of ¢ to an open set is identity and ¢ is measure
preserving. U

2.2. Transfer of orbits. We now change notation in order to fit to the standard
literature in this field: we set A" := M,(D), G’ := GL,(D), like before, and
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A:=M,(F), G := GL,(F). We identify the centers of G and G’ by the canonical
isomorphism and we call it Z. If d is a positive integer dividing n, we let G¢ be
the set of elements g € G such that P, € X;.

We write ¢ <> ¢ and we say that g corresponds to ¢ if g € G4, ¢ € G’ and
P, = P,.

Because @G/ is in bijection with X; and @G is in bijection with A7, the inclusion
X; C A induces an injective map from @G/ to @G associated to the previous
correspondence.

2.3. Transfer of centralizers. On tori of type Gy, g € G, of G we fix Haar mea-
sures such that if two such tori are conjugated then the measures are compatible
with the conjugation. Moreover, if G,/Z is compact (i.e. g is elliptic), we assume
the measure gives volume one to G,/Z. This is well defined thanks to the lemma
2.2

We are going to fix Haar measures on tori G}, g' € G of G. It ¢ € G, let
g € G such that g <> ¢’. Then P, = Py and we get canonical isomorphisms
Ay >~ F[X]/(P,) ~ A, which preserve the characteristic polynomial. Then we get
an isomorphism Gy >~ G, (both are isomorphic to (F[X]/(F,))*) and we use this
isomorphism to define a Haar measure on G’g, through transfer from G,. This is
well defined (does not depend of choices) thanks to the lemma 2.2 Moreover, if
G, and G, are conjugated then the measures are compatible with the conjugation
and if G, /Z is compact (i.e. ¢’ is elliptic), the measure gives volume one to G, /Z.

2.4. Transfer of functions. If (' is a non empty subset of GG, we denote
- 1¢ the characteristic function of C,
- Ad(G)C the set of all elements of G which are conjugated to an element of C,
- H(C) the set of complex functions on G which are locally constant and has
compact support included in C.
We denote Supp(f) the support of a function f.
If f € H(G), then we define the orbital integral of f in a point g € G by

®(f.9) :Z/G\Gf(xlgx)dfc

where dz is the quotient measure. The integral is convergent ([26] proposition
(4.8.9)). ®(f,-) is locally constant on G and stable by conjugation under G. If
f € H(G), then we have Supp(®(f,-)) € Ad(G)Supp(f) C G.

According to the Harish-Chandra submersion theorem [I8], every ¢ € G has a
neighborhood V' in G such that there is an open compact subgroup K, g of G and a
neighborhood V;, of g in G,NG such that the map K,xV, — V defined by (k, ) ~
k~lzk is an isomorphism. We will call such a neighborhood a HC-neighborhood.
Notice that the orbital integral ®(1y,-) of the characteristic function of V' is a
scalar multiple of 144)y. A classical application of Harish-Chandra submersion
theorem is then the following lemma:
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Lemma 2.3. Let C be an open compact subset of G. Let ® : G — C be
a locally constant function stable by conjugation, such that Supp(®) C
Ad(G)C. Then ® is the orbital integral of a function f € H(C).

Proof. Let C' = Ujc;V; be a covering of C' with open sets V; such that every set
V; is included in a HC-neighborhood. One may write C' = Hle U; where Uj; is
open compact, ® is constant on U; and for every ¢ there exists j such that U; C V;
([36], Lemma I1.1.1.ii). Then the orbital integral of 1y, is constant and non zero on
Ad(G)U; and so there is a scalar \; such that the orbital integral ®(\;1y,, +) is equal
to ® on Ad(G)U;. The function f := Ele Aily, has the required property. O

We adopt the same notation with G’ instead of G. The same results are true for
G'. We write f <+ f’ and say that f corresponds to f'if f € H(G?), f' € H(G"),
and we have . 3

- (I)(fag) = (I)(flag/)av.g € G,\V/g/ S Gag A gla

- ®(f,g9) =0if g € G\G™.
A consequence of the lemma [2.3] is the following:

Proposition 2.4. (a) If f € H(GY), then there exists f' € H(G') such
that f < f'. )
(b) If f' € H(G") then there exists f € H(G?) such that f < f'.

2.5. Transfer of unitary representations. If 7 is a smooth irreducible repre-
sentation and f e H (G), one defines the finite rank operator 7(f) by the usual
formula 7(f) == [, f g)dg. If m and 7’ are isomorphic, then trr(f) = tra’(f).
Let 1 TT‘(G) be the set of 1somorphy classes of smooth irreducible representations
of G and Irr,(G) the subset of unitarizable (classes of) representations. Harish-
Chandra (]I8]) attached to the smooth irreducible representation 7 its character
X, defined in any characteristic, which verifies:

- X is a locally constant function from G to C, which is stable by conjugation

-if f E H( ~) then for every representation o in the isomorphy class of 7 one
has tro(f) = [5 f )Ydg
(original result by Harlsh Chandra [19]; see also [14] and [31]).

This holds also for G', and we define Irr(G"), Irr,(G') and x, for 7 € Irr(G’)
in the same way.

Harish Chandra ([19]) proved, when the characteristic of F' is zero, that tro(f) =
Ja f( g)dg for any f € H(G) (see also [14]) (resp. f € H(G’)). This was also
proved to hold for G ([28]) and G’ ([10], [29]) when the characteristic of F is
positive.

We will frequently identify irreducible representations with their class in Irr(G)
when using notions which are invariant under isomorphism. Let I77¢(G) be the set
of representations of 7 € Irr,(G) such that the restriction of y, to G¢ is not null.
We have the following theorem, proved in [I1], which is a local Jacquet-Langlands
transfer in positive characteristic for all irreducible unitary representations gener-
alizing [15]:
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Theorem 2.5. There is a unique map LI : Irrd(G) — Irr,(G') such
that, for every m € Irr(G) there exist e(r) € {—1,1} such that

Xx(9) = e(m)xLa)(9)
for all g < ¢ .

In general, the map LJ is neither injective nor surjective.

3. MAIN RESULT

3.1. Basic facts. Let F' be a global field of characteristic p i.e. a finite extension
of the field of fractions F,(X). Fix an algebraic closure I of F. For each place v
of F', let F, be the completion of F' at v, O, be the ring of integers of F,,, and fix
once for all an algebraic closure F, of F,.

Let D a central division algebra over I of dimension n?. We set A = D, and
for each place v of F' let A, := D ®p F,. A, is a central simple algebra over
F, and by Wedderburn theorem A, ~ M, (D,) for some positive integer n, and
some central division algebra D, of dimension d? over F, such that n,d, = n. We
will fix once and for all an isomorphism and identify these two algebras. We will
denote O! the ring of integers of D,,.

We say that D splits at a place v if d, = 1. The set V of places where D
does not split is finite and it is known by the class field theory that n is the least
common multiple of the d, over all the places v € V.

Let G be the group GL,(F'), and for each place v of F, let G, be the group
GL,(F,). Let then K, be the maximal compact subgroup GL,(O,) of G,.

Let G’ be the group D*; for every place v € V, set G, = A = GL, (D,). Set
then K := GL,,(0O!) a maximal compact subgroup of G!. For v ¢ V', we fix once
for all an isomorphism A, ~ M, (F,) and we identify these algebras. Notice that
such an isomorphism is, by Skolem-Noether theorem, unique up to a conjugation
by an invertible element of the algebra. Identify consequently G’ and G, and set
K| = K,.

Let A be the ring of adeles of F' and denote G(A) the adelic group of G with
respect to the K,,. We consider G as a subgroup of G(A) by the diagonal embed-
ding. Let Z be the center of G; it is identified with F'*, and for each place v, let
Z, be the center of G, also identified with F*. Let Z(A) be the center of G(A),
also identified with the adelic group of Z with respect to open compact subgroups
K,NZ,. Z(A) identifies with the group of ideles A* of F. For every place v of F,
fix the Haar measure dg, on GG, such that the volume of K, is one, and dz, on Z,
such that the volume of Z, N K, is one. On G(A) (resp. Z(A)) consider then the
unique product Haar measure dg (resp. dz).

One defines a group morphism deg : A* — 7Z, as defined page 15 of [23] or Part
IT of [26] page 3, by

deg(a) = 3 deg(v)v(a,)
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where a = (ay)y, K, is the residual field of F,, deg(v) denotes the dimension of &,
over [F, and the sum is taken over all places v of F.

This morphism is surjective (Lemma 9.1.4 page 3 of [26]). We let a = (a,), € A~
an idele of degree 1. According to the Lemme 1 page 48 of [23], we may assume
that a, = 1 outside a finite set of places T, such that T, NV = (. This is not
essential for the proof, but it highly simplifies computations. Let J := a? the
subgroup of Z(A) ~ A* generated by a. It is not a restricted product over all
the places, but may be written as a product Jr, x {1}, where Jr, is a subgroup
of Xyer,Z, and {1} is to be understood as the trivial subgroup of the restricted
product Xi)géTaZU'

We denote G’(A) the adelic group of G’ with respect to the K. We consider
G'(F) as a subgroup of G'(A) by the diagonal embedding,.

There are canonical isomorphisms between the center of G and the center of
G', and, for all place v, between the center of GG, and the center of G!, so we
will identify them. The same is true for the center of G(A) and the center of
G'(A) which will be identified. For every place v of F, fix the Haar measure dg,
on G such that the volume of K is one. On G’(A) consider then the product
Haar measure dg’. For the places v ¢ V, the identification between G, and G is
compatible with these choices.

For the theory of parabolic subgroups of G we adopt the same conventions
and notation as in the local case, which are the conventions of [26] for example
A ={l,---,r— 1}, and to any subset I C A we associate a standard parabolic
subgroup Pr(A), with Levi decomposition P;(A) = M;(A)N;(A) etc.. If P = P;
is a standard parabolic subgroup of GL,(A), we will sometimes write Mp := M|
for the Levi component of P and Np := Ny for its unipotent radical, P = MpNp.
Same notation over F: P(F) etc.. My := My is the minimal standard Levi
subgroup made of diagonal matrices of GL, and P, will denote the finite set of
all parabolic subgroups, standard or not, containing M. Let P§ be the subset of
Py made of standard parabolic subgroups. Every P € P, has a Levi component
which is a standard Levi subgroup, denoted Mp. Then, if r; = (r1,...,7%) is the
partition associated to Mp, we define a homomorphism degy;, : Mp(A) — Z* by:

degnr,(g) = (deg(det(g1)), ..., deg(det(gr)))

where g = diag(g1, ..., gx) is its block decomposition, (note:we use here the nor-
malization of L.Lafforgue [23] p280).

3.2. Automorphic representations. In this subsection we follow [26] and [23].
We will be concerned with the representation of G(A) acting on the space of
functions on G(F)\G(A)/J by right translation. We endow G(F)\G(A)/J and
G'(F)\G'(A)/J with the quotient measures. According to [23], II1.6.Lemme 5,
G'(F)\G'(A)/J is compact, G(F)\G(A)/J has finite measure, and they both have
the same measure. We denote Rg the representation of G(A) acting on the space
L*(G(F)\G(A)/J) by right translations.
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We have a variant, for any parabolic subgroup P € Py of GG, of this representa-
tion which is the representation of G(A) acting on the space of L*(Mp(F)Np(A)\G(A)/J)
by right translation. We denote RZ this representation. Note that RSG = Rg.

We also need the representations of Mp(A) on the space of L*(Mp(F)\Mp(A)/J)
which is important for defining the notion of discrete pair.

Let P = MN be a parabolic subgroup of G, Z); the center of M and y :
Zy(F)\Zy(A)/J — C a smooth character, let K’ C K an open subgroup of
K, we denote L2, (M(F)\M(A)/J,x) the space of (necessarily locally constant)
functions f on M(A)/J with values in C such that:

o f(zm) =x(2)f(m),Vz € Zy(A)/J,Vm € M(A)/J

e f is invariant on the left by M (F')

e f is invariant on the right by K’ N Mp(A)

e [ is of finite norm in the sense of Lafforgue [23] page 282.

We denote L2 (M(F)\M(A)/J, x) the inductive limit liin L2, (M(F)\M(A)/J,x).

One therefore obtains a representation Ry, , of Mp(A) acting on L2 (M (F)\M(A)/J, x)
by right translation.

An irreducible subrepresentation of Ry, is called a discrete series of M (A).
The subspace of Ry, generated by all irreducible subrepresentations is denoted
L2 (M(F)\M(A)/J, X)disc- The isotypical components of L2 (M (F)\M(A)/J, X)disc
are called the discrete components.

A discrete pair is a couple (P, m) where P € Py and 7 a discrete component
of Ryrp . for some central character x, (which is necessarily the central character
of ).

Every discrete series 7 of G(A) is isomorphic with a restricted Hilbertian tensor
product of (smooth) irreducible unitary representations m, of the groups G, as
explained in [I6]. Each representation , is determined by 7 up to isomorphism
and is called the local component of m at the place v. For almost all places

v, T, has a non zero fixed vector under K,. We say then m, is spherical.
The same definitions and properties hold for Mp(A) and for G'(A).

3.3. Relation with the classical setting. This setting is slightly different from
the classical one ([32] or [I]) and references therein. This is because the quotient
with this subgroup J is very convenient in non zero characteristic. As the corner-
stone of our proof is the Theorem 12, V1.2 from [23], we need this definition. Let us
explain quickly the link with the classical setting: let us say that a discrete series
in the sense of [32] is cctJ if it has central character trivial on J. Then the discrete
series of G(A) as defined here correspond exactly to the cctJ discrete series in the
classical setting. In particular, the multiplicity one theorem holds for G(A) and
our discrete series (not a priori for G'(A) but we will prove it here). The other way
round, a discrete series in the classical setting is always a twist with a character
of a cctJ (following lemma) so proving the Jacquet-Langlands correspondence in
Lafforgue’s setting leads also to the desired result in the classical setting.
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Lemma 3.1. (a) Let x be a character of F*\Z(A). Then there exists
a character X' of G(F)\G(A) (or G(F)\G'(A)), X' = p*de°dt where s
is a complex number, such that xx’' is trivial on J.

(b) If 7 is a discrete series in the sense of [32] with central character
X, if X' is like in (a), then X'™' @ 7 is cctJ.

Proof. (a) We search for s such that x’(a)x(a) = 1. Recall degdet(a) = n. Let
2 be a n-th root of x(a). It is enough to chose s € C such that p* = z71. (b) is
obvious. t

3.4. Claim of the correspondence. If 7 is a discrete series of G(A), we say 7 is
D-compatible if the local components of 7 verify : for allv € V., 7, € Irr®(G,).
We will prove the following theorems:

Theorem 3.2. Global Jacquet-Langlands correspondence.
There exists a unique map G from the set of D-compatible discrete
series of G(A) to the set of discrete series of G'(A) such that for all
discrete series m of G(A) if ©" = G(w) then
- LY, (m,) = 7 for all places v € V, and
- m, =, for all places v ¢ V
where L, denote the local Langlands-Jacquet correspondence at place
v of theorem [2.3.
The map G is bijective.

Theorem 3.3. Multiplicity one Theorems for G'(A).

(a) If 7’ is a discrete series of G'(A), then ' appears with multiplicity
one in the discrete spectrum (multiplicity one theorem).

(b) If ', " are discrete series of G'(A) such that 7}, >~ «) for almost
all place v, then ™' = 7" as subrepresentations of L*(G'(F)\G'(A)/J)
(strong multiplicity one theorem).

The rest of the paper is devoted to the proof of these theorems. We will work
with the Laumon-Lafforgue trace formula. Then, the lemma Bl (b) allows one to
transpose the theorem in the classical setting.

4. THE PROOF

4.1. Transfer of elliptic global orbits. Characteristic polynomials are defined
in the global case like in the local case. [34] does not treat explicitly the global
characteristic p case, but the reader may find it in [40]. If g € D has characteristic
polynomial P, € F[X] C F,[X], then P, is the characteristic polynomial of g as
an element of A, for all v since an embedding D < M (F') uniquely extends to a
continuous embedding A, < M (F},).

We say an element g € G(F) (resp. g € G'(F)) is elliptic if the characteristic

polynomial of g is irreducible over F' and has simple roots in F. Let OeGlé ) (resp.

OeGl/l(F)) be the set of elliptic conjugacy classes in G(F) (resp. G'(F)).
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Let X be the set of monic polynomials P of degree n with coefficients in F' such
that P is irreducible over F' and has simple roots in F. Let X, be the subset of
polynomials P € X such that for all place v € V', if P =[] P, is the decomposition
in irreducible factors of P over F,,, then for all ¢ the integer d, divides deg P;.

Then we have

;gemma 4.1. (a) The map g — P, induces a bijection from OgéF) to
(b) The map g — P, induces a bijection from ng(F) to Xp.

Proof. (b) The fact that the map Og/(p) — Xp is well defined, i.e. takes values
in Xp, comes from the local analogous result.

The map is injective (this may be proved as in the local case, using the Skolem-
Noether theorem).

The map is surjective: it is consequence of a result of class field theory: Let
P e Xp and set L := F[X]|/(P) which we see as an extension of F'. Then L ® F,
is a product of fields, isomorphic to F,[X]/(P;), where P; are the prime factors
of P over F,. The condition P € Xp implies that the extension L/F verifies the
condition (ii) of Proposition 5, [40] XIII sect. 3, page 253. The equivalence stated
in this proposition between (ii) and (iii) implies that L is isomorphic to a subfield
of D. The element X € F[X]/(P) = L is then sent to an element g € D whose
characteristic polynomial is P, as required. This proves the map is surjective.

(a) is now a particular case of (b). The surjectivity in (a), however, is easier to
prove using the companion matrix. O

Let G(F)” be the set of g € G(F) such that P, € Xp. Let Og(F) be the set of

conjugacy classes of G(F)D.

4.2. Transfer of global functions. Let H(G(A)) (resp. H(G'(A)) be the set of
functions f : G(A) — C (resp. f: G'(A) — C) such that f is a product f = ®,f,
over all places v of I, where f, € H(G,) (resp. f, € H(G,)) for all v, and, for
almost all v, f, is the characteristic function of K, (resp. of K). We write then

f= (fv)v-

Let G/(A)” be the set of elements g € G(A) such that for every place v € V we
have g, € G%, which is also the set of elements g € G(A) such that, for all place
veV,if P, =[] P is the decomposition of the characteristic polynomial of g, in
a product of irreducible polynomials over F,, then d, divides the degree of every
P,.
Let H(G(A)”) be the subset of H(G(A)) made of functions f = (f,), €
H(G(A)) such that, for all v € V, f, € H(G®). Let H(G'(A)) be the set of
functions f = (f'), € H(G'(A)) such that, for all v € V, f, € H(G").

If f = (f,)s € H(G(A)) and f' € H(G'(A)), we write f & f'if f € H(G(A)P),
f € H(G'(A)) and, for all v € V, f, <> f', and for all v ¢ V, f, = f.. If

v
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f € H(G(A)P), then there exists f € H(G'(A)) such that f & fand if f €
H(G'(A)), then there exists f € H(G(A)”) such that f & ' This is a direct
consequence of the local transfer of functions.

Proposition 4.2. If f € H(G(A)P), we have

(a) If g € G(A) \ G(A), then f(g) =

(b) If g € G(A) is conjugated to an element of a standard proper
parabolic subgroup P(A) of G(A), then f(g) =

(c) G(F)NG(A)P = G(F)P.

Proof. (a) and (c) are obvious.

(b) Assume P(A) be the standard proper parabolic subgroup of G(A) associated
to the partition (71,79, ...,7%). If g € G(A) is conjugated to an element of P(A),
then, for every place v, the characteristic polynomial of g breaks into a product
of polynomials of degrees r1,7s,...,7,. But there exists a place vy € V and there
exists i such that d,, does not divide r; (by class field theory, the least common
multiple of all d, is n). So f(g) =0 by (a). O

For every o € Og(F) fix once and for all an element 7, € o. Let G,, denote
the centralizer of v, in G. The centralizer G., (A) of v, in G(A) is the restricted
product of the local centralizers G, ,. These local tori are endowed with measures
like in the previous section, and G, (A) is endowed with the product measure. For
fe H(G(A)) and o € Og(F) we consider the orbital integral

D(f;7) = / f(x ™ y,m) dx
G (AN\G(A)

where dz is the quotient measure. Then ®(f;~,) is the product of local orbital
integral ®( f,;7,). We will also have to use orbital integrals ®(f; z7,), where z € J.
As J C Z(A), we have G, (A) = G, (A).

For every o' € Og/(F ﬁX once and for all an element v, € o. For f' € H(G'(A))
and v, we define the orbital integral ®(f’; 7, ) in the same way.

4.3. Trace formula in characteristic p. Laumon and Lafforgue developed, fol-
lowing ideas of Arthur, a trace formula in non zero characteristic. In this section
we review the trace formula for G(A) in characteristic p from [23] (our Theorem
[4.3). This section is devoted to the definition of the ingredients of the formula (we
show in the next subsection that most of them are null for suitable functions).
Let h: G(A)/J — C be a locally constant function with compact support and
P a parabolic subgroup of G. The convolution operator ¢ — ¢ *x h in the space
of square integrable complex functions on Mp(F)Np(A)\G(A)/J is the operator
RE(Rh) where h(g) = h(g™"). Tt is an integral operator with kernel given by:

Ky p(x,y) / Z h(y ‘ynpx)dnp.
Np(A

’YGMP
We set Kj, := K, .
Because the function x — Kj(z, ) is not integrable in general, Arthur defined
a notion of truncated trace as follows.
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We define ay = Q" and for i = 1,...,7 — 1 let «; be the linear form on ay defined
by Ozl(h) = hz — hi+1-

If I € A we denote a; = {z € ag, a;(x) =0,Vi € I}, so ap = Q(1,...,1). Let r;
be the partition associated to I. The projection ar — Q% h > (Rry, Ryy gy oo By gt )
is an isomorphism. We denote \; for s = 1,--- ,r—1,the fundamental weights, lin-
ear forms on ag, vanishing on ax and defined by \;(h) = h1+...+hi—%(h1+...+hr).

For each J C I C A we have a; = ajeBa{, where a§ ={h€as,h1+..+h.=
0,\i(h) =0,Vie A\ I}.

Arthur defines a function 77 from ag to {0, 1} characteristic function of the cone

ar+{h€ad, N(h) >0,Viel\J}+aj.
If g € G(A) we can write g = ngmgk with ng € Ny,myg € My and k € K. my is
uniquely defined up to multiplication on the right by element of My N K.
Therefore one can define a map Hy : G(A) — ag, with Hy(g) = degag,(my).

Let T € ap, one defines the Arthur truncated diagonal kernel as being the
function on G(A) defined by:

K (z,z) =Y (D" N Ky p(5x, 6)15(6)

PEPS SEP(F)\G(F)

where 2 € G(A), 1% are the functions on G(A) defined by 15(g) = 72 (Hy(g) —T)
with P = P, I C A. This is well defined because for fixed x, the sum over J is
finite (For characteristic zero this was proved by Arthur [4] Lemma 5.1, in positive
characteristic it is the lemma 11.1.1 of [26]).

The Arthur truncated diagonal kernel is a compactly supported function on
G(F)\G(A)/J according to the Proposition 11 page 227 of [23]. Therefore one
can define the truncated trace of Rg(h) denoted TrT(h) as being

TrT(h) = / K} (z,r)dx.
G(ENG(A)/T

This is denoted Tr=P(h) in Lafforgue [23] where p is a polygon defined by T on
page 221.

We now recall the results on the spectral side for general h.

We need some definitions.

Let P € Py, one denotes Ap the abelian complex Lie group (of dimension |P|—1)
of complex characters x : Mp(A)/J — C* which factorize through the surjective
homomorphism degys, : Mp(A)/J — ZIP1/(rq, ..., rp|)Z.

k deg(m

)
j=1Pj T

As a result each \p € Ap can be written uniquely as Ap(m) = ¢
with (p;) € Xﬁ?le/rf@qZ and ) f—j €Z.

We have Ap = ImAp x ReAp where ImAp (resp . ReAp) denotes the Lie
group of unitary characters (resp. of real positive characters). I'mAp is a compact
group, we denote d\p its normalized Haar measure. If A\p € Ap we can canonically
extend Ap to a function on P(A) right N(A) -invariant and then to a function
on G(A) right K— invariant using the decomposition G(A) = M(A)N(A)K (]23]
p280).
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If (P, 7) is a discrete pair, K’ C K an open subgroup, we denote
L%, (Mp(F)Np(A)\G(A)/J, ) the space of functions ¢ : Mp(F)Np(A)\G(A)/J —
C right invariant by K’ and such that Vk € K the function ¢y, : Mp(F)\Mp(A)/J —
C,m — pp(m)~'¢(mk) belongs to the isotypical component 7 C L2 (Mp(F)\Mp(A)/J, xx),
where we have denoted pp the square root of the modular character of the group
P(A).
We let L2 (Mp(F)Np(A)\G(A)/J, ) be the inductive limit
lim L2, (R (F) N (A\G(4),J, ).

One may endow L2 (Mp(F)Np(A)\G(A)/J, 7) with a structure of G(A) repre-

sentation defined by Ip(7w) = mdfﬁﬁﬁg(w ® Inpa))-

At this point it is convenient to use the notation of Laumon w(Ap) = 7 ® Ap,
when (P, ) is a discrete pair and Ap € Ap. Because it is sometimes convenient to
represent Ip(m(Ap)) in a vector space independent of A\p one is led to define the
multiplication operator

(Ap]: L (Mp(F)Np(A\G(A)/J, ) = Li(Mp(F)Np(A\G(A)/J, 7(Ap)),

f'_>f)\Pa

which is a vector space isomorphism (here Ap is the function defined on whole
G(A) as explained).

We denote W the Weyl group of GL,(F), it is isomorphic to the permutation
group &,., and we fix an inclusion W C GL,(F') associating to each permutation
the permutation matrix. If M is a Levi subgroup containing M, we denote Wj; =
WM. If M, M are two Levi subgroups containing M, we denote Hom(M, M")
the set of o € Wy \W /W) such that oMo~ € M'. If P, P’ are two parabolic
subgroups element of Py, we denote Hom(P, P') = Hom(Mp, Mp/).

Let (P,m) a discrete pair and ¢ : P — P’ an isomorphism, each such o is
represented by an element w € Wy \W/Wy,,,, and to the representation 7 of
Mp(A) one can associate a representation o(m) of Mp/(A) acting on the space
{p(w™tw), ¢ € 7}. Two discrete pairs (P,7) and (P’,7’) are said to be equiv-
alent if there exists an isomorphism o : P — P’ and a character Ap € Ap such
that 7’ = o(m ® Ap).

Let P, P’ € P, satisfying the condition Mp = Mp:, and let p € L2 (Mp(F)Np(A)\G(A)/J, 7).
One defines the function M} (¢, Ap) of g € G(A) a usual by:

ME (9. Ap)(g) = Apr(g)~" /

Np (B)NNpr (A)\Npr (4) ATVPP"

dn p!

o(npg)Ap(npg)

where we have denoted dnp p: the normalized Haar measure on Np(A) N Npi(A)
and -2 the quotient measure on Np(A)NNp (A)\Np/(A), and Apr is the function

dnp p/
defined on G(A) extending the character on Mp/(A) = Mp(A) defined by Ap, for
the precise definitions see [23].
The integral is convergent under some conditions on Ap recalled in [23] page 285
and for fixed ¢, the function Ap — ML (¢, Ap) admits a meromorphic continuation
to the whole Ap.
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If Ap is such that ME (¢, Ap) is well defined, the function g — ML (¢, Ap)(g)
belongs to L*(Mp/(F)Np/(A)\G(A)/J, 7') where (P',7’) is the discrete pair de-
fined by 7' = o(m) with o associated to an element w of the Weyl group satisfying
Mp = prw_l = Mp.

The map [Ap/] o ME (., Ap) o [Ap]~":

Lo (Mp(F)Np(ANG(A)/J,m(Ap)) = Log(Mp/(F)Np (A)\G(A)/ 1, 7' (Ap1))

is an intertwining operator between the representations Ip(m ® Ap) and Ip/(7' ®
)\P/).

One defines Fliz(P, ) to be the finite set of couples (7, up) where 7 is an iso-
morphism 7 : P — P and pup € Ap such that 7 is isomorphic to 7(m ® up), pp
is necessarily unitary. Fliz(P,7) can be endowed with a structure of finite group
([23] page 283) defined as follows:

(T/u M;—"’)(T7 :uP) = (T/T7 Tﬁl(:u/]:’):up)u

and for each (7,\) € Fix(P, ), one denotes Fiz(P,m, 7, ) the subgroup of ele-
ments of Fiz(P,r) commuting with (7, A). Lafforgue defines a discrete quadruplet
(P,m,0,)\;) as being a discrete pair (P,7) and a couple (o, \;) € Fiz(P,x). If
o : P — P'is an isomorphism, Lafforgue defines a generalization of the previous in-
tertwining operator [23] page 286, M}.fz;(., Ap) @ L2 (Mp(F)Np(A)\G(A)/J, m) —
L2 (Mp/(F)Np/(A)\G(A)/J, o(m)) and the operator [o(Ap)]o M\ (., Ap)o [Ap] !
is an intertwining operator between the representation Ip(r® Ap) and Iypy(o(m®
Ap)).

In the following, if ¢ € L2 (Mp(F)Np(A)\G(A)/J,7), h(¢,.) denotes the ana-
lytical function Ap — h(¢p, Ap) = ((¢pAp) * h)Ap'.

In [23] lemma 6 page 303, Lafforgue introduces the functions 1%, which are
rational functions on Ap and satisfy, under some condition on \% € ReAp:

(—U'Pllﬁ(g):/j R 15 (ApAB) (ApAB) (9)dAp, Vg € (Mp(F)Np(A)\G(A)/J.

He associates (page 299) to each permutation 7 of &; two surjective maps 7+
(resp.77) from the set {1,..,1} to {1,....,17} (resp. {1,...,i7}). Lafforgue defines
(Lemma 5) a generalization of the functions 1;, denoted 17, = 17 ) (1 =11, )
with 7 € &p|, and their Fourier transform 17 which are rational functions on
Ap satisfying the following equality on functions on M, py(F)Nyp)(A)\G(A)/J:

/ dupl}  (popr)T(popp) () = (=1 1]
ImAp

where g € ReAp is sufficiently small in the sense of Lafforgue [23] page 301.
Finally one obtains the theorem (theorem 12 page 309), where we have used the
formula of the Th 1.9 contained in [24] which corrects two minor misprints (the
absence of |o| the incorrect 7o (A7) instead of T7o(A;).). There is an additional
misprint concerning the place of [T ()] which should be located on the left.

Theorem 4.3. (Lafforgue) We have
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Z TT,(TP,W,J,)\W) (h)

(P77T7U7>\ﬂ)
where the sum is taken over all good representative of equivalence classes
of discrete quadruplet with © unitary and

1
T(P,W,O',)\Tr)( ) |FZ$(P, T, 0o, )\W)||O|

D Trieup ()N 0\G@)/3m) (M r oa gy (5 Aoy 1)
A

where M(igj,mo«\m/\%)(" A, h) is a finite rank endomorphism of L>(Mp(F)Np(A)\G(A)/J, )
defined by

dX,

M(TP,W,U,)\W,)\” ( )\ h lim Z 1P T ”0' AU)/)\J ( ))

po—1
no€Ap, TEG‘pU‘

([ro(Ae)] o MRS (L AND)) ™ 0 MED (L AZN 1) © B, XIN o).

In this formula we need to explain the notations P,, A\7.

To (0,\;) € Fix(P,m), one associates a parabolic subgroup P, ( [23] page
305). | P,| is the number of cycles in the permutation 0. We denote |o| the integer
product of the cardinal of orbits of the permutation o. One defines Fip o, :
ImAp — ImAp,)\p — O()\P)/(APO'(AF)), the set AXVPJr’U’)\7r = F(PJF,J,)W)(ITI’LAP) N
ImAp, is finite and we denote {\?} C ImAp a set such that the restriction
Fpron  {A2} = Xp o, is a bijection. In particular we have a(A2) /A0 (A\,;) €

ImAp, i.e is fixed by 0. Note that the operator MP (. AN /) and [To(Ag)] o

M;(m( A)X2) are vector space isomorphisms from L?(Mp(F)Np(A)\G(A)/J, )
to L*(M.p)(F)N-(py(A)\G(A)/J, 7(m)) because o (n) = 7(1) @ To(Ar) .

4.4. The simple spectral side. If S is a finite set of places of F', we will write
G for the Cartesian product X,csG,, and G° for the restricted product x! o G

The same, if f € H(GP(A)), we write fs for ®,cgf, (viewed as a function on
Ggs) and fS for @ug¢s fo (view as a function on G¥). If @Q is a standard parabolic
subgroup of G with Levi decomposition ) = M N, we adopt the same notation
Qs, Mg etc.. Recall the definition of the constant term along the parabolic group
Qs of a function fg like before: it is the function f? defined on Mg by the formula

) = 6520 /N ) Fs(k™ ' nk)dkdn

for every | € Mg, where d¢, is the modulus function of Q¢ (which plays no role
here as we will show and use only that the integral vanishes under particular
hypothesis). If S = {v}, i.e. is made of only one place, we replace index S simply
by index v.

The subgroup J of G(A) is not product. However, by choice of the generator
a of J, we have that J is isomorphic to a subgroup of Gp, which we denote
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Jr,, and we see G(A)/J as the product GoxGyxGTY  where Gy = Gr,/Jr,
(recall we chose T, disjoint from V). We use the same notation for G’, so that
G'(A)/J = Gox G, xGT=VV.

We show a simple form of the spectral side of the trace formula for functions in
H(GP(A)).

Let f € H(GP(A)), and set h(g) := > .e; f(zg) (for each g the sum is finite as
the support of f is compact). We see also h as a map from G(A)/J to C locally
constant with compact support. Moreover, and this is important in the sequel,
h is a tensor product, namely h = hy ® (®U¢Tahv) where hg is a function on the
quotient group Gy and, for v ¢ T,, we have h, = f,.

Proposition 4.4. We have:
Tr'(h) =) trr(h)

where m runs over the set of discrete series of G(A).

Proof. We want to prove that the terms TT(TPJ)(h) associated to proper par-
abolic subgroups P(A) in the Lafforgue’s Theorem [A.3] vanish for functions h as
in the proposition. This will be implied by the vanishing of m(TPmm . /\g)()\o, h) =
Tr(M{p, paona) (s A0y 1)) for all (P, 7,0, A, A7) and A, € Iy,

We say (P,7) is regular if Fiz(P,m) is reduced to one single element, the
identity.

In order to simplify the argument we first explain the vanishing of this term
when (P, ) is regular. This implies that we have P, = P and {A\?} can be chosen
to be the singleton {1}; we set A := \,. Therefore TT(TP,W,U:1, (M) is given by the
formula of proposition 3] and the the expression giving ), M(TRM " Aml)(., A h)
is exactly the formula (11.4.10) of Laumon [26].

Let M(A) be a proper Levi subgroup of G(A), the proof is the same as the series
of results contained in 11.5 to 11.8 in [26] which apply as soon as 7 is regular,
based themselves on results of Arthur and particularly splitting formula for (G, M)
families (see for example [2] and [3]).

Let M be a standard Levi subgroup of G. Let (nq,ns, ...,ny) the partition of
n associated to M. We say that M transfers at the place v € V if d,|n; for all
1 <i <k (recall V is the set of places where D does not split).

Lemma 4.5. If M is proper, then there are at least two places in V.
where M does not transfer.

Proof. This comes from arithmetic consideration. For v € V, we have G! =
GL,,(D,) where dimg, D, = d? and r,d, = n. According to class field theory, we
have that the Hasse invariant of D at any place v € V' is of the form = with
x, positive integer and gcd(x,,d,) = 1. Moreover, fl—z is the Hasse invariant of D,
and ) "™™is an integer, which we prefer to write as: n divides ) ., r,x,. This
is true in case A is a simple central algebra over F'. As here A is, moreover, a

division algebra, the least common multiple of d,,v € V is n.
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Let m be the greatest common divisor of the n;. As M is proper, m < n, and,
as the least common multiple of d,,v € V is n, there exists at least one place,
vp € V, such that d,, does not divide m. So M does not transfer at vy. But we
also know that n divides EUEV TyTy-

Assume, for every v € V| v # vy, we had d,|m. As n = r,d,, one has n|mr, for
every v € V, v # vo. As n|)_ .y 1oy, we have n|mry,x,,. Then dy|mz,,. But
gcd(dyy, Tyy) = 1, so dy,|m which is not possible. O

We will use this lemma to simplify the trace formula: one of the two places, so
to say, for applying the splitting formula of Arthur (Laumon for characteristic p),
the other one to kill almost all the remaining terms.

Lemma 4.6. Let M be a proper standard Levi subgroup of G and vy
a place where M does not transfer. Set Voo := V\{wo}. Let f €
H(GP(A)), then we have:

(a) For every proper parabolic subgroup Q of G containing M, fy._(k~‘zk) =
0, for all k € Ky, and all x € Qy,_. In particular,

fi =o.

(b) Tr(IgZ (7= (\)(f*>))) = 0.

Proof. (a) Let L be the Levi component of () containing M. According to
Lemma (4.5 there are two places in V' where L does not transfer, so at least
one place vy, in V. The support of f,, contains solely elements g such that F,
has irreducible factors of degree all divisible by d,,. Any element in @,, has
characteristic polynomial which is a product of polynomials of degrees equal to
the sizes of the blocs of L. So, no element in (),, may be conjugated to an element
in the support of f,,. Now fy, is a tensor product of functions, one of which is
fv, and the result follows.

(b) The global trace is a product of local traces, and it is enough to prove that
Tr([gv’;o () (A)(fue))) = 0. By the same argument as before, because M does
not transfer at the place vy, the support of f,, does not meet any conjugated of
M,,, and the constant term of f,, along a parabolic subgroup having M, as Levi
component vanishes. The Lemma 7.5.7 of Laumon [26](Part I page 189) shows
then that the trace of the induced representation vanishes on f,,. U

We now apply the series of results contained in Laumon [26] which are based
on the notion of (G, M) family. The properties of (G, M) families and of the
weighted mean values have been first introduced by Arthur and their definition
and properties are recalled in the review article of Arthur [1].

Let us recall that when (cp)p is a (G, M) family of holomorphic functions on
A p, one can associate to it the function ¢y, (called in the sequel the weighted mean
value of (cp)) defined by the proposition 11.5.7 of Laumon [26] i.e

= Y o

PEP(M) Op (1)
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where 0p(11) = [[,en, (1 — @(p)) and P(M) denotes the set of parabolic sub-
groups having M as Levi component. The meromorphic function c;; admits a
holomorphic extension on the whole Ap.

One can define a restriction operator on (G, M) families recalled in [I]: if @
is a parabolic subgroup of G containing M, we denote M its Levi subgroup, to
each (G, M) family c one associates a (Mg, M) family denoted ¢?. One has the
splitting formula of Arthur which enables to evaluate the weighted mean value of
the product of two (G, M) families ¢, ¢ as:

PL, P,
(cd ) = Z Sy (L, Lo)eptd 2.
Ly,LaeL(M)

where £(M) is the set of Levi components of parabolic subgroups containing M, P,
is a certain parabolic subgroup of G having L as Levi component and d$; (L1, L)
are complex coefficients which definition are recalled in [1].

The properties of (G, M) families and of the weighted mean values are recalled
in the review article of Arthur [I].

Laumon follows three major steps:

1) One first expresses m(TP77T7J:Z.d7)\ml)()\, h) as the value at A-! of the weighted
mean value of a product of two (G, M) families as in example 11.5.9 of [26].

Indeed in the present notations (we denote y = pu,,) we can define (G, M)
families ¢(As;.), c(.) as follows:

A

e (Ami 1) = Trrzoupnp ancay/am (T MR () Lo MED (=) o h(.,

A b

This is a (G, M) family of functions of y indexed by 7 € &,p| (the set of parabolic
group P(M) which normally indexes the (G, M) family is here indexed by 7 be-
cause P(M) = {7(P),7 € &p}), and ', () = iIT_-,vT(/QL)GT(u), with 6, = 0p (where
P corresponds to 7) and we have

m{P,W,J:id,)\ﬂ,l)<)\7 h) = llﬁl_)ﬂ%(C()m-, )C/())M</’L)\7T'1>7
this is exactly the formula Example (11.5.9) of [26].

Remark: ¢ is a (G, M) family as soon as T' € ayz where agz C ag is the root
lattice generated by (a;). We assume in the sequel, as in [26], that T" satisfies this
integrality condition.

2) Because h satisfies the fact that its constant term h? vanishes for every
proper parabolic subgroup containing M (A), we have that the weighted mean
value of the (Mg, M) family c(),,.)? is equal to 0 (lemma 11.5.15 [26]), there-
fore using the splitting formula of Arthur we obtain that m(TRm ax, (A ) =

car( A A1) dp (A1), From the analysis of Laumon (corollary 11.5.14 [26]) if car (A A L)

™
is different from zero then A\, is the restriction to M of a character of G. More-

over by an explicit computation involving the exact expression of ¢, given by
the formula of section 10.1 of [33] or by the equivalent expression (Lemma 11.5.5
ii) of [26] one obtains that when A, is the restriction to M of a character of G,

A b
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dp(A71) = 0 unless A\, = 1 and in this case dp(\;!) = |T'p| where I'p is the finite
group appearing in [33].|Tp| can be computed and is equal to e = n/m.
Therefore m?PW i 1)()\, h) is null unless A is trivial and in this case we have

M{priar—1) A\ ) = [LpTr(Rar(m, A) o h(., X))

where one defines the weighted mean value operator

. 1, . o
RM(Wa)‘):}}Lq Z eT(M)(MP,(f)(a)‘)) 1oMP7(7I-D)('7)‘/M)'

TGG‘p‘
3) Using this proposition, one can then express mp . 4y _11(X, h), as the value
Voo

at 1t = 1 of the weighted mean value of the product of two (G, M) families cy,_, ¢
given by straightforward generalization of the Lemma 11.6.6 of [26] (one has to
replace oo in his formulas by the finite set V). We assume that h = hy, @ hV>.
The vanishing of the constant term of hy, for every proper parabolic subgroup

implies that by the splitting formula we have the factorization given by proposition
11.6.8 of [26]:

M iaa A h) = [Dp| Tr(Rag (v, Ao Tndi ) (e (N (v )T (I (7 (A (BY,)),

and Rps(my,, A\) is the generalization of the operator given by Laumon page 194
[26] which reads in our case:

. 1 T 1 3,7
RM(WV()O’)\):}}L% Z 9T<M)(MP7(7I-D)('77TV007)‘)) 1OMP,(7]'D)('77TV007>‘/M)7

TEG‘p‘

ized local ,intertwining operator of Langlands-Shahidi, see theorem 11.6.4 of [26].
After these steps which give an explicit expression for m?PW " )\ﬁ)()\, h) in term of

local components, it is sufficient to show that T r(ngz (7Y (X)(hY=))) vanishes,
which holds as a consequence of Lemma (£ ).

We therefore have shown that each of the term TT(TP,mg:i d. )\W)(h) vanishes when
P is proper and 7 is regular.

where Mi (L, A) = Roeve ]\/le(f )(.,my, A) are tensor product of the normal-

When 7 is not regular we can generalize the previous arguments as follows.
We fix (0, A\;) € Fiz(P,7) and we fix a choice of {\Z}.

Step 1. amounts to show that m(TPJr’U’ o) (Ag, B) s the evaluation at /\gfr’\(ii) of

the weighted mean value of the product of two (G, M,) families.
We can define (G, M,,) families of functions, (this is proven in [33] proposition
10.8, lemma 11.9 and corollary 11.10), c¢(Ar, AZ;.), /() on Ap, as:

Cr(Amy s AT o) =
AUU()‘Z)

T7 2 (Mp(F)Np(ANG(8)/Jm) ([TT(Ar)] © (M;fg(-a AA7)) o M;ff)(., m) o h(

and ¢ (pg) = 1% _(115)0-(11s), Where these (G, M,) families are indexed by 7 €
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We have
Ml ne ey (o D) = T (00, A2 060, o s rre) )
(P,m,0,Ax, o T o )\go_()\w)

Step 2. can be modified as follows. Because h satisfies the fact that its constant
term h® vanishes for every proper parabolic subgroup ) containing M, we have
that A% vanishes for every proper parabolic containing M, D M. As a result we
have that the weighted mean value of the (Mg, M,) family c¢(A, A2;.)€ is equal
to 0. As a result, using the splitting formula we obtain that

o09) |, o)
A% (Ax) Fe Ao(Ar)"

m{P,ﬂ,a,Aﬂ,)\g) ()\J, h) = CMJ(

o(A%)
Azo(Ar)

We can do the same analysis as Laumon: the last expression is null unless

is the restriction to M, of a character of G. In this case, cp, ( )\Z(/X) )) is null unless
o0 i trivial
3oy 1S trivial.

Therefore we have the formula:
M{p 7 ooy (A h) = (D, [Tr(RG (7, Ao A7) © h(+, A, A7),

where

RE (1 AXS) = lim 3 975Q0>qfa(x NOMEE) (s AaAZ)) oM, 222

Ae AT
)

Step 3. reduces to the fact that the right hand side can be expressed as the
weighted mean value at p, = 1 of the product of two (G, M, ) families defined by:

ey (1) = (R (1) © Indip 1) (mv., (A A)) (B, )
V= (1) = tr(S7(15) © IndSys (1= (A, AZ)) (7))

where

Ag A
),

R (o) = @) (ML) (-, 1, AeAZ) © [ro(Ae)]) ™ o MR (o,

VEVo o

where ]/\/[\;(f )(., Tw, A) are the normalized local intertwining operator of Langlands-

Shahidi defined by Mp (., 7, A) = a7 (0, NV MEE (G 700y A)y MR (1 7, A) i the
local part at place w of MT(P)( ,m,A) and a,(my,,.) are rational functions of the
variable A € Ap, whose properties are recalled in the Theorem 11.6.4 of [26].

_ A A7
S7(ue) = T (ar(mu, AeAD) ™ ar (s, =25)
v€Veo g
Ao AT
x([ro )] o MY, A0X0) ™o MED (', 2258,

One has to show that cy_,c"> are two (G, M,) families. cy_ is easily shown to
be a (G, M,) family, the only non trivial point, as in the regular case, is to show
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that ¢~ is also a (G, M,) family. Proving this goes along the same line as the
proof of [26] Lemma 11.6.6. We assume that h = hy, @ h'>. The vanishing of the
constant term of hy, for every proper parabolic subgroup containing M, implies
that one obtains the exact analog of the factorization formula which reads:

1

mmzpyﬂp',)\ﬂ-,)\%)()\au h) = (CVoo7 CVOO>M0'(1)

= (v )ns, (1) (") p, (1)
= Tr(R§; (Tve, Ar A7) © Indip) (v (Ao A7) ()

XTr(S7 (> AADIG (17 (A A2) ('),

where R, (my,., A) is the operator which reads in our case:

. 1 /\T —_ /\T
RE(mve, A) = Tim > o Q) (ML (0, A) oML (i, M pto).

Ho—1 TES|p,| 97— (,MJ) V€V

and
S7(m">, A AT7) = S7_ia(1)
[
[

(Aﬂ)] © Mlgo('a ﬂ-voov )‘J)‘;))il © MII;,id('v 7TV007 )‘J)‘Z) -
o(Ar)]o Mﬁa(.,WV“, AeA2))

([o
(
[0(AAD)] 0 ME (., 7V, AgAT) 0 [AgA7] 7! is an intertwining operator between the
representation Ig“,/f: (V> (AsA2)) and the representation Ig“,/f: (o(m">=(As9)). Be-
cause o(m @ A\ A7) = T ® A,AZ, due to a(A2) = A0(\,), we therefore have that
[AAZ) o [o(Ar)] 0 ME (., 77, AgAT) © [A;AZ] ! is an intertwining operator of the
representation [gx‘//f: (V> (AyA%)), which is irreducible because it is locally induced
from irreducible unitary. As a result [o(A\;)]oME (., 7V A\;\7) is a scalar operator
and it is therefore sufficient to show that 7

TT(Ig“//jj (7Y% (AsA2)(hY=))) = 0. But this is implied by the previous lemma.

This ends the proof.

n

4.5. The simple geometric side. We show a simple form of the geometric side
of the trace formula for functions in H(GP(A)). Like in the previous subsection,
we let f € H(GP(A)) and set h(g) := > .c; f(zg) which we see as a map from
G(A)/J to C locally constant with compact support. Here again, we have to play
this game between h and f for the reason that h is a function on G(A)/J and it
is not properly speaking a tensor product over places.

Proposition 4.7. We have
Tl ()= 3 wol(Gh, (F)\Goy(8)/7) S 0(f: 27).

oeog(F) zeJ
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Proof. Recall

ZT(R) — _\|Pl-1 »(5g. T
T () /G ) S S Kup(09,09)15(60)

PePg SEP(F)\G(F)
where

Ky p(x,y :/ h(ztyny).
hpP (2, Y) o > N )

YEMp(F)

As f € H(G(A)P), by Proposition (b) we have that Kj p(z,z) is null for

proper P. So
Tr'(h :/ k(g 'vg)d
(7 G(F)\G(A Z

Moreover, using the claim (c) of the same proposition (G(A)P is stable under
conjugation), we have:

Trt(h) = / > hlgtvg)dg = / Z > flgtzvg)d
GIFNG(A)/J ’YEG~'(F)D FNG(A)/ EG (F)D zeJ

We have

TTT(h):/ o Z > flgtvg)d

yeG(F)D z€J

:/G(F\G YYD Flgevg)d

D
EOG(F) YE€o z€J

= > /G >N flgtarg)d

(FNG(A)/J
Oeog(F) YEo z€J

-y / > S ) dg =

0e08 ., * NI veq, (Pn\G(F) z€7
D3 / > g ug)d
OeoD Gro (FN\G(A)/JT e g

= > wol(G (F)\Ga, (A)/) > B(f;27)-

oEOG(F) zeJ

O
As in the proof of Deligne-Kazhdan simple trace formula, manipulations are
allowed as for these elements 7, everything converges.
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4.6. Comparison with G'(A). Let f € H(GP(A)), f' € H(G'(A)) such that

f & f'. Let DS be the set of irreducible subrepresentations of Rg and DS’ the
set of irreducible subrepresentations of Rg.

Proposition 4.8. We have:

Z trr(f) = Z trr’ (f).
reDS r'eDs’

Proof. Set h(g) = > .., f(zg9), M(9) = > .., f'(29) and consider h and
h' as maps from G(A)/J and respectively G'(A)/J to C, locally constant with
compact support. It is enough to prove Y _,otrm(h) = > pe trm'(h), as
trr(f) = trm(h) (by definition, 7(f) = [y, fm while 7(h) = [, hr and the
central character of 7 is trivial on J). Due to the hypothesis on f, the Propositions

4.4 and [A.7] imply:

Y tem(h) = Y wol(Go, (F\Go, (A)/ 1) Y ®(f;27).

weDS OEO(D;(F) zeJ

The group G'(F)\G'(A)/J is compact ([23] II1.6 Lemme 5 (ii)). So we have a
similar formula:

S our ()= 3 wol(@ (FNG(8)/7) S 0(f' 27,).

©’'eDS’ OEOG’(F) zed

where {7/} is a system of representatives for @G/(F) such that ) € O for all
o€ OG1( F)-

The Lemma [A.1] establishes the unique characteristic polynomial preserving bi-
jection between Og( ) and Og/(F). We have then equality term by term between
the right hand member of these two equalities due to choices of measures and
functions compatible with the local transfer. O

4.7. End of the proof. Now the proof goes the standard way, following ideas of
Langlands. As this was usually applied in zero characteristic, we recall briefly the
steps giving when needed the argument in non zero characteristic.

Let m € DS be D-compatible. Let U be the set of places v of F' such that
v ¢ T,, G splits (i.e. v ¢ V) and 7, is spherical. Let U¢ be the set of places of F’
not in U, which is known to be a finite set. Let DS, be the subset of DS made
of representations 7 such that 7, ~ 7, for all v € U. Let DS! be the subset of
DS’ made of representations 7’ such that 7, ~ =, for all v € U. Then we have,

for f, f' as before:
(4.1) dootr(f)= Y ur(f).

7€DSy T€DSL

This relation [4.1] is known to be a consequence of the Proposition and the
beautiful proof due to Langlands is now ”standard” (it is detailed in the paper of
Flath [I7] for example). The proof comes from the fact that an absolutely conver-
gent sum of characters of non-isomorphic unitary spherical representations of GU*
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is null if and only if the sum is void. This is based on the Satake isomorphism and
abstract functional analysis and do not require zero characteristic.

By multiplicity one theorem ([37], [35]), DS, = {n}. Now we take f, = f/ = 1k,
for all v € U. Then trm,(f,) =1 for v € U. So the relation [£.1] becomes:

IT tem(f) = D T tema(rD).

vele T'eDSL velUc

We know ([§], [9] Theorem 3.2) that the number of non isomorphic representa-
tions in DS! is finite. As representations in Rg appear with finite multiplicity,
the number of elements of DS’ is finite. As the number of representations involved
in the equality is finite, we may switch from traces to characters:

H Xﬂv(gv) = Z H X’T{,(g:))

vele T'e DS vele

whenever, for every v € U°, ¢, <> g,. By Theorem 23] and the hypothesis that
7 is D-compatible, we may "transfer” characters from left to right. Writing LJ,
for the Jacquet-Langlands local correspondence for unitary representations at the
place v:

0=c ] xwanem(@)+ > ] xnlon)

veue 7/€DS! vele

where € is a sign (which appears from the local transfer Theorem 2.5]). If we assume
the linear independence of characters on groups G} we have linear independence of
characters for their product and we find there is just one 7/ in DS and it verifies
7" = LJ,(m,) which is what we want. So let us give references for the linear inde-
pendence in non zero characteristic. In [22] lemma 7.1 the linear independence of
traces is proved, and the proof is independent of the characteristic. To pass from
this result to the linear independence of characters it is enough to know the local
integrability of characters. For groups like G (i.e. local inner forms of GL,, in
non zero characteristic) this is proved in [10] and [29)].

On the other direction, to show the surjectivity, we start with «’ € DS, let U’
be the set of places v of F' such that G| splits and = is spherical. We shortly
come to a relation of the same type as @1

Z trr(f) = Z trr' (f).

TEDS T'eDS’,

where now DS, and DS!, are made of representations which have the same local
component as 7" at places in U’. By the multiplicity one theorem, DS, is void
or contain a single representation. Again, the local independence of characters
will show that, as DS’, is not void, DS, is not void neither and that the unique
representation it contains is D-compatible. Then everything goes the same until
the end of the proof. O
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5. ANSWER TO TWO QUESTIONS IN [27]

Here we answer two questions from [27]. Only the second one is directly related
to the main result of this paper. But the same question is related in [27] also to
the first, so we take the opportunity to answer it here too.

1. Let F' be a local field of non zero characteristic and set G := GL,(F'). Let
7 be a square integrable representation of G. Denote z(7) the Zelevinsky dual of
7. In [27], section 13.8, the authors ask the following question. Is there a function
f € H(G) such that

(i) the orbital integrals of f are null on regular semisimple elements which are
not elliptic,

(ii) if w is an irreducible unitary representation then tru(f) # 0 if and only if u
is isomorphic to 7 or z(m)?

Such a function is known to exist if the characteristic of F'is zero. We give here
the proof in non zero characteristic. It is known that the Paley-Wiener theorem
([13]) allows one to construct a pseudocoefficient for =, i.e. f € H(G) such that

- tr7(f) = 0 for all fully induced representation 7 from any proper parabolic
subgroup of G,

- tr7(f) = 0 for all tempered representation 7 of G such that 7 is not isomorphic
to 7.

- tr(f) = 1.

A detailed proof of the existence may be found in [7] theorem 2.2. It is proved
(op. cit. Lemme 2.4) that f satisfies then the property (i). Let us explain why
f satisfies (ii). Let u be an irreducible unitary representation of G such that
tru(f) # 0. Then, in the Grothendieck group of smooth representations of finite
length of G, u is a sum u = Zle s; of standard representations s; all of which have
the same cuspidal support as u. A standard representation is always tempered or
fully induced from a proper parabolic subgroup. The reader will find definitions
and proofs in [I5], A.4f. Now tru(f) = SO, trs;(f) so there is some s; which
verifies trs;(f) # 0. So one of the representations s; has to be m. So u has the
same cuspidal support as 7, i.e. a Zelevinsky segment. According to the Tadi¢
classification of unitary representations of GL,, ([38], any characteristic), u is fully
induced from a product of Speh representations twisted with some characters. As
tr7(f) = 0 for any fully induced representation 7 from any proper parabolic sub-
group of GG, the product contains only one term and wu is a Speh representation.
The cuspidal support of a Speh representation is easy to describe directly from its
very definition (see [38] for the definition), in particular it is easy to see that it
has multiplicities unless w is isomorphic to 7 or z(m). This finishes the proof.

Remark that the question of [27] is asked in the Aubert (and non Zelevinsky)
dual setting. But in [6] it is proved that the two duals differ by the sign (—1)*
where k is the number of cuspidal representations in the cuspidal support of 7.
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A formula for the orbital integrals of f on the elliptic set is also conjectured
in [27] 13.8, which follows, in characteristic p, from Theorems 4.3 (ii) and 5.1 of [7].

2. The second question asked in [27] is their Hypothesis 14.23. The authors ex-
plain in 14.24 that this Hypothesis would follow from the global Jacquet-Langlands
correspondence. We confirm that the global Jacquet-Langlands correspondence, as
stated and proved in our Theorem [3.2] implies the Hypothesis in the way described
in [27] 14.23. As remarked by the authors, together with the results proved here
in 1, the Hypothesis implies then their Conjecture 14.21. Also the global Jacquet-
Langlands correspondence simplifies their proof of the Theorem 14.12, as they do
remark in the Remark 14.12. Indeed, let D be a central global division algebra of
degree n? over F' and 7" any discrete series of D* which is Steinberg at one split
place. Then 7’ corresponds by Jacquet-Langlands to a discrete series 7 of G L,
which is Steinberg at the same place. Then 7 is cuspidal because it has a local
component which is square integrable. So 7 is generic at every place. So 7’ is
generic at every place where D splits.
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